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Abstract. Feynman-Kac transforms driven by discontinuous additive functionals are stud-
ied in this paper for a large class of Markov processes. General gauge and conditional gauge
theorems are established for such transforms. Furthermore, the L?-infinitesimal generator
of the Schrédinger semigroup given by a non-local Feynman-Kac transform is determined
in terms of its associated bilinear form.

1. Introduction

Markov processes with discontinuous sample paths constitute an important fam-
ily of stochastic processes in probability theory. It is well known that (cf. e.g.,
Janicki and Weron [28], Samorodnitsky and Taqqu [37]) many physical and
economic systems should be and in fact have been successfully modeled by dis-
continuous processes, such as stable processes. In this paper we study Feynman-
Kac transforms of discontinuous Markov processes through discontinuous additive
functionals. In other words, we study non-local perturbations of discontinuous Mar-
kov processes and their properties. In this paper we are mainly concerned with the
gauge and conditional gauge theorems for this kind of non-local Feynman-Kac
transforms. We now explain what the gauge and conditional gauge theorems are
while laying out the settings we shall work in.

Let E be a Lusin space (i.e., a space that is homeomorphic to a Borel subset of
a compact metric space) and B(E) be the Borel o-algebra on E, and let m be a o -
finite measure on B(E) with supp[m] = E. Let X = (2, M, M;, X;, Py, x €
E) be a Borel standard process on E, which is transient in the sense of [23]. Here,
a Borel standard process on Lusin space E is a strong Markov process satisfy-
ing the following conditions: (i) it is right continuous, (ii) it has no branching
points, (iii) its resolvents map Borel functions into Borel functions and (iv) it is
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quasi-left continuous on (0, ¢), where ¢ is the lifetime of the process. The shift
operators 6;, t > 0, satisfy X 0 6; = X4, identically for s, r > 0. Adjoined to the
state space E is an isolated point 0 ¢ E; the process X retires to d at its “lifetime”

=inf{t > 0: X, = 0}. Denote EU{d} by Ej. Throughout this paper, the process
X is assumed to be m-irreducible in the sense that if a measurable set A has positive
m-measure then P, [T4 < oo] > O forall x € E, where T4 = inf{t > 0, X; € A}
is the first hitting time of A.

The transition operators P;, t > 0, are defined by

Prf(x) = Ex[f(X)] = Ex[f(X1); 1 < £].

(Here and in the sequel, unless mentioned otherwise, we use the convention that a
function defined on E takes the value O at the cemetery point d.) We assume that
there is a Borel function G(x, y) on E x E such that

E, [ fo f(Xs)ds] _ /E Gx. y) f(m(dy)

for all measurable f > 0. G(x, y) is called the Green function of X.
For any continuous additive functional of the form

t
A(r) :/ q(Xy)ds,
0

where g : E — [—00, 00] is a Borel function, define the gauge function g : E —
[0, oo] by
g(x) := Ex[exp(A(£))].

The previously known gauge theorem is a result of the following type.

Gauge Theorem. Under suitable hypotheses on the process X and the function
q, if g is finite at some point x € E, then g is bounded on E.

The gauge theorem of this type has been proved for quite general Markov pro-
cesses in Chung and Rao [14]. See also [43].

Suppose we now have another transient Borel standard process X= (Q, M, M,,
X, t Px, x € E) on the same state space E which is a strong dual of X with respect
to the measure m. That is, the semigroup {Pt}tz() of X is the dual in L2(E, m) to
the semigroup {P;},>¢ of X:

/f(X)Ptg(x)m(dX) =/ g0 P f(x)m(dx) forall f,g € L*(E,m)
E E

and the resolvents {U,} and {(70,} satisfy the following conditions: for each & > 0,
a B(E x E)-measurable potential density G4 (x, y) can be chosen so that

@) Uy(x,dy) = Go(x, )m(dy), Uy(x,dy) = Ga(y, x)m(dy);
(b) x = Gy(x,y)is a-excessive for X, y — G4 (x, y) is a-excessive for X.

When o = 0, we will drop the subscript and write G for Gg.
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Under the above assumption, one can easily show that every excessive function
of X is Borel measurable. For any excessive function & of X, let Ej, := {x € E :
0 < h(x) < oo} and define

h(y)p(t, x,dy)

) t 07 ) € Ea
5 >0,x,y

P, x,dy) =

then p” is a transition probability and determines a Borel standard process X" on
E}j, (see [32] or Proposition 2.2 of [16]), which is called Doob’s h-transformed
process of X or the h-conditioned process. We are going to use ¢” to denote the
lifetime of the i-conditioned process. Forany x € E, we are going to use Pf(‘ and Eﬁ
to denote the probability and expectation with respect to the #-conditioned process
starting from x respectively. When h(-) = G(:, y) for some y € E, we will use
P, and E; to denote the probability and expectation for the ~-conditioned process
starting from x respectively. In this case, the lifetime ¢” will be denoted as ¢

For any continuous additive functional of the form A(¢) = fé q(X)ds, where
q : E — [—00, o0] is an m-a.e. finite Borel function, we define the conditional
gauge function: 4 : E x E — [0, oo] by

u(x,y) := Ey[exp(A(¢))].

All the previously known conditional gauge theorems are of the following type.

Conditional Gauge Theorem. Under suitable hypotheses on X and q, if u is
finite at some point (x,y) € (E x E)\d, then u is bounded on (E x E)\ d, where
d={(x,y)e EXE: Gx,y)=00rG(x,y) = o0}

Unlike the gauge theorem, the conditional gauge theorem had been proved on-
ly for a very limited class of symmetric Markov processes, mainly for Brownian
motion and symmetric stable processes in bounded Lipschitz domains. The con-
ditional gauge theorem was first proved for Brownian motions by several authors
under various conditions (see, Chung and Zhao [15] for a history). The conditional
gauge theorem for symmetric stable process was first proved by Chen and Song in
[11] on bounded C"'-domains. It was later extended to symmetric stable processes
in bounded Lipschitz domains by Bogdan and Byczkowski [7], and by Chen and
Song [12] independently, and in more general k-fat domains by Song and Wu [41].
We should point out that in these papers [11]-[12], [7] and [41], the conditional
gauge theorem were established in the following slightly weaker form: Under suit-
able conditions, if the gauge function for the symmetric stable process is finite, then
the conditional gauge function is bounded. Very recently general condition gauge
theorems were established in Chen and Song [13] for a large class of non-symmetric
Markov processes in the ultimate form mentioned above.

When the underlying process X is discontinuous, there is a large class of addi-
tive functionals which are discontinuous. In this paper we will be mainly concerned
with additive functionals of the following form:

t
Ager@ = [ a(Xods + 30 PO X0,

s<t
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where ¢ is a Borel function on E and F is some Borel function on E x Ej vanish-
ing on the diagonal. We set e, r(t) = exp(Aq 4 F(?)) for convenience. Throughout
this paper, all additive functionals should be understood in the strict sense, i.e., in
the sense of [6]. The purpose of this paper is to establish gauge and conditional
gauge theorems for the gauge function g(x) = E, [Aq+ p({)] and the conditional
gauge function u(x, y) = Ey [A41F(¢”)]. As we mentioned above, for gauge and
conditional gauge theorems, up to now almost all the attention has been focused
on continuous additive functionals of X. The only exception is [39], where a gauge
theorem was proved for discontinuous additive functionals of a symmetric stable
process.

Throughout this paper, we denote by (N, H) a Lévy system of X (cf. [5] and
[38]). Thatis, H is a positive continuous additive functional (PCAF in abbreviation)
of X with bounded 1-potential, N (x, dy) isakernel from (E, B(E))to (Ey, B(Ej))
with N(x, {x}) = O for all x € E such that for any nonnegative Borel function f
on E x Ej vanishing on the diagonal and any x € E,

t
E, (Z S (Xs—, Xs)) = E, (/0 . f(Xs, y)N(Xs, d)’)st) .
9

s<t

In this paper, we assume that Hj is of the form of fos h(Xs)ds for some Borel
function 2 > 0 on E. Many processes such as rotationally symmetric stable pro-
cesses have such property. We are going to use py to denote the Revuz measure
h(x)m(dx) of H. When m is an excessive measure of X, ;g can be characterized
as the unique measure (cf. [19]) such that

1 t
/ f@ppdx) =1 imE, [—/ f(Xs)st] (1.1)
E 110 t Jo

for any Borel measurable function f > 0. Here 1 lim; o means the quantity is
increasing as ¢ |, 0.

We remark here that Lévy systems are crucial in dealing with discontinuous
additive functionals and our hypothesis that X is a Borel standard process is to
guarantee the existence of a Lévy system (N, H). If we are only concerned with
continuous additive functionals (i.e. /' = 0in A, r), then we only need to assume
that X is a Borel right process having left limits on (0, ¢) (see [13]).

The content of this paper is organized as follows. In sections 2 and 3, we estab-
lish the general gauge and conditional gauge theorems for discontinuous additive
functionals, extending the results in [13] where the corresponding results are es-
tablished for continuous additive functionals. In the last section, the generators of
the Schrodinger semigroups obtained from this type of non-local Feynman-Kac
transforms are characterized in terms of the associated bilinear form.

2. Gauge theorem

In this section, X is an irreducible transient Borel standard process on a Lusin space
E with Green function G(x, y), as is specified at the beginning of Section 1. The
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results of this section are generalizations of the corresponding results in [13] to
discontinuous additive functionals. They also extend results in [39], where a gauge
theorem is proved for Ar of a symmetric stable process. Our argument here is
adapted from the approach in [13].

The following definition is taken from [13]. For a subset K C E, we use
K€ := E\ K to denote the complement of K in E.

Definition 2.1. (1) A function q is said to be in the Kato class K(X) if

lim sup E, |:/ lg (X )|ds:| =0.
1=>0yeE

(2) A function q is said to be in the class Koo (X) if for any ¢ > 0, there is a set

K = K(¢) of finite m-measure and a constant § = 5(¢) > 0 such that for all

measurable set B C E with m(B) < §,

Sup/ G(x, y)lg(y)|m(dy) < e. 2.1
xeE JK°UB

(3) A function q is said to be in the class K1 (X) if there is a set K of finite m-measure
and a constant § > 0 such that

B(g) = sup (sup/ G(x,y) gy m(dy)) < 1. 2.2)
BCK:m(B)<8 \x€eE JK‘UB

(4) A measure v given by v(dx) = q(x)m(dx) is said to be in K(X), K (X), or

K (X), if q is in the corresponding classes.

In [4], Amor and Hansen introduced a class of positive measures which they call
G-Kato measures. For any measure v = g(x)m(dx), define Gv(x) := Gq(x) =
fE G(x, y)g(y)m(dy). It is easy to see the following.

Proposition 2.1. A positive measure v that is absolutely continuous with respect
to the measure m is in Koo (X) if and only if it is a G-Kato measure, that is, Gv(x)
is bounded and for every sequence of Borel sets A, that increases to E, G(14,v)
increases to Gv uniformly on E.

Proof. Suppose that v(dx) = q(x)m(dx) is a positive measure in Ko (X). By
Proposition 2.1 of [13], Gv is bounded. Let A, be a sequence of Borel sets that
increases to E. For any given ¢ > 0, let K = K (¢) and § = §(¢) > 0 be specified
as in Definition 2.1 of Ko (X) for v. As lim,,_, oo m(K \ A,;) = 0, there is an integer
N > Osuchthatm(K \ A,) < § forn > N.Hence forn > N,

sup |Gv(x) — G(14,v)(x)| < SUP/ G(x, y)v(dy)
E\K

xekE xeE

+ sup/ G(x, y)v(dy) < 2e.
K\A,

xeE

This says that G(1 4, v) increases to Gv uniformly on E and so v is G-Kato measure
in the sense of [4].
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Conversely, suppose now that v is a G-Kato class measure that is absolutely
continuous with respect to the measure m. Since one can exhaust E by an increasing
sequence of Borel sets of finite m-measure, for any give ¢ > 0, there is a Borel set
K of finite m-measure such that

sup/ G(x,y)v(dy) <e.
E\K

xeE

We claim that there exists a § > 0 such that for all Borel subset B C K with
m(B) < 6,

/ G(x,y)v(dy) <.
B

If this is not true, then one can find a decreasing sequence of Borel subsets B, C K
with m(B,) < 27" so that sup, . an G(x, y)v(dy) = ¢. However A, := (E \
B)U (ﬂ,fil Bk) is a sequence of Borel sets that increases to E. As v is a G-Kato
measure and is absolutely continuous with respect to m, G(15,v) = G(1g\a,V)
should decrease to zero uniformly on E, which is a contradiction. Therefore v is in
class Koo (X). m]

By Proposition 2.2 of [13], we know K, (X) C K(X). Recall that pupy is
assumed to be absolutely continuous with respect to the reference measure m.

Definition 2.2. Suppose that F is a Borel function on E x Ejy vanishing on the
diagonal.

(1) We say that F belongs to the class J(X) if F is bounded and the measure
N|F|(x)pup (dx) belongs to K(X), where

N|F|(x) :=/E F(x, y)IN(x, dy).
k]

(2) We say that F belongs to the class Joo(X) if F is bounded and the measure
NI|F|(x)pupg (dx) belongs to Koo (X).

It is easy to see that if F; and F; belong to J(X) (respectively Joo (X)) and c is
a constant, then cF{, F1 + F;, F1 F> all belong to J(X) (respectively Joo (X)). Fur-
thermore, one can also show easily that if F belongs to J(X) (respectively Joo (X)),
then the function e — 1 belongs to J(X) (respectively Joo (X)).

Proposition 2.2. Ifq € K{(X) and F € Joo(X), then the function
x = Ex[Ag+F1(©)], x€E
is bounded.

Proof. Forany x € E,

¢ ¢
Ex[Ajg17(0)] = Ey [/O |q|<xs>ds}+Ex [/0 /E |F(xs,y>|N<xs,dy)st]
El
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Asq € K (X) and N|F|(x) g (dx) belongs to Koo (X), our assertion follows from
Proposition 2.1 of [13]. O

This proposition implies that for ¢ € K;(X) and F € Joo(X), Ay4r(¢) is al-
most surely finite and so e, 4 F () is finite almost surely. Hence the gauge function

g) =Ei[eg1r(Q)], x€E

is well defined, nonnegative. Since ¢ is in the o-field o {X;, t > 0}, one can check
easily that g is Borel measurable.

Proposition 2.3. For g € K{(X) U K(X) and F € J(X), there exist positive
constants cy, B1 such that

sup Ey[e,+r(1)] < c1ef!" forallt > 0.
xeE

Proof. Weneed only to prove the assertion for nonnegative g and F. Forg € K;(X),
there is a constant ¢ > 1 such thateg € K;(X).Lety > 1 be such that 1 +% =1.

a
Put F; = *F — 1 and

B, =) Fi(X;—, X,).

s<t

Then .
BY = / / Fi(X,, Y)N(X,, dy)d H
0 JEy

is the dual predictable projection of B;. Therefore B, — B/ is a P,-martingale for
every x € E. Now it follows from the Doleans-Dade formula that

Lo =P B TT0+ Fi(Xo, Xgpe MO0

s<t

_pP
= B0+ Fi(X—, X))
s<t

— R2Ay =B/

is a non-negative local martingale under P, for every x € E. Hence L, is a super-
martingale multiplicative functional of X. Thus

B [o2tro-n] < 1
Applying the Cauchy-Schwartz inequality we get
Ecleyr(1)] = Ex [EAVF(I)_U/z)Bf’eB,”/z]

< (& [ ) (m [])

< (B [e#])" 2.3)
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As ag € K{(X) and B? € K(X), it follows from Proposition 2.3 of [13] that there
exists a typ > 0 such that

0 := max {sup E,[Aqq (10)], sup EX[B,’;]} < 1.
xeE

xeE

Thus by Khasminskii’s inequality and (2.3),

sup B[y r(10)] < sup (Exleaq (10)])""* (Exle, r(10)1) "

xeE xeE
1 \atw
<|— < 00. 2.4)
1—6

It follows from the above inequality and the Markov property of X that there are
constants ¢y, 81 > 0 such that

sup Ex[eg+r(1)] < cref!.

xeE

The case of g € K(X) and F € J(X) can be handled using a similar but simpler
argument, cf. the definition of K(X). O

For ¢ € K1 (X) UK(X) and F € J(X), define a semigroup {7;};>0 by
T; f (x) = Exleq+r (1) f(X0)], f=0. (2.5)
For a measurable function f, let wy f denote the measure f(x)up(dx). Re-

call that ;7 is the Revuz measure of H. We define a linear operator F that maps a
bounded function f on E into the function

Ff(x):= i ™Y 1) f(y)N(x,dy), x€E.
a

When 8 is greater than the constant 81 in Proposition 2.3, the B-resolvent Vg of
the semigroup 7;

¢
Ve f(x) :=Ex [/(; e_ﬁteqw(t)f(xz)dt]

is well defined on E for any bounded function f on E.

Theorem 2.4. For any B greater than the constant B1 in Proposition 2.3 and any
bounded function f on E, we have

Vef =Gpgf +Gpg((uuF +q) Vs f).
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Proof. Fors < t,define Ay, := f; q(Xp)dr+Y <
continuous and has left limits as a function of s. Hence

F(X,_, X,), whichis right

eqrr(t) — 1 = —(eh —etor)

t
_ </ eAS_'t(_q(Xs))ds + Z(ef\s.z _ eAs—,t))
0

s<t

/t etrg(Xs)ds + ZeA“ (eF(XS"X“) - 1) . (2.6)
0

s<t

The last equality is due to the fact that s — X can only have at most countably
many jumps over the time interval [0, ¢] and hence A;_ ; = A, for all except
countably many s € (0, ¢]. For any § larger than the constant 81 in Proposition 2.3,

we have ;
E, [/ eﬁteq+p(t)dti| < 00.
0

Thus by (2.6) and Fubini’s theorem

¢
Ve f(x) = Gpf(x) +Ex [ /0 e P (eqrr() — 1) f(Xt)dt}

14 t
=Gpf(x)+ Ex[f e—ﬁf</ eMsrg(Xy)ds
0 0

"’Zem’t (eF Xs=Xs) _ 1))f(X,)dti|

s<t

¢ ¢
= Gpf(x)+ Ex |:f e Pq(Xy) (/ eﬂ(fs)eAS"’f(Xz)dt) dS]
0 s

¢
TR Y e (enxs_,xs)_l)/ ~BU=) At £ (X, )t

$<¢ 5

¢
= Gpf(x) +E, [ / e_ﬁSCI(Xs)Vﬂf(Xs)dS]
0

FE | Y e (X — 1) v p(X)
s<¢
=Ggf(x)+ GglgVpfH(x) + Gg(uuF Vg f)(x)
=Gpf(x)+ Gpg((nuF + @) Vs ) (x).

In the third to last equality we used the fact that Ay ; = e;4 p(t — 5) o 0, and the
Markov property of X. O

Remark 1. Let £ be the infinitesimal generator of X. The above theorem suggests
that the infinitesimal generator of the semigroup 7; takes the form of L+ uyF +4.
We will address the issue of L?-generator of 7; rigorously in section 4 of this paper
under an extra condition that the bilinear form of X satisfies a sector condition.
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Theorem 2.5. For every x € E with g(x) < oo, g(X;) is right continuous in
t € [0, ¢) and has left limitsint € (0, {) Py-a.s. .

Proof. Let x € E be such that g(x) < oco. By the strong Markov property of X,
for any bounded stopping time 7T,

g(X7) = Ex; [eg+r(D)] = e—gr(DEx [eg4F(O)|Mr], Pr-as.on(T < ¢}
2.7

Here the martingale ¢t — E, [eq+p(§)|/\/l,] is taken to be the right continuous
version. As ¢ — X; is right continuous with left limits and g is Borel measurable,
the process t — g(X;) is optional. Hence by the Optional Section Theorem (cf.
Theorem 4.10 in [27]), we have from (2.7) that

P, (eg+r(08(X)) = Ex [eg1 £(0)|M,] forall 1 €10.0)) = 1.

Therefore t — g(X;) is right continuous in ¢t € [0, ¢) and has left limits in
t €0, ¢)Py-as.. O

Theorem 2.6. Assume that q € K{(X) and F € Joo(X). Then the gauge function
g is finely continuous. Furthermore the function g is either bounded on E or is
identically oo on E.

Proof. Define O = {x € E : g(x) < oo}. Let x € O and K be any closed subset
of E\ O.Define Tx = inf{t > 0: X; € K}. By the strong Markov property,
00 > g(x) > Ex [Tk < ¢; eqrr(Tk)8(X1y)] .

Since K is closed, X7, € K by the right continuity of t — X;. Thus g(X7,) = 00
on {Tx < ¢}. On the other hand, e, r(Tx) > 0 on {Tx < ¢} Py-a.s.. It follows
that P, (Tx < ¢) = 0. This being true for all closed subsets K C E \ O, we have

P (Toc <) =0.

Thus O is absorbing.

Let K, § and 8 be specified as in Definition 2.1 for g € K;(X). Let@ > 1 be
such that @B < 1 and let y > 1 be such that 1 + % = 1. Since ¢’ — 1 is in
Joo(X), there exist a set K1 D K of finite m-measure and a §; < 4 such that

sup sup / G(x,y) / 12V FOD 1N (y, dz2)pm (dy) < 1/2.
BCKi:m(B)<8; x€E JK{UB Ey

Choose M large enough so that the set {x € K1 : M < g(x) < oo} has
m-measure less than §;. Let B = K{ U {x € K| : M < g(x) < oo}. Then by an
argument similar to that used for deriving (2.4) we get

E. [eqrr(tp)] < (1 —ap)™'/® 21/ =y
where 7 := Tge = inf{t > 0: X; ¢ B}. Thus for x € E, we have

g(x) = Ex [TB =70 eq+F(TB)] + Ex [TB < eq—i—F(TB)g(XrB)]
<+ By [tp < & eqir(tp)g(Xey)]. 28)
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Note thatforx € BNO,P,-a.s.on{rp < ¢}, X¢; does notbelong to £\ O because
O is absorbing. So g(X;,;) < M as by Theorem 2.5t — g(X;) is right continuous
on [0, ¢). Therefore the second term on the right side of (2.8) is bounded by nM.
It follows that on B N O, g is bounded by (1 4+ M); it is bounded by M on O \ B
by the definition of B. Thus O ={x € E : g(x) <n(1 + M)}.

We now show that the gauge function is finely continuous. It is equivalent to
show that t — g(X;) is right continuous on [0, ¢) Py-a.s. for all x € E. Define
T =inf{r > 0: g(X;) < oo} with the convention inf @ = ¢. Clearly g(X;) = oo
fort < T. It follows from Theorem 2.5 that t — g(X;) is finite and right contin-
uous for ¢ € (T, ¢) Py-a.s. Hence it suffices to show that g(X7) < oo Py-a.s. on
{T < ¢} and apply Theorem 2.5.

For this, observe that for each bounded stopping time S,

g(Xs)eq+r(S) = Ex [eq+r (D) Ms]
= lim 1 E, [eq+r () AnlMs] Py-as.on{S < ¢},
n—oo
where the symbol 1 indicates increasing convergence. Here the martingale
t = Ey [eqir(0) AnIM,]

is automatically taken to be the right continuous version. As t — X, is right con-
tinuous with left limits and g is Borel, so t — g(X;) is optional. By the Optional
Section Theorem again (cf. Theorem 4.10 of [27]), we have Py -a.s.

8(Xi)eqyr (1) = nlglgo 1+ Ex [eg1F(Q) AnIM,] forallz €[0,).  (2.9)

On the other hand, Py-a.s.on{T < ¢},as g(X745) < n(14+ M) fors € (0, ¢ 067),
one has

eXr1s)egrr(T +5) < n(1+ M) ey 1 (T+1) forall0 <s <1A(¢o07).
By (2.9) and the Optional Sampling theorem, Py-a.s. on {T < ¢},
Ey [eq+F () An|Mrys] < n(1+ M)eygi4p1(T + 1)

holds for every n > 1, all s € (0, ¢ o 67) and hence for s = 0 as well. Now by
(2.9) again,

g(X1)eqr(T) < (1 + Mejgsp (T +1) Py-as.on (T < ¢)

In view of Proposition 2.2, this implies that g(X7) < oo. Now by Theorem 2.5,
}ilHTl 8(X,) = lsiil(}g(Xs) o0r =g(Xr) Pr-as.on{T <}

This proves the fine continuity of g.

Since O¢ = {x € E : g(x) > n(1 + M)} is finely open, if O¢ is not empty
then for x € O°¢,

f G(x, y)ym(dy) = E, |:/<>0 10c(Xs)dsi| >0
oc 0

and so m(O€) > 0. This would imply by the m-irreducibility of X that O can not be
absorbing unless O is empty. This says that either O or O€ is empty, and therefore
either g is identically infinity or bounded on E. O
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3. Conditional gauge

In addition to the assumptions on X made in Section 2, we assume that the process
X has a strong dual Borel standard process (X Px, x € E) on E with respect to
the measure m. Under our assumption, G(x, y) = G(y, x) is the Green function
of the dual process X.Letd := {(x,y) e EXE:G(x,y)=00r G(x, y) = 00}.
Foreachfixedz € E,set E, :={x € £ :0 < G(x,2) < 00}

We are also going use (ﬁ(x, dy), ﬁ,), where ﬁ(x, dy) is a Borel kernel on
(E, B(Ey)) and I/{\, is a positive continuous additive functional of X with bound-
ed 1-potential, to denote a Lévy system of X. According to [22], we may and do
assume that H; and ﬁ, are dual additive functionals with Revuz measure u gy and
that N and N are dual kernels with respect to the measure g on E, i. e.,

f/f(x)g(y)N(x,dy)uH(dx)=/ f FEEN(y, dx)uu(dy)
EJE EJE

for all nonnegative functions f and g on E. Thatis, N(x, dy)uy(dx) = ﬁ(y, dx)
up(dy)on E x E.

We first recall a definition from [13].

Definition 3.1. (1) A function q is said to be in the class semi-S|(X) if for each
z € E, there is a Borel set K = K (z) of finite m-measure and a constant § =
8(2) > 0 such that

G(x, y)G(y,
Bi(g) = sup (supf Mlq(y)lm(dy))<1
KcUB

BCK:m(B)<§ \xcE. G(x,2)

(2) A function q is said to be in class S1(X) if there is a Borel set K of finite
m-measure and a constant § > 0 such that

/ G(x,y)G(y,2)
KcUB

BCK:m(B)<s \(x,2)e(ExE)\d G(x,2)

Ba(q) == sup ( sup Iq(y)lm(dy)> <1

Now we introduce the following

Definition 3.2. Suppose F is a Borel function on E x E vanishing on the diagonal.

(1) F is said to be in the class semi-A o (X) if F is bounded and for any ¢ > 0
andw € E, there is a Borel subset K = K (&, w) of finite m-measure and a constant
8 = 8(e, w) > 0 such that for all measurable set B C K withm(B) < §,

F(y, 2)|G(z,
sup / G(x,y)< 1FQ, 216Gz, w) w)N<y,dz>)uH<dy>ss.
x€Ey, JKCUB E G(x,w)

(2) F is said to be in the class Ao (X) if F is bounded and for any ¢ > 0 there
is a Borel subset K = K (¢) of finite m-measure and a constant § = §(¢) > 0 such
that for all measurable set B C K withm(B) < 4,

[F(y,2)|G(z, w)

sup / Gx,y)—————N(©,d))up(dy) <e.
(v, w)e(Ex ENd J (K\B)¢ x (K\B)* G(x,w)
3.1
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It is easy to see that if F] and F> belong to semi-A (X) (respectively Ao (X))
and cis aconstant, then cFy, F1+ F, F1 F; all belong to semi-A . (X) (respectively
A (X)). Furthermore, one can also show easily that if F' belongs to semi-A . (X)
(respectively Ay (X)), then the function ef —1 belongs to semi-A, (X) (respec-
tively Axo (X)).

Clearly Aoo(X) C semi-Aog(X); and F € Ao (X) if and only if F € Axo(X),
where f(x, y) := F(y, x).Itisshownin Corollary 3.1 of [13] that S| (X) C K;(X).
Concrete examples of S1(X) functions were also given in [13]. Here we present
some examples of functions in Ay (X).

Example 1. In the case when X a killed symmetric «-stable process on a bounded
«-fat set D of R" for some a € (0,2), x € (0,1) and n > 2, it is well known
that H, = H, = t, N(x,dy) = A(n, —a)|x — y|™"%dy = N(x,dy) on D,
N(x, ) = A, —a) [ Ix — y|7"~% = N(x, 9), where

a P (*5%)
S 2l 2Pl — %)

An, —a)

It follows easily from the 3G inequality (see [41]) that if a function F on D x D
satisfies the inequality

|F(x, )| < Clx = y["™*Gp(x, y)
for some C > 0, then F € Ay (X).

Example 2. Suppose that X is a killed symmetric a-stable process on a bounded
C"! domain D of R” for some a € (0, 2). If F is a function on D x D satisfying
the inequality

[Fa.yl=Clx=y, x.yeD

for some constants 8 > o and C > 0,then F € A (X).Infact,itis shown in Theo-
rems 1.1 and 1.2 of [10] (cf. also [31]) that there exist constants C1 = C;(D, @) > 0
and C, = C2(D, o) > 0 such that

1 8p(x)*/*
lx =yl Jx — y|re/2

Gp(x,y) <(C min{

1 1
Gpx,w) > Co———, when |[x — w| < = max{dp(x), dp(w)},
|[x — w|*~* 2
8 a/28 a2 1
Gp(x,w) = Cs D(x? Dfnw) S when fxr— wl = 3 max(8p (o), p(w)),
X —Ww

where §p (x) the Euclidean distance between x and D¢. It follows that there exists
a constant C3 = C3(D, «) such that when |x — w| < %max{SD(x), dp(w)},

GD()C, )’)GD(Z, w) < |.X _w|n70[

3.2
Gp(x,w) - 3Ix—y|”‘“‘|Z—WI"_“ G-

and when |x — w| > max{§p(x), 8p(w)},
Go(x. y)GpE w) _ x — wf"=e” (33)

Gplr,w)  — lx—yol2z — wrmel2
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Hence we have

Gpx, VIF(y,D|Gp(z, w)
Gp(x,w)|y — z|*te

- C( |x_w|n7a/2 N |x_w|er )
T\ x =y 2|z —w|e 2y —g ey —y |1z —w[n |y — z|rte=h
<C-C3 < ! + !
|Z _ w|nfoz/2|y _ Z|n+a7;‘5 |x _ y|nfoz/2|y _ Z|n+a7ﬁ
1 1
T emwpay — e ey ey — g

1 1
+ +
[x =y =Rz —w| =Ry —z PP x| g —w] e Iy—ZIZ"“ﬂ>

Therefore to show that F € Ay (X), we only need to show that for any ¢ > 0,
there is a § = §(¢) > O such that for any Borel set B C D with m(B) < § we have

1
su d dz <¢ 3.4
x,wé’D/B Y /D =y —wpey —zpenpt=f GF

1
ceD /B @ /D =yl —wpely — e =0 G
By Holder’s inequality,
sup f ! dz < oo,
vaweD Jp |z — w2y — z]3¢/2=F
sup / ! dz < 00,
ywep Ip |z — w4y — z|2—F

Now (3.4) and (3.5) are easy consequences of the two inequalities above. O

Proposition 3.1. Suppose that F is a bounded Borel function on E x E vanishing
on the diagonal. Then F is in Ax(X) if and only if for every ¢ > O there is a subset
K = K(¢) and a constant § = §(g) > 0 such that for any excessive function f of
X and all measurable set B C K withm(B) < 4,

Gx, VIF, D|If@QN(y,dz)ug(dy) <e f(x) forallx € E.
3.6)

f(K\B)‘X(K\B)C

Proof. For any z € E, the functions y — G(y, z) is an excessive function of
X. So (3.6) implies (3.1) and therefore F is in Ay (X) if the condition (3.6) is
satisfied. Conversely suppose that (3.1) holds. Then (3.6) is valid when f is the
potential of some measure v. Now the conclusion follows because any excessive
function is the increasing limit of a sequence of potentials of the form Gh,,, where
hn =n(f —nG,f) = 0. ]

Since the constant function 1 is excessive with respect to X, we can take f = 1
in the Proposition above and get
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Corollary 3.2. Ay (X) C Joo(X).

Foreachz e E,letE; :={x e E:0 < G(x,z) < ooland X% = (X,P%,x €
E) be the h-conditioned process of X with 4(-) = G (-, z); that is, X % has transi-
tion probability g (¢, x, dy) = p(t, x,dy)G(y, 7)/ G (x, 7). As we previously men-
tioned that, by [32] or Proposition 2.2 of [16], X% is a Borel standard process on
E . It follows from Proposition 5.4, Theorem 6.5 and in particular Example 6.14 in
[25] that X% is a transient with finite lifetime ¢* and lim;4¢z X % = z almost sure-
ly. Clearly, the conditional process X % is irreducible. Note that the Green function
for X% with respect to m is

G(x,)G(,2)
G(x,z)

The following result gives a Lévy system for the conditioned process X -*.

Proposition 3.3. For any non-negative Borel function f on E x E vanishing on
diagonal and any x, w € E with0 < G(x, w) < 00,

(X5, MG (y, w)
EY [Z FX, Xs):| = [/ f f SGy >N (X, dy)st] :

s<t (x, w
Furthermore, a Lévy system of the conditioned process X" is given by (N", H;)

where

G(y, w)N(x,dy)

NY(x,dy) =
(x, dy) G w)
Proof. Let
_ G(Xs, w)
' G(Xo.w)'

Then Z; is a supermartingale multiplicative functional of X. It follows from Section
62 of [38] that

EY {Z f(X, Xs)}

s<t

¢
=E, |:Zf(Xs—» Xy) (/é l{s<r§§}d(_zr)+zg>§t < §:|

s<t

=E, |:Z SXs—, Xg)Zs5t < §:|

s<t

S<t

[/ / fXs, )Gy, w)N(dey)st]
G(x,w

1
= G, w)Ex |:Z f(Xs—, Xs)G( X, w); t < §:|
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Similarly, we have

t
EY U /f(Xs,y)N”’(Xs,dy)st]
0 JE

t
_ g [/ fXs, MGy, w)N(Xs’dy)de}
0o JE G(X;, w)

t
_E, /dHS f(Xs,y)G(y,w)N(stdy)
0 E G(Xy, w)

¢
X </ l{s<r§§}d(_zi’) + Z{) < §:|
0

t
— [/ dH, MN(XS,dy)ZX;t<C:|
e GX5, w)

X5, WGy,

[/ f f (X5, Gy w)N(XS,dy)dHS]
G(x,w

So the second conclusion of the proposition is valid. O

Remark 2. Tt follows from the Proposition above that (cf. the proof of Proposition
2.2) for g € S1(X) and F € A (X), the function

G(x, G(y,
(x,w) > EY [Ajg1p1C™)] = fE (x y)qu()(Cy)ul)) 5 w)m(dy)

+/ G(x,y)( |F(y, 2)|G(z, w) N(y,dz))
E E G(x,w)

X pr(dy)
isboundedon (E x E)\d,whered = {(x,y) e EXE : G(x,y) =00r G(x, y) =
oo}. Hence e, p(¢") is well defined and by Jensen’s inequality,

inf EY w 0.
(x,w)el(rllfixE)\d X[eCI+F(§ )] >

Theorem 3.4. Suppose that q and F are in the classes semi-S1(X) and semi-
A (X), respectively. Then for each z € E, either E:[e, p({*)] = o0 or x —
Ele,r(¢%)] is bounded on E;.

Proof. By Proposition 3.3, we have semi-So (X) = N;cg K/ (X %) and semi-A
(X) = NzeeJoo (X %), So the theorem follows immediately from Theorem 2.6. O

It follows from Theorem 6.5 and Example 6.14 of [25] that for fixed x, z € E with
0 < G(x, z) < oo, the time reversal at the lifetime of the process (X, P%) (obtained
by reversing the conditional process (X, PY) at its lifetime ¢* and taking the right
continuous version) has the same distribution as the conditioned process (X P")
Consequently

E{ [eq+r(69)] = [q+F(§ )] (3.7)
where F is defined by F(y, w) = F(w, y).
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Theorem 3.5. Suppose that q € S1(X) and F € As(X). If Ef[eq+r(C™)] is
finite for some (xo, wo) € (ExE)\d, thenE}[e,4 r(¢")]is boundedon (E x E)\d.

Proof Letu(x, w) = E¥[eg4r(¢")] and @(x, w) = E¥[e, , p(C™)] for (x, w) ¢
d. Applying Theorem 3.4 to the process X and using (3.7), we get

sup u(wg, x) = sup u(x, wp) < 0.
XEEwO XEEwO

This implies by applying Theorem 3.4 to the process X that for any x € E,

sup u(x, z) = sup u(z, x) < 0.
zeEy zeEy

where EX ={z€eE:0<G(z,x) < oo}

Let K, § and B, be specified as in Definition 3.1 for ¢ € S;(X). Leto > 1 be
such that @B, < 1 and let y > 1 be such that L + % = 1. Since ¢?’F — 1 isin
Ao (X), there exist a set K1 D K of finite m-measure and a §; < § such that for
every B C K| withm(B) < §;

G(x, )09 —1|G(z, w) 1
sup f N(y,d2)ug(dy) < -.
x,weE J(K\B)x(K1\B) G(x, w) 2

Note that u(x, z) is B(E x E) if we set u(x, z) = 1 for (x,z) € d. Hence {x €
Ky : sup,cpu(x,z) > M} is B(E)-measurable as it is the x-projection of the set
{(x,2) € KixE : u(x,2) > M}.As(\yj_ofx € K1 : sup,cpu(x,z) > M} =0,
we can choose M large enough so that the set {x € K : sup,,cg u(x, w) > M} has
m measure less than §;. Let B = ch U{x € Ky : sup,cg u(x, w) > M}. Similar
to the argument leading to (2.4), we can show that for any (x, w) € (E x E) \ d,

EY [er(tp)] < (1 —afp)~ /%211 =y < oo,
Thus for any (x, w) € (E x E)\ d,

u(x,w) =EY [t3 ="; eqrr(t3)| + EY [t8 < £"; equr(tp)u(Xy", w)]

<n+EY [t8 <" eqrr(tpu(X;)l, w)] (3.8)

Observe also that for x € BN Ey, PY-as. on {tp(X"") < "} u(Xy', w) <M
since by Theorem 2.5t — u(X;", w) is right continuous on [0, {*). Therefore
the second term on the right side of (3.8) is bounded by nM. It follows that for
x € BNEy, u(x,w) < n(l + M). By the definition of B we know that for
x € BN Ey, u(x, w) < M.Hence forany w € E, sup,cp, u(x, w) < n(l+M).

O
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Recall that £ is the infinitesimal generator of X, pp is the Revuz measure of
H;, and F is the operator that maps any bounded function f on E into the function

F/(x) = /E (@ _ 1) F(»N(x, dy).

Theorem 3.6. Let g € S1(X) and F € Axo(X) be such that the conditional gauge
functionu(x,y) = E) leq+F (¢7)] is not identically infinity on (E x E)\ d. Define

Vx,y) =u(x,y)G(x,y) for (x,y) ¢ d and define V f (x) = fE Vix,y)f(x,y)
m(dy) whenever it exists. Then for any function ¢ with G|¢| bounded,

Vo =Gop+G((g+uuF) (V).

Proof. From Theorem 3.5 we know that under the assumptions of the theorem,
u(x, y) is bounded for (x, y) € (E x E) \ d. Hence

Fw,z) _ 1 G
sup /G(x,w) /' e lu(z, ) (Z’y)N(w,dz)
(. )e(ExEN JE E G(x,y)

X g (dw) < oo.

By (2.6), the Markov property of X and Proposition 3.3, we have

Eile,+r ()] -1

el
=E; / eqrr(07) 00q(X)ds + Y eqrp(8?) 0 b5 (e X=X 1)
0

s<¢¥

¢y
=E; / u(Xs, Y)qg(Xs)ds + Y u(Xs, y)(eF X=X — 1)
0

s<¢Y

=G(x,yrl/EG(x,z>u<z,y)q(z)G(z,y>m(dz)
+G<x,y>‘/EG(x,w)(/}5<eF<W>Z>—1>u(z,y)G(z,y>N<w,dz)>uH<dw>.
Consequently
Vix,y) =G(x,y) +fEG(x,z)q(z)V(z,yM(dz)
+ /E G(x, w) ( fE (eFwa) 1)V<z,y)N(w,dz>) s (dw). (3.9)

Thus we have

Vo(x) = Go(x) + Gg(Vh))(x) + G(unF(Vh))(x). o
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Remark 3. The above result together with Theorem 2.4 suggests that V (x, y) is the
Green function for Schrodinger semigroup {73, ¢ > 0]} defined in (2.5). Recently
it is shown in [8] that V (x, y) is indeed the Green function for {7}, t > 0}. More
precisely, it is shown in [8] that for any nonnegative Borel function f on E,

e
/E Vx, y) f(y)m(dy) = Ex [/0 eq+F(t)f(Xr)dt] .

4. Generator of the Schrodinger semigroup

In this section, X is an irreducible transient Borel standard process on a Lusin space
E with Green function G(x, y), as is specified at the beginning of Section 1. In
Theorem 2.4, we gave a formula for the generator of the Schrodinger semigroup
T; defined in (2.5). But what is the domain of this generator? We will answer this
question precisely under an assumption that the Dirichlet form (£, F) of X is nearly
symmetric, that is, it satisfies Silverstein’s sector condition:

thereis K > 1 such that & (u, v)2 <K& w,u)& (v,v) forallu,velF.

“4.n
Here for B > 0, Eg 1= &€ + B(-, ") 2(g m)- It is easy to see that if (4.1) holds then
it holds with &g in place of £ for every g > 1. It is known from the results of [3],
[9] and [17] that such a process X is quasi-homeomorphic to a nearly m-symmetric
irreducible transient Hunt process with a dual Hunt process on a locally compact
separable metric space whose Dirichlet form is regular. Without loss of generality,
we may and do assume in the following that X is a nearly symmetric irreduc-
ible transient Hunt process on a locally compact separable metric space E whose
Dirichlet form (&, , F) is regular. Note that X has a dual Hunt process X whose
Dirichlet form is (5 F), where E(u v) =&, u)foru,ve F.LetE = 2(8+5)
It is well known that (E, JF) is a regular Dirichlet form in L?(E, m). We refer the
readers to [21], [35], and [33] for the definitions and basics of Dirichlet forms, such
as capacity, quasi-continuous version, measure of finite energy integral, smooth
measure. For each u € F, it is well known that it has a quasi-continuous version.
It is understood throughout this section that functions in F are represented by their
quasi-continuous versions.

Under the above assumptions, the Green function G(x, y) can be uniquely
chosen so that for each y € E, x — G(x, y) is excessive for X and for each x,
y +— G(x,y) is excessive for X. We can therefore extend the Kato class K(X)
and K (X) to smooth measures that may not be absolutely continuous with respect
to the reference measure m. For a signed smooth measure v, let A” and |A"| be
the continuous additive functionals having Revuz measures v and |v| respectively.
Extending Definition 2.1(4), we say throughout this section that a signed smooth
measure v is in K(X) if

lim sup Ex[|A"];] = 0;

t—>0,cfF
and v € K| (X) if (2.2) is satisfied with |v|(dy) in place of |g(y)|m(dy) and B(v)
in place of B(g).
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Proposition 4.1. Foru € F and > 1,
Oo —
/ t Capg)({lu| > thdt <2KEp(u, u),
0

where @I)(ﬂ) stands for the B-capacity of X and K is the constant in the sector
condition (4.1).

Proof. Foreach fixedt > 0,let K; :={x € E : |u| >t} and

Fk, :=inflv e F: v>1q.e onK,}.

: .

Clearly Fk, is non-empty. It is known (cf. [21], [29], [35] and [33]) that there is
a unique B-order equilibrium co-potential ex, € Fk, of K; and a unique symmet-
ric ﬁ -order equilibrium potential e K, € Fk, for K;. Particularly, & (ex,. ex,) =
Cap(ﬁ)(Kt) and ek, is the unique Sﬂ minimizer in Fg, with Eg(ek,, ekx,) =
Cap(ﬂ)(Kt), the B-capacity of K; with respect to the symmetric Dirichlet form
(E, F).By Lemma III.1.4 of [33], and (4.1) above

é53(,3)([@) = Ep(ek,. ox,) < VK Ep(ek,. ex,)'*Ep@k,. ex,)" /.

SO
Cap(g)(K;) < K Capg)(K,). 4.2)

As Proposition 2 of [44] tells us

9]
/ t Capg) (K )dt < 2K Egy(u, u),
0

the assertion of our proposition is valid in view of (4.2). O

Remark 4. The earliest inequality of the type given in this proposition may be due
to Maz’ya for Sobolev spaces, see [34]. For results of this type in the case of sym-
metric processes, see [26], [30] and [44]. In [36] Rao established the inequality in
Proposition 4.1 for functions u = Gg f, where f € L*(E, m), with the constant 4
in place of 2K .

Proposition 4.2. Let v be a positive smooth measure. Then for any u € F and
B =0,

[ e eown) < 4K 1Gpvls Eptu 0,
E
where K > 1 is the constant in (4.1).

Proof. Note that for positive smooth measures v and 7,

/@ﬁn(X)V(dX)=/ (/ G(y,X)n(dy)> V(dX)=/ Gpv(x) n(dx). (4.3)
E E\JE E
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For each 7 > 0, let 1, be the B-co-equilibrium measure of the quasi-open set {x :
lu(x)| > t}. Note that Ggn, > lon{x : [u(x)| > r}and n,(E) = Capg)({[u(x)]| >

t}). By (4.3) and Proposition 4.1.

/ u(x)Zu(dx) = 2/00 (t/ l{x;,,(x)|>t}v(dx)) dt
E 0 E
< 2/ <zf aﬁm(x)v(dx)) dt
0 E
= 2/ (t/ Ggv(x) n,(dx)) dt
0 E

2
< 2|IG;3V||<><>/O 2t Cap gy ({{u(x)| > t})
< 4K |Gpvlloo Eplu, u). O

Remark 5. (1) In [18], Fitzsimmons proved the inequality in this proposition with
a different constant in the semi-Dirichlet context. His proof is different from ours.
(2) When X is symmetric, the sector constant K in 4.1 is 1 and in this case the above
Proposition was proved in [44]. We note that the coefficient 4K in Proposition 4.2
is not optimal. In [42], Stollman and Voigt showed that if X is symmetric then

/ u?(X)v(dx) < |Ggvlloo Eg(u, u) foru € F.
E

For non-symmetric processes X, if we use Rao’s capacity estimate, that is, if we
use Proposition 4.1 with 4 in place of 2K (see Remark 4), then we have

/ uz(x)v(dx) <8|Ggvllocc Ep(u,u) foru e F. “4.4)
E

(3) Using an argument similar to the proofs of Propositions 2.2 and 3.1 in [4], one
can show that

/Euz(xw(dx) < GpvllXP 1G g1 35 Ep(u, w)
foru € F.

Lemma 4.3. (1) If v € K(X), then for any ¢ > 0, there is a constant A, > 0 such
that

/fz(x)IVI(dx)sz(f, f)+As/ fPomdx), feF.
E E

(2) If v € K{(X) with B(v) < max {& %} then there are constants A € (0, 1)
and A > 0 such that

/ FRIvIdx) < ECf )+ A / fA(m@dx), feF.
E E

Here K is the constant in (4.1) and B(v) is the constant in the definition of Ki(X).
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Proof. (1) follows immediately from Proposition 4.2 and the fact v € K(X) is
equivalent to limgqoo sup, Gglv|(x) = 0.

(2) Without loss of generality, we assume that v € Kj(X) with S(v) <

max {ﬁ, %} is a positive measure. Let A} be the continuous additive functional

of X whose Revuz measure is v. It can be shown similar to that of Proposition 2.2
in [13] that there is a #y > O such that

6 = jlelgEx[A,”O] < max {% é} .
This implies that
lim |Ggvlleo = lim supE, [/Oo e—f”dA,”] <6 < max {i 1} .
p—oo B—0 xeE 0 4K 8
Lemma 4.3(2) now follows from Proposition 4.2 and (4.4) in Remark 5. O
When the process X is symmetric, Lemma 4.3(1) was proved in [1].

The following result follows immediately from Lemma 4.3, the definition of
J(X), and the inequality | f(x) f ()] < (f2(x) + f2(3))/2.

Lemma 4.4. [If F € J(X) is such that F(x, y)=F(y,x)isin J()?), then for any
& > 0, there is a constant A > 0 such that

/E fE L FOFES — 1N e dy)ps (dx) < eE(f, f)

+A8/ Fromdx), feF.
E

In the remainder of this section, we fix a function F' € J(X) with Fel (Y )
and a signed measure v such that |v| = v* 4 v~ is in K(X). F can and will be
extended to Ey x Ej by setting it to be zero off E x E. Then it follows from the
above two lemmas that the bilinear form (Q, F) defined by

Q(f. ) =£E(f, g)—/Ef(X)g(X)V(dX)

- /E /E fgMEFOY — DN (x, dy)uudx)  (4.5)

is closed, lower bounded and satisfies sector condition, i.e., there are positive con-
stants ¢ and 8 such that Qg(f, ) > 0 for f € F and

1Qs(f, &) < c Qp(f, NV Qp(g,. &)'*  figeF.

Let A, = A" — A;, where A, and A, are the positive continuous additive
functionals of X associated with v and v~ respectively. Put e, ¢ (¢) = e)gp(Af +
AF(t)). For any nonnegative f and ¢t > 0, we define the operators 7; and 7; by

Ti f(x) = Ex[evy r(0) f(X)],  x € E,
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and R R R
T, f(x) = Exle,, p() f(X))], x€E.
It follows from Proposition 2.3, there exist positive constants ¢y, ¢2 and 81, B2
such that for all # > 0,

sup Ey[e)p)+7) ()] < c1ePtl. (4.6)
xeE

sup Ey[ea)p42F|(1)] < c2eP. 4.7
xeE

Note that 7; and 7\} are bounded operators in L2(E , m). To see this, note that
for f € L*(E, m),

T (1 < Exleapio1r| (OB £ (X1)?].

Hence
IT: fll2 < 2" || £l (4.8)

In fact one can easily show, similar to that in [15], that for any 1 < p < oo, (T,)
and (T,) are semigroups on L? (E, m) and that, forany 1 < p < o0, (7}) and (T,)
are strongly continuous semigroups on L”(E, m). Furthermore, (7}) is the dual
semigroup of (7;) on L%(E, m). To prove this fact, we recall the definition of the
time-reversal operator r; on the path space. Given a path w € {t < ¢}, the operator
1y is defined by

_Jo(@t—-s)-, if0<s=<t,
ri(@)(s) = {w(O), ifs > 1.
Here forr > 0, w(r)— = limgy, w(s).

Theorem 4.5. Forany f, g € L>(E, m) andt > 0, we have
/ 8T, f(x)m(dx) = / FO)Tg(x)m(dx).
E E
Proof. By time reversal, we have

/g(X)Tzf(X)dX=/ g)Ex[ey r(t) f(Xy)]dx
Rd Rd

= Enlg(Xo)ev+r (1) f(X)]
=Eulf(Xo)ev+r (1) orig(Xo)].

From the definition of e, (f), it was easy to see that e, p(t) o r; = e, 5(),
hence we have shown that

/E ()T, f(x)m(dx) = /E FOT,g(x)m(dx). o

Put By = B1 V B2, where B and B, are the constants in (4.6)-(4.7). Then for
any B > fo, the map

f = E UOO e_ﬂteerF(f)f(Xt)df]
0

maps L®(E, m) into L% (E, m) and maps L?(E, m) into L>(E, m).
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Theorem 4.6. If f € L>(E, m) N L°(E, m), then for any B > Py, the function
o
u(x) = E, [ / e Ple, p(t) f(X,)dt:|
0
is a quasi-continuous function in F such that for any quasi-continuous v € F,

Ep(u, v) :/ f(x)v(x)m(dx)—i—/ u(x)v(x)v(dx)
E E

+ / / V()Y — Du(y)N (x, dy) ey (dx).
EJE

Proof. Put
n(dx) = [v](dx) + f PN 1) N(x, dy) (dx)
E

+/(e‘ﬁ<x’y>' — 1) N(x, dy)un(dx).
E

Let Sy denote the space of positive Radon measures p on E of finite energy inte-
gral (that is, there is a constant ¢ > 0 such that fE lv(x)|u(dx) < c& (v, v)/?
for every v € F). It is well known (cf. Lemma 4.1.7 of [35]) that there is a se-
quence of compact sets K, such that (i) 1k, (x)n(dx) is in Sp for each n, (ii)
N(E\UX  Ky) =0, (iii) lim, 0 Cap(;)(K \ K,) = 0 for any compact set K. For
any n, put v,(dx) = lg, (x)v(dx) and F,(x,y) = lk,xk,(x, ) F(x, y). Define

un(x) = Ex [/OO e ey, i, (t)f(Xz)dt] .
0

Note that by (4.6), u,, and u are uniformly bounded. Using the argument leading to
(4.8), one can easily show that u,, converges to u pointwise and in L on E. From
the proof of Theorem 2.4 we see that

un(x) = Gp f(x) + Gp((LuFn + vi)un)(x). 4.9)

Therefore, for each n, u,, is a quasi-continuous function in F such that for any quasi
continuous v € F,

Eun, v) + B fE 1 (X)0(xX)m (dx)
=fEf(X)v(x)m(dX)+/Eun(x)v(x)vn(dX)
+ /E fE v() (™Y — Dy (VN (x, dy)p (dx).  (4.10)
It follows from this identity and Lemmas 4.3 and 4.4 that

1
Eun, un) = IS Nl2 llunll2 + Eg(un, n) + Cllunll
where C is a positive constant. Therefore we have

sup &1 (uy, up) < 00. 4.11)
n



Conditional Gauge theorem 69

By (4.9), Lemmas 4.3 and 4.4 and Proposition 4.2,
Eg(Upnyy — Up, Upyy — Up)
= /E(un+z — 1) () (Bt (x) — Frt (X)) ppr (dx)
+ Un41Vn41(dX) — 1y (X) v, (dx))

= [K . (Unt — Un) (X) Wnt — un) () (eF Y — DN (x, dy) ey (dx)

/ (tn1 — tn) Xt (V) (Y — DN (x, dy)up (dy)
(Kt X Kn D\(Kn X K)

+fK (Un11(x) =t (x))*v(dx) +/K (Unt1 = un) (Xt (X)v(dx)

n+1\Kn
1
2
=< Egﬁ (Wpi — tp, Upgy — up) + Cllups — uy ”2

+ 2K1G g1k, \ koD oo (EpUnti, ttngt) + EWUntt — U, g1 — un))

where C is a positive constant. Hence
gﬁ(”n-{-l — Up, Up ] — Up)
< 2Cun4t — unll3 + 12K |G 1k, 0k, o SUP E (U, tn),
n>1
which converges to zero as n — oo. This is because u, converges to u in L%(E, m)
and by Proposition 2.1 [|Gg(1k, \k,V)llcc = 0 asn — oo. Thus {u,},>1 is an

Eg-Cauchy sequence in F, which must converge to u. Letting n — oo in (4.10)
proves the theorem. O

Theorem 4.7. For 8 > Boand f € L>(E, m),

u(x) = Ey [ [ h e_ﬂ’ev+F(t)f(Xt)dt}
is a quasi continuous function in ]-? such that for any v € F,
Epu, v) = /Ef(x)v(x)m(dx) + /E u(x)v(x)v(dx)
+/ / v(x) (Y — Du(y)N(x, dy)up(dx).  (4.12)
Proof. Forn > 1, let fn(f) =E F )1 £(x)|<n) (x) and define

Un (x) = B, [ f h e—ﬁ’ew(r)fn(xt)dr} .
0

By the previous theorem, u,, is a quasi-continuous function in F such that for any
veF,

Eﬁ(un,v)=/ f(x)v(x)m(dx)+f up (x)v(x)v(dx)
E E

+ / f V() (™Y — Duy (0N (x, dy)pp(dx).  (4.13)
EJE
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From (4.8), we know that u,, converges to u in L*(E, m). Itfollows from the identity
above, Lemmas 4.3 and 4.4 that

1
g(un_umv Up—Up) < ||f||2||un_um||2+§5(un_va un_um)"l‘C”un_um”%

where C is a positive constant. Therefore u,, is a Cauchy sequence with respect

to £. Since u, converges to u in L?(E,m), we have that u, converges to u with

respect to £1. The conclusions of the theorem now follows immediately. O
The above theorem tells us

Theorem 4.8. {7}, t > 0} is the unique strongly continuous semigroup on L*(E , m)
associated with the bilinear form (Q, F).

The following result follows immediately from the above theorem (cf. [33]).
Corollary 4.9. The L>-infinitesimal generator (A, D(A) of {T;, t > 0} is
D(A) = {u € F : thereis some | € L*(E, m) such that Q(u, v)
= —/ f(x)v(x)m(dx) for each v € F},
Au = f folrl:u € D(A) with above f.

Remark 6. In fact, Theorems 4.6 and 4.8 holds for v € K;(X) with S(v) <

max {ﬁ, %} and F e J(X) as well. This is because by Lemma 4.3(2), the bi-

linear form (Q, F) defined by (4.5) is closed, lower bounded and satisfies the
sector condition. It is can be shown (see Theorem 3.14 of Getoor [24]) that the
Schrodinger semigroup 7; defined by T; f (x) = Ey[e,+r(f) f(X;)] is a strongly
continuous semigroup in L2(E ,m). Theorems 4.6, 4.7 and therefore 4.8 can then
be proved with an easy modification of the corresponding proofs in this section.
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