Twelfth Homework Set — Solutions
Chapter 7

Problem 39 We have

Cov (Yy, Yy,) = Var (V,,) = 307,
Cov (Yn, Ynt1) = Cov (X + Xng1 + Xnyo, X1 + Xngo + Xnys)
= Cov (Xnt1 + Xnt2, Xny1 + Xnyo)
= Var (X, 11 + Xny2) = 207,
Cov (Yy, Yii2) = Cov (X, + Xpg1 + Xnao, Xngo + Xogs + Xoga)
= Cov (Xp42, Xppo) = Var (Xp42) = 0%, and
Cov (Y, Ypus) =0 if j > 3.

Problem 41 the number of carp is a hypergeometric random variable, so that we

have
_20-30

ElX] = 100 6,

and 20.80 3 7 112
Var(X) = ——  — - — = —.
ar(X)=—99~"10 10~ 33
Problem 42 (a) Let X; be one if the i-th pair consists of a man and a women, and
zero otherwise. Then the sum X; + --- + X is the number of

pairs that consist of a man and a woman.
We have E [X;] = P{X; =1} =2 4% = 10 50 that

20-19 197
100
EIX, 4+ Xy = —.
(X1 + + X 19
Now, we have Var (X;) = E[X?] - E [XZ-]2 = % — % = %, and
Cov (X;, X;) = E[X;X;] — E[X,]E[X;] = {5 - {5 — 561 = gig7 if
i # 7, so that
900 10 16200
Var (X e+ X)) =—4+10-9- — = ——— = 2.6397.
ar (X1 4o+ Xoo) = 357+ 6137 6137

(b) Let Y; be one if the i-th couple are paired together. E[Y;] =
P{Y; =1} = 208 _ 1 5 that

20! 197

10
E[Yi+---+ Y] = 35-



We have Var (Y;) = E[Y?|-E[Y;]" = 4 -3 = L and E[V}Y]) =

10Y 161
8(5) 160 _ 1 so that Cov (Y;,Y;) = 55 — 55 = 2=, so that

20! — 3237 »4J 361 — 6137
180 2 3240
Var (Vi + -+ Yig) = —— 490« —— = 222
ar (Vi + -+ Yio) = 53 +90- gram = Gian

Problem 50 We have

00 _z
e J—
fry= / Y = e
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for y > 0, so that

ey x>0
Ixy(zly)=q ¥
0 z<0.

Now, we have
2

E[X?)Y] :/ T e idr = 22
o Y
Problem 51 We have
Yy €_y _
pr= [ is e,
o Y

so that X
fXIY($|y) = {5 ve (O,y)

0 otherwise.

We conclude that

Y .3 3
By =y) = | %d:v:yz.

Problem 56 Let Y; be one if the elevator stops at the i-th floor, for s = 1,..., V.
Let Y =Y +---+ Yjy. Let X be the number of passengers, i.e., X is
Poisson with parameter 10. We have E'[Y; =1|X =k =1 — (N_l)]c

N )
so that \
N -1
E[Y|X_k]_N(1— <T) >




We have

E[Y]=E[E]Y|X]] = E

(-5

2 (N -1\ 10" _,,
=N‘NZ<T> P

Problem 57 By Example 4d in Section 7.4, we have

N

>

=1

E = E[N]E[Xi] = 12.5.

Problem 75 X is a random variable with moment generating function Mx(t) =
exp{2e’ — 2} = exp{2(e’ — 1)}, i.e., X is Poisson with parameter A = 2.

Y is a random variable with moment generating function My (t) =
(3e' + 1)10, ie., Y is binomial with parameters (10, 2).

(a)

PIX+Y=2}=P{X=01P{Y =2+ P{X=1}P{V =1}
FP{X=2}P{Y =0}

10\ /3\?/1\® 3/1\°
D 72. Ju— J— 72- J— J—
= (5) (1) (5) +2e i (3)
1 10
27 2. =
+ 2e (4)

1\ " 467
=2 _
—e <Z> (405+60+2)—41062.
(b)
P{XY=0}=P{X=0}+P{Y =0} —P{X=0}P{Y =0}
L, 1 L1 402
=C Tt T T T T g



E[XY] = E[X]-E[Y] by independence
=2-75
= 1a.

Chapter 8

Problem 1 P(0< X <40)=1-P(|X—-20/>20)>1—- 2 =1

Problem 2 (a) P(X > 85) < 2 = 2.

(b) P65 < X <85)=1—-P(|X—-75/>10)>1— 2 =32,

100 — 4
(c) Since

" X; 25
P — =75 >5| < —
<|Zz:1:n | )_2571’
we need n = 10.

Problem 4 (a) P(}20, X; > 15) < 2.
(b)

15.5 - 20

20 20
P(Y _X;>15) = P()_X;>155)~ P(Z > 730
=1 i=1

= P(Z > —1.006) ~ .8428.

Problem 5 Let X; be the i-th roundoff erroe, then (320, X;) = 0 and Var(3220, X;) =
%. Hence by the central limit theorem

50
3
P> Xi|>3)~P(2]> ) =2P(Z > 1.47) = .1416.
( g ) V/12/50

Problem 8 If we let X; be the lifetime of the ¢-th light bulb and R; be the time to
replace the i-th light bulb, then the desired probability is

100 99
P (ZX +) R < 550) .
1=1 =1

4



It follows from the central limit theorem that lei(i X, is approximately
a normal random variable with mean 500 and variance 2500 and that
Z?il R; is approximately a normal random variable with mean 24.75
and variance 99/48, therefore Zzli(i Xi + Z?il R; is approximately a
normal random variable with mean 524.75 and variance 2502.02. Con-

sequently the desired probability is equal to

950 — 524.75
< _

P(Z = P(Z <.505) = .693.
(Z< v2502.02 (Z < )



