
Conditional probabilities and independence

Before we introduce the concept of conditional probabilities, we look an example. Suppose that
we toss 2 fair dice. Suppose that we are told that the first die is a 3. Then given this information,
what is probability that the sum of the 2 dice is 6? We reason as follows. Given the first die is
a 3, there are 6 possible outcomes: (3, 1), (3, 2), (3, 3), (3, 4), (3, 5), (3, 6), each of these outcomes is
equally likely. Hence the desired probability is 1

6 .
If we use F to denote the even that the first die is a 3, and E to denote the even that the sum

of the 2 dice is 6, then the probability we just found is called the conditional probability of E given
F and is denoted by P(E|F ).

A general formula for P(E|F ) that is valid for all events E and F can be derived in the same
manner. If F occurs, then in order for E to occur, the outcome must be in E ∩ F . Now, as F has
occurred, F becomes our new sample space. Hence the probability of E given F is equal to the
probability of E ∩ F relative to P(F ). Thus, we have the following definition.

Definition 1 If P(F ) > 0, then

P(E|F ) =
P(E ∩ F )
P(F )

.

P(E|F ) is undefined when P(F ) = 0.

Example 2 A box contains 10 white, 5 yellow and 10 black balls. A ball is randomly chosen and
we are told that it is not black. What is the probability that it is yellow?

Solution. Let E be the event that ball is yellow and F the event that the ball is not black.
Then P(F ) = 3

5 , P(E ∩ F ) = P(E) = 1
5 . Thus P(E|F ) = 1

3 .

Example 3 2 fair coins are tossed. Given that at least one of them is Heads, what is the probability
that both of them are Heads?

Solution. Let E be the event that both of them are Heads and F the event that at least one
of them is Heads. Then P(F ) = 3

4 , P(E ∩ F ) = P(E) = 1
4 . Thus P(E|F ) = 1

3 .
By using the definition of conditional probability, we can easily get that

P(E ∩ F ) = P(F )P(E|F ). (0.1)

This formula is very useful in finding the probabilities of intersections of events.

Example 4 Suppose that a box contains 8 red balls and 4 white balls. We randomly draw 2 balls
from the box without replacement. Find the probability that (a) both balls are red, (b) the second
ball is red.
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Solution. For i = 1, 2, let Ri be the event that the i-th ball is red and Wi the event that the i-th
ball is white. Then (a) P(R1∩R2) = P(R1)P(R2|R1) = 8

12
7
11 . (b) P(R2) = P(R1∩R2)+P(W1∩R2) =

P(R1)P(R2|R1) + P(W1)P(R2|W1) = 8
12

7
11 + 4

12
8
11 .

The following generalization of (0.1) is sometimes useful.

P(∩n
i=1Ai) = P(A1)P(A2|A1)P(A3|A1 ∩A2) · P(An| ∩n−1

i=1 Ai). (0.2)

Example 5 Suppose that a box contains 8 red balls and 4 white balls. We randomly draw 3 balls
from the box without replacement. Find the probability that all 3 are red.

Solution. For i = 1, 2, 3, let Ri be the event that the i-th ball is red. Then P(R1 ∩R2 ∩R3) =
P(R1)P(R2|R1)P(R3|R1 ∩R2) = 8

12
7
11

6
10 .

Bayes’ formula
Before we give the Bayes’ formula, we look at a particular example first.

Example 6 A certain blood test is 95 percent effective in detecting a certain disease when it is,
in fact present. However, the test also yields a “false positive” result for 1 percent of the healthy
persons tested. If .5 percent of the population actually has the didease, what is the probability a
person has the disease given that the test result is positive?

Solution. Let E be the event that the tested person has the disease and F the event that the
test result is positive. Then

P(E|F ) =
P(E ∩ F )

P (F )
=

P(E)P(F |E)
P(E)P(F |E) + P(Ec)P(F |Ec)

=
(.95)(.005)

(.95)(.005) + (.01)(.995)
≈ .323.

The above example is a special case of teh following general situation. Suppose that A1, · · · , An

are n disjoint events with their union being the whole sample space. Let B be an event with
P(B) > 0 and suppose that P(B|Ai) and P(Ai), 1 ≤ i ≤ n, are given. We are asked to find P(Ai|B).

Since B = B ∩ (∪n
j=1Aj) = ∪n

j=1(B ∩Aj), we have

P(Ai|B) =
P(Ai ∩B)
P(B)

=
P(Ai)P(B|Ai)∑n

j=1 P(B ∩Aj)

=
P(Ai)P(B|Ai)∑n

j=1 P(Ai)P(B|Aj)

The above formula is called Bayes’ formula.

Example 7 In answering a certain multiple choice question with 5 possible answers, a student
either knows the answer or guesses. Assume that a student knows the answer with probability .8.
Assume that, when not knowing the answer, the student guesses the 5 answers with equal probability.
Find the probability that the student knows the answer given that he or she answered it correctly.

Solution. Let K be the event that the student knows the answer and C the event that the
student answers it correctly. Then

P(K|C) =
P(K)P(C|K)

P(K)P(C|K) + P(Kc)P(C|Kc)
=

(.8)(1)
(.8)(1) + (.2)(.2)

.

2



Example 8 Suppose that there are 3 chests each with 2 drawers. The first chest has a gold coin in
each drawer, the second has a gold coin in one drawer and a silver coin in the other, the third has a
sliver coin in each drawer. A chest is chosen at random and a drawer from that chest is randomly
opened. If the drawer has a gold coin, what is the probability that the other drawer also has a gold
coin?

Solution. For i = 1, 2, 3, let Ei be the event that the i-th chest is chosen. Let F be the event
that the first opened drawer has a gold coin. What we are asked to find is P(E1|F ). Thus

P(E1|F ) =
P(E1)P(F |E1)

P(E1)P(F |E1) + P(E2)P(F |E2) + P(E3)P(F |E3)

=
(1
3)(1)

(1
3)(1) + (1

3)(1
2) + (1

3)(0)
=

2
3
.

Independence
In general, P(E|F ) 6= P(E). In the special cases where P(E|F ) = P(E), we say that E is

independent of F . P(E|F ) = P(E) implies that P(E ∩ F ) = P(E)P(F ). So we give the following
definition, in which E and F play symmetric roles.

Definition 9 Tow events E and F are said to be independent if

P(E ∩ F ) = P(E)P(F ).

Two events that are not independent are said to be dependent.
It follows immediately from the definition that the null event ∅ is independent of any event E,

and that the sure event S is in dependent of any event E.

Example 10 A card is chosen at random from an ordinary deck of 52 cards. Let E be the event
that the cards is an ace and F the event that the card is a club. Then E and F are independent.

Example 11 2 fair dice are tossed. Let E be the event that the first die is a 3, F the event that
the sum is 6 and G the event that sum is 7. Then E and F are dependent, but E and G are
independent.

Proposition 12 If the events E and F are independent, then

a. so are Ec and F ;

b. so are E and F c;

c. so are Ec and F c.

Proof. We are only going to prove a. The others follow immediately. Using the independence of
E and F , we get

P(F ) = P(E ∩ F ) + P(Ec ∩ F ) = P(E)P(F ) + P(Ec ∩ F ).

Thus
P(Ec ∩ F ) = (1− P(E))P(F ) = P(Ec)P(F )

which implies that Ec and F are independent. 2
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If E and F are independent and we know P(E) and P(F ), then we can find the probability of
any event which is a set theoretic combination of E and F .

Definition 13 3 events E, F and G are said to be independent if

P(E ∩ F ∩G) = P(E)P(F )P(G),

P(E ∩ F ) = P(E)P(F ),

P(E ∩G) = P(E)P(G),

P(F ∩G) = P(F )P(G).

The independence of E, F and G implies that they are pairwise independent, but the inverse
is not true.

The next example shows that shows that just requiring the first equation in the definition is
not enough.

Example 14 2 fair dice are tossed. Let E be the event that the first die is a 3, F the event that
the sum is 6 and G the null event ∅. Then obviously the first equation in the definition is satisfied,
but E, F and G are not independent.

The next example shows that pairwise independence is not enough.

Example 15 A number is chosen randomly from the set {1, 2, 3, 4}. Let E = {1, 2}, F = {1, 3},
G = {1, 4}. Then E, F and G are pairwise independent, but E, F and G are not independent.

If E, F and G are independent, then E is independent of any event which is a set theoretic
combination of F and G. For instance, E is independent of F ∪G.

If E, F and G are independent, and we know P(E), P(F ) and P(G), then we can find the
probability any event which is a set theoretic combination of E, F and G.

Definition 16 The events E1, . . . , En are said to be independent if, for any subcollection Ei1 , . . . , Eik ,
1 ≤ k ≤ n, of these events,

P(∩k
j=1Eij ) =

k∏

j=1

P(Eij ).

An infinite family of events is said to be independent if every finite subfamily of these events is
independent.

Of course, it is very difficult to check that n events E1, . . . , En are independent using the
definition when n is large. Fortunately, independence comes naturally in some situations.

Sometimes the random experiment under consideration consists of performing a sequence of
sub-experiments. For instance, if the experiment consists of continually tossing a die, we can think
of each toss as a sub-experiment. In many cases, the outcomes of any group of the sub-experiments
have no effect on the probabilities of outcomes other sub-experiments. In these cases, we say the
sub-experiments are independent.

If each sub-experiment is identical, then we call the sub-experiments as trials. In this course,
we will often speak of independent trials.
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Example 17 A system composed of n components is said to be a parallel system if it functions
when at least one of then functions. For such a system, if, component i, independent of other
components, functions with probability pi. Find the probability that the system functions.

Example 18 A electric circuit with 5 switches are given below. Suppose that the probability that,
for i = 1, . . . , 5, the i-th switch is on is pi, and that all switches are independent. Find the probability
that electricity can flow between A and B.

Example 19 An infinite sequence of independent trials is to be performed. Each trial results in
success with probability p and a failure with probability q = 1−p. Find the probability that (a) there
is at least one success in the first n trials, (b) there are exactly k successes in the first n trials.

Solution. (a) 1− qn. (b)

(
n

k

)
pkqn−k.

Example 20 Experience shows that 95% of people buying airline tickets actually shows up for their
flight. A plane has 100 seats and the airline sold 105 tickets. Find the probability that airline can
accommodate all ticketed passenger who shows up. Assume that all passengers act independently.

Example 21 Independent trials, consisting of rolling a pair of dice, are performed. Find the
probability that an outcome of 5 appears before an outcome of 7, where the outcome is the sum of
the two dice.

Solution. Let E be the event that an outcome of 5 appears before an outcome of 7, F the
event that the first outcome is a 5, G the event that the first outcome is a 7 and H the event that
the first outcome is neither 5 nor 7. Then

P(E) = P(E ∩ F ) + P(E ∩G) + P(E ∩H)

= P(F )P(E|F ) + P(G)P(E|G) + P(H)P(E|G)

= (
4
36

)(1) + (
6
36

)(0) +
26
36
P(E),

Thus P(E) = 2
5 .

Remark on Notations
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