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Abstract

Ford > 1 and 0 < 8 < a < 2, consider a family of pseudo differential operators {A® +
a®AP/2; a € [0,1]} on R? that evolves continuously from A®/? to A®/? 4 AP/2. Tt gives arise
to a family of Lévy processes {X% a € [0,1]} on R? where each X is the independent sum
of a symmetric a-stable process and a symmetric 3-stable process with weight a. For any C:!
open set D C RY, we establish explicit sharp two-sided estimates (uniform in a € [0, 1]) for the
transition density function of the subprocess X of X killed upon leaving the open set D.
The infinitesimal generator of X%P is the non-local operator A® 4 a®A®/? with zero exterior
condition on D¢. As consequences of these sharp heat kernel estimates, we obtain uniform sharp
Green function estimates for X*” and uniform boundary Harnack principle for X in D with
explicit decay rate.
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1 Introduction

It is well-known that, for a second order elliptic differential operator £ on R? satisfying some
natural conditions, there is a diffusion process X on R? with £ as its infinitesimal generator. The
fundamental solution p(¢,x,y) of dyu = Lu (also called the heat kernel of £) is the transition
density function of X. Thus obtaining sharp two-sided estimates for p(¢,z,y) is a fundamental
problem in both analysis and probability theory. Such relationship is also true for a large class
of Markov processes with discontinuous sample paths, which constitute an important family of
stochastic processes in probability theory. They have been widely used in various applications.
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One of the most important and most widely used family of Markov processes is the family
of (rotationally) symmetric a-stable processes on R? 0 < o < 2. A symmetric a-stable process
X ={X;,t > 0,P,,z € R} on R? is a Lévy process such that

E. [eig'(xt_XO)} = ¢ tlI° for every z € R? and ¢ € R%.

When o = 2, X is a Brownian motion on R? whose infinitesimal generator is the Laplacian A.
When 0 < a < 2, the infinitesimal generator of a symmetric a-stable process X in R? is the
fractional Laplacian A%2, which is a prototype of nonlocal operators. The fractional Laplacian
can be written in the form

dy

A%y(z) = A(d, —a) lim (u(y) — u(x))m (1.1)

L0 J{yerd: [y—z|>e}

for some constant A(d, —«a) := a20‘_17r_d/21“(“70‘)1“(1 — 2)7!. Here and in the sequel, we use :=
as a way of definition. Here I' is the Gamma function defined by I'(\) := fooo tAle~tdt for every
A>0.

Two-sided heat kernel estimates for diffusions in R? have a long history and many beautiful
results have been established. See [11, 13] and the references therein. But, due to the complication
near the boundary, two-sided estimates for the transition density functions of killed diffusions in
a domain D (equivalently, the Dirichlet heat kernels) have been established only recently. See
[12, 13, 14] for upper bound estimates and [29] for the lower bound estimates of the Dirichlet heat
kernels in bounded C! domains. In a recent paper [3], we succeeded in establishing sharp two-
sided estimates for the heat kernel of the fractional Laplacian A%/2 with zero exterior condition on
D¢ (or equivalently, the transition density function of the killed a-stable process) in any C'*! open
set.

The approach developed in [3] can be adapted to establish heat kernel estimates of other jump
processes in open subsets of RY. In [4], the ideas of [3] were adapted to establish two-sided heat
kernel estimates of censored stable processes in C''! open subsets of R%. One of the main tools
used in [4] is the boundary Harnack principle established in [2] and [17].

In [5] the ideas of [3] were adapted to establish two-sided heat kernel estimates of relativistic
stable processes in C! open subsets of R%. One of main facts we used in [5] is that relativistic
stable processes can be regarded as perturbations of symmetric stable processes in bounded open
sets and therefore the Green functions of killed relativistic stable processes in bounded open sets
are comparable to the Green functions of killed stable processes in the same open sets.

The goal of this paper is to prove sharp two-sided estimates for the independent sum of an
a-stable process and a (-stable process, 0 < 3 < a < 2, in C*! open subsets of R%. Note that
these processes can not be obtained from symmetric stable processes through a combination of
Girsanov transform and Feynman-Kac transform. So the method of [5] can not be used to establish
the comparability of the Green functions of these processes and the Green functions of symmetric
stable processes in bounded open sets. Since the differences of the Lévy measures of these processes
and those of symmetric stable processes have infinite total mass, the method of [22] and [16] also
could not be used to establish the comparability of the Green functions of these processes and the
Green functions of symmetric stable processes in bounded open sets. The approach of this paper
will be described in the second paragraph below after the statement of Corollary 1.2.



Let us first recall some basic facts about the independent sum of stable processes and state our
main result.

Throughout the remainder of this paper, we assume that d > 1 and 0 < 8 < a < 2. The
Euclidean distance between z and y will be denoted as |z — y|. We will use B(z,r) to denote the
open ball centered at z € R? with radius r > 0

Suppose X is a symmetric a-stable process and Y is a symmetric S-stable process on R% and
that X and Y are independent. For any a > 0, we define X by X7 := X; + aY;. We will call the
process X® the independent sum of the symmetric a-stable process X and the symmetric g-stable
process Y with weight a. The infinitesimal generator of X is A%/2 +a#AP/2. Let p®(t, z,y) denote
the transition density of X® (or equivalently the heat kernel of A®/2 + aPAB/2) with respect to
the Lebesgue measure on R%. We will use p(t,z,y) = p°(,x,y) to denote the transition density of
X = X . Recently it is proven in [8] that

Pt z,y) < (t—d/a A t—d/ﬁ) A (|x _;dm - z —Z\‘“ﬁ) on (0,00) x R% x R%, (1.2)
Here and in the sequel, for a,b € R, a Ab:= min{a, b} and a V b := max{a, b}; for any two positive
functions f and g, f =< ¢ means that there is a positive constant ¢ > 1 so that ¢ 1¢g < f < cg on
their common domain of definition.

For every open subset D C R, we denote by X»P the subprocess of X killed upon leaving D.
The infinitesimal generator of X®P is (A%/2 + a®AP/?)|p, the sum of two fractional Laplacians in
D with zero exterior condition. It is known (see [8]) that X% has a Holder continuous transition
density p%,(t, z,y) with respect to the Lebesgue measure.

Unlike the case of the symmetric a-stable process X := X", X does not have the stable scaling
for a > 0. Instead, the following approximate scaling property is true and will be used several
times in the rest of this paper: If {X}" ’D, t > 0} is the subprocess of X killed upon leaving D, then
{A‘lX;,;?,t > 0} is the subprocess of {Xf’\(a_mm,t > 0} killed upon leaving A=!D. So for any
A > 0, we have

pi’lﬁ?mm (t,z,y) = XpGH (A%, Az, \y) fort >0 and z,y € A1 D. (1.3)
In particular, letting a = 1, A = a?/(@=P) and D = R, we get
_Bd_ B B B
p(t,x,y) = ac—Fpt(aa—Fht,aa—Fx,aa-ry) for t > 0 and z,y € R%

So we deduce from (1.2) that for any M > 0 there exists a constants C' > 1 depending only on
d,a, 3 and M such that for any a € (0, M] and (¢,z,y) € (0,00) x R? x R?

CHftm,y) < p*(ta,y) < CF°(La,y), (1.4)

where

t a’t
a o B\—d/B —d/a
fit,x,y) = <(a t) At >A<]x—y]d+a+|x—y\d+ﬁ>'

The purpose of this paper is to establish the following two-sided sharp estimates on p%,(t, z,y)
in Theorem 1.1 for every t > 0. To state this theorem, we first recall that an open set D in R¢
(when d > 2) is said to be a (uniform) C*! open set if there exist a localization radius Ry > 0



and a constant Ag > 0 such that for every z € 9D, there exist a Ch!-function ¢ = ¢, : R - R
satisfying ¢(0) = V@(0) = 0, ||[Vo|leo < Ao, [Vé(x) — V(2)| < Aglz — 2|, and an orthonormal
coordinate system C'S, with its origin at z such that

B(z,Ro) N D ={y = (y, ya) in CS. : |y| < Ro,ya > ¢(y)}

The pair (R, Ag) is called the characteristics of the C1'! open set D. Note that a C! open set
D with characteristics (Rp, Ag) can be unbounded and disconnected; the distance between two
distinct components of D is at least Rg. It is well known that any C! open set D satisfies both
the uniform interior ball condition and the uniform exterior ball condition: there exists rg < Ry
such that for every x € D with §gp(z) < 1o and y € R4\ D with dsp(y) < 10, there are 2z, z, € D
so that |z — z,| = ap(2), |y — 2y| = dap(y) and that B(zg,r9) C D and B(yg,r9) C R\ D for
T = 22 +10(x — 22) /|7 — 2| and yo = 2, + 10(y — 2) /|y — 2. By a C1! open set in R we mean
an open set which can be written as the union of disjoint intervals so that the minimum of the
lengths of all these intervals is positive and the minimum of the distances between these intervals
is a positive constant Rj.

Theorem 1.1 Suppose M > 0. Let D be a C™' open subset of R? and dp(x) the Euclidean distance
between x and D°€.

(i) For every T > 0, there is a positive constant C; = C1(D, M, «, 3,T) > 1 such that for every
a € (0, M],
Oyl It 2, y) < ph(t,@,y) < O fh(t 2, y),

where

a L op (x)a/Q op (y)a/Z —d/a t aPt
fD(t’x’y)'_GA Vi )(M Vi ><t e )

(i) Suppose in addition that D is bounded. For everyT > 0, there is a constant Cy = Co(D, M, o, 3,T) >
1 so that for every a € (0, M] and (t,z,y) € [T,00) x D x D,

Cyte M op(2)* 2 dp(y)*? < ph(t.a,y) < Cae M op(x)* dp(y)™/?,
where Ay > 0 is the smallest eigenvalue of —(AY? + aPAP/?)|p.

Letting a — 0, Theorem 1.1 recovers the heat kernel estimates for symmetric a-stable processes
obtained in [3]. By integrating the two-sided heat kernel estimates in Theorem 1.1 with respect
to t, we obtain the following estimates on the Green function G%,(z,y) := fooo p}(t, x,y)dt, which
mean that, for bounded C'! domains D, G4, and GY, are comparable, see [9] and [20]. To the best
of our knowledge, the Green function estimates in the corollary below are new.

Corollary 1.2 Suppose M > 0. For any bounded C%'-open set D in RY, there is a constant
C3 = C5(D, M, a,3) > 1 so that for every a € (0, M],

Cylgp(z,y) < Gh(z,y) < Cs3gp(v,y)  fora,y € D,



where

(1 A —6D(x)f;/j(;?a(y)a/2 |z — y|°‘_d when d > «,
gp(z,y) := < log (1 + W when d =1 = a, (1.5)
(5D(x)5D(y))(a_1)/2 A W when d =1 < a.

Theorem 1.1(i) will be established through Theorems 2.8 and 3.5, which give the upper bound
and lower bound estimates, respectively. Theorem 1.1(ii) is a consequence of the intrinsic ultracon-
tractivity of X in a bounded open set and the continuity of eigenvalues proved in [10]. In fact,
the upper bound estimates in both Theorem 1.1 and Corollary 1.2 hold for any open set D with a
weak version of the uniform exterior ball condition in place of the C! condition, while the lower
bound estimates in both Theorem 1.1 and Corollary 1.2 hold for any open set D with the uniform
interior ball condition in place of the C1'! condition (see Theorems 2.8 and 3.5, and the proofs for
Theorem 1.1(ii) and Corollary 1.2).

Although we follow the main ideas we developed in [3], there are several new difficulties in
obtaining two-sided Dirichlet heat kernel estimates for X%: Even though the boundary Harnack
principle has been extended in [19] to a large class of pure jump Lévy processes including X, the
explicit decay rate of harmonic functions of X% near the boundary of D was unknown. Instead,
following the approach in [6], we establish necessary estimates using suitably chosen subharmonic
and superharmonic functions of the process X*. As in [6], we need to use finite range (or truncated)
symmetric 3-stable process Y2 obtained from Y by suppressing all its jumps of size larger than A.
The infinitesimal generator of Y is

dy

W. (1.6)

AVPu(z) = A(d, —a) lim (uly) ~ (@)
€l0 {yeRd:a<|y—$|§>\}

When A = 1, we will simply denote &i/ 2 by AP/2. We first establish the desired estimates for the
Lévy process X% := X + aY/%. The infinitesimal generator of X4 is AY2 4 qBAP/2. The desired
estimates for X% = X + aY can then be obtained by adding back those jumps of Y of size larger
than 1/a. To obtain the lower bound of p*(t,z,y), we use the Dirichlet heat kernel estimate for
the fractional Laplacian in [3] and a comparison of the killed subordinate stable process with the
subordinate killed stable process where we will use some of the results obtained in [26].

We like to point out that unlike [3] the boundary Harnack principle for X is not used in this
paper, which indicates that it might be possible to obtain sharp heat kernel estimate for processes
for which the boundary Harnack principle fails.

As a consequence of Corollary 1.2, we have the following uniform boundary Harnack principle
with explicit decay rate.

Theorem 1.3 Suppose that M > 0. For any C™' open set D in R? with the characteristics (Rg, A),
there exists a positive constant Cy = Cy(a, 5,d, A, Ry, M) > 1 such that for a € [0, M], r € (0, Ry,
Q € 0D and any nonnegative function u in RY that is harmonic in D N B(Q, ) with respect to X®
and vanishes continuously on DN B(Q,r), we have

u(x) <C 5%/2(33) for every x,y € DN B(Q,r/2) (1.7)
uly) = 52l y) e o '



Throughout this paper, we will use capital letters C1,C5, ... to denote constants in the state-
ments of results, and their labeling will be fixed. The lower case constants ci,ca,... will denote
generic constants used in proofs, whose exact values are not important and can change from one
appearance to another. The labeling of the lower case constants starts anew in every proof. The
dependence of the constants on dimension d may not be mentioned explicitly. For every function
f,let f*:= fVv0. We will use 9 to denote a cemetery point and for every function f, we extend
its definition to 0 by setting f(9) = 0. We will use dz to denote the Lebesgue measure in R?. For
a Borel set A C R?, we also use |A| to denote its Lebesgue measure.

2 Upper bound estimate

Throughout this section we assume that D is an open set satisfying the uniform exterior ball
condition with radius 9 > 0 in the following sense: for every z € D and r € (0, rg), there is a ball
B? of radius r such that B* € R4\ D and B*NJD = {z}. The goal of this section is to establish
the upper bound for the transition density (heat kernel) p},(¢,z,y). One of the main difficulties of
getting the upper bound for p}, (¢, z,y) is to obtaining the correct boundary decay rate.

Recall that A%/? and ﬁf/ ? are defined by (1.1) and (1.6). The next two lemmas can be proved
by direct computation, whose proofs can be found in [17] and [6], respectively.

For p > 0, let wy(x) := (z])P.

Lemma 2.1 For any x € (0,00) x R we have
A, o (2) = 0. (2.1)

Moreover, for every p € (a/2,«), there is a positive constant Cs = Cs(d, o, p) such that for every
x € (0,00) x RI1

A2 () =Cs 2P~ (2.2)

Lemma 2.2 There are constants Ry € (0,1), Cg > C7 > 0 depending on p, d and o only such that
for every x € (0, R,] x R4~1

Crah ™ < APy () < Cgah ® fora/2<p<a, (2:3)
A2, (2)] < Cs|logzs|  forp=a (24)

and
|A°‘/2wp(:x)| < Cq forp > a. (2.5)

In the remainder of this paper, R, will always stand for the constant in Lemma 2.2. The
following result and its proof are similar to Lemma 3.2 of [6] and the proof there. For reader’s
convenience, we spell out the details of the proof here.

Lemma 2.3 Assume thatry € (0,1/2] andp > %. Let 61 := RA(r1/4), U == {z € R?: ry < |2| < 3r1/2}

and
P
hyp(y) == (yd — /71— \@!2) 1y {zg>0,21<r 2} (V)-

Then there exist C; = Cij(a, p,m1) >0, 4 =8,--- 12, such that



(i) when p € (@/2, ), we have for ally € {z € R : 24 > 0, r1 < |2| <71+ 61, |2 <r1/4},

p—a R —\ P
Cy <yd _ e !§|2> < A2 (y) < Cy (yd e |y|2) (2.6)
p—a p—a
Cs <yd —/r? - @\2) < AY2h,(y) < Oy <yd — /71— \?7’2> ; (2.7)

(ii) when p > a, we have

and

|£o‘/2hp(y)| <Cy forallye {z eRY: 23>0, 1 < |z2| <ri 46,2 < 7"1/4}; (2.8)
(iii) when p = /2, we have

]Aa/Zha/g(y)] <Cn forallyce {z ERY: 23>0, 71 < |z] <1 +6,]Z] < 7“1/4} i (2.9)
(iv) when p = a, we have for every y € {z € R: 2> 0,71 <|z| <ri+6,]Z] < r1/4},

g (s =/t = )| (2.10)

1A 5(y)] < Cha

Proof. Let
L(y):=/rf — 19> and h(y) :=ya—T(9), yeU.

Fix # € {z€R%:2,>0, 7 <|2[ <71+ R A(r1/8),|2] <r1/4} and choose a point zo €
OB, (0,71) := {24 > 0,|2| = r1} satisfying & = 7. Denote by 7 (z¢) the inward unit normal vector
at x¢ for the exterior ball B(0,r1)¢ and set ®(y) = (y—x0, 7 (x0)) for y € R%. I = {y : ®(y) = 0} is
the plane tangent to 9B, (0,71) at the point xo. Let I'* : € R¥~! — R be the function describing
the hyperplane II, that is, ((Z,T*(Z)) — zo, 7 (70)) = 0. We also let

E={y=uya):yeU, |y—zf<r/4},
A={y:T"Q) >ya>T®@), ly— x| <ri/4}

and h(y) == (ya — T* () 1y >r+ @) () for y € R9. Since VI'(Z) — VI'*(Z) = 0, by the mean value
theorem

h(y) = h(y) < [P@) -T*@)| < Alg -2z, yek. (2.11)

Let 0, (y) = dist(y, II) for y € R% and Up+ = {y € R?: y4 > I'*(y)}. Let b, := /1 + |VI(7)]2 and
hap(y) = (h(y))".

Note that hy ,(7) = hy(z) and B(x,r1/4) NU C E. Since h(y) = b6, (y) on Dr+, by Lemma 2.1,

A2, o o(2) = 0 (2.12)



and, if /2 <p < «,

A2h, (z) = ¢ BBOP(z) = c1 b2 (h(z))P ™™ (2.13)

x%n
for some ¢; > 0. By Lemma 2.2, there are constants ¢; > 0, ¢ = 2...6, such that for y € Dp~ and
d,(y) < Ry, when a/2 < p < «,

ca(B(z))P~ < e3 ol () < APhyy(x) = AP (S, (2))P < s BhE () < e5(hlx))P ",

— T

(2.14)
when p > «,
A 2y ()] = A (8, ()] < co (2.15)
and when p = a,
|A Ry ()] < 6 | log(h(x))]- (2.16)
Note that
2 : hp(y) = hpo(y))
A2 (h, — hy ) (2)] = A(d, —cx hm/ (hy P, dy
‘ ( P JJ)( )| ( ) 10 (1> y—a|>e} |Z‘ - y‘d_t'_oé
(1>ly—a|>r/4) 1T — Yl
el0 S jasly—af>ey [T — Y
hp(y) + hpa(y) |hw(y) — hpa(y)|
§c+Ad,—a/pp’d +Ad,—a/ P P,
Al ) [ T e WA |
=+ + 1 (2.18)
and, similarly,
|Aa/2(hp — hgp) ()]
(y—al>m/4y |2 =Y
hp(y) + hp,x(y) / |hp(y) - hp,:c(y)‘ .
+ A(d, a)/A |[L‘—y|d+a dy + A(d, —«) . |[L‘—y|d+a = I3+ 0L+ Is. (2.19)

Since for y € B(x,r1/4)¢,
hap(y) = hap(@)| < csly —zl and  [hy(y)| < cs

and hy(y) = 0 for |y| > r1/2, for a/2 < p < a we get

hep(y) = he hy(y) — h
I; <A(d, —a) / hepw) = hap@) g o A, —a) / lrply) = ()]
B(z,r1/4)¢ ‘lE - y’ B(z,r1/4)n{|g|<r1/2} ‘iL‘ — y‘
hp()
+ A(d, —a) / _hy(@) y‘
Bla,r /4)en{[jl>m 2} 1T — yldte
1 1

<c / —————dy+c / ———dy < ¢19 < 00. 2.20

9 o ja)e [T — y|THaP 9 Blam /4y |T — YO 10 (2.20)



We claim that, if p > «/2,
I + 1 < c¢p1 < o0. (2.21)
Note that for y € A
hep )]+ [hp(W)] < lya =T @) + lya =T @) < 2[0(y) —T*@)P
<2|T(y) —T(@) - VI(@) - (§ — D)|P < 2ef, |y — 7. (2.22)

Furthermore, since |I'(7) — I'™*(¥)| < c13|7 — Z|? < c127? on |y — x| = r, this together with (2.22)
yields that

T1/4
L < 014/ r2p_‘”‘_d/ | 14(y) ma—1(dy)dr
0 y—x|=r

r1/4
_— / r2=a=di,  ({y: ly— 2| = r, T*5) > ya > D(§)})dr
0

ri/4

< 015/ rPodr < .
0

Note that for y € E

[hp(y) = hap ()] <cr6l(A(y))? = (h(y)?] < ez (h(y)) P~V [R(y) — k(y)], (2.23)
where (p —1)_ := (p — 1) A 0. In the last inequality above, we have used the inequalities
WP —aP| <P Hb—a| fora,b>0,0<p<1
and
|bP —aP| < (p+1)|b—al for a,b € (0,1), p> 1.

For y = (y,y4) € R? we use an affine coordinate system z = (Z,z4) to represent it so that
zq = yq — I'*(y) and Z is the coordinates in an orthogonal coordinate system centered at xq for the
(d — 1)-dimensional hyperplane II for the point (y,I'*(y)). Denote such an affine transformation
y+— z by z = U(y). It is clear that there is a constant ¢z > 1 so that for every y € RY,
a7 -2 < F <slf—2, el -2 < U() - U()] < asly -2
and that
U(E) C{z=(%,29) €RY: |Z] < c18r1 and 0 < 24 < 1871}

Denote x4 — I'*(Z) by w; that is, U(z) = (0,w). Hence by (2.11) and (2.23) and applying the
transform W, we have by using polar coordinates for z on the hyperplane II,

T () P=D— |77 _ 5|2 (P=1)— |32
I, < 019/ ") Ly “ dy SClg/ sz—]z] dz
g ly—x|ite w(p) |z —(0,w)|dte

C18T1 (p—1) C187T1 Td——2
zy T dr | dz
a </0 (r+ |24 — w[)*Fe=2 ) ‘

C18T1 - C18T1 1
zg(lp - </ dr> dzq
o (r+]zg —wl)*

C18T1 _ 1 1
Zép - < - — 1) dzg
|zq — w|® (c1871 + |24 — w|)®

C18T1 1

IA

€20

IN

€20

< 92

dzq < c93 < 00,

IA
Ng%c\

2P 2y — wlot

9



where all the constants depend on «, p and 1. The last inequality is due to the fact that since p > 0,
0<a<?2and (1-p)T+a—1=max{a —p,a—1} <1, by the dominated convergence theorem,

p(w) = [ et |1 | -dzg is a strictly positive continuous function in z4 € [0, c1gr1] and
Zg Zg—w|*—

hence is bounded.
Thus we have proved the claim (2.21). The desired estimates (2.6)-(2.10) now follow from
(2.12)-(2.21). O

It is well-known that X' has Lévy intensity

Afd,—a) | A(d.~p)

1 _ .1 —
J (xuy) =J (‘I - y‘) = |33 _ y‘d+a |$ _ y|d+ﬁ‘

A scaling argument yields that

a a A(d, —«a A(d, —
Fa) = o) = i v P T

Put

=1+ aﬁiA(d’ b P

¢a(,,,) : .A(d, _a)

. r>0. (2.24)

Clearly for a € (0, M] and r > 0, 1 < ¢%(r) < 1+ cMPr*=F and

I, y) = 7z — o) = Ww ).

The Lévy intensity gives rise to a Lévy system for X¢, which describes the jumps of the process
X for any non-negative measurable function f on Ry x R? x R?, 2 € R? and stopping time T
(with respect to the filtration of X¢),

E.| Y fs X0, X0)| = ]Ex[/OT( Rdf(s,Xg,y)J“(Xg,y)dy)ds]. (2.25)

s<T

(See, for example, [7, Proof of Lemma 4.7] and [8, Appendix A]).

For any open set D C RY, let 78 = 7%(D) := inf{t > 0 : X2 ¢ D} denote the first exit time
from D by X?.

The next lemma follows immediately from a special case of [19, Proposition 2.10 and Lemma
3.6] and the scaling property of X®.

Lemma 2.4 For any byM € (0,00), there exists C13 = Ci3(M,b, o, 3) > 0 such that for every
zg € R, a € [0, M] and r € (0,b],

E, |:7'%<x07r):| < Cu3r®?(r — |o — xo])?/?, for x € B(xzg, ). (2.26)

For A >0, Y = (Y, P,) is a Lévy process in R? such that

E, [eig'(?ﬁ_?&)} = ¢ W) for every x € R? and e R,
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with
1 —cos(€-y)

¢(‘5) = A(dv _5) ‘y’d+g

{lyI<A}
In other words, YA is a pure jump symmetric Lévy process in R¢ with a Lévy density given by
A(d, —B)|z|~45 Lfjz|<r}- For a > 0, suppose ylaig independent of the symmetric a-stable process
X on R?. Define

dy.

X=X, + ai//\;l/a, t>0.

We will call the process X the independent sum of the symmetric a-stable process X and the
truncated symmetric 3-stable process Y1/a with weight a > 0. The infinitesimal generator of Xea
is A2 4 qBAB/2,

For any open set U C R%, let 78 = inf{t > 0 : X2 ¢ U} be the first exit time from U by X°.
The truncated process X will be used in the proof of next lemma.

Lemma 2.5 Assume 11 € (0,1] and M > 0. Let U := {z € R?: ry < |z| <3r1/2}. There are

constants C1q = Ci4(r1,a) > 0 and C15 = Ci5(r1, M, a, 3) > 0 such that for every a € [0, M]

E,[r8] < CulP, (\ng\ > 37«1/2) < Cusou(2)¥2, forr < |z| < 5r1/4. (2.27)

Proof. The first inequality in (2.27) is easy. In fact, by the Lévy system (2.25) with
f(s,2,9) = 1u(2) 150, <|y|<10r} (U)
and T' = 777, we have that for x € U

P, (|ng\ > 3r1/2) > P, (107«1 > | X% | > 5r1>

=E, /U/ JUXE, y)dyds
0 {5r1<|y|<10r1}

70 A(d, —a)
>E, / / L8 yds| > B,
[ 0 Jr<lyl<iony [Xg —yldte ] v

where ¢; = ¢(r1, ) > 0.
It is enough to prove the second inequality in (2.27) for r; < |z| < r; + ¢ for some small § > 0.
Without loss of generality, we assume Z = 0 and x4 > 0. Let p > 0 be such that p # 8 and

a—(8/2) <p<(a—(8/2)+(a—p)/3) Ao

Note that /2 < p < 3a/2 — 3. Define

a/2

h(y) = (yd — /71— |§!2> Lun{z4>0,3<r1/2} (¥)s
p

Ip(y) = <yd — /i — |Z~7\2> 1ungzy>0,z<r1/2} (¥)s

and let ¢ be a smooth function on R? with bounded first and second partial derivatives such that
B(y) = 2¥P|g|2/r? for y € {zq > 0,71 < |y| < 4r1/5,|Z] < r1/4} and 2P < ¢(y) < 47 if |y| > r1/2
or ly| > 3r1/2.

11



Since 1 < 1/4, it is easy to see that ||gp|lc < 1. Now we define
u(y) == hy) + o) — gp(y)-
By Taylor’s expansion with the remainder of order 2, we get that for any a € (0, M] and y € R,
(A2 + aPAP2)p(y)| < ||A20|| + MP| A 29| < eala, B, M) < . (2.28)
Moreover, by (2.6)—(2.8), there exist c3 = c3(a, ) > 0 and 6; = 1 (e, 5) € (0,71/8) such that
Aa/Qgp(y) > c30p(y)P™* forye {z ERY:2;>0,7r < lz| <714+ 01, 2] < r1/4}
and
ﬁﬁ/zgp(y) > —c36p(y) PN for y € {z eERY: 2y >0, 71 < |z| <7 +61, 2] < 7'1/4} .

Thus there exist ¢4 = c4(a, 3, M) > 0 and 3 = 2, 3, M) € (0,67) such that for all a € (0, M]
andy € {z €R%: 25 >0, ry < |2| <71+ 82,|2] < ri/4},

(A2 4 aPROI2)g, () > esdp (1) — esMPop(y) =P > eudp(y)P=.  (2.29)

Furthermore by (2.6) and (2.8)—(2.10), there exist ¢5 = ¢5(a, 8, M) > 0 and 03 = d3(c, 3) € (0,1)
such that for all a € (0, M] and for every y € {z € R : 24 > 0, r1 < |2| <11 + 03, [2] < r1/4},

{05 + 055D(y)(a/2_5)/\0 if 8# /2,

. (2.30)
¢s + ¢s|log dp (y)| if = a/2.

Since p — a < a/2 — 3, by (2.28)—(2.29), there exists 64 = da(c, 5, M) € (0,92 A d3) such that for
alae (0,M]andy €V :i={z € R¥: 24> 0, r1 < |2| <71+ 64, |2 <r1/4}
(A 1 P ROPYu(y) < e3 + s + s (3p() 20 4 |1ogdn(w)]) — edp(u) ™ <0 (231)

Let 1 be a non-negative smooth radial function with compact support in R? such that n(z) = 0
for |z| > 1 and [ n(z)dz = 1. For k > 1, define n(z) = 2"n(2"z). Set u®) (2) := (ny, * u)(2). As
(A2 4 aP AP F) = % (A2 + aP AP/?)u, we have by (2.31) that

(A2 4 aPRF2)y® < 0

on Vi = {z€R:24>0,r +27% <|z] <ri 48 —2%and |Z] <r1/4—27F}. Since u®) is a
bounded smooth function on R? with bounded first and second partial derivatives, by Ito’s formula
and the Lévy system (2.25),

t
MF = o™ (X3) — u®(X2) - /0 (AW + aﬂMﬂ) u® (X0)ds (2.32)

is a martingale. Thus it follows from (2.32) that t — u(¥) ()?fﬁ{? ) is a bounded supermartingale.
k

Since V}, increases to V and u is bounded and continuous on V, we conclude that

t— u()?f/\?‘a/) is a bounded supermartingale. (2.33)
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We observe that, since ¢(x) = 0,
u(x) < 6y ()2, (2.34)

We also observe that, since ¢ > 2g, outside of {z € U : 24 > 0, |z] < r1/2} and

a/2 4
uly) > (yd - mz) _ (yd Y. mz) > ¢

on {zq >0, r1 4+ 04 <|z| < 3r1/2, |Z| < ri1/2}, we have
u(y) > ¢ >0 foryeVe\ B(0,r), (2.35)
where ¢7 depends on d4, , § and ri. Therefore, by (2.33)-(2.35) we get
8 ()2 > u(z) > E, [u()??‘c;)} > ¢rP, ()A(g& c Vc\m> > P, (p?ggy > 3r1/2> . (2.36)

Note that there exist cg = cg(a, d,r1) > 0 and cg = ¢9(3,d,r1) > 0 such that for z € U,

/ dy < / dy

W _ W
{lylz2r} 12 — ylte {n<lyl<sn} 12— yl*e
and

dy dy
Tz a8 = © [Ppwrae
(y1>2r} 12 — ¥l {2r<lyl<3r} |2 =¥l

Thus by (2.25), there exists a positive constant c19 = c10(d, «, 3, M) such that for any a € (0, M],

/ U/ J“(X?,y)ddeI
0 {ly|>2r1}

/ ' / J(X¢,y)dyds
0 {2r1§\y|<3r1}

— c10P, (37‘1 > X8| > 27«1) . (2.37)

P, <|X7‘?5| > 27~1> = E,

< coE,

Since r1 < 1/4 and the processes X and Y do not jump simultaneously, we have by (2.36) that
there is a positive constant c¢1; = ¢11(d, o, 3, M, r1) such that for all a € (0, M],

P, (\ng| > 31y /2) < (c10+1)P, (37”1 > X8| > 3r /2)
= (c10 + DPs (31 > [X2] > 37«1/2)

< (Cl() + 1)]P’w (’ng‘ > 37’1/2) < 611(5U(.T)a/2.

Lemma 2.6 Assume M >0 and r € (0,1]. Let E = {x € R®: [z| > r1}. Then for every T > 0,
there is a constant Ci¢ = Ci6(r1, o, 5, T, M) > 0 such that for every a € [0, M],

ph(t,x,y) < Cie 6p(x)* 2Tz, y) forr < |z| <b5ri/4, |y| >2r andt <T.
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Proof. Define U := {z € R?: r; < |z| < 3r1/2}. Since X satisfies the hypothesis H in [28], by
[28, Theorem 1], Xl ¢ OU with probability 1. For r1 < |z| < 5r1/4, |y| > 2r; and t € (0,71, it
follows from the strong Markov property of X and (2.25) that

pE(txy p (t_TUaXT7y):Tg<t]

/ /pU 5,2,%) / J(z,w) p(t — s,w,y)dw | dzds
Jw|>3r1/2}
— [ [ tor (
t
+/ /PU(S,JI,Z) / JYz,w)pE(t — s, w,y)dw | dzds
0 Ju {w: [w]|>(3r1/4)+(yl/2)}

=I+1I.

/ Jz,w)pE(t — s, w, y)dw> dzds
{w: (3r1/9)+(lyl/2)=|w|>3r1/2}

Note that for |w| < (3r1/4) + (Jy|/2),

311 lyl o e —yl
— > — _— > > 2.
lw—y| > |y| —|w| > (!yl >_ s 2 18 (2.38)

Since p,(t—s,w,y) < p*(t—s,w,y), by (1.4) and (2.38), there exist constants ¢; = ¢ (o, 3, M) > 0
and co = ca(er, 3, M) > 0 such that for a € (0, M]

t
1 </ /an(s,:U,Z) (/ J(z,w) clTJa(w,y)dw> dzds
0 JU {w: (3r1/4)+(lyl/2)=|w|>3r1/2}

t
<02TJ“(ac,y)//p?](s,x,z) / Jz,w)dw | dzds
0 JU {w: 3|z—y|/4>|w|>3r1/2}
= T (w,y) P (371/2 < |X5s | < 3o — yl/45 76 < t)

< Tz, y) P (\X | > 37«1/2)
By Lemma 2.5 , we have for |z| € (r1,5r1/4),
(\X | > 3, /2) < 3 00(2)%? = c30m(2)°/?
for some positive constant cz = c3(r1, o, 8, M). Thus
I <ey(TV1)op(x)2T%x,y) (2.39)

for some positive constant ¢4 = c4(r1, 0, 3, M). On the other hand, for z € U and w € R? with
lw| > (3r1/4) + (lyl/2),

|2 = w|

v

3r1 T —y
ul =1 2 5 (- 5 ) 2 2
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Thus by the symmetry of p}(t — s, w,y) in (w,y), we have

t
IT < C5Ja(x7y)/ / p%(S,x,Z) (/ p%(t - s,y,w)d’w> dzds
{w: [w[>(3r1/4)+(|yl/2)}
< c5J® :Ey/ /p (s,x,z)dzds
= 5] (2, y)Ea [76) < 6 6m(2)*? T (2, y)

for some positive constants ¢, = cx(r1,a, 5, M), k = 5,6. In the last inequality, we used Lemma
2.5 to deduce that E, [7%] < cdp(2)*/? = cdp(z)®/? for some positive constant ¢ = c(rq, a, 8, M).
This together with (2.39) proves the lemma. O

Theorem 2.7 Assume that M > 0 and D is an open set that satisfies the uniform exterior ball
condition with radius rg > 0. Then for every T > 0, there is a constant Ci17 = Ci7(ro/T, v, 3, M) >
0 such that for all a € (0, M], A € (0,T) and z,y € A\ D,

Psoip(Lz,y) < Cir (LA J%2,y)) 6y-1p(2)*/.

Proof. Note that for every A € (0,7], A~!'D satisfies the uniform exterior ball condition with
radius 79/7T. For x,y € A™1D, let z € (A~D) be that |z — 2| = §y-1p(z). Let B, C (A\"1D)¢ be
the ball with radius 71 := 471 A (19/T) so that 9B, N d(A\~1D) = {z}. Since, by (1.4)

Pi-1p(lz,y) < p*(L,z,y) <c(IAJz,y)),

it suffices to prove the theorem for z € A™'D with d,-1p(z) < r1/4. When §,-1p(z) < r1/4 and
|z —y| > 5r1, we have dp¢(y) > 2r1 and so by Lemma 2.6, there is a constant c¢; > 0 that depends
only on (rog/T,d,«, 3, M) such that for ¢ € (0,1],

pi—lD(t7x7y) < p((lﬁz)C(taxvy) <o 5(§z)c<x)a/2']a(xay) = CléAle(x)a/2Ja<xay)' (240)

So it remains to show that when dy-1p(x) < r1/4 and |z —y| < 5r1, there exists a positive constant
co = co(ro/T,d, cr, 3, M) such that

Pi-ip(La,y) < c2dy-1p(x)™?. (2.41)
Let z; € O(A™!D) be such that |z — 2z,| = 6,-1p(x) and 2o € R so that
B(zp,m1) € (A\"'D)¢ and OB(20,71) NOA'D) = {2,}.
Define U := {w € R?: |w — 2| € (r1, 8r1)}. Note that
z,y €UNAD and du(x) = dy-1p(z).

By the strong Markov property and the symmetry of p§_, p(1,z,y) in x and y, we have

pi—lD(lvxay) :pZmA—ID(Lx,y)JFEy p()l\—lp(l TUm)\ 1D»Xa 7x); T[c}m)\—lD <1j.

Uunx—1D
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By the semigroup property and (1.4),

anm);lp(laxay) = /U)\1Dp?]m,\1D(1/27$72)anm>\1D(1/2azay)dz
-

1p"(1/2,, )loo Pe (Ta-1p > 1/2)
3By [Thma-1p] < 3B [7]
cs 6U(x)oz/2 a/2.

INIAIA

= C4 (S)\—lD(fL')

In the last inequality, we used Lemma 2.5.
On the other hand, we have X% eU°NA D on {rf ,_1p < 1}, and so

Unx—1D

|X%m71D — x| > Try, on  {rfcip <1},
Consequently, by (2.40) for pi_lD(l — Tra—1p» Xra x),

UrA-1p’
a a X’(I
Ey |p3-1p(1 = Taxr-1p: Toea—1D

<E, [q Syt p ()2 T (X5

)
Unx—1p

» T); Thaa-1p < 1}

x); TgmA—lD < 1]
Tr) "+ MP(Tr) ") 6y p(2)2 Py (T y1p < 1)
7r1) "+ MP(7r) ") 631 p ()2,

This completes the proof for (2.41) and hence the theorem. O

Theorem 2.8 Assume that M > 0 and that D is an open set that satisfies the uniform ex-
terior ball condition with radius rq > 0. For every T > 0, there erists a positive constant
Cig = C1s(T, ro, a0, B, M) such that for every a € [0, M], t € (0,T] and x,y € D,

ph(t,z,y) < Cis (1 A W) (1 A (SD(Z‘/\/);/Q) (t—d/a A tJ“(a:,y)) . (2.42)

Proof. Fix T, M > 0. By Theorem 2.7, there exists a positive constant ¢; = ¢1(T,ro, v, 3, M)
such that for every t € (0,77,

(a=B)/(ap) (a=p)/(aB)
Py (Lay) <a <1 A J4 (x,y)) 8,—1/ap ()2, (2.43)

Thus by (1.3), (1.4) and (2.43), for every t < T,

_ (a=pB)/(aB) _ _
phtzy) = tYopit T (et ey

< et (L gt g g o)) G p (87 )
5D($)a/2

= (1 (t_d/a VAN tJa \/i

w,y))

(
a/2
< CQPG(ta x, y) M

Vi
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By symmetry, the above inequality holds with the roles of x and y interchanged. Using the semi-
group property for t < T,

Ph(tz,y) = /D P (12,2, 2)pl (£/2, 2, y)dz

5p(2)2/25p (y)>/?
=~ C3
t
op ()25 p(y)*/?

S C3 n pa(t,ﬂf,y).

/pa(t/Z,x,z)pa(t/Q,z,y)dz
D

This proves the upper bound (2.42) by noting that

(IAa)(1Ab)=min{l,a,b,ab} for a,b > 0.

3 Lower bound estimate

Lemma 3.1 For any positive constants A, k and b, there exists C19 = Ci9(A, K, b,a, 3, M) > 0
such that for every z € R, \ € (0,A] and a € (0, M],

: a
inf P, (7o zmrrey > ) = Cio.
ly—z|<wal/e

Proof. By [8, Proposition 4.9], there exists ¢ = e(A, k, a, #) > 0 such that for every A € (0, A],

1
. 1
ylenﬂgfd P, <TB(y’K)\1/a/2) > 5)\> > 3

Suppose b > ¢ then by the parabolic Harnack principle in [8, Proposition 4.12]
‘1 pg(w/\l/a)(s)\,y,w) S plB(y,n)\l/a)(bAava) for w € By, kAY%/2),

where the constant ¢; = ¢1(k, b, a, 3, A) > 0 is independent of y € R%, X € (0, A]. Thus

1 _ 1
Py (7 ey > D) = /B (yﬁ/\l/a)pB(y7ml/a)(bA,y, w)dw

Z / pl /o
B(y,nAl/o‘/Q) B(y,n)\l )

>c / pl o (EN Y, w)dw > 1/2. -
' B(y,kA\l//2) B(y,kAl/ /2)( ) 1/ ( )

(b, y, w)dw
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For the general case, by (1.3) and (3.1),

ylélRf:j Py (TB(ZQN)\I/Q) > bA)

ly—z|<mal/e

> Py (Tg(OMI oy > b)\>

= p% o (BN, 0, w)dw
/B(O,n/\l/o‘) B(0,x\/ )(

1 _af
= B p B8 (aaiﬁ bA,O,Z)dZ
B(0,kAY/eq  @=B) B(0,k\/®a” a=F)
8 oB
=Py (Tl(B(O,K‘,)\l/aa_m)) > arﬂb)\)
B af
> Py <71(B(0, RAVOM " a5)) > MrfﬁbA) > co(A, K, b, a, B, M) > 0.
This proves the lemma. |

Recall that 1? is defined in (2.24).

Proposition 3.2 Suppose that M,T > 0 and (t,z,y) € (0,T] x D x D with ép(z) > t'/* >
2z — yl®(|z — y|) V(@) Then there exists a positive constant Coy = Coo(M, a, 3,T) such that
for all a € (0, M]

P (t, x,y) > Cot~ ¥, (3.2)

Proof. Let t € (0,7] and x,y € D with dp(z) > t/* > 2lz — y[*(jz — y|)~/ (@), By
the parabolic Harnack principle in [8, Proposition 4.12] and the scaling property, there exists
c1 =c1(M,a,3,T) > 0 such that for all a € (0, M],

p4(t/2,2,w) < c1phH(t,x,y for w € B(a:,2t1/o‘/3).
D D

This together with Lemma 3.1 yields that

1
c1|B(z, t1/2)| Jpa /e /2)

> cztd/o‘/ 4 oo (t/2, 2, w)dw
T 2

= ot P, (Tg(x,tl/a/z) > t/2> > gt

Po(t,zy) > Pp(t/2,z, w)dw

where ¢; = ¢;(T, o, 3, M) > 0 for i = 2, 3. O

Lemma 3.3 Suppose that M, T > 0, D is an open subset of R¢ and (t,z,y) € (0,T] x D x D with
min {6p(z), op(y)} >tV and |z — y|* > 27%0p%(|z — y|)*/ @+, Then there exists a constant
Co1 = Cor (e, B, T, M) > 0 such that for a € (0, M]

P, (X;“D € B(y, 2*1t1/a)) > Oy t4/9F1 Ja (1, ).
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Proof. For t € (0,T], it follows from Lemma 3.1 that, starting at z € B(y, 4~ 't/®), with
probability at least ¢; = ¢1(a, 3, T, M) > 0, for any a € (0, M], the process X* does not move more
than 61t/ by time ¢. Thus, it suffices to show that there exists a constant co = co(a, 3,7, M) > 0
such that

P, (X“’D hits the ball B(y, 4~ 1/) by time t) > ey t¥ot (g, y) (3.3)

for all a € (0, M], t € (0,7] and |z — y|* > 2~ t%(|z — y|)*/(¢+),
Let B, := B(x, 6~ 'tY/*), B, := B(y, 6 '"/*) and 78 := 7, 1t follows from Lemma 3.1 that
there exists ¢3 = c3(a, 8, T, M) > 0 such that for a € (0, M] and t € (0, T],

E,[tATE] > P, (18 >t) > cat. (3.4)
By the Lévy system in (2.25),

P, (Xa’D hits the ball B(y, 4_11?1/“) by time t)

Y

Py (X{rre € Bly, 4714Y*) and ¢ A 7% is a jumping time )
tATS

/ / JUXE u)duds| . (3.5)
0 By

|:E _ y| > 271t1/a¢a(‘$ _ y’)l/(d+a) > 271t1/a.

v

Eq

Note that

Moreover, if s < 73 and u € By,
[X§ —ul <z —yl+ |z — X[+ [y —ul < 2z —y.
Thus from (3.5) we get that for any a € (0, M] and t € (0,77,
P, (X“’D hits the ball B(y, 4~ 1Y) by time t)
> Ecftars) [ 5l - yl)du

By

cat Byl j* (2w —yl) = etV 2le —yl) = es 27 VO |z — y))

Y

for some positive constants ¢; = ¢;(«, 5, T, M), i = 4,5. Here in the second inequality, (3.4) is used.
O

Proposition 3.4 Suppose that T > 0, M > 0, D is an open subset of R* and (t,z,y) € (0,T] x
D x D with min {dp(x), op(y)} > (t/2)V* and |z — y|* > 27 4p%(|z — y|)*/ @) Then there
exists a constant Cag = Caa(ar, 5, T, M) > 0 such that for any a € (0, M],

ph(t,x,y) > CoatJ(z,y). (3.6)
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Proof. By the semigroup property, Proposition 3.2 and Lemma 3.3, there exist positive constants
a1 =ci(a,8,T,M) and c2 = ca(e, 3, T, M) such that for any ¢ € (0,7] and a € (0, M]

Pty = [ pblt/2w 2 wlt/2 )
= P (1/2,2, 2 (1/2, 7. y)d=
B(y,271(t/2)!/«)
> ot Yop, (Xf/f e B(y, 2—1(75/2)1/@))
> catJY(z,y).

a

In the rest of this section, we assume that D is an open set in R? satisfying the uniform interior
ball condition with radius ro > 0 in the following sense: For every = € D with dp(x) < 1o, there is
zz € 0D so that |z — z;| = dp(z) and B(xg,ro) C D for zg := 25 + 1o(x — 25)/|x — 25|. Clearly, a
(uniform) C1! open set satisfies the uniform interior ball condition.

The goal of this section is to prove the following lower bound for the heat kernel p}, (¢, z,y).

Theorem 3.5 For any M > 0 and T > 0, there exists positive constant Cao3 = Cas(a, 8,1, M, rg)
such that for all a € (0, M] and (t,x,y) € (0,T] x D x D,

ph(t,z,y) > Cas (1 A (SD(x\/]);/Q> (1 A (SD(y\/);/Q) (t_d/o‘ A tJ“(a:,y)) .

To prove this result, we will first prove a lower bound estimates on the Green function of X%V

Gi(z,y) == /0 pgr(t, @, y)dt

when U is a bounded C'! open set. The tool we use to establish the Green function lower bound is
a subordinate killed a-stable process in U. We first introduce this subordinate killed process first.
Assume that U is a bounded C'b! open set in R? and R; the radius in the uniform interior and
exterior ball conditions. Then it follows from [3, Theorem 1.1] that the killed a-stable process XV
on U has a density py(t, z,y) satisfying the following condition: for any 7" > 0 there exist positive
constants ca > ¢ depending only on «, T, Ry and d such that for any (t,z,y) € (0,7] x U x U,

xa/Q a/2
I e L | = B

Let {T} : t > 0} be a subordinator, independent of X®, with Laplace exponent
U (N) = A+ aP A/,

Then the process {Z;' Vit > 0} defined by Z}' U= X%a is called a subordinate killed stable process
in U. Since ¢* is a complete Bernstein function, the subordinate T has a decreasing potential
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density u®(x). In fact u®(z) is completely monotone. (See [21, 25] for the details.) Then it follows
from [25] that the Green function R%(z,y) of Z%V is given by

Rmmyw:Ampmaaym%ww. (3.9)

It follows from [26] that the Green function G§, of X*V and the Green function Ry, of Z%Y satisfy
the following relation:
Ry (5,y) < Gh(z,y) (1) €U XU (3.10)

So we can get a lower bound on G{;(z,y) be establishing a lower bound on R{;(z,y). The following
result gives sharp two-sided estimates on Rf;(x,y) and the idea of the proof is similar to that of
[24].

Theorem 3.6 Suppose that M > 0 and U is a bounded C'' open set in U. There exist positive
constant Cos > Coy depending only on (o, B,d, Ry, M, diam(U)) such that for all a € (0, M],

() et o
R (x,y) > Caa | log (1 + W when d =1 = q,
(5U($)5U(y))(a_1)/2 A 6u(x)‘”|;2_55‘(y)0‘/2 when d =1 < a,
and P P
(1 A —5U(m)‘x_(;[|ﬁ(y) |z — y|*d when d > a,
R (x,y) < Cas { log (1 + W when d =1 = q,
a—1)/2 z a/2 a/2
(5U(x)5U(y))( 2 % when d =1 < a.

Proof. Since the drift coefficient of 7 is 1, we know that u®*(t) < 1 for all ¢ > 0. Now the upper
bound on R{; follows immediately from (3.9) and [3, Corollary 1.2]. Thus we only need to prove
the lower bound.

By using a scaling argument, one can easily check that

u(t) = u(aaFt) >0 (3.11)
Let T = diam(U). Since u!(t) is a completely monotone function with u!(0+) = 1, by (3.11),
u®(t) > ul(MaL—ﬁT) for every t € (0,7] and a € (0, M]. (3.12)

Using (3.12), (3.9) and [3, (4.2)] we get that

r 5U(x)a/2 5U(y)a/2 —d/a t a
/ (“¢f> (“ﬁ) (174 ) v

|z —yldme Jie—ue |z —ylo/2 | — ylo/2

Now we can follow the proof of [3, Corollary 1.2] to get the desired lower bound. In fact, when
d > «, the desired lower bound follows from (3.13) and [3, (4.3) and (4.7)]. Let

() 26y (y)/?
|z — yl|« '

Uup -
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When d = o =1, by (3.13) and [3, (4.3) and (4.9)],

T
Re(wy) > ul(MaST) / pu(t 2, y)dt
0

> o (1 A W) (l ) W) evtontuo v 1)+ v (1/u0) 1 287

|z — y|o/? |z — y|o/?

> ca(1 Aug) + ealog(up V 1) + caug <(1/u0) ANl — i _Ty >

5U<x>a/2<su<y>a/2) |

|z — y|*

> c3(1 Aug) + cglog(ug V1) > cqlog (1 +

Lastly, in the case d = 1 < o < 2. By (3.13), [3, (4.3) and (4.7)] and the first display in part (iii)
of the proof of [3, Corollaryl.2|, we have

o
Ro(wy) > ul(MaST) / pu(t, 2, y)dt
T

> s (1 A up)

|z — gyl

1 _aN a
e ((mov D05 1) equg ((w e - (0 ))

1 1—(1/)
CGW (UO AN ’LLO )

v

= ¢ ((5U(x)5U(y))(al)/2 A 5U(;p)a/25U(y)a/2> |

[z — |
O

By integrating the lower bound in Theorem 3.6 with respect to y and applying (3.10), we obtain
the following lower bound on E,[r{}]

Corollary 3.7 Suppose that M > 0 and U is a bounded C*' open set in U. Then there exists a
constant Co = Cog(av, B,d, M, Ry, diam(U)) > 0 such that for every a € (0, M] and x € U,

Eo[rf] > Cogdyr(z)/2.

We will first establish Theorem 3.5 for small T', that is, we will first assume that

t<Tp:= (%)a. (3.14)

By integrating (1.3) with respect to t and y, we have that for every open set U, A > 0 and x € U,

E,[r8] = /U GY (z, 2)dz = \° A 71UG§’1(1QU_B)/B(A_1x,y)dy:)\QIE)\_ll, TM(Q‘B)/"(A—lU)] (3.15)
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Lemma 3.8 Suppose that M > 0, k € (0,1) and that (t,z) € (0,Ty] x D with 6p(z) < 3t'/* <
ro/4. Let z, € 0D be such that |z, — x| = dp(x) and define n(z,) := (x — z,)/|xr — 2z4|. Put
1 = 2y + 3tV%n(z,) and B = B(x1,3tY*). Suppose that x¢ is a point on the line segment
connecting z, and z, + 6t/°n(z,) such that B(zo,2ktY*) C B\ {x}. Then for any b > 0, there
exists a constant Cor = Coy(k, «, B,710,b, M) > 0 such that for all a € (0, M]

P, (X;;;D c B(mo,ml/a)) > Cor t =126 (2)/2. (3.16)
Proof. Let 0 < k1 < k and assume first that 2*4/<;1t1/0‘ < dp(z) < i/, Repeating the proof

of Lemma 3.3, we get that, in this case, there exists a constant ¢; = ¢1(«, 3, k1, M,79,b) > 0 such
that for all a € (0, M]

P, (X;;D e B(mo,mtl/a)> > et (2 30) > e A(d, )t — gp| e
for all t < Tp. Using the fact that |z — xo| € [2kt'/®, 6t1/%] we get that for all a € (0, M],
P, (X;;D € B(zo, mtl/a)) > >0 (3.17)

for some constant co = co(«, 3, k1, M, ro,b). By taking k1 = k, this shows that (3.16) holds for all
b > 0 in the case when 2 4k t!/* < op(z) < 3t/

So it suffices to consider the case that dp(z) < 2-4ktt/® We now show that there is some
bo > 1 so that (3.16) holds for every b > by and dp(z) < 2~*xt'/®. For simplicity, we assume
without loss of generality that ¢ = 0 and let B:= B(0, /ﬁ}tl/a). Let 2o = 2z, + 4_1/<cn(zx)t1/°‘ and
By := B(xy,4 'kt'/®). Observe that since B(0,2xt'/*) c B\ {z},

k)26 < |y — 2| < 61/ for y € By and z € B(0, kt'/?). (3.18)

By the strong Markov property of X at the first exit time 75 from By and Lemma 3.1,

P, (th e B(0, mel/a))

Y

P, (T%Z <bt, X € B(0,27'ktY/?) and | X2 — Xf_lBQ\ < k)2 for s € [1h,, T, + btl/a]>
2

v

5P, (Tg,z < bt and X2y € B(0, 2*1@1/@)) . (3.19)

It follows from (3.15) and Corollary 3.7 that

P, (X, € BO.2 W) = [ G, (2, ) 7% (y, 2)dyd
2 B(0,2-1ktl/@) J By

dydz
> A(d, —« / Gg, (v, y)———
( ) B(0,2-1kt!/*) J B, B )|y—z|d+°‘

2 %Eg? [7%2]

= E, e [Tat(afﬁ)/aB(B(x2/t1/a’471K)):|
a/2
cs (5[’ (x)) (3.20)

tl/a

AV
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for some positive constants ¢4, ¢5 depending only on «, 3,79, k and M. Note that, by (1.3)

(a=B)/aB “1/a
p% 1 /e (D 2, 2)d2 :/ pY e a1, (Ds T z,w)dw.
/B(;tgA—lntl/O‘) B(z2,4= 1ktl/«) Bty 4-15) B(t 22,47 1K)

Since atl@=A/ab < MTO(OHﬁ)/aﬁ, by applying Theorem 2.8 to the right hand side of the above
display, we get

Op(i—-1/a 4-1 (til/ax)a/Q
P,(r% >bt) < b4/ / B /0w A7 k) dw
( B2 = ) o B(t—1/axy,4-1k) \@
—dfa—1/2 “1/a.ya/2 —dja—1/2 (Opn(z) o/2
< ¢ b 5t*1/°‘D(t .’E) = Cp b tl/a 5 (321)

for some positive constant cg depending only on «, 3,79,k and M. Define

2c
2 2d+a
bo = <06) .
cs
We have by (3.19)—(3.21) that for b > by,

Po(Xiy € B) = e (Po(X2y € B(0,27ktY)) = Py (75, > bt) )

cstes) ()

v

(3.22)

(3.17) and (3.22) show that (3.16) holds for every b > by and for every z € D with ép(z) < 3!/,
Now we deal with the case 0 < b < by and dp(x) < 2~ *kt!/*. If §p(z) < 3(bt/by)"/*, we have
from (3.16) for the case of b = by that

Y

P, (X3, € Blao, 6t"%)) = Pu (X /) € Blao, r(b/b0)"/))

(@) \*_ (op(@)\*
7 (bt /by ) /@ 8 \ 41/a :
If 3(bt/bo)" /™ < 6p(x) < 27*kt'/* (in this case k > 3 - 24(b/by)"/®), we get (3.16) from (3.17) by
taking k1 = (b/bg)/®. The proof of the lemma is now complete. O

Proposition 3.9 Suppose that M > 0 and (t,z,y) € (0,Tp] x D x D with |z — y| < t*/9%(|x —
y )Y+ 5 (x) < 2tM and Sp(y) < ro/5. Then there exists a constant Cys = Cag(a, 3, M, 1) >
0 such that for all a € (0, M],

ph(t,z,y) > Cost= L op(2)*/26p(y)*/>. (3.23)

Proof. Under the assumptions of the proposition, there are points z,, z, € 9D and xo, yo € D such
that 6p(z) = | — 22|, 5p(y) = |y — 2|, OB(20,4t"/*) N OD = {z,} and dB(yo, 4t"/*) N ID = {z,}.
Observe that

dp(z0) = 6p(yo) = 4t/ and |z — xol, |y — yo| € [tV/*, 4t/®).
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By the semigroup property, with B := B(z, 4~ 't'/%) and B = B(yo, 4 1t1/*)

P(ta,y) = /D P (t/3,2, ) /D P (13, 2, w)plh (£/3, w, y)dwd=

v

/B P (t/3,,2) /Ep%u/s,z,w)p%(t/a,w,wdwdz

> i (/3,2 w) / P (t/3, 2, 2)d= [p%<t/3,w,y>dw.
(z,w)eBxB B B

Since for z € B and w € E,
p(2) > 6p(xo) — |wo — 2| = 1%, dp(w) > 6p(yo) — lyo — w| > ¢/,

|z —w| < |z = @o| + |eo — 2| + & = y| + |y — yol + [yo — w| < 106"/ (j — y|)"/ ¢+,

by combining Proposition 3.2 and Proposition 3.4, we have that there exists ¢; = ¢1(a, 8,70, M) > 0
such that for all a € (0, M],

inf  ph(t/3,z,w) > et~
(z,w)eBxB

Since 6p(x) < 2tY* < ry/8 and dp(y) < 3t'/*, we have by Lemma 3.8

ph(t,y) > cat™ " op(2)*/? p(y)*/?
for some positive constant co = ca(a, 3, M, 10). O
Proposition 3.10 Suppose that M > 0 and (t,z,y) € (0,Tp] x D x D with dp(z) < (t/2)/* <

op(y) and |z — y|* > ty*(|z — y|)o‘/(d+0‘). Then there exists a constant Cog = Cag(a, 3, M, 1) > 0
such that for all a € (0, M],

ph(t,,y) > Cogt'?5p(x)*2 I (2, y). (3.24)

Proof. Since dp(z) < (t/2)/* < 19/16, there are z, € D and 2y € D such that dp(z) = |z — 2|
and OB(zg, 2tY/*) N D = {z,}. Choose o in B(zy,2t'/*) and k = k(a) € (0,1) such that

B (:co, thl/“) cB (20, (2 - 2_2/a)t1/a) nB (a: (1- 2_1_2/0‘)151/0‘) .
Such a ball B(xzg,2xt"/®) always exists because
2<(2-27HY41-22) < (2274 (1-271"Y,
Since |z —y| >t/ (|z — y|)/ (@) we get that for every z € B(zg, kt'/®), 6p(z) > (t/4)'/* and
ly =2 2y —al = |z — 2| 2 271 (t/9) /" ]z — y) .
On the other hand, for every z € B(xo, Iitl/a),

2=yl < o=zl +lz—yl < 1-27"7E o —y| < 20z —yl.
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Thus by the semigroup property and Propositions 3.2 and 3.4, there exist positive constants ¢, ca
and c3 depending only on («, 3,79, M) such that for all a € (0, M],

P (tz,y) = /D P (12,2, 2)p (82, 2, y)dz

Y

/ P (/2. , ) (12, 2, y)d

B(zo,ktl/ @)

> clt/ phH(t/2,x,2)J(z,y)dz
B(zo,st1/)

> a2l —y) [ P ()2, 7, 2)d>
B(zg,kt!/ @)
> eatf(lv — o) Pe (X5 € Blao, st/)) .

Applying Lemma 3.8, we arrive at the conclusion of the proposition. O

Proposition 3.11 Suppose that M > 0 and (t,z,y) € (0,Tp] x D x D with
max {dp(x), Ip(y)} < (£/2)"* < |w — y|v*(jw — y[)~ /@)
Then there exists a constant Csy = Cso(c, B, M, 1) > 0 such that for all a € (0, M],

ph(t,z,y) > Codp(x)*5p(y)** T (2, y). (3.25)

Proof. As in the first paragraph of the proof of Proposition 3.9, set z, € 9D and zg € D so
that |z — 2,| = dp(z) and dB(x¢,3t"/*) N ID = {z,}. Let k := 1 — 271/ Note that for every
z € B(zg, kt'/?), we have

4t > 5p(z) > 2(t/2)Ye.

If |y — 2| < tY/°9%(|ly — 2|)V/(@*+) | we can apply Proposition 3.9 and the assumption
(t/2)" < o =yl (o — y) 71/ "+

to get that
PA(t/2,2,y) = et p(y) 2Tz, y).

If |y — 2| > tY/p?(|y — 2|)/(4+9) we can apply Proposition 3.10 to get that
PU(t/2,2,y) = cat'? 5p(y)*2 T (y, 2).
For z € B(xg, kt'/®), we have

< o —y| + |wo — x| + |zo — 2| < |@ —y| + 4t/
< e -yl + 22/ 2) M g (o — y)) V)
(14 22V 2 —y.

|z —yl

IN

Thus if |y — 2| > t/29%(Jy — 2|)/(@+%), we have
P (t/2,2,y) > est'? 6p(y)* 2T (2, y).
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Consequently we have for all z € B(zq, kt'/®)

pUt)2,2,y) > ceatt? Sp(y) 2T x, y).

Hence by the semigroup property we get

P (ta,y) — /D P (12,2, 2)p (£/2, 2, y) dz

Y

/ P (t/2, 2, 2)p% (42, 2, y)dz
B(zo,ktl/e)

Y

o / D (t/2, 2, 282 6 (y)*/2 T (2, ) d=
B(zo,ktl/e)

= etV bp(y) T () / P ()2, , 2)dz
B(zo,ktl/«)
=t ap(y)* 20 (w,y) Py (X[52 € Bloo,nt/))

= ¢50p(2)**op(y)*/2 T (2, y).

t/2

We arrive at the conclusion of the proposition. O

Proof of Theorem 3.5. In this proof, for two non-negative functions f and ¢, the notation

f =< g means that there are positive constants ¢; and c¢o depending only on M, d, a and (3 so that

c19(x) < f(x) < cag(z) in the common domain of definition for f and g.
We first assume that ¢ < Tj.

1. We first consider the case |z — y|¢®(|z — y|)~V/(@4+®) < t1/@ We claim that in this case

/2 a/2
po(t,z,y) >t (1 A 5D(\/)i ) (1 A 5D(\/)f > . (3.26)

This will be proved by considering the following two possibilities.

(a)
(b)

max{dp(x),6p(y), |z — ylv(|lz — y|)~/(} < ¢/ Proposition 3.9 and symmetry
yield (3.26)

max{0p(x),0p(y)} > /% > |o — ylg*(Jo — y|) 7/

If max{dp(z),0p(y)} > tY/* > 2z —ylp®(|z—y|)~ /(@) (3.26) follows from Proposition
3.2.

If min{dp(z),dp(y)} >t/ and |z — y| <t < 2z — y|[v*(ja — y|) /(¢

wWle —yl) _ -aja (| 5 ID@) 0 ()2
=y (M Vi ><1A Vi)

If max{6p(2), 5p(y)} = 1/, min{6p(x),3p(y)} < 1/ and o — gl (o — y|) =) <
1112 < 2l — gl (| — y|) /),

5D($)Oé/2 5D(y)a/2 _ 5D(1U)a/2 5D(y)a/2
( Vi )( Vi )A<1A\/5><1A\/E>

Thus by combining Proposition 3.4 and Proposition 3.9, we get (3.26) for the case of
max{dp(z),5p(y)} = t1/* and |z —y| <t/ < 2)z — yly*(jw —y|) /().
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2. Now we consider the case |z — y|v%(|z — y|)~ /(@) > ¢1/® and claim that

a/2 a2
polt,a,y) > (m 5%% ) (m%(\%) (1 — yl)-

(3.27)

(a) min{dp(z),dp(y)} < (t/2)Y* and |z — y[¢*(|z — y|)~ /(@) > t1/*: By symmetry we
can assume dp(x) < (t/2)/®. Thus combining Propositions 3.10 and 3.11, we have

(3.27) for this case.

(b) min{dp(z),dp(y)} > (t/2)1/* and |z — y[yp®(|Jz —y|)~ /(@) > ¢1/a In this case, clearly

op(x)2/? sp(y)¥?\ _ (ép(x)*/2\ [6p(y)™/?
(“ Vi )(l Vi )“( Vi )( Vi )

Thus Proposition 3.4 yields (3.27).

We have arrived at the conclusion of Theorem 3.5 for ¢t < Tj.

Assume T = 2Ty. Recall that Ty = (ro/16)*. For (¢,z,y) € (Tp,2T0] x D x D, let zg,yo € D

be such that max{|x — xo|, |y — yo|} < 70 and min{dp(xo),dp(yo)} > r0/2. Note that, since

J(r) < c1j*(2r), forall r >0,

(3.28)

if |z —y| > 4rg, then |z —y| < |z —y| — 2rg < |20 — yo| < |z — y[ 4+ 2r0 < 3|z — y|, and so

5 T (o, y0) < J(z,y) < caJ%(zo,y0) for some constant ¢y = ca(M) > 1. Thus by consi
the cases |z — y| > 4rg and |z — y| < 419, we have

tJ*(xo0,Y0)
2

(t/2)~ 4 A > ¢ (t*d/a A (ET%(z, y))) .

Similarly, there is a positive constant ce such that

(t/3)" > A b1z, 2) > ¢ ((t/(12))_d/°‘ A W) , z€D,

3 12
(t/3)~ Y A “(;”y) > o <(t/(12))d/0‘ A ”(1“;‘”0)) , weD.

By (3.30) and the lower bound estimate in Theorem 3.5 for p}, on (0,Tp] x D x D, we have

P (t,z,y) = /D (/3.2 (43, 5wl (¢/3. w.y)dzdo
X

o (2)°/? op(y)*/? ija 1T (,2) op(2)*/?
205(1/\ a8 )(m o >/DXD<(t/3) ea )(m - >
a 5w —d/a tJ(w,y) 5D(w)a/2 > dw
3 (t/3, 2, )((t/S) N )(m NOE dzd
(@) op(y)*/? £\t (o, 2) op(2)*/?
Z%(“ Vi )(“ Vi >/DD<<12> TR )(“ 0E

—d/o alw w a/2
pH(t/3,z,w) ((;;) A W) (1 A %) dzdw
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for some positive constants ¢;,i = 3,4. Let Dy :={z € D : dp(z) > r9/4}. Clearly, xo,y0 € D1 and
min{dp, (20), 6, (30)} > ro/d = A(Ty)V® > d(t/2)1/e. (3:31)

By (1.4) and (3.29), we have

£\ Y tge(zg, 2) Sp(2)/?
Joos ((12) TR ) <“ 3
a £\ "V g (w, o) 5 (w)/2
: pD(t/?’aZ?w) ((12> A 12) (1 A W dzdw

—d/ e —d/a a
t tJ(zo,2) \ t £J%(w, yo)
> i tJ" (z0,2) t £J%(w, yo)
_67/Dl><D1 ((12> N T3 >PD(t/3,z,w) <(12> N dzdw

208/ pa(t/(12),az0,z)p“Dl(t/S,z,w)pa(t/(12),w,y0)dzdw
D1><D1
Zos [ i, (4/(12), 0,0, (43 2w, (/(12), . yo)dado
D1><D1
—d/a tJ* ) —d/a a
— st (0/2,20,0) = o (/270 N ) 5 g (100 1)

for some positive constants ¢;,¢ = 7,---,10. Here both Propositions 3.2 and 3.4 are used in the
third inequality in view of (3.31). By repeating the argument above, we have proved Theorem 3.5.
O

Proof of Theorem 1.1. Theorems 2.8 and 3.5 give Theorem 1.1(i). By [15, 18], for any bounded
open set D in R%, X%P is intrinsically ultracontractive. Since the function 1%(|z — y|) is bounded
above and below by a positive constant if D is bounded, using the intrinsic ultracontractivity of
X? on bounded open set and the continuity of eigenvalues proved in [10], the proof of Theorem 1.1
(ii) is almost identical to the one of [5, Theorem 1.1(ii)]. We omit the details. O

Proof of Corollary 1.2. The lower bound estimate in (1.5) follows from (3.10) and Theorem 3.6.
Since the function ¢*(|z—yl|) is bounded above and below by a positive constant if D is bounded,
by integrating the two-sided heat kernel estimates in Theorem 1.1 with respect to ¢, the proof of
the upper bound estimate in (1.5) is identical to the one of [3, Corollary 1.2] so we omit its details
here. O

Theorem 3.12 (Uniform boundary Harnack principle) Suppose M, R € (0,00) and that D
is an open set in RY, 2 € D, r € (0,R) and that B(A,kr) C DN B(z,r). There exists C3; =
Cs1(d, o, B, 5, M, R) > 1 such that for every a € (0, M], and any functions u,v > 0 on R?, positive
regular harmonic for X in D N B(z,2r) and vanishing on D¢ N B(z,2r), we have

u(A)
o(A) =

< B .
_C3lv(A)’ r € DNB(zr)

-1
C31
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Proof. Note that by the approximate scaling property in (1.3), we have for every r > 0.

a a—d ~ar(@—B)/8
GBor) (x,y)=r dGB(O,l) (x/r,y/r). (3.32)
Thus applying [3, Corollary 1.2] and our Corollary 1.2 to (3.32), we have that for every R, M > 0,
there exists ¢ = ¢(a, 8, R, M) > 0 such that, for every a € (0, M] and 0 <r < R

C_IGB(mO,r) (x,y) < GaB(acoyr) (xvy) < CGB(wo,r) (l‘,y), Va:,y € B(ﬂfo,T). (333)

Using (3.33), we can get uniform estimates on the Poisson kernel

K%(xorr) <$, Z) = / GaB(mo,r) (l’, y)‘]a(y7 Z)dy
B(zo,r)

of B(zg,r) with respect to X* for r € (0, R]. In particular, for r < |z — x| < 2R, K%(xo ") (x,z) is
comparable to Kpy, (2, 2), the Poisson kernel of B(zg,r) with respect to X for r € (0, R]. Then

using the uniform estimates on K (x, z) and (3.33) we can easily see that [27, Lemma 3.3] can

xg,T
be proved in the same way. Using the uniform estimates on the Poisson kernel of B(zo, ), (3.28)
and (3.33) we can adapt the argument in [1, 19, 27] to get our uniform boundary Harnack principle.

We omit the details. O

Proof of Theorem 1.3 First we observe that Harnack inequality holds for the process X := X!
by [21]. That is, there exists a constant ¢; = ¢;(a, 8, M) > 0 such that for any 7 € (0, M?/(@=0)],
ro € R? and any function v > 0 harmonic in B(xg,r) with respect to X, we have

v(z) < c1u(y) for all z,y € B(zo,7/2). (3.34)

Note that for any a € (0, M], X® has the same distribution as {AX-a;,t > 0}, where A\ =
aB/(B=a) > pNB/(B=2)  Consequently, if u is harmonic in B(xg,r) with respect to X, where r €
(0,1], then v(x) := u(Az) is harmonic in B(A™ zg, A\~17) with respect to X and A~1r < MO/ (0=,
So by (3.34)

u(Ax) = v(x) < cv(y) = cru(Ay) for all x,y € B(/\*lxo, )\*17’/2).

That is,
u(z) < cquly) for all x,y € B(xzg,7/2). (3.35)

In other words, uniform Harnack inequality holds (for every r < 1) for the family of processes
{X* a € (0,M]}.

Since D is C1! open set, there exists rg < Ry such that the following holds: for every Q € 0D
and r < ro there is a ball B = B(zy), r) of radius r such that B C R4\ D and 90BN oD = {Q}.
In addition, it follows [23, Lemma 2.2] that, for each @ € 9D, we can choose a constant co =
ca(d, A) € (0,1/8] and a bounded C'! open set Ug with uniform characteristics (R, Ax) depending
on (Ry, A) such that B(Q, caro) "D C Ug C B(Q,79) N D and

dp(y) = du,(y)  for every y € B(Q, carg) N D. (3.36)

Assume a € [0, M], r € (0,corg], @ € D and u is nonnegative function in R? harmonic in
D N B(Q,r) with respect to X* and vanishes continuously on DN B(Q, ). Let zg := 2222”’. By
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the boundary Harnack principle (Theorem 3.12), there exists a constant c3 = c3(a, 8, a, Ro, A, M)
such that

for every x,y € B(Q,r/8) N D.

Now applying Corollary 1.2 to G?]Q (x,2q) and G“UQ(ac, 2Q), then using (3.36), we conclude that

@) 5
u(z) < ¢y Z% =cy 2/2(33 for every x,y € B(Q,cor) N D (3.37)
uy) T ey 6 w)

for some ¢4 = ¢4, 8, a, Ry, A, M) > 0.
Now Theorem 1.3 follows from the uniform Harnack principle in (3.35), (3.37) and a standard
chain argument. O
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