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Abstract

For u = (1!, ..., u?) with each y being a signed measure on RY belonging to the Kato class Ky 1,
a diffusion with drift u is a diffusion process in RY whose generator can be formally written as L + - V
where L is a uniformly elliptic differential operator. When each wl s given by U I (x)dx for some function
U i, a diffusion with drift w is a diffusion in R with generator L + U - V. In [P. Kim, R. Song, Two-
sided estimates on the density of Brownian motion with singular drift, Illinois J. Math. 50 (2006) 635-688;
P. Kim, R. Song, Boundary Harnack principle for Brownian motions with measure-valued drifts in bounded
Lipschitz domains, Math. Ann., 339 (1) (2007) 135-174], we have already studied properties of diffusions
with measure-valued drifts in bounded domains. In this paper we first show that the killed diffusion process
with measure-valued drift in any bounded domain has a dual process with respect to a certain reference
measure. We then discuss the potential theory of the dual process and Schrodinger-type operators of a
diffusion with measure-valued drift. More precisely, we prove that (1) for any bounded domain, a scale
invariant Harnack inequality is true for the dual process; (2) if the domain is bounded C!!, the boundary
Harnack principle for the dual process is valid and the (minimal) Martin boundary for the dual process can
be identified with the Euclidean boundary; and (3) the harmonic measure for the dual process is locally
comparable to that of the s-conditioned Brownian motion with 4 being an eigenfunction corresponding to
the largest Dirichlet eigenvalue in the domain.

The Schrodinger operator that we consider can be formally written as L + -V +v where L is uniformly
elliptic, u is a vector-valued signed measure on RY and v is a signed measure in RY. We show that, for
a bounded Lipschitz domain and under the gaugeability assumption, the (minimal) Martin boundary for
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the Schrodinger operator obtained from the diffusion with measure-valued drift can be identified with the
Euclidean boundary.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

In this paper, we continue our discussion of diffusions with measure-valued drift from [16,
17].

Throughout this paper, we always assume that d > 3. First we recall the definition of the Kato
class Ky o for o € (0, 2]. For any function f on R? and r > 0, we define

?(r):sup/ M O<a<2.
’ |

PR
xeRe Y [x—y|<r |x _y|d ¢

In this paper, we mean, by a signed measure, the difference of two non-negative measures at
most one of which can have infinite total mass. For any signed measure v on R?, we use v+ and
v~ to denote its positive and negative parts, and [v| = v + v~ its total variation. For any signed
measure v on R? and any r > 0, we define

d
M (r) = sup/ Lﬁ)_, O<a<2.
xeR4 J|x—y|<r |x — yl4=

Definition 1.1. Let 0 < o < 2. We say that a function f on R belongs to the Kato class Ky if
lim, o M? (r) = 0. We say that a signed Radon measure v on R belongs to the Kato class K o

if lim, jo MY (r) = 0. We say that a d-dimensional vector-valued function V = (Vi ..., v
on R? belongs to the Kato class Ky 4 if each Vi belongs to Ky . We say that a d-dimensional
vector-valued signed Radon measure y = (Ml, e, /,Ld) on R? belongs to the Kato class Ky o if
each /Li belongs to Ky .

Rigorously speaking a function f in K, , may not give rise to a signed measure v in Ky 4
since it may not give rise to a signed measure at all. However, for the sake of simplicity we use
the convention that whenever we write that a signed measure v belongs to K, , we are implicitly
assuming that we are covering the case of all the functions in Ky 4 as well.

Throughout this paper we assume that o = (1!, ..., u9) is fixed with each u/ being a signed
measure on R? belonging to K4, 1. We also assume that the operator L is either L; or L, where

1 & 1 &
L] = Eijzz:lai(a,-jaj) and L2 = Ei]Z::Iaijaiaj

with A := (a;;) being C !"and uniformly elliptic but not necessarily symmetric.
Formally speaking, when a;; is symmetric, a diffusion process in RY with drift . is a diffusion
process in R? with generator L + - V. When each ! is given by U’ (x)dx for some function
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U', a diffusion process with drift 1 is a diffusion in R? with generator L 4+ U - V and it is a
solution to the SDE dX; = dY; + U (X;) - dt where Y is a diffusion in R? with generator L

To give the precise definition of a diffusion with drift x« in K 1, we fix a non-negative smooth
radial function ¢(x) in R? with supple] C B(0, 1) and f @(x)dx = 1. For any positive integer
n, we put @, (x) = 2”d<p(2”x). For 1 <i <d, define

Ul(x) = f on(x — Y’ (dy).

Put U, (x) = (U} (x), ..., U (x)).
In the definition below, we assume a;; is symmetric.

Definition 1.2. Suppose u = (u', ..., u?) is such that each p’ is a signed measure on R?
belonging to the Kato class K4 1. A diffusion with drift x is a family of probability measures
P, :x € Rd} on C([0, 00), R? ), the space of continuous R?-valued functions on [0, 00), such
that under each P, we have

Xl‘ =X + Yl‘ + Al
where

(a) A, = limy, fot U, (Xs)ds uniformly in ¢ over finite intervals, where the convergence is in
probability;
(b) there exists a subsequence {ny} such that

t
supf |Up, (Xs)|ds < oo
k Jo

almost surely for each r > 0;
(c) Y, is a diffusion in R starting from the origin with generator L.

The existence and uniqueness of X were established in [2] (see Remark 6.1 in [2]). For any
open set D, we use tp to denote the first exit time of D, i.e., tp = inf{t > 0 : X; & D}. Given
an open set D C R?, we define XtD(a)) = X;(w) if t < 7p(w) and X,D(w) =dift > 1p(w),
where 9 is a cemetery state. The process X ? is called a killed diffusion with drift 1 in D. In this
paper we discuss properties of X? when D is a bounded domain.

When g;; is not symmetric, we use a simple reduction: Let ¥; be a diffusion in R¢ with
generator

| &
1 Z 9 ((aij + aji)d;).
ij=1
Note that

d d d d
1 1 1
> aijdidj = ) Faij +aji)did; = > 50 ((aij +aji)dj) — > 7 0itaij +aji)d;
i,j=1 i,j=1 i,j=1 i,j=1
and

d d d
Z 0i(a;jo;j) = Z a;j0;9; + Z (3;ai;)9;

i,j=1 i,j=1 i,j=1
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d 1 d |
= i12=:1 Eai((aij +Clji)aj) +ijZ=:1 Eai(aij — aj,-){)j_

Since, for any bounded domain D,

E % ( )| E l ( )
0;(aj1 + ay; ey 0i(ajq +a
1 il 11 D 1 ld dl D

i=1 i=1
and
4 4
§ Z9: (a1 —ar: ’”.’E Z9:(ai —
- 2 i(ai1 —aii)lp - 4 i(aia — a1a)|p

are in Ky, 1, we can construct X, with a drift which is either equal to
1 | J d
<M +Z;Zai(ail+ali)|pdx,...,u +;Zai(aid+adi)|pdx>
or equal to
1 4.1 J d_q
(M +;Zai(0il—ali)|DdX,...,M +;Zai(aid_ald)|[)dx>

as in Definition 1.2. Then the generator of the killed diffusion process X? in D can be formally
written as L 4+ - V where L is either

d 1 d
2 Bi(a,-jaj) and 5 Z a,‘jaiaj
i,j=1 i,j=1

N —

with A := (a;;) being C ! and uniformly elliptic but not necessarily symmetric.
Throughout this paper we assume that X is the process constructed above. In [16] (also
see Section 6 in [17]), we showed that X has a density ¢ (¢, x, y) which is continuous on

(0, 00) x R? x R and that there exist positive constants ¢;, i = 1, ..., 9, such that
—erp—d by 4 gkl
cle”tT2eT T W <q(t,x,y) S a2 7 (1.1)
and
eup,—dtl _coliy?
[Vig(t,x,y)| < C7e¥t™ 2™ = (1.2)

for all (¢, x, y) € (0, 00) x R? x R?. We also showed that, for every bounded C L1 domain D
(see below for the definition), X has a density ¢ which is continuous on (0, 00) x D x D and
that for any T > 0, there exist positive constants ¢;, i = 10, ..., 14, such that

c X*_}'z

crzli—yl?
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. 2
Vgl = s (14 22 ) e (14)
NG

forall (z, x,y) € (0, T] x D x D, where a A b := min{a, b}, p(x) is the distance between x and
dD. Using the estimates above we studied the potential theory of X in [16,17]. More precisely,
we proved the boundary Harnack principle holds for non-negative harmonic functions of X in
bounded Lipschitz domains and identified the Martin boundary of the killed process X” when
D is a bounded Lipschitz domain.

In general, the process X does not have a dual and therefore results for Markov processes
under the duality hypotheses, like the general conditional gauge theorems of [6,9] or the stability
of Martin boundary under perturbation of [8], cannot be applied to X directly. The important
concept of intrinsic ultracontractivity was introduced by Davies and Simon in [14] for symmetric
semigroups and many people have made important contribution in studying the intrinsic
ultracontractivity of symmetric semigroups. In [19] the concept of intrinsic ultracontractivity
was extended to non-symmetric semigroups and it was proved there that the semigroup of a killed
diffusion process in a bounded Lipschitz domain is intrinsic ultracontractive if the coefficients of
the generator of the diffusion process are smooth. We would like to prove that, under very weak
assumptions on the domain, the intrinsic ultracontractivity for the semigroups of killed diffusion
processes with measure-valued drift. However, the existence of a dual process is crucial in
establishing the intrinsic ultracontractivity. This is our main motivation for proving the existence
of dual processes and for studying the properties of the dual processes.

In this paper we will first prove that, for any bounded domain D, X ? has a dual process with
respect to a certain reference measure and the dual process is a continuous Hunt process on D
with the strong Feller property. Then we study properties of the dual process. The main results
of this paper are, besides the existence of the dual process, are (1) Theorem 4.11 which says that
a scale invariant Harnack inequality is valid for the dual process; (2) Theorem 6.7 in which we
prove that, if the domain is bounded C'-!, the boundary Harnack principle for the dual process
is valid; and (3) Theorem 6.6 in which we identify the (minimal) Martin boundary for the dual
process. The key to establishing the results above is Theorem 4.7 which says that the harmonic
measure for the dual process is locally comparable to that of the ~-conditioned Brownian motion
with & being an eigenvalue corresponding to the largest Dirichlet eigenvalue in D. In [20] we
will use the results of this paper to show that the Schrodinger semigroup of the killed process
XP is intrinsic ultracontractive under very weak assumptions on D.

The content of this paper is organized as follows. In Section 2, we present some preliminary
properties of the killed process X? in an arbitrary bounded domain D; the existence of the
dual process of XP is proved in Section 3; Section 4 contains a result on the comparison of
harmonic measures and a scale invariant Harnack inequality for the dual process which is used in
Sections 5 and 6 to study the Martin boundary of the dual process; and in Section 7 we specialize
the general conditional gauge theorems of [6,9] to the present setting and then, using the stability
result of [8], get the stability of Martin boundaries of X” and its dual under perturbations.

Throughout this paper, we use the notation @ A b := min{a, b} and a Vv b := max{a, b}. We
will use the convention f(d) = 0 for any function f on D. In this paper we will also use the
following convention: the values of the constants c1, ¢z, ... might change from one appearance
to another. The labeling of the constants c1, c2, . .. starts anew in the statement of each result. In
this paper, we use “:=" to denote a definition, which is read as “is defined to be”.
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2. Diffusion with measure-valued drift in bounded domains

In this section we assume that D is an arbitrary bounded domain and we will discuss some
basic properties of X? that we will need later.

It is shown in [17] that X has a jointly continuous and strictly positive transition density
function ¢ (¢, x, y). Using the continuity ¢? (¢, x, y) and the estimate (1.1), the proof of the
next proposition is easy. We omit the proof.

Proposition 2.1. X is a Hunt processes and has the strong Feller property. i.e., for every
f € L®°(D), Pth(x) = Ex[f(X,D)] is bounded and continuous in D.

We know from [17] that there exist positive constants ¢; and ¢; depending on D via its
diameter such that for any (¢, x, y) € (0,00) x D x D,

d oy
Pt x.y) <atte T @.1)

Let Gp(x, y) be the Green function of XD ie.,

o0
Gp(x,y) = / qP(t, x, y)dr.
0

Gp(x, y) is finite for x # y and

c3

G V) S ——m——— 2.2
DY) S 22)

for some ¢3 = c3(diam(D)) > 0. Now define
hp(x) = / Gp(y,x)dy and &p(dx) := hp(x)dx.
D
The following result says that £p is a reference measure for X 2.

Proposition 2.2. For any bounded domain D, £p is an excessive measure with respect to XP,
i.e., for every Borel function f > 0,

/D F0Ep(Ax) = /D E. [f(xXP)]ep@v.
Moreover, hp is a strictly positive, bounded continuous function on D.

Proof. By the Markov property, we have for any Borel function f > 0,
o
[ B [ra?) ] Goenay =B [ B [roe)]as
D 0 '

- f E[FxB)]ds < / FOIGp(x, y)dy, x € D.
0 D

Integrating with respect to x, we get by Fubini’s theorem,

/Ey [f(X;D)]hD(y)dysf FOMhp(y)dy.
D D

The second claim follows from the continuity of Gp and (2.2). O
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We define a new transition density function by

D
—D . q (tv-xv }’)
q (tsxsy) b hD(y)
Let
ED(x’ y) = / qD(z‘, X, y)dt = M
0 hp(y)

Then G p(x, y) is the Green function of X with respect to the reference measure £p.
Before we discuss properties of G p(x, y), let’s first recall some definitions.

Definition 2.3. Suppose U is an open subset of D. A Borel function u defined on U is said to
be

(1) harmonic with respect to X Din U if

u(x) = B, [M(XD ] xeB, 2.3)

B

for every bounded open set B with B C U;
(2) superharmonic with respect to X2 if

ulx) > E, [u(XD ], x € B,

B

for every bounded open set B with B C D;
(3) excessive for X if u is non-negative and

u(x) > E, [u(X,D)] and u(x) = limE, [u(x}))] . t>0,xeD;

(4) a potential for X P if it is excessive for X and for every sequence {U, }n>1 of open sets with
U, cUyy1and U, U, = D,

lim E, [u(XTDU )] =0; ¢&p-ae.x € D;
n—oo n
(5) a pure potential for X if it is a potential for X© and

lim E, [u(x,D)] —0, £p-ae.xeD.
1—0o0

A Borel function u defined on U is said to be regular harmonic with respect to X in U if u is
harmonic with respect to X in U and (2.3) is true for B = U;

A Borel function u defined on D is said to be harmonic with respect to X ? if it is harmonic
with respect to X in D.

Since XP is a Hunt processes with the strong Feller property, it is easy to check that u is
excessive for X if and only if u is lower semi-continuous in D and superharmonic with respect
to XP. (See Theorem 4.5.3 in [13] for the Brownian motion case, and the proof there can adapted
easily to the present case.)

We list some properties of the Green function Gp (x,y)of X D that we will need later.

(A1) Gp(x,y) > Oforall (x,y) € D x D; Gp(x,y) = ooifandonly if x = y € D;
(A2) For every x € D, Gp(x,-) and Gp(-, x) are extended continuous in D;



P. Kim, R. Song / Stochastic Processes and their Applications 118 (2008) 790-817 797

(A3) For every compact subset K of D, fK Gp(x,y)Ep(dy) < oo.

The above properties can be checked easily from Theorem 2.6 in [17] and our Proposition 2.2
and (2.2) above. Thus X is a transient diffusion satisfying the conditions in [11,25]. Applying
Theorem 1 in [25], we have that

(A4) foreach y, x — Gp(x, y) is excessive for X and harmonic for X in D \ {y}. Moreover,
for every open subset U of D, we have

E.[Gp(X7,, »]1=Gp(x,y), (x.y)€DxU 2.4)

where Ty := inf{t > 0 : XID € U}. In particular, for every y € D and ¢ > O, ED(-, y) is
regular harmonic in D \ B(y, €) with respect to X .

By combining (A4) above with Corollary 2 and Theorems 5-6 in [11], we get the following
Riesz decomposition theorem for X 2.

Theorem 2.4. (1) If u is a potential for X, then there exists a unique Radon measure v on D
such that

u(x) = Gpv(x) :=/D5D(x,y)v<dy).

(2) If f is an excessive function for XP and f is not identically zero, then there exists a
unique Radon measure v on D and a non-negative harmonic function h for X such that
f=Gpv+h.

__Fory € D, let X D.y denote the h-conditioned process obtained from X” with h(-) =
Gp(-,y) and let E) denote the expectation for X D.y starting from x € D.

Theorem 2.5. For each 'y € D, x — Gp(x,y) is a pure potential for XP. In fact, for every
sequence {Uy,},>1 of open sets with U, C Up41 and U, U, = D,

lim B [Gp(XD, .| =0 x#v.

n—od
Moreover, for every x, y € D, we have
lim E, [ED(X,D, y)] —0.
11— 00
Proof. Let x # y € D. Using (A1)~(A2), (A4) and the strict positivity of G p, and applying
Theorem 2 in [23], we get that the lifetime ¢~ for X D.y is finite P}-a.s. and
lim X7 =y  Plas. (2.5)
ey

Let { Dy, k > 1} be an increasing sequence of relatively compact open subsets of D such that
Dy C Dy C D and U2, Dy = D. Then

E: [Go(XD, . )] = Cplx. »Pi(rn, < ¢,
By (2.5), we have limi_, » Py (tp, < ¢”) = 0. Thus

. — D -
lim E.[Gp(X], . 0] =0. 2.6)
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The last claim in the theorem is easy. By (2.1) and (2.2), for every x, y € D, we have
c / dz
t3hp(y) Ip Iz =y

which converges to zero as t goes to co. [

E.[Go(xP.y)] =<

The proof of the next proposition can be found in the proofs of Theorems 2-3 in [25]. Since
we will refer to the argument of the proof of the proposition later, we include the proof here for
the reader’s convenience.

Proposition 2.6. If h is a non-negative harmonic function for XP and U is an open subset of D
with U C D, then there exists a Radon measure v supported on 0U such thath = GpvinU. In
particular, every non-negative harmonic function for X is continuous.

Proof. Using (2.2) and (A1)-(A2), and applying Corollary 1 in [26], we get that & is excessive.
Let Ty == inf{t > O : XID € U}. Since h is excessive, Corollary 1 to Theorem 2 in [11] implies
that there exists a Radon measure v supported on U such that E,[h(X ?U)] = Gpv(x) for all
x € D. Since

Gov(x) =/UED(x,y)v(dy)+/w60(x,y>v<dy> — () 4 ha(x), xeD

and A1 and h are excessive (Theorem 2.4), i1 and A, must be harmonic with respect to X D Let
K be a compact subset of U. By the harmonicity of /&, we have

E.[h (X2)] = /B Gty

But, by Corollary 1 to Theorem 2 in [11], v can not charge the interior of K. Since K is an
arbitrary compact subset of U, we get that /; is identically zero and v is supported by dU.
Therefore we have shown h(x) = E,[h(X ?U)] = Gpv(x) for x € U. Now the continuity of &

follows from the continuity of G p(x, y). O
3. Dual of X? in bounded domains

In this section we assume that D is an arbitrary bounded domain. First we show that X? has
a nice dual process with respect to £p and then we will study the dual process of X .

Recall that hp(x) = [, Gp(y, 1)dy, ép(dx) = hp)dy, 72, x,y) = LE20 and

. hip(y)
Gp(x,y) = % We note that

12Dl L (D)

/D G, yp(ds) < P

/ Gp(x, y)dx = ||hpllL (D) < 00.
D

So we have
(A5) for every compact subset K of D, fK Gplx, y)ép(dx) < oo.

Using (A1)—~(A5), (2.2) and Theorem 2.5 we get from [22] that X has a continuous Hunt process
as a dual process.
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Theorem 3.1. There exists a transient continuous Hunt process XD in D such that XP is a
strong dual of X D \yith respect to the measure Ep, that is, the density of the semigroup { P,D }i=0
of XP is given by gP(t, x, y) := g (¢, y, x) and thus

/D Fx)PPg(x)ép(dx) = /D g PP f(x)Ep(dx) forall f, g € LX(D, &p).

Proof. The existence of a dual continuous Hunt process XD is proved in [22]. To show XD
is transient, we need to show that for every compact subset K of D, f x Gp(x, y)ép(dx) is
bounded. This is just (A5) above. O

We will use E to denote the lifetime of XD Note that the process e might be killed inside
D, that is, the probability of the event XZD, € D might be strictly positive.

Using (A1)—(A2) and (AS), and applying Theorem 1 in [25] to XD we get that
(A6) for each y, x — Gp(y, x) is excessive for X and harmonic in D \ {y}. Moreover, for
every open subset U of D, we have
E:[Gp(. X2)| =Gp(r.2), (r.y) e DxU 3.1
where ?U =inf{r > 0: S(\ZD € U}. In particular, for every y € D and ¢ > 0, Gp(y,-)is
regular harmonic in D \ B(y, &) with respect to X°.
Thus the Riesz decomposition theorem (Theorem 2.4) is valid for XP too0.

Theorem 3.2. (1) If u is a potential for XD, then there exists a unique Radon measure v on D
such that

u(x) = Gpu(x) == /D Gp(y, )v(dy)

(2) If f is an excessive function for XP and f is not identically zero, then there exists a
unique Radon measure v on D and a non-negative harmonic function h for XP such that
f=Gpv+h.

Theorem 3.3. For each y, x — G p(y, x) is a pure potential for XD, In fact, for every sequence
{Un}n>1 of open sets with U, C Uyp41 and U, U, = D,

lim E. [Go(r, X8, )%, <] =0, x#0.

n—00 n
Moreover, for every x,y € D, we have

lim E, [ED(y, XPy 1 < ?] =0.
11— 00

Proof. The first assertion can be proved using the same argument as in the proof of Theorem 2.5,
so we only need to prove the last assertion.
By (2.1) and (2.2), we have for every x, y € D,

— s ~ D, z,x)~ ¢ dz
E, [GD<y,XP>;r<;]:/ 420G (v Dz < — / .
p hp(x) t2hp(x) /D 12 =l

which converges to zero as ¢t goes toco. O
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Note that every non-negative harmonic function for XD is excessive and continuous by
Corollary 1 in [26]. For any o > 0, put

—~ oo oo
Gy (x,y) :=/ eGP, x, y)di =/ e 'gP(t, y, x)dr.
0 0

Proposition 3.4. XD has the strong Feller property in the resolvent sense; that is, for every
bounded Borel function f on D and o > 0, Gg f(x) is a bounded continuous function on D.

Proof. By the resolvent equation G2 = 55 + aa(? @5 , it is enough to show the strong Feller
property for 6(? . Fix a bounded Borel function f on D and a sequence {y,},>1 converges to y
in D.Let M := || fhpllL.(p) < oo. We assume {y,},>1 C K for a compact subset K of D.
Let A := infycg hp(y). By Proposition 2.2, we know that A is strictly positive. Note that there
exists a constant c; such that for every § > 0

o o )
—_— —— ) < c16°.
B(y.s) Ix — y|972 B(yn.28) 1X — ynl?72

Thus by (2.2), there exists a constant ¢, such that for every § > 0 and y, with y, € B(y, %) C
B(y,28) e K,

/B( , Gp(x,y) f(x)Ep(dx) +/ Go(x, yn) f (€D (dx)
y.

B(y,5)

M
< — </ Gp(x, y)dx —l—/ Gp(x, yn)dx)
A \JB@.s) B(yn.26)

_ oM < / e / dx ) I
= —_— _— = —C1C2 .
A B(y.8) |x — y[472 Blyn,28) X — yul972 A

Given ¢, choose § small enough such that %clczM 82 < % Then

~ ~ — — &
IG§ () =G5 fowl <M 1Gp(x,y) = Gp(x, ya)ldx + .
D\B(y.5) 2
Note that G p(x, y,) converges to G p(x, y) for every x # y and {G p(x, y,)},>1 are uniformly
bounded on x € D\ B(y,d) and y, € B(y, %). So the first term on the right hand side of the
inequality above goes to zero as n — oo by the bounded convergence theorem.  [J

4. Comparison of harmonic measures and scale invariant Harnack inequality for the dual
process

In this section we still assume that D is an arbitrary bounded domain. For any open subset U of
D, we use XU to denote the process obtained by killing X ” upon exiting U, i.e., X ,D ’U(w) =
XP(w)ift < TP (w) and XV (w) = 8 if 1 > T2 (w), where TP := inf{r > 0 : XP ¢ Uyandd
is the cemetery state. Then by Theorem 2 and Remark 2 after it in [29], XY and XP-U are dual
processes with respect to £p. Now we let

qY(t, y, x)hp(y)

~D,U
it x,y) =
1 Y Hp(x)
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By the joint continuity of ¢V (¢, x, y) (Theorem 2.4 in [16]) and the continuity and positivity of
hp (Proposition 2.2), we know that ?]\D Y, -, ) is jointly continuous on U x U. Thus we have
the following.

Theorem 4.1. For every open subset U, GP-Y (¢, x, y) is jointly continuous on U x U and is the
transition density of XU with respect to the Lebesgue measure. Moreover,

Guy(y, x)hp(y)
hp(x)
?D,U

Gpulx,y) = (4.1)

is the Green function of with respect to the Lebesgue measure so that for every non-

negative Borel function f,

E. [ |77 () dr} = [ Gouer .
0 U

Using (4.1) and repeating the argument in the proof of Proposition 2.6, we get the following.

Proposition 4.2. If h is a non-negative harmonic for X2 in U and V is an open subset of U
with V. C D, then there exists a Radon measure v supported on 0V such that

h(x):/ Gul 0o 4oy v eV,
v hp(x)

In particular, every non-negative harmonic function for XP in U is continuous.

Using (1.1) and Proposition 2.2, we see that for every compact subset K of D, there exist cy,
¢2 and c¢3 such that for every positive ¢y and §,

D 2
q-(t,y, x)hp(y) _d o
sup Lt P < epefRh sup tT2e73
t<ty,x€K,|x—y|>3 hD(x) t<ty,x€K,|x—y|>8
oot Y
< c1e?lsupr 2e" 37 < o0. “4.2)
t<ty

(4.2) implies that for any compact subset K of D,

vD = oot - byl
sup Py(IX;, —x[>8;t <) < e sup t~2e” % 7 dy
t<ty,xeK t<ty,xeK J|x—y|>4

e d d—1 r2
= 420 supf T2 e S T dr
1<ty J§

o0
(111) d—1 —C3u2
< c5€ u®" ‘e du

évm

for some ¢4 = c4(d) and ¢s5s = ¢5(d). Thus

lim sup P,(XP —x|>8;1<2Z)=1lim sup P, (XP eD\B(x,8)=0. (43)

1040 1<, xeK 1040t <ty xeK

Using (4.3) we can easily prove the next lemma.
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Lemma 4.3. For any § > 0 and x € D with B(x, 25) C D, we have
lim  sup  Py(Fh,s <SAL) =0.
540 xeD:B(x,28)eD '

Proof. For any + > 0 and any Borel set A in D, we put N;(x, A) = Px()?,D € A). Then by
an extended version of the strong Markov property (see page 43—44 of [3]), we have for every
x € D with B(x,28) € D,

A ~ - -~ )
Px('cllg)(x,g) <sA¢g) =Py (TB(x,S) <s,Xs€8B (Xy E))

~ S\ ¢ ~
+ P, (Xf €B (x, 5) , 8 < ()
+D 8 D
< E, |:N.S'?I?(x_5> (X?B(x,a)’ B <x’ E)) ST = S]
—~ S\ ¢ —~
+PX<XSD€B(X,§> ,s<§).

Since X TDB ws € dB(x, 8) almost surely on {Tp(x.5) < E}, the conclusion of the lemma follows

from (4.3). O

A bounded domain U in R is said to be a C!*! domain if there is a localization radius ro>0
and a constant A > 0 such that for every Q € U, there isa C L1_function ¢ = 9o : R 5 R
satisfying ¢ (0) = |[V@(0)] =0, |[Vdlloo < A, |V (x) — Ve (z)| < Alx —z|, and an orthonormal
coordinate system y = (yq, ..., Ya—1, Yd) ‘= (¥, yq) such that B(Q,r9) N D = B(Q, rg) N{y:
i > ¢

Using (1.3), it is easy to show the following.

Proposition 4.4. For any bounded C"! domain U C D with U C D, XD satisfies the strong
Feller property in the semigroup sense; that is, for every bounded Borel function f on U,

DN, ~D
E[f &Pyt <7
is a bounded continuous function on U.

Proof. Fix xo € U and t > 0. Suppose x, € U converges to xo € U. Let N := inf,>1 hp(x,) >
0. Then

E,, [f(jf\tD);t < ?5] —E,, [f(ff\tD);t - ?5]‘

U U
q (tvya-xn) q (tayvxo)
- h d
= CI/U 1D (xn) o) | PO
U U
q (t9y1xn) q (tay’-xo) U 1 1 )
- 3 3 - d
= CZ/U( 7o () oy | T EY 0TS T o | ) P

1
hp(xn)  hp(xo)

&)
S _/ )qU(ts ysxl‘l)_qU(ts ysxo))dy+c2
N Ju

Given ¢ > 0, choose ng > 0 such that
1 1

£
— n > no.
hp(Gn)  hp(xo) 0

< - -
4

2
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Let py (y) be the distance between y and aU . By (1.3),

/ ‘qU(tvyvxn)_qU(tayaxo)‘dy
U

_ (/ _|_/ )‘qU(t,y,xn)—qU(l,y,xo)‘dy
{(yeU:py (y)<8} {yeU:py (y)=6}

e U F +/

{yeU:py (y)=6}

IA

gVt y.x) —q¥ 1.y, xo)‘ dy

for some ¢3. Now we choose § small so that cyc3|U|N _18t_d2il < %. The convergence of the
second term on the right hand side of the inequality above follows from the uniform continuity
of gY(t, -, ) on B(xo, %pU(xo)) x {y € U : py(y) = 8} (Theorem 3.1 in [16]). Thus we have
proved the proposition. [

Recall that, a point x on the boundary 9U of an open subset U of D is said to be a regular
boundary point for X? in U if P, (?5 = 0) = 1. An open subset U of D is said to be regular if
every point in dU is a regular boundary point.

Proposition 4.5. Suppose U is an open subset of D with U C D, and z € dU. If there is a cone
A with vertex z such that AN B(z,r) C D\ U for some r > 0, then z is a regular boundary
point of U.

Proof. Choose a bounded smooth domain D; with U € D; C D; C D. Without loss of
generality, we may assume that z = O and A N B(z,r) C D1\ U.Forn > 1,putr, = r/n.
Under Py, we have

o0 oo -
() UX2 e AnB.n) c @ =0}
m=1n=m

Moreover, since D; is bounded smooth and D; C D, by (1.3) there exists a constant ¢; > 0 such
that for x € A N B(0, r) and large n

qP1(t, x,0)hp(x) 4 eyl
= Clry
hp(0)

Hence

o0 o0
Po(z) =0) > Py (ﬂ | J{XP e An B, r)}) > limsupPy(X,” € AN B(0,r))
m=1n=m

n—00
-~ Di(t, x,0)h
> limsup Po(X2' € AN B(0, r)) =limsup/ g . x. OhpC)
n—00 " n—oco JANB(O.r) hp(0)

) _d oP ) )
> hmsupcl/ r, 2e m dx > hmsupcl/ e~ 2l dy > 0.
ANB(,r) ANB(O,n)

n—o0 n—o0

The assertion of the proposition now follows from Blumenthal’s zero—one law (Proposition 1.5.17
in[3]). O

This result implies that all bounded Lipschitz domains (see below for the definition) are
regular if their closures are in D. Modifying the argument in the second part of the proof of
Theorem 1.23 in [12], we get the following result.
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Proposition 4.6. Suppose U is an open set subset of D with U C D and f is a bounded Borel
function on dU. If z is a regular boundary point of U for XP and f is continuous at z

lim E, [f ()?%) 7P <E] = (2.

Usx—z

Proof. With Lemma 4.3 and Proposition 4.4 in hand, the proof is routine. We omit the details.
O

Let G% be the Green function of a Brownian motion W in D. By Theorem 3.7 in [17], there
exist constants r; = r1(d, u) > 0 and My = M(d, n) > 1 depending on w only via the rate at
which maxi<;<4 Mui (r) goes to zero such that forr <ry, z € RY x, y € B(z,r),

MG (. y) < G (3. x) < MGy, (x, y). 4.4)

We will fix the constants r; > 0 and M; > 0 above in the remainder of this section.

Theorem 4.7. For any bounded domain D, r < r1,z € D and x € B} :== B(z,r) C B(z,r) C
D, we have

MThp()Py (Wrye € dy) < hp@)Ps (2. € dy, Ty <)

= M ()P (Weye € dy). “5)

Proof. We fix zo € D and r < ry with B(zg,r) C B(zo,r) C D, and let B := B(zp,r). The
idea of the proof is similar to that of Theorem 2.2 in [10]. We include the details here for the
reader’s convenience. Let ¢ > 0 is a continuous function on d B and let

u(x) = Elo(X3); 75 < 1.
By Proposition 4.6, we know that u is harmonic for XP in B and continuous on B. Let

B(n) = B(zo. (1 — 1), T, == inf{t > 0: XP € B(n)} and u,(x) := E[u(X7'")]. Then by
Proposition 4.2, there exist Radon measures v,, supported on d B(n) such that

1
n - G , n dy).
Uy (x) o) /amm B(y, x)v,(dy)
Let
v (x) = / G%(x, Vv (dy).
dB(n)
Then by (4.4),

M o, (x) < hp(Oua(x) < Miva(x), x € B(n).

Since v, is a harmonic function in B(m) for m > n, by the Holder continuity of v, and a
diagonalization procedure, there is a subsequence ny such that v,, converges uniformly on each
B(m) to a harmonic function v in B. Thus

Ml_lv(x) <hpx)u(x) < Mjv(x), x € B. 4.6)
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Since B is regular for XD (Proposition 4.5), by taking the limit above and using Proposition 4.6,
we get for every w € 0B

Mf]hD(w)(p(w) < llgim inf v(x) <limsupv(x) < Mihp(w)p(w). 4.7
S2X—>Ww

Box—w

Let
w(x) = Ex [hp(Wep)o(Wep)].

w is a harmonic function in B and continuous in B with the boundary value & p(w)e(w).
Thus by the maximum principle and (4.7), we get Ml_lw(x) < v(x) < Mjw(x). So by (4.6)
M2w(x) < hp(x)u(x) < M?w(x), which is

Ml—2f o(w)hp(W)P, (Wy, € dw) < f o(W)hp ()P, ()??D € dw, 7P <E)
0B 0B B
< Mf/ e(W)hp(w)Px (Wr, € dw). O
0B

Recall that pp (x) is the distance between x and 0 D.

Lemma 4.8. Suppose D is a bounded C"' domain. Then there exists a constant ¢ = c(D) such
that

1
;PD(X) <hpXx) < cpopx). (4.8

Proof. Since D is bounded, the Green function estimates for X2 ((6.2)—(6.3) in [16]) imply that
pp(y) ) 1 pp(X)

<Gp(y,x) fcr———
Ix —yI? ) |x — y|4—2 lx — y|d-!

c1pp(x) (1 A
for some positive constants c; and c;. Integrating over y we get

c1pp(x)q1(x) < hp(x) < c2pp(x)g2(x)

where

op(y) 1 1
q1(x) ::/ <1 A ) —dy and ¢2(x) :=/ ————dy.
D Ix —y>) |x — yld2 p lx —yld-1

By elementary calculus, we easily see that infyep g1(x) > 0O and sup,.p q2(x) < oo. O

Let o be the ground state for the killed Brownian motion in D, that is, v is the positive
eigenfunction corresponding to the largest eigenvalue of the Dirichlet Laplacian %Al p with
f D wg(dx)dx = 1. If D is bounded C!!, it is well known that there exists ¢ such that

cl_lpD (x) < Yo(x) < c1pp(x). So we get the next result as a corollary of Theorem 4.7 and
Lemma 4.8.

Corollary 4.9. For any bounded C'' domain D, there exists a positive constant ¢ such that for
everyr <ri,z € Dand x € B} = B(z,r) C B(z,r) C D, we have

Ip, (W;@ € dy) <P, ()?% e dy, T < E) <¢P, (W;{;; c dy) 4.9)

where WY is the h-conditioned Brownian motion with h = .
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In the remainder of this section, we will prove a scale invariant Harnack inequality for XP for
any bounded domain D. First we prove the following lemma. Recall that r; > 0 and M| > 0 are
the constants from (4.4).

Lemma 4.10. There exists a constant ¢ = c(D, ) > 1 such that for every r < ry and
B(z,r) C D,

hp(x) r
< s Blz,=).
hD(y) =cC, X y [S (Z 2)

Proof. Since r < r1, by (2.2) and (4.4), there exists c; = c1(D, u) > 1 such that for every
x,w € B(z, 34—')

1
-1 —1,0
c m <M, GB(Z‘V)(U),X) <Gpernw,x) <Gp(w,x) < Clm-
Thus for w € dB(z, %’) and x, y € B(z, 5), we have
w—y\*? 1 _
Gp(w, x) < ¢ <|w_x| T <472 Gpw, y). (4.10)

On the other hand, from (2.4), we have

hD(x)z/ GD(a,x)da=/ E, |:GD(XTD ,x)i| da, «x EB(Z, z) 4.11)
D D B(z,%’) 4

Since X? , € 0B(z, %T’), combining (4.10) and (4.11), we get
B(z,2F)

“ 4

,
ho) =426 [ Bl Golxr, 3 |da=4"2cho0). vy eB(s]). O
D 5(= %) 2

Now we are ready to prove the scale invariant Harnack inequality.

Theorem 4.11 (Scale Invariant ngnack Inequality). There exists N = N(d, ;1) > 0 such that
for every harmonic function f of XP in B(zo, r) withr € (0, r1] and B(zo, r) C D, we have

sip FOY<N inf f(y).
y€B(z0.r/4) YEB(z0,r/4)

Proof. We fix zg € D and r < ry with B(zg,r) C D, and a harmonic function f of XP in
B(zo, r). By the harmonicity of f and Theorem 4.7, for every x € B(zo, %),

S0 = Ea [f <5(\?DB(20~§)) TG < E]

< M12 E.|h W. W.
= hp(x) [ D( ’B<zo’£>>f< <>)}

Thus by Lemma 4.10,

@) < MPE [ f (Wey, )] = eMPeo)
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for some constant c. Since g is harmonic for W in B(zo, 5), by the Harnack inequality for
Brownian motion (for example, see [1]),

1 r
80 g0 <cig, xyeB (2. 7)

for some constant ¢; > 0. Thus by applying Theorem 4.7 and Lemma 4.10 again, we have that
for every x, y € B(z0, 7).

ccIM{E, [f (sza(zo,g>)] < eI M{E, |:f (X?[;zo.g)) ;?3(10’5) < {]
= CZC]Mff(y). d

Jf(x)

IA

It is well known that the scale invariant Harnack inequality implies the Holder continuity of
harmonic function (for example, see Section 2.3.2 of [28]).

Corollary 4.12. Every harmonic function for XD is Holder continuous.
5. Martin representation in arbitrary bounded domains

In this section we assume that D is an arbitrary bounded domain. With Proposition 2.1,
Theorem 3.1 and Proposition 3.4 in hand, we can use Theorem 3 in [21] to define the Martin
boundary for X?. In fact, we have a stronger result. We will state here results for X? and X?
simultaneously. From now on, we fix a point xo € D throughout this paper.

Define

ED(X’ )’) _ GD(-X’ y)

Gp(xo.y) Gp(xo,y)’ .
L1 (x), if y = xo

Mp(x, y) : ifx e Dandy € D\ {xo},

and

) Go(.x) _ hp®Gn(x.y)
MD(X, y) = ED(y,x()) hD(XO)GD(x(), )’)’
Lixe1 (), if y = xq.

ifxe Dandy € D\ {xo},

By (A4) and (A6), we know that for each y € D \ {xo} and ¢ > 0, Mp(-,y) (A’/;D(-, y)
respectively) is a harmonic function with respect to X? (X respectively) in D \ B(y, ¢) and for
everyx € D\ B(y, ¢),

Mp(x,y) = [MD(XTD\B(x o’ y)] and

Mo, ) =B [Mp(R2, ) Tonse <) 5.1

Using our Riesz decomposition theorems, the Harnack inequality and the Holder continuity
of harmonic functions, one can follow the arguments in [24] (see also SCCUOH 2.7 of [1] or [30])
to show that the process X P (X xP respectively) has a Martin boundary d; D (8MD respectively)
satisfying the following properties.

(M1) DU 9y D and D U ’B\MD are compact metric spaces;
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(M2) D isopen and dense in D U dy/ D and in D U'E;MD and its relative topology coincides with
its original topology;

(M3) Mp(x,-) can be extended to dj; uniquely in such a way that, Mp(x, y) converges to
Mp(x,w)asy — w € dy D, the function Mp(x, w) is jointly continuous on D x dy D,
and Mp (-, wy) # Mp (-, wz) if w1 # wo;

M4) M Mp(x, ) can be extended to 8M uniquely in such a way that, M p(x,y) converges to
MD(ZE w) as y —>weE 8MD the function MD (x, w) is jointly continuous on D X BMD
and Mp (-, wy) # Mp(-, wp) if wy # wo.

By repeating the argument in the proof of Proposition 5.1 in [17], we have the following.

Pr0p051t10n5 1. For every w € oyD (w € BMD respectlvely) x > Mpkx,w) (x —
M p(x, w) respectively) is harmonic with respect to XP (X XD respectively).

Proof. We include the proof here for X X for the reader’s convenience. Fix w € dy D and a
relatively compact open sets U C U C U; C Uy in D. Let § = %dist(U, dUp). Choose a
sequence {y,},>1 in D \71 converging to w in D U dp7 D so that

Mp(x, w) = lim MD(X, V).
n—>oo
Since M p (-, ¥n) 1s harmonic in a neighborhood of U for every n > 1, we have
E:[Mo(R2. )| = M.y, xeU.
Using the Harnack inequality (Theorem 4.11), we have for every z € U,

~ G , G ,
Mo, ) = _D(yn ) <2 D (V> X0) e n> 1

GD(ythO) B GD()’nsXO) N
for some ¢; = ¢1(8, D) € (0, 00). Thus by the bounded convergence theorem,

lim E, [MD<XU,, ity < E] = E, [A?Do?g,, w): Ty <E]
n—oo
= MD(x, w), xeU. O

Recall that a positive harmonic function u with respect to X b(x xP respectively) is said to be
minimal if v is positive harmonic with respect to X? (X xP respectively) and v < u imply that v
is a constant multiple of . The minimal Martin boundaries of X? and X XP are defined as

omD = {z € 9y D : Mp(-, z) is minimal harmonic with respect to xPy
and
5mD ={z e 5MD : MD(-, z) is minimal harmonic with respect to E(\D}

respectively. Since Mp(xg, y) = 1 forevery y € (DUdy D)\ {xo}, using the Harnack inequality
and the Holder continuity of harmonic functions, we can show that, for any compact subset K
of D, the family {Mp(-, w) : w € 9y D} and {A?D(-, w) : w € dy D} are uniformly bounded
and equicontinuous on K. One can then apply the Ascoli-Arzela theorem to prove that, for every
excessive function f of XP, there exist a unique Radon measure v; on D and a unique finite
measure v on d,;, D such that

Fx) = / Gote, )+ [ Mp(x, 2yva(da), (52)
D om D
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and f is harmonic in D with respect to X if and only if v; = 0. Similarly, for every excessive
function f of X D there exist a unique Radon measure @1 on D and a unique finite measure p;
on d,, D such that

fx) 2/ Gp(y, x)p1(dy) +/A Mp(x, 2)p2(dz), (5.3)
D omD
and f is harmonic with respect to XD if and only if 1 = 0 (see Section 2.7 of [1]).
6. Martin boundary and Boundary Harnack principle for xp

In this section, we will, under some assumption on the domain, identify the Martin boundary
of the dual process with the Euclidean boundary and prove a boundary Harnack principle for the
dual process.

Recall that a bounded domain D is said to be Lipschitz if there is a localization radius ry > 0
and a constant A > 0 such that for every Q € 9D, there is a Lipschitz function ¢ : R 5> R
satistying |¢o (x) — ¢ (z)| < Alx — 2|, and an orthonormal coordinate system CSp with origin
at Q such that

B(Q,r0) N D =B(Q,r0)) N{y =1, Ya—1,Ya) = (3, ¥4) in CSg : ya > po(3)}.

The pair (rg, A) is called the characteristics of the Lipschitz domain D.
We first recall the scale invariant boundary Harnack principle for X? in bounded Lipschitz
domains from [17] which is Theorem 4.6 in [17].

Theorem 6.1. Suppose D is a bounded Lipschitz domain. Then there exist constants My, c > 1
and ry > 0, depending on . only via the rate at which max|<;<q goes to zero such that for every
Q € 8D, r < ry and any non-negative functions u and v which are harmonic with respect to X P
in D N B(Q, Myr) and vanish continuously on 0D N B(Q, Mar), we have

u(x)<cu(y)
v(x) T v(y)

foranyx,y € DN B(Q,r). 6.1)

(See [5,15] for boundary Harnack principles for diffusion with no singular drift term.)

It is well known that for diffusions, the scale invariant boundary Harnack principle can be used
to prove the Holder continuity of the ratio of two harmonic functions vanishing continuously near
the boundary. We omit the proof of the next lemma. The proof can be found in [1] (see [4] for
the extension to jump processes).

Lemma 6.2. Suppose D is a bounded Lipschitz domain. Then there exist positive constants ro
and M, depending on D such that for any Q € 0D, r < ry and non-negative functions u, v which
are harmonic with respect to XP in DNB(Q, Msr) and vanish continuously on 9 DNB(Q, Mar),
the limit limpsy— 4 u(x)/v(x) exists for every w € 9D N B(Q, r).

In this section we consider two bounded domains U and D with U C D. We will not exclude
the case U = D. Letxy € U (if U = D, xy = x) and define

R hp(xy)Gu(y, x)
Mpy(x,y) = hp()Gu(y,xv)"
Ly (), ify =xy.

ifxeUandyeU\ {xy},
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Note that M pux,y) = M p(x, y) 1f D = U. By Theorem 3 in [21], we can define the Martln
boundary 8MU for the process XD . Moreover, one can prove that for every w € BMD
x> M p,u(x, w) is harmonic with respect to X X2 in U using an argument similar to that of
the proof of Proposition 5.1. Let BmU be the minimal Martin boundary of X XP-U_ We also have
the Martin representation: for every harmonic function f* of X XP in U, there is a unique finite
measure (1 on d,, U such that

fx) = / Mp y(x, 2)p1 (dz). (6.2)

Suppose U is a bounded Lipschitz domain. We observe that for y # xy/,

= hp(xy)Gu(y, x)
Mpyx,y)=——1——"—. (6.3)
hp(x)Gu(y, xv)
Gy (-, x) and Gy (-, xy) are harmonic with respect to X U near the boundary. Moreover they
vanish continuously on the boundary by Theorem 2.6 in [17]. Thus from Lemma 6.2, we

immediately get the following.

Proposition 6.3. Suppose U is a bounded Lipschitz domain. Then M p.u(x,y) converges as
y— wedl.

The proposition above says that the Martin boundary is a subset of dU. We write the limit

above as MD ux, w) for (x,w) € U x 0U. Let Ny (x, w) = limysy_y % so that

hp(xy)Ny (x, w)
hp(x)
We will show that the (minimal) Martin boundary 5," U with respect to coincides with

the Euclidean boundary if D and U are bounded C L1 Recall that pu (x) is the distance between
xand oU.

MD,U(xaw) =

?D,U

Theorem 6.4. Suppose D and U are bounded C'-' domains with U C D. Then there exists a
constant ¢ = ¢(D, U) such that

1 pyx)

c|x—w|d§MDU(x w)<cm (6.4)
and

Ll fpwy e (6.5)

clx —w lx — w4

Proof. By the Green function estimates for X U (Theorem 6.2 in [16]), we have

c]pU—(x) < Ny(x,w) < CI'OU—(x)
lx — w9 Ix — w9

for some positive constants ¢ and c,. Thus by (4.8) and the fact that py (x) < p(x) < diam(D)

1 hp(xu)pu(x) <]l7 UG w) < e hp(xy)

c |x—wld
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The theorem above implies

Proposition 6.5. If D and U are bounded ¢l domains with U C D, MD’U(',LU]) #*
Mp,y (-, w) if wi # wa.

AMoreover, one can follow the argument in the proof of Theorem 4.{\ [7] and show that
Mp y(x, w) is minimal harmonic. Thus the minimal Martin boundary of X D.U 5 the same as
the Euclidean boundary in the case when D and U are bounded C!:! domains with U C D.

Theorem 6.6. Assume that either D and U are bounded C L domains with UCDorUis
bounded Lipschitz domain with U C D. Then for every harmonic function f of XP in U, there
is a unique finite measure |11 on 0U such that

fx) = /BU Mpy(x, Dpi(dz), x eU. (6.6)

Proof. The case when D and U are bounded C!'! domains with U C D has already been dealt
with in the paragraph before the theorem. In the case when U is bounded Lipschitz domain with
U cC D, M p.u(x, z) is comparable to Ny (x, z). One can easily modify the argument in page
193-194 of [1] to prove the theorem. We omit the details. O

Now we are ready to prove the boundary Harnack principle for X2. If D is a bounded C"!
domain, then it is easy to check that there exists R > 0 such that for any x € D and r € (0, R),
B(x,r) N D is connected.

Theorem 6.7 (Boundary Harnack Principle). Suppose D be a bounded C'! domain in R¢ and
R is the constant above. Then for any r € (0, R) and zo € 3D, there exists a constant ¢ > 1
such that for any non-negative harmonic functions u, v in D N B(zo, r) with respect to X X2 with
uhp and vhp vanishing continuously on o D N B(zg, r), we have

u(X) u(y)
v(X) v( )’

forany x,y € DN B(zo,7/2).

Proof. One can find a bounded C'! domain U such that D N B(z0,2r/3) Cc U C U C
D N B(zp, r). Fix xy € U and let

~ ) hp(xy)Gy(y, x)
M , =M , = 1 _—
22 = Moyt = m o GeG. 0

Since u, v are harmonic in U with respect to XD , by Theorem 6.6, there exist finite measures ]
and vy on AU such that

u(x) =/ Ma(r, i (dz) and w(x) =/ Ma(x, v (dz), x € U.
oU 10
Let No(x, z) —thay—mGU((—)x) so that

Y.Xu)

hp(xy)N2(x, z)

Ml =—"%
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Let G(l)] be the Green function of the Brownian motion W in U. Define the Martin kernel M (x, z)
for the Brownian motion W in U:

GY (x,
M](x,z) '— lim M
Usy—z G, (xy, y)

Since U is bounded C1!, by Theorem 7.7 in [16], there exists a constant c; = c1(xy, U) such
that

iMl (x,2) < Na(x,2) < a1 Mi(x, 2). 6.7)
Let

uy(x) = /3U Mi(x,z2)u1(dz) and wvi(x) = /BU Mi(x,z)vi(dz), xe€U.

By (6.7), we have for every x € U
) _ foy Mo Dpa(e) [y Na(x, i (d2)
v(x) oy Ma(x.2vi(dz) [y Na(x, 2)vi(dz)
2deM1(x D) pu @) qu)
VLo M o) o T M@

Since u1, v are harmonic for the Brownian motion W in U and vanish continuously on
oU N 3D, by the boundary Harnack principle for Brownian motion (for example, see [1]),

uy(x) ui(y)
= )
vi(x) vi(y)
for some constant ¢ > 0. Thus for every x, y € D N B(zo, %)

x,yeDﬂB(Zo,%)

u(x) <62u1(x) < o2 qu1(y) < o’ 4u(y)
)~ o) T T ey T T e’

7. Schrodinger operator in arbitrary bounded domains

In this section we discuss the Schrddinger operator in arbitrary bounded domains. Using our
results in the previous sections we know that the main results in [8] are true for X D and XP with
the reference measure £p. In this section we will use the main results in [8] and state carefully
for X with respect to the Lebesgue measure.

Recall that a measure v on D is said to be a smooth measure of X with respect to the
reference measure &p if there is a positive continuous additive functional (PCAF in abbreviation)
A of XP such that for all bounded non-negative function f on D,

t
/f(x)v(dx):limEgD [l/ f(Xf)dAs] (7.1)
D t}0 t Jo

The additive functional A is called the positive continuous additive functional of X? with Revuz
measure v with the reference measure &p. It is known (see [27]) that for any x € D, o > 0 and
bounded non-negative function f on D,

E, f et pxPydA, = / e f g2, x, ) f(v(dy)dr,
0 0 D
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and thus we have for any x € D, t > 0 and bounded non-negative function f on D,

t t
E, / FXP)dA, = f / 7°(s. %, y) f()v(dy)ds.
0 0 D

Therefore by the monotone convergence theorem we have forany x € D, > 0 and non-negative
function f on D,

t t
EX/O fXP)dA; =f0 /DED(S,x,y)f(y)V(dy)d& (1.2)

For a signed measure v, we use v+ and v~ to denote its positive and negative parts respectively.
If vt and v~ are smooth measures of X with respect to the reference measure £p and A+ and
A~ are PCAFs of X? with Revuz measures vt and v~ respectively with respect to the reference
measure £p, then we call A := AT — A~ of X D the continuous additive functional of X2 with
(signed) Revuz measure v with respect to the reference measure &p.

A measure 7 on D is said to be a smooth measure of X with respect to the Lebesgue measure
if hpn is a smooth measure of X with respect to the reference measure £p. From now on,
whenever we speak of a smooth measure of X, we mean a smooth measure of X? with respect
to the Lebesgue measure unless explicitly mentioned otherwise. If 7 is a smooth measure of X?
and A is the PCAF of X2 with Revuz measure A pn with respect to the reference measure &p,
then by (7.2), we have any x € D, ¢t > 0 and bounded non-negative function f on D,

t t
E, /0 FXP)dA, = /0 /D a2 (5. x. ) f (1) (dy)ds. (73)

The additive functional A in the equation above is called the PCAF of X ” with Revuz measure 7
with respect to the Lebesgue measure. From now on, whenever we speak of an additive functional
with a given Revuz measure, we mean an additive functional with a given Revuz measure with
respect to the Lebesgue measure unless explicitly mentioned otherwise.

Recall K, 2 from the Definition 1.1.

Proposition 7.1. Any measure v in Ky 5 is a smooth measure of X with respect to the Lebesgue
measure, or equivalently, hpv is a smooth measure of XP with respect to &p.

Proof. By the definition of K; 2 we can easily check that the function
Gp(hpv)(x) = Gpv(x)

is bounded continuo,l\ls in D. Thus, by Definition IV.3.2 of [3], Gphp v) is a regular potential.
Moreover X? and X are Hunt processes with the strong Feller property and they are in the
strong duality with respect to £p (Theorem 3.1 and Proposition 3.4). Consequently . pv charges
no semi-polar set by Theorem VI.3.5 of [3]. Now we can apply Theorem VI.1 of [27] to conclude
that 2 pv is a smooth measure of X with respect to &p, or equivalently, v is a smooth measure
of XP with respect to the Lebesgue measure.  [J

If v is a signed measure on D such that v and v~ are smooth measures of X and if A* and
A~ are the PCAF of X with Revuz measures v+ and v~ respectively, we call A := At — A~
of XP the continuous additive functional of X? with (signed) Revuz measure v.

We recall the definitions of the class of measures from [6,9] and specify it for X with the
reference measure £p in an bounded domain D. We also give a definition for a class of smooth
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measures with respect to the Lebesgue measure. In the following, d denotes the diagonal of
D x D.

Definition 7.2. Let v be a signed smooth measure of X with respect to £p and define |v| =
vT 4+ v~. v is said to be in the class Si‘o’ (XP) if for any ¢ > 0 there is a Borel subset K = K (¢)
of finite |v|-measure and a constant § = §(¢) > 0 such that for all (x, z) € (D x D) \ d,

/ GD(J:Y)GD()’»Z)h)'(dy) :/ Gp(x,y)Gp(y,z) |v|(dy) < (7.4)
D\K Gp(x,2) Gp(x,z) hp(y)
and for all measurable set B C K with |[v|(B) < d all (x,z) € (D x D)\ d,
/ GD(E)’)GD()”Z)W'(dy):/ Gp(x, y)Gp(y, 2) [v|(dy) < (7.5)
B Gp(x,z) Gp(x,2) hp(y)

A function ¢ is said to be in the class sf,g (XP) if v(dx) := ¢(x)&p(dx) is in the corresponding
space.

A signed smooth v of XP is said to be in the class Seo(XP) if hp(x)v(dx) is in the class
SE2(x D).

For a continuous additive functional A of X? with Revuz measure v, we define e (1) =
exp(A,), fort > 0. For y € D, let XY denote the h-conditioned process obtained from X
with 2(-) = Gp(-, y) and let E) denote the expectation for X D.y starting from x € D. We will
use rg to denote the lifetime of the process X P+

In the remainder of this section, we assume that v € Soo(XP?) and A is the CAF of X? with
Revuz measure v (with respect to the Lebesgue measure). Note that A is also the CAF of X?
with Revuz measure 4 p (x)v(dx) with respect to the reference measure &p.

The CAF A gives rise to a Schrodinger semigroup

0P f(x) = Ex [ea) £ (XP)].

The function x +— E,[es(tp)] is called the gauge function of v. We say v is gaugeable
if Ex[ea(Tp)] is finite for some x € D. From now on we will assume that v is gaugeable. It
follows from [6,9] that the gauge function x — E, [e4(7p)] is bounded on D. Note that since
hp(x)v(dx) € Sig (XD, it follows again from [6,9] that

sup  EJ [|A|Ty] <00
(x,y)e(DxD)\d b

(see [6]) and therefore by Jensen’s inequality

inf Ellea (rg)] > 0. (7.6)
(x,y)e(DxD)\d

By Lemma 3.5 of [6], the Green function for the Schrodinger semigroup {QtD ,t > 0} with
respect to &p is

Vp(x,y) =Ex[ea(ty)] Gp(x, ), )
that is,

/D Vo ) fMEp(dy) = /0 0P f(x)di = E, [ /0 eAa)f(xf’)dz} (7.8)
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for any Borel function f > 0 on D. Let

Vp(x,y) = Vp(x, »hp(y)

so that
/D Vp(r, ) f(»)dy = /0 0P f(x)di = E, [ fo eA(nf(XP)dr]. (7.9)

Thus Vp(x, y) is the Green function for the Schrédinger semigroup {Q,D ,t > 0} with respect
to the Lebesgue measure. Since Gp(x,y) = Gpl(x, y)hp(y), by Theorem 3.6 in [6] and (7.6),
Vp(x, y) is comparable to G p(x, y) on D x D\ d, where d denotes the diagonal of D x D. From
Theorem 3.4 [8] and the continuity of /& p, we see that Vp(x, y) is continuous on (D x D) \ d.

Let u(x, y) = Ej [ea(rp))] for y € D, and define u(x, w) == E¥ [ea(t}3)] for w € 3D,
where EY is the expectation for the conditional process of X obtained through h-transform
with h(-) = M(-, w). Recall that 3,, D is the minimal Martin boundary of X 7.

Theorem 7.3. The following properties hold.

(1) For w € 9,,D and x € D, limpsy s u(x,y) = u(x, w). The conditional gauge function
u(x, w) is jointly continuous on D x o, D.

Vb (x,y)

(2) For every x € D and w € 9,,D, Kp(x,w) = limpsy_y Vi (o))

Furthermore,

exists and is finite.

u(x, w)

Kp(x,w) = Mp(x, w) (7.10)

u(xo, w)’
and so K (x, w) is jointly continuous on D X 0, D;

(3) Assume D is a bounded C'' domain and let pp(x) be the distance between x and 3D, then
there is a constant ¢ > 1 such that

! pp(x) pp(x)

< Kp(x,w) < c———2—. 7.11
o wld = p(x w)_c|x_w|d (7.11)

Proof. (1) and (2) are proved in Theorem 3.4 in [8] (also see Section 6 in [8] for the extension).
Estimate (7.11) follows directly from (7.10) above and Theorem 7.7 in [16]. O

Definition 7.4. A Borel function u defined on U is said to be v-harmonic for X? in an open
subset U of D if

E. [eA(rB)m(X?En] <00 and E, [eA(rB)u(Xg)] —u(x), x€B,

for every open set B whose closure is a compact subset of U. If U = D, then u is said to be
v-harmonic for XP.

The following two theorems are proved in [8]. (Lemma 3.6, Theorems 5.11-5.12, Theorem
5.14-5.16 [8]. Also see Section 6 in [8] for an extension.)

Theorem 7.5. For every z € 9,D, x — Kp(x,z) is a minimal v-harmonic function of XP.
That is, if h is a v-harmonic function of XP and 0 < h(x) < Kp(x, z), then h(x) = cKp(x, 2)
for some constant ¢ < 1. Moreover, for z1 # z2 € D, Kp(-, 21) # Kp(-, 22).
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Recall that a non-negative Borel function f defined on D is said to be v-excessive for X if
forevery x € Dandt > 0, QP f(x) < f(x) and

lim 07 () = f (x).

Theorem 7.6. The minimal Martin boundary for the Schrodinger semigroup {Q,D ,t > 0} can
be identified with the minimal Martin boundary 8,, D of XP. Furthermore for every v-excessive
function f of XP that is not identically infinite, there is a unique Radon measure y, on D and
a unique finite measure [L> on 3D such that

fx) = / Vp(x, y)pui1(dy) +/ Kp(x, 2)pua(dz). (7.12)
D alTlD
Function f is v-harmonic for XP if and only u; = 0.
Conversely, if 1 is a Radon measure in D such that fD Vp(x, y)1(dy) is not identically
infinite and [y is finite measure on 0D, then the function f given by (7.12) is a non-negative
v-excessive function of XP that is not identically infinite.

Therefore we conclude that the minimal Martin boundary is stable under Feynman—Kac
perturbation if v € S5 (X Dy such the gauge function x — E, [e4(tp)] is bounded. Furthermore
we see that there is a one-to-one correspondence between the space of excessive functions (the
space of positive harmonic functions) of X? that are not identically infinite and the space of
v-excessive functions (the space of positive v-harmonic functions, respectively) of X2 that are
not identically infinite through measures ;| and w,.

Since the Martin measure p; is finite and Kp(x, z) is jointly continuous on D x 9, D, we
have the continuity for v-harmonic functions of X?.

Theorem 7.7. If u > 0 is v-harmonic for X D then u is continuous in D.

In [17], we have shown that for every bounded Lipschitz domain D, there is a one-to-one
correspondence between the minimal Martin boundary d,, D for X ? and the Euclidean boundary
oD (see Theorem 5.7 in [17]). Thus from Theorem 7.6, we have

Theorem 7.8. For every bounded Lipschitz domain D, the (minimal) Martin boundary for
the Schrodinger semigroup {Q,D ,t > 0} can be identified with the Euclidean boundary.
Furthermore, for every v-excessive function f of XP that is not identically infinite, 3D there
is a unique Radon measure w1 on D and a unique finite measure (1> on o D such that

fx) = /D Vp(x, y)pi(dy) +/3D Kp(x, 2)pu2(dz). (7.13)

Function f is v-harmonic for X if and only 1 = 0.

Remark 7.9. In [18], by using the Green function estimates and our Proposition 7.1, we show
that, in fact, K 2 is contained in Sqo (X Dy if D is bounded Lipschitz (see Theorem 2.17 in [18]).
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