Stable random variables and infinitely divisible random variables

In this lecture I will give a brief introduction to stable random variables and infinitely divisible
random variables. I am not going to present proofs of the results. For details of the proof, one can
refer to [1] or [2].

Recall that, for any « € (0, 2], a random variable is called a symmetric a-stable random variable
if its characteristic function is given by

p(t) =e " teR

for some ¢ > 0. A symmetric 2-stable random variable is simply a symmetric normal random
variable.

Definition 0.1 A random variable X is called a stable random variable (or said to have a stable
distribution) if for every positive integer n > 1, and X1, ..., X, independent with the same distri-
bution as X, there exists constants a, > 0 and by, such that (X1 + Xao+ -+ X, — by)/ay, has the
same distribution as X, or equivalently, X1 + --- + X, has the same distribution as a, X + by,.

If we use ¢ to denote the characteristic function of X, then X is stable if and only if for every
positive integer n > 1, there exist constants a,, > 0 and b,, such that

P"(t) = e’ tp(ant), teER.
The following result explains the role of stable random variables play in limit theorems.

Theorem 0.2 A random variable X is the weak limit of some normalized sums
X1+"'+Xn_Bn
Ap,
of some independent identically distributed random variables X1, Xs,... with A, > 0 and B, € R
if and only if X is stable.

The following result gives the general form for the characteristic function of a stable random
variable.

Theorem 0.3 Suppose that X is a stable random variable. Then either has a normal distribution,
or there exist o € (0,2) and constants my > 0, mg > 0 and B € R such that the logarithm of the
characteristic function ¢ of X is given by
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logp(t) = iBt+my (e —-1- ztml{xd}) e
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The constant « is called the stability index (or stability exponent) of the stable random variable
X. The stability index of a normal random variable is 2.

Theorem 0.4 ¢(t) = exp(y(t)) is the characteristic function of an a-stable random variable,
€ (0,2), if and only if
P(t) =ite — b|t|* (1 +irsgn(t)wa(t)), teR

where b > 0,c € R, k € [-1,1] and

It is easy to check that a random variable X is a-stable if and only if for every positive integer
n > 1, there exists a constant b, such that the characteristic function of X satisfies

() = e’ tp(nt/t), teR.

Definition 0.5 A random wvariable X is said to be infinitely divisible if for every integer n > 1,

there are n independent identically distributed random variables Xl(n), ., X0 such that X]En) +

<ot Xfln) has the same law as X.

It is easy to see that a random variable X is infinitely divisible if and only if the characteristic
function ¢ of X satisfies the following property: for every integer n > 1, (qﬁ(t))l/ ™ is the character-
istic function of a random variable. Obviously, stable random variables are infinitely divisible.

Theorem 0.6 A random variable X is the weak limit of sums of the form

XM x
where Xl(n), R X,S”) are independent and identically distributed if and only if X is infinitely divis-
ible.
Theorem 0.7 A random variable X is infinitely divisible if and only if its characteristic function
¢ is given by

oz ﬁ > itx -
log ¢(t) =it — 5 T (e — 1 —italyz)<1y) v(da)

for some B € R, o >0 and a measure v such that [(z* A 1)v(dz) < oco.

The formula above is called the Lévy-Khintchine formula. The measure v is called the Lévy
measure of the random variable X.

Other examples of infinitely divisible random variables: Poisson random variables, exponential
random variables and Gamma random variables.
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