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Abstract

In this paper, we consider the fractional Laplacian —(—A)a/ 2 on an open subset in R with
zero exterior condition. We establish sharp two-sided estimates for the heat kernel of such
Dirichlet fractional Laplacian in C'™! open sets. This heat kernel is also the transition density
of a rotationally symmetric a-stable process killed upon leaving a C'' open set. Our results
are the first sharp two-sided estimates for the Dirichlet heat kernel of a non-local operator on
open sets.
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1 Introduction

Second order elliptic differential operators and diffusion processes take up, respectively, central
places in the theory of partial differential equations (PDE) and in probability theory, see [18] and
[19] for example. There are close relationships between these two subjects. For a large class of
second order elliptic differential operators £ on R?, there is a diffusion process X in R? associated
with it so that £ is the infinitesimal generator of X, and vice versa. The connection between £ and
X can also be seen as follows. The fundamental solution p(t, z,y) of dsu = Lu (also called the heat
kernel of £) is the transition density of X. Thus obtaining sharp two-sided estimates for p(t,z,y)
is a fundamental problem in both analysis and probability theory. In fact, two-sided heat kernel
estimates for diffusions in R? have a long history and many beautiful results have been established.
See [12, 14] and the references therein. But, due to the complication near the boundary, two-sided
estimates on the transition density of killed diffusions in a domain D (equivalently, the Dirichlet
heat kernel) have been established only recently. See [13, 14, 15] for upper bound estimates and
[27] for the lower bound estimate of the Dirichlet heat kernels in bounded C1! domains.
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Markov processes with discontinuous sample paths constitute an important family of stochastic
processes in probability theory. Recently there has been intense interest in studying non-Gaussian
stable processes, due to their importance both in theory and in application. It is well-known that
(cf. e.g., Janicki and Weron [20], Samorodnitsky and Taqqu [24]) many physical and economic
systems should be and in fact have been successfully modeled by non-Gaussian stable processes.

In this paper we always assume that o € (0,2). A (rotationally) symmetric a-stable process
X ={X;,t > 0,P,,z € R} in R? is a Lévy process such that

E, [e’f'(xt_xo)} = ¢t for every z € R? and € € R%.

The infinitesimal generator of a symmetric a-stable process X in R? is the fractional Laplacian
—(—A)O‘/ 2 which is a prototype of nonlocal operators. The fractional Laplacian can be written in

the form
dy

*(*A)Q/QU(@ = ¢ lim (u(y) — U(@)W

=10 J{yerd: [y—z|>c}
for some constant ¢ = ¢(d, ). Recently there also has been interest from the theory of PDE (such
as singular obstacle problems) to study such fractional Laplacians (see, for example, [3, 25] and the
references therein). We will use p(t, z,y) to denote the transition density of X (or equivalently the
heat kernel of the fractional Laplacian —(—A)®/2). Tt is well-known (see, e.g., [1, 8]) that

t

- —d/a
p(t,:U,y) - <t A |.’IJ _y|d+a

) on (0,00) x R? x R%, (1.1)
Here and in the sequel, for two non-negative functions f and g, the notation f =< g means that
there are positive constants ¢; and ¢ so that c1g(x) < f(x) < cog(z) in the common domain of
definition for f and g. For a,b € R, a A b := min{a,b} and a V b := max{a,b}. The Euclidean
distance between x and y is denoted as |z —y|. We will use B(z,7) to denote the open ball centered
at = € R? with radius r > 0.

For every open subset D C R? we denote by X the subprocess of X killed upon leaving D.
The infinitesimal generator of X is the Dirichlet fractional Laplacian —(—A)®/2|p (the fractional
Laplacian with zero exterior condition). It is known (see [8]) that X has a transition density
pp(t, z,y) with respect to the Lebesgue measure that is jointly Holder continuous. The connection
between second order elliptic differential operators and diffusion processes can be extended to a
large class of Markov processes. In particular, the transition density of X P is the fundamental
solution of dyu = —(—A)*/?|pu (also called the heat kernel of the Dirichlet fractional Laplacian
—(=8)*2|p).

The purpose of this paper is to establish the following two-sided sharp estimates on pp(t, z,y)
in Theorem 1.1 for every ¢ > 0. To state this theorem, we first recall that an open set D in
R? (when d > 2) is said to be a Cb! open set if there exist a localization radius Ry > 0 and a
constant Ag > 0 such that for every z € 9D, there is a C1''-function ¢ = ¢, : R~ — R satisfying
#(0) = Vo(0) = 0, [|[V]|eo < Ao, |Vo(z) — V(2)| < Aglx — 2|, and an orthonormal coordinate
system CS,: y = (y1,- "+ ,Yd—1,Yd) ‘= (Y, yq) with its origin at z such that

B(z, Ro) N D = B(0, Ro) N {y : ya > #(v)},



where the ball B(0, Ry) on the right hand side is in the coordinate system C'S,. The pair (R, Ag) is
called the characteristics of the C''! open set D. We remark that in some literatures, the C'»! open
set defined above is called a uniform C1! open set as (R, Ag) is universal for every z € dD. For
r € R% let 69p(z) denote the Euclidean distance between z and dD. It is well-known that any O
open set D satisfies both the uniform interior ball condition and the uniform exterior ball condition:
there exists 79 < R such that for every 2 € D with dsp(z) < ro and y € R%\ D with dpp(y) < 70,
there are z;,z, € 0D so that |z — z;| = dgp(z), |y — 2zy| = dap(y) and that B(xg,79) C D and
B(yo,70) C R\ D for zg = 25 +70(x — 22) /|7 — 2| and yo = 2z, +70(y — 2,)/|y — 24|. By a C1! open
set in R we mean an open set which can be written as the union of disjoint intervals so that the
minimum of the lengths of all these intervals is positive and the minimum of the distances between
these intervals is positive. Note that a C'! open set can be unbounded and disconnected.

Theorem 1.1 Let D be a CY' open subset of RY with d > 1 and 6p(x) the Euclidean distance
between x and D°.

(i) For every T >0, on (0,T] x D x D,

- 5D(.%')a/2 5D(y)°‘/2 —d/a t
pp(t,z,y) < <1A\/i ) (1/\\/E ) (t A’m_y’d+a>.

(ii) Suppose in addition that D is bounded. For every T > 0, there are positive constants ¢; < ¢
so that on [T,00) X D x D,

cre M ép(2)*0p(y)*? < pp(t.ay) < cxe op(a)*? Sp(y)*?,
where Ay > 0 is the smallest eigenvalue of the Dirichlet fractional Laplacian (—A)*/?|p.

By integrating the two-sided heat kernel estimates in Theorem 1.1 with respect to ¢, one can
easily recover the following estimate on the Green function Gp(z,y) = fooo pp(t,z,y)dt, initially
obtained independently in [11] and [21] when d > 2.

Corollary 1.2 Let D be a bounded CY'-open set in R® with d > 1. Then on D x D,

w(l/\w> when d > a,
when d =1 = «,

((5D(:c)5D(y))(a71)/2 A W when d =1 < a.

Theorem 1.1(i) will be established through Theorems 2.4 and 3.1, which give the upper bound
and lower bound estimates, respectively. Theorem 1.1(ii) is an easy consequence of the intrinsic
ultracontractivity of the symmetric a-stable process in a bounded C! open set. The latter will be
reviewed and discussed in Section 3. In fact, the upper bound estimates in both Theorem 1.1 and
Corollary 1.2 hold for any domain D with (a weak version of) the uniform exterior ball condition
in place of the C! condition, while the lower bound estimates in both Theorem 1.1 and Corollary
1.2 hold for any domain D with the uniform interior ball condition in place of the C'*! condition
(see Theorems 2.4 and 3.1, and the proofs for Theorem 1.1(ii) and Corollary 1.2).



Although two-sided heat kernel estimates for jump processes in R¢ have been studied recently
by several authors (see [8, 9, 5] and the references therein), as far as we know, this is the first time
that sharp two-sided estimates on the Dirichlet heat kernels for jump processes in open sets are
established. We like to point out that, in addition to the use of the two-sided estimate (1.1) of
p(t, x,y), the stable-scaling of X and the Lévy system of X and the boundary Harnack principle of
X in the annulus U := {z € R?: a < |z| < b}, only the following exit time estimate is used to get
the upper bound estimate for pp(t,z,y) for t < T

E; [7r] < ¢caap 5U(x)°‘/2 for x € U. (1.2)

Here and in the sequel, for any open set D C R?, 7p := inf{t > 0: X; ¢ D} denotes the first exit
time from D by X.

There are fundamental differences between obtaining two-sided Dirichlet heat kernel estimates
for the Laplacian and the fractional Laplacian.

(i) Unlike the Dirichlet heat kernel for the Laplacian, the Dirichlet heat kernel for the fractional
Laplacian does not have exponential decay in |z — y|. Thus we can not use the chaining
method, which is used to prove the off-diagonal lower bound estimates of the Dirichlet heat
kernel for the Laplacian.

(ii) Davies developed in [12] (see also [4, Section 3]) a very useful method to obtain off-diagonal
upper bound estimates for the heat kernel of diffusions in the whole space. This method can
also be used to prove off-diagonal upper bound estimates for the heat kernel of the Dirichlet
Laplacian. Unfortunately we are unable to apply this powerful method to obtain upper bound
estimates for the heat kernel of the Dirichlet fractional Laplacian.

(iii) In [27], a scale invariant parabolic boundary Harnack inequality obtained in [16] is used to
obtain sharp lower bound heat kernel estimate for the Dirichlet Laplacian. Such kind of
parabolic boundary Harnack inequality is not available for the fractional Laplacian.

Due to the above differences and difficulties, obtaining two-sided sharp estimates on pp(t,z,y)
for the fractional Laplacian with zero exterior condition requires new ideas and approaches. Our
approach is mainly probabilistic. It uses only the following five ingredients:

(i) the upper bound heat kernel estimate in (1.1) for the rotationally symmetric a-stable process
X in R? and the stable-scaling property of X (see (3.1) below);

(ii) the Lévy system of X that describes how the process jumps (see (2.1));

(iii) the mean exit time estimates (1.2) established in Lemma 2.1 and the two-sided estimates in
the ball B = B(0,1): E.[rg] < dp(2)*/?;

(iv) the boundary Harnack inequality of X in annuli (when d > 2) and in intervals (when d = 1),
and the parabolic Harnack inequality of X;

(v) the intrinsic ultracontractivity of X in bounded open sets.



The upper bound heat kernel estimate in (1.1) gives an upper bound for pp(t,x,y), while the
Lévy system is the basic tool used throughout our argument as the symmetric stable process moves
by “pure jumping”. To get the boundary decay rate of pp(¢,x,y), we use the boundary Harnack
inequality and the domain monotonicity of the killed stable process X in D by comparing it with
certain truncated exterior balls (i.e. annulus) as well as interior balls. The mean exit time estimate
(1.2) established in Lemma 2.1 for an annulus with the help of the boundary Harnack inequality
is applied to get the boundary decay rate in the upper bound heat kernel estimates in Lemma 2.2
and Theorem 2.3. The two-sided estimates in the ball B = B(0,1): E,[rg] =< 65(x)*/? is used to
get the two-sided estimate (3.10) on the first eigenfunction in balls. The latter is then used in the
proof of Lemma 3.6 to get the boundary decay rate for the lower bound estimate in pp(¢,x,y).
The parabolic Harnack inequality allows us to get pointwise lower bound on pp(t,x,y) from the
integral of w +— pp(t/2,x,w) over some suitable region, which is used in the proof of Proposition
3.3. When XP is intrinsic ultracontractive, pp(t,z,y) is comparable to c;¢p(z)¢p(y) for some
¢t > 0 and a good control is known for ¢; when ¢ is above a certain large ¢y, where ¢p is the
positive first eigenfunction of (—A)®/2|p. This property is used in the proof of Lemma 3.6 for balls
and in the proof of Theorem 1.1(ii).

The ideas developed in this paper can be used to study heat kernel estimates for other types of
jump processes in open subsets and their perturbations. In fact, in [6] and [7] the ideas of this paper
have been adapted and further developed to obtain two-sided shape estimates for the transition
density of censored stable processes and relativistic stable processes in C!''-open sets, respectively

Throughout this paper, d > 1. We use ¢y, ¢, - - - to denote generic constants, whose exact values
are not important and can change from one appearance to another. The labeling of the constants
c1,Co, -+ starts anew in the statement of each result. The dependence of the constant ¢ on the
dimension d will not be mentioned explicitly. We will use “:=” to denote a definition, which is read
as “is defined to be”. We will use 0 to denote a cemetery point and for every function f, we extend
its definition to 0 by setting f(9) = 0. We will use dz to denote the Lebesgue measure in R?. For
a Borel set A C R?, we also use |A| to denote its Lebesgue measure.

2 Upper bound estimate

Throughout this section we assume that D is an open set satisfying the uniform exterior ball
condition with radius 9 > 0 in the following sense: for every z € 9D and r € (0, rg), there is a ball
B? of radius r such that B* € R4\ D and B* NJD = {z}. The goal of this section is to establish
the upper bound for the transition density (heat kernel) pp(t,x,y).

It is well-known that the symmetric stable process X has Lévy intensity function

J(.CE, y) = A(d7 —Od)|.’IJ - y|—(d+oz)’

where
«@ F(d“'TO‘)
21— md/2P(1 - §)
Here I is the Gamma function defined by I'(\) := fooo t*le~tdt for every A > 0. The Lévy intensity
function gives the Lévy system for X, which describes the jumps of the process X: for any non-

A(d, —a) =

negative measurable function f on Ry x R? x R?, x € R? and stopping time T' (with respect to the



filtration of X),

e | 316 %0 | =5 [ [ ([ s X)) 1)

s<T

(See, for example [9, Appendix A]).

In several places in this paper including the next lemma, we will use the following well-known
fact (see [17]): for every d > 1 and a € (0,2), there exists ¢ = c¢(a)) > 0 such that for every xo € RY
and r > 0,

E. [TB(IOJ,)] = c(r2 — |z — xo\Q)O‘/z, for x € B(xo, 7). (2.2)

Lemma 2.1 Let U := {z € R?: ro < |z] < 3rg/2}. There is a constant ¢ = c(ro, ) > 0 such that

E.[ry] < C5U($)a/2 forrg < |z| < 5rg/4.

Proof. For d > 2, we use the upper bound of the Green function Gy (z,y) from (1.4) in [11,
Theorem 1.1] (cf. also [21]) to deduce that E, [r] < edy(z)*/2.

Now let d = 1 and, without loss of generality, assume = > 0. Let B be the open interval
(ro,3r0/2). Note that dg(z) = oy (z). Taking xg = 9ry/8, by the Lévy system (2.1) with f(x,y) =
1y (%) 500 <|y|<10r0} (¥) and T' = 117, we have on U,

v A(d, —a)
P, (1019 > | X», | > 570) = Es / / AGTY gds| = Eofr]. (2.3)
v 0 Jisro<lyl<iore} |Xs —yldTe

Hence by the boundary Harnack principle of X in B (see [2, Remark 6]),

Pxo (107“0 > |X7—U| > 57’0)
P, (101"0 > |X7-B| > 57‘0)

E.[rv] < Py (10rg > | X75| > 5r0)

< P, (10’/“0 > |XTB| > 57’0)

for some positive constants ¢; = ¢;(ro, ), i = 1,2. By (2.2) and (2.3) but with B in place of U, we
conclude that
E.[rv] < esBelrp] < ca0p(x)*? = 46y (2)*/?

for some positive constants ¢; = ¢;(rg, ), i = 3, 4. O

Lemma 2.2 Let D = {x € R? : |z| > ro}. For every T > 0, there is a constant ¢ = c(rg,a) > 0
such that

(5D (:E)O‘/Q

po(t,z,y) <c(T'V1) [z — yldta

forrg < |z| < 5ro/4, |yl > 2ro and t < T.



Proof. Define U := {z € R?: ro < |2] < 3rg/2}. It is well-known (see, e.g., [2]) that X, ¢ OU.
For rog < |x| < 5ro/4, |y| > 2rp and ¢ € (0,T], it follows from the strong Markov property and (2.1)
that

pp(t,z,y) = Ex [pp(t — 10, X7y, ) = TU < t]

t
= / /pU(s,x,z) / J(z,w) pp(t — s,w,y)dw | dz | ds
0 U {w:|w|>3rq/2}
t
= / (/ pu(s,z,z) (/ J(z,w)pp(t — s,w,y)dw> dz> ds
0 U {w: (3ro/4)+(yl/2)>|w[>3r0/2}
t
(R | A
0 U {w: |w|>(3ro/4)+(lyl/2)}

= I+1I.

Note that for |w| < (3ro/4) + (Jy|/2),

1 3ro lyl _ |z —yl
_ > - > 2> 7 24
|w y\_2<\y| 2)_8_ 15 (2.4)

Since pp(t — s,w,y) < p(t — s,w,y), by (1.1) and (2.4), there exist constants ¢; = ¢1(«) > 0 and
cg = c2(a) > 0 such that

t
ClT
pu(s,z, ) / J(zow) — 2w | dz | ds
/0 </U ( {w: (3r0/4)+(lyl/2) > w|>3ro/2} lw —y|t

I <

62T t

T ldta pu(s,z, z) J(z,w)dw | dz | ds

[z =yl Jo \Ju {w: Bro/4)+(Iyl/2)2|wl>3ro/2)
CQT

= o ge e (Bro/2 < [Xry| < (3r0/4) + (yl/2); v < 1)

02T

mﬂ% (| X7y | > 3r0/2).

Without loss of generality, assume that = (x1,--- ,x4) with 1 > 0. Taking 2o = (97/8,0--- ,0),

by the boundary Harnack principle for X in U when d > 2 and in B = (r¢, 3r9/2) when d = 1 (see
Theorem 1 and Remark 6 of [2]), we have for |z| € (rg,5r¢/4) with z1 > 0,

P, (| X7, | > 3r0/2)
Py, (| X7y | > 31r0/2)
Py, (1019 > |X7—U’ > 57“0)

IN

3Py (107’0 > ‘XTU’ > 57“0)

IN

cy Py (107’0 > |X7—U‘ > 57’0)

v A(d, —a
/ / )((_d—i—)adyds
0 {5ro<|y|<10r0} | Xs — vl

Cs ]Ez [TU]

cs By

IN

for some positive constants ¢; = ¢;(rg, ), i = 3,4,5. Thus by Lemma 2.1, we have

5D($)a/2



for some positive constant cg = c¢(rp, ). On the other hand, for z € U and w € R? with

lw| > (3ro/4) + (|yl/2),
2 — wl >1<|y _37"0> Sl Ix—y\'

-2 2 -8~ 16
Thus by the symmetry of pp(t — s, w,y) in (w,y), we have

t
cr
pu(s,x,2) / —————pp(t—s,y,w)dw | dz | ds
/0 </U ( fwswl>(Bro/4)+(lyl/2)} |7 — Y14
cr >
< s,x,z)dz | ds
- W—MHQA (lfw ) )

C7

17

IA

" ey
cg Op(x)/?
| — yl|dte

for some positive constants ¢ = c(ro, ) for k = 7,8. In the last inequality, we used Lemma 2.1 to
deduce that E, [ry] < ¢dp(2)*/2 = ¢dp(2)®/? for some positive constant ¢ = ¢(rg, a). This together
with (2.5) proves the lemma. O

A result similar to Lemma 2.2 has been established in [23, Theorem 4.2] for relativistic a-stable
processes. Our proof seems to be simpler. Moreover, unlike [23], we also cover the case d = 1.

Theorem 2.3 Let D be an open set that satisfies the uniform exterior ball condition with radius
ro > 0. Then for every T > 0, there is a constant ¢ = ¢(ro/T,a) > 0 independent of A € (0,T]
such that for x,y € \™'D,

pr-p(La,y) < cmin {1, 2 -y} 6y p(a)2
Proof. Since for any open subset U C R%, by (1.1),

pu(t,z,y) < p(t,z,y) < (t_d/a A ’x_;|d+a> on (0,00) x U x U, (2.6)
it suffices to prove the theorem for x € A™'D with d,-1p(x) < ro/(4T). Note that for every
A € (0,T], A1 D satisfies the uniform exterior ball condition with radius ro/T. Let z € (A\~1D)
so that |z — z| = 6y-1p(x). Let B, := B(z0,70/T) C (A\"1D)¢ be such that B, N d(\"1D) = {z}.
When 6y-1p(x) < 79/(4T) and |z — y| > 5r¢/T', we have dpc(y) > 2ro/T and so by Lemma 2.2,
there is a constant ¢; > 0 that depends only on (r¢/7T',d, ) such that

35,y (@) Sx-1p(x)*/?
p)\le(th?y) < P(E)c(t,x,y) < ’(xz_)w = C1 ﬁ\qjl_D;’d)—I—a for t < 1. (2.7)

So it remains to show that when dy-1p(x) < ro/(4T) and |z — y| < 5ro/T, there exists a positive
constant ca = ca(ro/T, d, ) such that

PrlD(la%,y) < e 5>\*1D(37)a/2‘ (2'8)



The proof of (2.8) is similar to that of [26, Lemma 3.2], but for our readers’ convenience we spell
out the details. Define U := {w € R?: |w — z| € (ro/T, 8r9/T)}. Note that

z,y cUNAID and du(x) = dy-1p(x).
By the strong Markov property and the symmetry of py-1p(1,z,y) in x and y, we have
Pa-1p(1,2,9) = puar-1p(L,2,y) + By [pa-1p(1 = Tpar-1ps Xr, 10 %); Tura-1p < 1< Ty-1p].
By the semigroup property,

purn-1p(l,z,y) = / purn-1p(1/2,2, 2)pyar-1p(1/2, 2,y)dz
UnA-1D

Ip(1/2, ;oo Pa (Tya-1p > 1/2)
c3Eq [Tyna-1p] < c3Eq [10]
< ey by(@)®? = ey 631 p(2)*?

IN A

In the last inequality, we used Lemma 2.1.
On the other hand, we have X

Ua-1p < U°NA~'D on {Tvrx-1p <1 < Ty-1p}, and so

r
— .CC‘ > ?0, on {TUQ)\le <l 7'>\—1D}.

‘XTUmﬁlD

Consequently, by (2.7) for py-1p(1 = Tyar-1p, X7y, 1> T),

Ey [pr-1p(1 = Tuar-10s X,y 15 %); Tupa-1p < 1 < Ta-1p)

5)\le X /2

SEy Cl| ( ) |d+a;TUﬂ/\_1D<]‘<T)\_1D
Tvaa-1p T

§ Cs 6)\—1D($)a/2 Py (TUﬂ/\_lD < 1 < T)\—lD)

< e505-1p ().

This completes the proof for (2.8) and hence the theorem. O

Theorem 2.4 Let D be an open set that satisfies the uniform exterior ball condition with radius
ro > 0. For every T > 0, there exists a positive constant ¢ = ¢(T,rg, ) such that for t € (0,T] and

z,y €D,
dp(x)*/? o)™\ (,—d/a t

Proof. Fix T' > 0. By Theorem 2.3, there exists a positive constant ¢; = ¢1(7T, ro, &) such that for
every A € (0,7,

pa-1p(l,2,y) < ¢1 min {17 |z — y!*d*“} Sx-1p (). (2.10)



Thus for every t < T,
po(t,x,y) = t ¥ yp (Lt 7y
< et~ min {1, 1o (g — y)y*d*a} 8y oy (/)2

_ t 5D(az)°‘/2
= n )
“ < o=yl ) i

IN

) /2
< cap(tr,y) D(j%

By the symmetry, the above inequality holds with the roles of x and y interchanged. Using the
semigroup property for t < T,

pp(t,z,y) = / po(t/2, 2, ) (12, 2, y)d=
D
a/2 /2
< o PO [ g2, 2)p(0/2, 2,00
D
5 xa/25 /2
S C3 D() tD(y) p(t,l‘,y)

This proves the upper bound (2.9) by noting that
(1 Aa)(1 Ab) =min{l,a,b, ab} for a,b > 0.

When D is a semibounded convex domain, estimate (2.9) is given in [26, Theorem 1.6].

3 Lower bound estimate

Throughout this section except for Proposition 3.3, Lemma 3.4 and Proposition 3.5, the open set D
is assumed to satisfy the uniform interior ball condition with radius rg > 0 in the following sense:
For every x € D with dp(x) < 1o, there is z, € dD so that |z — z;| = dp(z) and B(zg,79) C D for
T 1= 2y +70(7 — 2) /| — 22| . Clearly, a (uniform) C':'-open set satisfies the uniform interior ball
condition.

The goal of this section is to prove the following lower bound for the heat kernel pp(t, x,y).

Theorem 3.1 For every T > 0 there exists a positive constant ¢ = ¢(rg,a, T) such that for all
(t,2,y) € (0,T] x D x D,

dp(x)*/? o)\ [ —a/a t
pD(t,fE,y)ZC(lA\/Z> (1/\\/Z> <t /\|£Ey|d+a>.

We start with the following simple result which will be used later in this paper.

Lemma 3.2 For any positive constants ¢ and a, there exists ¢1 = ci1(c,a,a) > 0 such that for
every z € R® and A > 0,

ylé’lRfd ]P)y <TB(Z,20)\1/O‘) > a/)\> Z C1 > 0
ly—z|<erl/e
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Proof. Without loss of generality, we may and do assume that z = 0. By the stable-scaling for
symmetric a-stable process:

{AY*(X\, — Xo),t > 0} has the same distribution as that of {X; — Xo,¢ > 0} (3.1)

for every A > 0, we have

;&fd Py (TB(O,zc,\l/a) > a)\) = ygg Py (75(0,20) > @)
|y|§c)\1/o‘ ly|<c
Z lnf / pB(y c) (CL, Y, u)du
fyﬁii B(y,c)

= / PB(0,c) (av 0, u>du
B(0,¢)

This proves the lemma. g

We will first establish Theorem 3.1 for small 7', that is, we will first assume that

t<Tp = (%)a. (3.2)

For this, we need some preparation. Note that Proposition 3.3, Lemma 3.4 and Proposition 3.5
below hold for any open set D and for every ¢t > 0.

Proposition 3.3 Suppose that (t,z,y) € (0,00) x D x D with 6p(z) > tY/* > 2|z —y|. Then there

exists a positive constant ¢ = c(«) such that

polt,z,y) > etV (3.3)

Proof. Let t € (0,00) and z,y € D with dp(z) > t'/® > 2|z — y|. By the parabolic Harnack
principle in [8, Proposition 4.3],

pD(t/Q,x,w) <a pp(t,x,y) for w € B(xaztl/a/g)a

where the constant ¢; > 0 is independent of =, y and ¢. This together with Lemma 3.2 yields that

1
PD twrvy > PD t Q,x,w dw
( ) c1 |B(z, t//2)| Jpe1/a2) ¢/ )

Z CQtid/a / pB(x7t1/o¢/2) (t/2, x, 'u))d'u)
B(a,t/a/2)
- CQt_d/a P{E (TB(x,tl/a/2) > t/2)
> 3 t_d/a)
where ¢; = ¢j(a) > 0 for i = 2, 3. O
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Lemma 3.4 Suppose that (t,z,y) € (0,00) x D x D with min {6p(z), 6p(y)} >t and |z —y| >
2711/, Then there exists a constant ¢ = c(a) > 0 such that

td/a+1

PCE (th) S B(y, 271t1/a)> Z CW.

Proof. The proof is a simple modification of that of Proposition 4.11 in [9]. For our readers’
convenience, we spell out the details here.

By Lemma 3.2, starting at z € B(y, 4 't1/®), with probability at least ¢; = ¢1(a) > 0 the
process X does not move more than 6~ ¢/ by time t. Thus, it is sufficient to show that there
exists a constant ¢z = ca2(a) > 0 such that

td/OrFl

P, (XD hits the ball B(y, 47 't/%) by time t) > co (3.4)

|J} _ y|d+a

for all |z —y| > 27%Y* and ¢t > 0. Now with B, := B(z, 6~ t'/*), B, := B(y, 6" '/*) and
Ty := TB,, it follows from Lemma 3.2, there exists c3 = c3(a) > 0 such that

t
Ez [t ATz] > §IP’9C (12 >t/2) > c3t, for t > 0. (3.5)

Thus by using the Lévy system,

P(XDMMMbﬂB@A*W%mmmm)

Y

+(Xinr, € By, 4~ tl/a) and t A 7, is a jumping time )

tAT:
————dud
/ /B X, —u!d+a e

cs Ey t/\Tx/ 7du
| | B, |z —yldte

v

v

> ot |Byllw—y[ "
td/a+1

> -

= & |z — y|dt+e

for some positive constants ¢; = ¢;(a), i = 4,5,6,7. Here in the fourth inequality, (3.5) is used.
This establishes the lemma. O

Proposition 3.5 Suppose that (t,z,y) € (0,00) x D x D with min {6p(z), p(y)} > (t/2)/* and
|z —y| > 271(t/2)V/*. Then there exists a constant ¢ = c(a) > 0 such that

t
pp(t,z,y) = CW. (3.6)
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Proof. By the semigroup property, Proposition 3.3 and Lemma 3.4, there exist positive constants
c1 = c1(a) and c2 = co(a) such that

polt,z,y) = / po(t/2,2, 2)pp(t/2, 2 y)dz
D
> / po(t/2, 2, 2)pp (t/2, 2, y)d=
B(y,271(t/2)/«)
> at™/op, (X[, € By, 27\ (t/2)))
R
= 2’$_y’d+a'

a

The proof of next lemma uses the intrinsic ultracontractivity of X in the ball B(0,3). Recall
that, when an open set U is bounded, the transition semigroup {PY,¢ > 0} of the symmetric a-
stable process XY, which is a strongly continuous contraction semigroup in L?(U,dz), is compact.
Let AV > 0 be the smallest eigenvalue of (—A)®/2|;; and let ¢ (z) be the positive eigenfunction of
PY corresponding to e with ¢ull2@y = 1. The semigroup {PV,t > 0} of XY in a bounded
open set U is said to be intrinsic ultracontractive if for any ¢ > 0 there are positive constants ¢; > 1
such that

et ou(@) duly) < pult,z,y) < adu(x)puly)  for z,y € U. (3.7)

The notion of the intrinsic ultracontactivity was introduced by Davies and Simon in [15]. It
has many equivalent definitions, see [15, Theorem 3.2] for some of these equivalent definitions. It
follows from Theorem 4.2.5 of [14] that, if {PY,t > 0} is intrinsic ultracontractive, there exists
T} > 0 such that for all (¢,z,y) € [Th,00) x U x U,

3

5 ou(@) uly) < pultay) < 5 e o) duly). (33)

It was shown in [10, Theorem 4.6] using log-Sobolev inequality that for any bounded C':!
domain U, the semigroup {PY,t > 0} of XV is intrinsic ultracontractive. It was later proved by
Kulczycki [22] that the intrinsic ultracontractivity holds for the semigroup {PV,t > 0} of XV in
any bounded open set. Though it is assumed that d > 2 in [22], the proof there in fact works
for d = 1 as well. In particular the semigroup of X?(3) is intrinsic ultracontractive, and by (22,
Theorem 9], there is a constant ¢; = ¢1(«) > 0 so that

/ G o) (T, y)dy > Cl/ Gpo3)(@,y)dy = c1 Eq [Tp(0,3)] for x € B(0,3).  (3.9)
B(0,1) B(0,3)

The ground state ¢p(g3) of X B(0:3) is bounded, strictly positive and continuous in B(0,3). So we
have by (2.2) that for x € B(0, 3),

bB0,3)(7) = A1B(073)GB(0,3)¢B(0,3) (z) < )\119(0’3) 16 5(0,3)lloc Bz [TB(0,3)] < c2 53(0,3)(1’)&/27

while by (2.2) and (3.9),

$B(0,3)(7) = )\f(o’g)GB(o,:a)éf)B(o,s) () >c3 /B(O ) Gp03)(@,y)dy > caFy [Th0,3)] > ¢505(0,3) ()2,

13



Here [[¢p(0,3)lloo := SUP,eB(0,3) ¥B(0,3)(®). In other words, we have

$B(0,3)(*) < dp(0,3) (z)*/2 on B(0,3). (3.10)

Lemma 3.6 Suppose that (t,z) € (0,Tp] x D with dp(x) < 3tY/* < ry and k € (0,1). There is
2y € 0D so that |v — z,| = dp(z) and B(xg,ro) C D for xg 1= zy + ro(z — 23)/|x — 25|. Let
20 = 2p + 3t (x — 22) )|z — 22| Suppose B(xg, 2ktY*) C B(zg,3tY*). Then for any a > 0, there
exists a constant ¢ = ¢(k, o, a) > 0 such that

P, (X£ € B(xg,mtl/a)) > ct™V26p ().

Proof. The existence of xg follows from the definition of D the uniform interior ball condition with
radius ro. For convenience, we may assume zo = 0 and let B := B(zg, kt'/*) and B := B(0, 3t'/®).
Note that z € B € D and BN dD = {0}, t~/*B = B(0,3) and t~/*B = B(t"Y/*z, x) with
B(t~Y%zg,2r) C B(0,3). By the stable-scaling (3.1),

PI(X(Q € E) = Pi1jay (
> P, i, (X;’”“B e t—l/aé)
= B
By (3.7) and (3.10), there is a constant ¢; = ¢1(a, ) > 0 so that

PB03) (@, 2,y) > a1 55(0,3)(2)a/253(0,3) (y)*/?  for z,y € B(0,3).

Hence we have

P. (X4 € B) > ¢ 53(073)@—1/@:1:)04/2 / y 353(0,3)(1;/)&/2613/
t* «@
> ¢y 0pryap(tHa)e/?
= et V25p(x)?,
for some ¢y = ca(k, a,a) > 0. O

Proposition 3.7 Suppose that (t,z,y) € (0,To] x D x D with |z — y| < tY/* and ép(z) < 2t1/*,
Then there exists a constant ¢ = ¢(rg, o) > 0 such that

po(t,z,y) > ct™ Y7 5p(2) 26 p ()2, (3.11)

Proof. Note that under the assumptions of the Proposition, we have
op(y) < |z —y|+dp(x) < 3tV < ro/5.

So there are points 2, z, € 0D such that |z — z;| = dp(x), |y — 24| = 0p(y) and B(z1,79) C D,
B(yi,70) C D for o1 := z; +ro(x — 25) /| — 22| and y1 := 2y +10(y — 2y)/|y — 24| Let

:co:zz+4t1/o‘(x—zz)/\a:—zx\, and yo:zy+4t1/o‘(y—zy)/|y—zy|.
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Observe that
Sp(z0) = dp(yo) = 4> and |z — x|, ly — yol € [/, 4t1/*).

By the semigroup property, with B := B(zg,4~'t'/*) and B = B(yo, 47 1tV/)

polt,z,y) = / pp(t/3,, 2 / o (t/3, 2 w)pp (t/3,w, y)dwd=
D

v

/pD ZL//?’ €T,z /~pD(t/3,z,w)pD(t/3,w,y)dwdz
B

inf  pp(t/3,2,w) / p(t/3,2,2)dz / P (t/3, w0, y)duw.
B B

(z,w)eBXB

v

Since for z € B and w € E,
Sp(2) = dp(wo) — |wo — 2| > /%, dp(w) > dp(yo) — |yo — w| >t/

and
|2 —w| < |2 — xo| + |wo — x| + |z — y| + |y — yo| + [yo — w| < 10t/,

by combining Proposition 3.3 and Proposition 3.5, we have that there exists ¢; = ¢;(a, r9) > 0 such
that
inf  pp(t/3,z,w) > et~
(z,w)eBxB

Since dp(z) < 2tY* < ry/8 and dp(y) < 3t'/*, we have by Lemma 3.6
po(t,2,y) > cat™ 7 5p ()2 5p(y)*/?
for some positive constant co = ca(a, 19). O

Proposition 3.8 Suppose that (t,x,y) € (0,Ty] x D x D with 5p(z) < tY* and (t/2)"/* < 6p(y)
and |z — y| > t'/*. Then there exists a constant ¢ = c(a,r9) > 0 such that

£1/2 5 ()2
>c——"——. 12
pD(t7x>y) Z C ‘x — y!‘”o‘ (3 )

Proof. Since D is an open set satisfying the uniform interior ball condition with radius ry and
Sp(z) < tY/* < 1y/16, there is z, € dD so that | — z,| = dp(z) and B(zy,70) C D for z; =
2e +70(x — 22) /|7 — 2g|. Define zg = 2, + 2tY/%(x — 2,)/|x — 22| and choose xg in B(z, 2t'/*) and
k = k() € (0,1) such that

B <$0, 2mfl/a) c B (zo, 2 - 2_2/0‘)151/0‘) nB (:c 1- 2—1—2/6“)751/'1) .

Such a ball B(zg,2xt"/®) always exists because

2<(2-27HY401-2Y) < @227+ (1—2717Y),
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Note that
6p(z) > (/DY and |y —z| > 27 (t/4)V/e for every z € B(zg, kt'/?).
On the other hand, for every z € B(xz, xt'/®),
2=yl < lz—a|+lz—yl < Q=272 4 |z —y| < 2w —yl.

Thus by the semigroup property and Proposition 3.5, there exist positive constants c1,co and c3
depending only on o and rg such that

pplt,z,y) = /D P (2,2, 2)pp(t/2, 7 y)d=

> / po(t/2,2, 2)pp(t/2, 2, y)d=
B(zo,stl/)

t
> cl/ pp(t/2,x,2) ————dz
B(zg,ktt/ ) ’Z - y|d+a
t
> 02/ pp(t/2,z, z)dz
‘x_y’d+a B(zo,stl/)
t

D 1/a
Cgm ]P)z <Xt/2 S B(.’I}O,K}t / )) .

Applying Lemma 3.6, we arrive at the conclusion of the proposition. O

Proposition 3.9 Suppose that (t,z,y) € (0,To] x D x D with
max {0p (), p(y)} < (¢/2)"/* < |o —y|.
Then there exists a constant ¢ = c(a,r9) > 0 such that

5p()*/26p(y)*/?
|$ _ y|d+a

ppo(t,x,y) > ¢ (3.13)

Proof. As in the first paragraph of the proof of Proposition 3.7, let z, € 9D be such that |z —z,| =
6p(z) and that B(xz1,70) C D for 2y := 2, +70(x — 22) /|2 — 2|. Let xg = 2, +3tY%(x — 2,) /|2 — 24|
Then dB(xg,3tY/*) N 0D = {z,}. Let k := 1 —271/%. Note that we have

5p(z) >2(t/2)Y* and |y —z| > dp(z) — dp(y) > (t/2)Y for every z € B(zg, kt'/®).

Thus by the semigroup property, the symmetric property of pp(t,y, z), Proposition 3.5 and Propo-
sition 3.8, there exist positive constants ¢; and ¢ depending only on « and r¢ such that

pp(t,z,y) = /D P (t/2, 2, 2)pp(t/2, 2, y)dz

> / pp(t/2,2,2)pp(t/2, 2,y)dz
B(zo,ktl/ )

t1/2 5D(y)a/2
> 01/ pp(t/2,x,2) ——="—dz
B(zg,ktl/«) ( / ) ‘Z - y‘d—HX

251/2 6D(y)a/2 /
cQ——————————— pp(t/2,x,2)dz
|ﬂ§ - y‘d+o¢ B(zo,kt/ @) ( / )

t1/2 5D(y)a/2 D 1
_ v YD) /o
= cy | y|d o P, (Xt/2 € B(xo, Kt )) .
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Applying Lemma 3.6, we arrive at the conclusion of the proposition. O

Now we are ready to present the proof for Theorem 3.1.

Proof of Theorem 3.1. We first assume that ¢ < Ty. By combining Proposition 3.5 (for
min{dp(x),dp(y)} > t/* and |[z—y| < t'/* < 2|z—y|) and Proposition 3.7 (for max{dp(z),dp(y)} >
t« min{dp(x),op(y)} <t/ and |z — y| < tY/* < 2|z — y|), we get the conclusion of Theorem
3.1 for max{ép(z),op(y)} > t/* and |z — y| < t/* < 2|z — y|. Using Proposition 3.3 (for
max{dp(x),dp(y)} > t'/* > 2|z — y|) and the above, we get the conclusion of Theorem 3.1 when

max{dp(z),dp(y)} > t"/* > |z - y|.

Using symmetry, Proposition 3.7 covers the case when max{dp(z),dp(y), |z — y|} < t'/°.

Now we consider the case |z — y| > t/® Combining Propositions 3.8 and 3.9 and using
symmetry, we have the conclusion of Theorem 3.1 for min{dp(z),dp(y)} < (t/2)/* and |z — y| >
t'/. Proposition 3.5 covers the remaining case that min{dp(x),dp(y)} > (t/2)/* and |z—y| > t1/*.
We have arrived at the conclusion of Theorem 3.1 for ¢t < Tj.

To get Theorem 3.1 for T > Ty, it is enough to prove the theorem for T = 27y. Recall that
To = (r9/16)“. For (t,z,y) € (To, 2To]x DX D, let xg, yo € D be such that max{|z—xgl, |y—yo|} < ro
and min{dp(x0),dp(yo)} > ro/2.

<(t/3)_d/"‘ A _t/jm) > o <(t/(12))—d/a A ’5/(12)) , zeD

|.CL‘ |$0—Z|d+a
T . e, H02) )

Similarly, there is a positive constant cs such that

—d/a t/2 —d/a t

\fﬁo — Y%

Let Dy :={z€ D :6p(z) > ro/4}. Clearly, xo,yo € D1 and
min{dp, (z0),6p, (yo)} = ro/4 = 4(Tp)"/* > 4(t/2)Y/*. (3.14)

Combining this with the three displays above and the lower bound heat kernel estimate in Theorem
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3.1 for pp on (0,Tp] x D x D, we have

pp(t,x,y) = /D D p(t/3,x,2)pp(t/3,z,w)pp(t/3,w,y)dzdw
6D( )a/2 a/2
o1 ﬁB)( )
X d/a J5) Z)a/2 2w

<(t/3) dfa = y|d+a) <1 I Z/2> dzdw

bp(x)*/? 5D )o/2 dja t/(12) >
> 1A t (12 N————
- ( Vi D1><D1 (t/(12))7 |zg — 2|4+
—d/a t/(12
-pp, (/3, 2, w) ((t/(12)) N ‘w_/(yo‘()mc) dzdw
a/2 /2
/ pp, (t/(12),z0, 2)pp, (t/3, z,w)pp, (t/(12), w, yo)dzdw
D1><D1
5 a/2 5 a/2
Sl (e S [ TS PR
Sp(x)*/? Ip(y)*/? dja n /2
> 1IN —F—— N —=—" t/2 _
> Cﬁ( N NG A Vi (t/2)” |$0_y0|d+a
p(x)*/? 5p(y)*/? —dJa t
for some positive constants ¢;,i = 3,---,6. Here (2.6) is used in the third inequality and the

combination of Propositions 3.3 and 3.5, which works for any open set and ¢ > 0, is used in the
fourth inequality in view of (3.14). Iterate the above argument one can deduce that Theorem 3.1
holds for T' = KTy for any integer k > 2. This completes the proof of the theorem. O

4 Large time heat kernel estimates and Green function estimates

In this section, we give proofs for Theorem 1.1(ii) and Corollary 1.2.

Proof of Theorem 1.1(ii). For any bounded C'! open set D in R?, since ¢p = e’ PPo¢p, we
have from Theorem 1.1(i) that on D,

1
- a/2 a/2 - /2
onta) = (1700(@)") [ (10000)"7) (1A ) enlo)dy = bof@)®%, (41)
This together with (3.7) implies that for any bounded C!! open set D, we have
¢; top()*20p(y)*? < pp(t,,y) < edp(x)**p(y)**  for (t,z,y) € (0,00) x D x D.
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Furthermore, by (3.7), (3.8) and (4.1), there exist ¢; > 1 and 77 > 0 such that for all (¢,z,y) €
[T1,00) x D x D,

o e M ()2 p ()™ < po(tiay) < o e dp(a)/2dp(y)
If T < Ty, by Theorem 1.1(i), there is a constant co > 1 such that
c3 " p(x)*?5p(y)** < pp(t,z,y) < c20p(2)*?5p(y)**  for t € [T,T}) and x,y € D,

This establishes Theorem 1.1(ii). O

Proof of Corollary 1.2. Put 7" := diam(D)%, where diam(D) is the diameter of D. By a change
\

of variable u = Z=¥% , we have

T 5D(37)a/2 5D( )a/2 —dla t
/ (1/\\&) (“ Vi )(t N )

00 u a/2 /2
= ’m_ly’d_a /W (ua‘QAu‘3) <1/\ ‘1;513(‘)/2 ) (1 ‘/’;(S_D(’i/g )du. (4.2)

Note that
oy [ 00) (0 0) (2
while
b [ o) (10 S (S
==l (u‘” : M) (u_w ' M) "
<

00 a/2 /2
o / w2 1A 76[) (z) 1A 75D(y) du
|z =yl )y |z — ylo/2 |z — y|/?
1 a/2 a/2
= — 1A %)2 1A %)2 . (4'4)
|z — yld |z —yl|o/ |z —y|/
By Theorem 1.1(ii),

/TOO po(t,,y) = p(2)*26p(y)*"*. (4.5)
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(i) Assume d > . Observe that

1 a/2 /2
1 / (ws2Au?) (1 pyent) R LLIC i W
|z — yld=e Jia—ue Sz -yl Sz —yle2
1 Sp(x)*/? dp(y)™/? /1 4,
|z — y|d—e ( |z — y|o/ |z —ylo/2 ] Jo
o 1 Sp(x)*/? p(y)™/?
(AS A, i i e SLC ZA, 46
d— oz —yldi=e < |z — y[o/2 |z — y[o/2 o

So by Theorem 1.1 and (4.2)-(4.6), we have

IN

T 00
GD(I',Z/) = / pD(tvxay)dt+/ pD(tvxay)
0 T
1 5 a/2 5 a/2
- — 1A D(x) . 1A D(y) 5 +5D($)a/25D(y)a/2
|z =y |z — ylo/ |z =yl

1 5 /2 /2
= 1 p 20() 1p W)
|z — yld—e & — ylo/? |z — y|o/?
In the last estimate, we used the fact that D is bounded. Since ép(z) < dp(y) + |z — y| for every
x,y € D, it is easy to see that for every r € (0, 1],

<1/\MD($)> <1/\T5D(y)> < 12 00@nly) <1/\MD($)> <1/\T5D(y)>. (4.7)

|z — 9 ER |z — y? |z — 9 lz -y

Soon D x D,

1 a/2 a/2
Gp(z,y) < — 0 | 1A Op() _5Diy) )
|z =y |z — y

For the other cases, we let
ug = 5D($)a/25D(y)a/2 (4 8)
' jz—yl* '

Clearly 1/ug > |z — y|*/diam(D)* = |x — y|*/T.

(ii) Now assume d = a = 1. We have

1 1 e B f(S (x )a/? Vi dp(y )a/g
l—yl/' S 3)< = )(1 =T )d“

[t (1 niter oty
eyl v — [
T

1 1
= / u‘ll{u>1/u0}du+/ uol{u<1/u0}du

z—y|* z—y|*
T

X

= log(uo V1) + uo ((1/u0) P _Ty‘a> . (4.9)
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So by Theorem 1.1, (4.2)—(4.5) and (4.7)—(4.9),
T oo
GD(x7y) - / pD(t7x7y)dt+/ pD(tax7y)
0 T
_ dp(z)*/? Op(y)*/? @ —y|
+6p ()20 (y)*/?

o +loguo v 1) +us ((1/u0) 11— 1) 502607

X

1A ug +log(ug V 1) + 6p(2)*/%5p (y)*/?
log(1 + up) + dp(x)* 25 p (y)*/?

og (1 . 5D<x>a/25D<y>a/2) |

X

X

X

|z —y|®

In the last estimate, we used the fact that D is bounded.
(iii) Lastly we consider the case d =1 < a < 2. By (4.7)-(4.8),

1 /1 (ug_Q A u—S) <1 A \/W) (1 A W) du

|z —y|t=e Sz |z — y|o/? |z — y[o/?
_ 1 /1 L2 [ A udp(x)*/?5p(y)*/? du
|z =yt Jlzye |z —y|*

1 ! 1/a)—2 ! 1/a)—1
T Jp—yie </'ETM w1 gy s+ /'zTya wou/ O Ly g du

_ 1 a 1-(1/a) _ e [z =yl
= ‘x—y‘l_a (a_1<(u()\/1) 1)—|—OZU() (U()\/l) T .

So by Theorem 1.1, (4.2)—(4.5), (4.7)—(4.8) and the last display, we have

[e%) T
Gp(z,y) = /T pD(t,:zr,y)Jr/O pp(t,z,y)dt

= Sp(x)*25p(y)*/? + T yia (1 A up)
+¥ ((u Vi 1)1—(1/a) . 1) +uo | (ug v 1)_1/a B M l/a
‘1‘ - yll—a 0 0 0 T
1 (0%
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e —yl
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In the last estimate, we used the fact that D is bounded. This proves the corollary.
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