Twelfth Homework Set — Solutions
Chapter 7

Problem 5 If (X,Y) is the location of the accident, then X and Y are uniform
random variables on (—32, %) Let D = |X|+ |Y]. Then
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Problem 6 Let X; be the outcome of the i-th roll of the die, for ¢ = 1,..., 10,
and note that E[X;] = 2. Let X = X; + -+ + Xjo. Now E[X] =

Problem 7 (a) Let X; be one if both A and B choose the i-th object for i =
1,...,10. Then E[X;] = P{X;=1} = (3)° = :&. Now, the
expected number of objects chosen by both A and B is E [X;] +
4 E[Xy] = 10E[X)] = 0.9.
(b) Let Y; be one if neither A nor B choose the i-th object. Then
ElY,] = P{Y;=1} = (L) = {2 o that E[Y; +---+ Yyo] =

10E[v3] = 4.9.
(c) Let Z; be one if either A or B (but not both) chooses the i-
th object. Then E[Z] = P{Z =1} = 255 = Z&. Now,

ElZi+ -+ Zy) =10E[Z)] = ﬂ =4.2.
Problem 8 Following the hint, let X; be one if the i-th arrival sits at a previously
unoccupied table. Then F [X;] = P{X; =1} = (1 — p)"~!, so that

BIX, 44 Xp] =Y (1-p)" = 11_—((11_—pzz))) - (117_ :

Problem 11 Let X; be one if the i-th outcome differs from the (i — 1)-th outcome,
for i = 2,...,n. We have F[X;] = P{X; =1} = 2p(1 — p), so that
E[Xy+ -+ Xy =2(n = 1)p(1 - p).



Problem 18 Let X; be one if the i-th card is a match, for ¢ = 1,...,13, and let

Problem 19

Problem 21

X =

(a)
(b)

(a)

X1+ +X5. Then P{X; =1} = %, sothat £ [X] =52 [X;]| =

=4.

13

If X is the number of insects caught before a type 1 catch, then
(X + 1) is geometric with parameter Py, so that F [X]| = Pll -1

Let Y; be one if an insect of type ¢ is caught before an insect of
type 1, for i = 2,...,;r. Then Y = Y5 + --- 4+ Y, is the number
of insects caught before an insect of type 1. We have E[Y;] =

P{Y, =1} = %, so that
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E[Y]:;Pﬁrﬂ'

Let X be the number of days of the year that are birthdays of
exactly 3 people. For ¢ = 1,...,365, let X; = 1 if the i-day is
the birthday of eaxctly 3 people and X; = 0 otherwise. Then
X =3 X;. Since for each i,

100 1\? 7364\
ex =0 = () (55) ()

we get that
100 1\? /364"
EX = 365 — — .
( 3 )(365) (365)

Let Y be the number of distinct birthdays. For ¢ =1,...,365, let
Y; = 1 if the i-day is someone’s birthday and Y; = 0 otherwise.
Then Y = 320V, Since for each i,
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EY;=PY,=1)=1—-PY,=0)=1—| =—
=1 =1-Pri=0) =1~ (5

364\ '
EY =365 |1— [ =— .
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364) 100

we get that



Problem 30 Note that E[X? = E[Y? = Var(X) + E[X]’ = 0% + p>. Now we
conclude that

E[(X-Y)|=E[X?’| -2EX|E[Y]|+E[Y’] =20°,
using the fact that X and Y are independent.

Problem 31 Let X; be the outcome of the ¢-th roll of the die, for« = 1,...,10. Then

Var (X;) = 2 so that

35 175
X144 X)) =102 = ==,
Var( 1+ + 10) 0 12 6

Problem 33 (a)
E[(2+4X)*] =4+4E[X]+E [X?] =8+ Var (X)+ E [X]* = 14.

(b)
Var (4 4+ 3X) = 9Var (X) = 45.

o0 x o0 1
/ 2ye **dydx = / 2oy = =,
o Jo 0 4
o0 x o 1
EX] = / / 2e *dydx = / 2ve **dr = =, and
o Jo 0 2

EY] = —ye_mdydx = rve ¥ dr = -,
o Jo T 0 4

Problem 38 We have

E[XY] =

S—
S

Hence,

Problem 39 We have

Cov (Y,,,Y,) = Var (Y,,) = 302,
Cov (Yy, Yaa1) = Cov (X, + X1 + Xpao, X1 + Xoao + Xoas)
= Cov (X1 + Xoros Xns1 + Xnsa)
= Var (X, 41 + Xpyo) = 202,
Cov (Yy, Yaiz2) = Cov (X, + X1 + Xngo, Xnto + Xnis + Xota)
= Cov (Xpt2, Xppo) = Var (X,12) = 0, and
Cov (Y,,Y,+;) =0 if j > 3.



Problem 41

Problem 42

Problem 50

the number of carp is a hypergeometric random variable, so that we
have

X] = 20 - 30
- 100
and 20.80 3 7 112
Xy 2 e
Varld) = =5~ 10 10~ 33
(a) Let X; be one if the i-th pair consists of a man and a women, and

zero otherwise. Then the sum X; + --- 4+ X is the number of
pairs that consist of a man and a woman.

We have F [X;] = P{X; =1} =2+ 90 = 10, so that
100
EXi+-+ Xy = 10
Now, we have Var (X) X2 - E[X) = E — 30 = 3 and

= E|
Cov (X, X;) = B[X;Xj] - E[X,]E[X;] = {5 — 551 = g7 if

1 # j, so that
900 10 16200
Xy 4+.--+X 1 — = =2 .
Var (Xi + -+ 4 Xio) = 507 +10-9- =0 = =0 = 2.6397
(b) Let Y; be one if the ith couple are paired together. E[Y;] =
P{Y; =1} = 218 — L 50 that
10
EY, + Y,
Y1+ 4 Y] = 19°
We have Var (Y;) = E[Y-E[Y;]* = %—%1 B and B [V;Y)] =
8('9)-16!
(22()); = 533 s0 that Cov (Y;,Y}) = 355 — 557 = 5137, S0 that
180 2 3240
Var (Vi 4 -+ Yig) = oo + 90— = 22
ar (Vo Yo) = 567 +90 7 = G
We have
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for y > 0, so that



Now, we have
2

EMﬂY}iA %5&@:2&.

Problem 51 We have

o Y
so that

Ixiy(zly) = {5 z € (0,y)

0 otherwise.

We conclude that
y .3 3
E[X}y =y]= [ Zdz="2.
o Y 4

Problem 56 Let Y; be one if the elevator stops at the ¢-th floor, for ¢ = 1,..., N.
Let Y =Y + -+ Yo Let X be the number of passengers, i.e., X is
Poisson with parameter 10. We have E[Y; =1|X =k =1 — (M)k,

so that "
mwxzm:NG—<¥%gv.

We have




Problem 75 X is a random variable with moment generating function Mx ()

exp{2e’ —2} = exp{2(e’ — 1)}, i.e., X is Poisson with parameter A = 2.

Y is a random variable with moment generating function My (t) =
(3¢! + 1)1 ie., Y is binomial with parameters (10, 2).

(a)
P{X+Y =2} =P{X =0} P{Y =2} + P{X = 1} P{Y =1}
+P{X =2} P{Y =0}

10\ /3\?/1\® 3 /1\°
P— _2- p— p— _2~ — —
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1\ 467
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—¢ <Z) (405 + 60 + 2) = i

(b)
P{XY =0} =P{X =0}+P{Y =0} — P{X =0} P{Y =0}
1,1 4041

9
=€ +@_e 410 41002

E[XY] = E[X]|-E[Y] by independence
=2-75
= 15.

Chapter 8
Problem 1 P(0< X <40)=1-P(]X —-20/>20)>1—- 2 =1

400 — 20°
Problem 2 (a) P(X >85) < 2 = 2.
(b) P

(66 <X <85)=1—P(|X—75>10)>1— 2 =3
(c) Since

" X; 25
P — =75 >5 | < —
<|;n | >_25n’

we need n = 10.



Problem 4 (a) P(3.20, X; > 15) < 2,

15.5 —20

20
P> X;>15) = P()_X,;>155)~ P(Z > 750
=1

= P(Z > —1.006) ~ .8428.

Problem 5 Let X, be the i-th roundoff erroe, then E(3°2°, X;) = 0 and Var(322, X;) =
%. Hence by the central limit theorem

50
3
P <|ZXZ-| > 3) ~ P(|Z] > ) = 2P(Z > 1.47) = .1416.
=1

12750

Problem 8 If we let X; be the lifetime of the i-th light bulb and R; be the time to
replace the ¢-th light bulb, then the desired probability is

100 99
P (Z X+ R < 550) .
=1 =1

It follows from the central limit theorem that Zjﬂﬂ X, is approximately

a normal random variable with mean 500 and variance 2500 and that
2?21 R; is approximately a normal random variable with mean 24.75
and variance 99/48, therefore S°1% X; + 7% R, is approximately a
normal random variable with mean 524.75 and variance 2502.02. Con-
sequently the desired probability is equal to

550 — 524.75
D e —

P(Z = P(Z <.505) = .693.
(Z< Vv2502.02 (Z < )



