Tenth Homework Set — Solutions
Chapter 5

Problem 37 Let X be uniformly distributed over (—1,1).
@) P{X|>D=P{x>1}+P{X<-11=1]
(b) LetY = [X|. Ify € (0,1), then Fy(y) = P{Y <y} =P{-y<Y <y} =

Yy, so that
1 0<y<l1
rly) = {0 otherwise

Problem 39 Let X be exponential with A = 1, and let Y = log X. Then Fy(y) =
P{Y <y}=P{logX <y}=P{X <e¥}=1—e%, so that

fr(y) = eV,

Problem 40 Let X be uniform on (0,1), and ¥ = eX. Then, for 1 < y < e,
Fy(y) =P{Y <y} =P{eX <y} =P{X <logY} =1logY, so that

0 otherwise

fy(y):{é l<y<e

Problem 41 For any r € (—A

,A), we have Frpr = P{R <r} = P{Asinf <r} =
P{9 < arcsin %} =

L arcsin 7 S0 that
™

0 otherwise
Chapter 6
(P{Xi=iX=4}] j=0 | j=1 [P{Xi=i}]
i=0 87 _147185 10 24
Problem 2 (a) : A (| - b
L Pi=4 [ &% | & [ 1 |




P{X1=0,X2:0,X3:0}:%%%:%
P{X1=0,X2:0,X3:1}:%£%:47709
P{Xlzo,X2:1,X3:0}:%%%:%
P{X1=1,X2:0,X3:0}:%%%:%
P{X1=0,X2=1,X3:1}:%%%:44709
P{X1=1,X2:0,X3:1}:%%%:%
P{X1:1,X2:1’X3:0}:%%%:%
P{X1=1,X2:1,X3:1}:%%%:%

Problem 7 P{X; =1, X, = j} = p*(1 — p)**J
Problem 8 X, Y are jointly continuous with probability density function

c(y® — z?)e” —y<z<y,0<y<oo
0 otherwise.

f(x,y)={

(a) Note that

/ o flz,y) = /000 /_Z c(y? — z%)e Ydzdy = 8c,

so that ¢ = %



(c) E[X] =0 by symmetry.

Problem 9 Let X, Y be jointly continuous with joint density function f(z,y) =

Sz +Z)for0<z<1,0<y<2

a
. /01/02x2+“;—ydydx=/012x2+xdx:£
(b) 6
fx(z) = ?$(2$ +1) for0<az<1
(©) o .
Pix>vy= [ [ re =2
(@)
ply>iiw <=’ {;§{<X%,<Y§ B0 § J;)((( y))jdy .
(e) 1 5
BX)= [ afsla)ds =2
(1)

E[Y]=/0 y/o f(x,y)dxdyz%
f

Problem 10 Let X, Y be jointly distributed with density function f(z,y) = e~(®*¥)
for0 <z <o00,0<y<o0.
(a) P{X <Y} = ; by symmetry
(b) P{X <a} = [ [[Te " ¥dydz =1— e
Problem 11 Let A be the number of people buying an ordinary set, B the number
of people buying a plasma set, and C' the number of people who are

just browsing. Then P{A=2,B=1,C =2} = ;5-0.45%:0.15-0.4? =
0.1458.




Problem 13 Let X be uniform on (—15,15), and let Y be uniform on (—30,30).
Nobody waits longer than five minutes if |Y — X| < 5.

P{lY - X|<5}=P{-5<Y — X <5}
=P{X-5<Y <X+5}

dyd
/ /“,30 60"V

_30-10 1
~30-60 6.

The probability that the man arrives first is P {X <Y} = $ by sym-
metry.

Problem 14 Let X,Y be uniform random variables on (0,L). Let Z = |Y — X|.
We want to find E [Z]. First, find Fz(a), for a > 0. We have FZ( ) =
P{Z <a}=P{lY - X\<a}_P{ a<Y - X <a} =2l yus
ing geometric considerations. Hence, fz(z) = 2252 if 0 < a < L.
Hence,

Lo —22
E[Z]z/o T 73 dx
2
L2
L
3

Lz? 3\ ;
2 3)b

Problem 18 Let X be uniform on (0, £) and let Y be uniform on (£, L). We want
toﬁndP{Y—X> %}

L L L L L L
PY-X>—-/ =PY<—-—+-X<Y—— PJ{Y >—+—
{ >3} { <Piltxe< 3}+ {r>2+%}



Problem 20 If the joint density function of X and Y is

re~(@+Y) x>0,y >0
f(z,y) = .
0 otherwise,

then f(z,y) = fx(z)fy(y), where fx(x) = xe™ for z > 0, and fy(y) =
e ¥ for y > 0 (0 otherwise), so that X and Y are independent.

If
2 I<z<yl<y<l1

0 otherwise,

f(x,y)={

then X and Y are not independent because the nonzero values of f are
located in a triangular domain.

Problem 21 (a) Check: fol folfy 24zxydrdy = fol 12(1 — y)?ydy = 12 fol y — 2y? +
yidy = 6y> — 83 + 3yt |i =6 —-8+3=1.
(b) First, find fx(z) = Ol_w 24zydy = 122(1 — z)?. Now, E[X] =
fol 122%(1 — z)%dz = 42? — 62 + 2ol =4 -6+ 2 = 2.
(c) E[Y]= E[X]=2 by symmetry.
Problem 22 Let X and Y be jointly continuous with density function

T+Yy O<z<l,0<yxl1
flz,y) = .
0 otherwise.

(a) X and Y are not independent, since f(z,y) is clearly not a product
of functions of z and y.
(b) fx(z) = folx-l-ydy:m—i- 3’2—2|(1) =z+1i
(c) P{IX +Y <1} = fol Ol_yx + ydxdy = fol % +y(1 —y)dy =
plo 1—ydy=301-3) =3
Problem 23 Let X and Y be jointly distributed with density function
122y(1 — x l<z<l,0<y<l1
flz,y) = (- =) :
0 otherwise.
First, compute fx(z) = fol 12zy(1 — z)dy = 6x(1 — z) and fy(y) =
fol 12zy(1 — x)dy = 2y.



(a) Clearly, f(z,y) = fx(z)fy(y), so that X and Y are independent.
(b) E[X]= fo 62%( 1—:L‘)d;p—2m 4|(1):%
© BIY] = [ 2%y = 27 = 2

)

(d) First, find F[X?] = f 623(1 —
Var(X) F[X?] - EX? = %—i

(e) I;‘irstll, ﬁn? E[Y? = fo 2y%dy = 1y*ls = 3. Now, Var(X) =

x)dazl— 2ot — La°|y = 5. Now,

2 79 18"



