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Abstract

In this paper, we establish sharp two-sided estimates for the Green functions of non-symmetric diffusions
with measure-valued drifts in bounded Lipschitz domains. As consequences of these estimates, we get a 3G
type theorem and a conditional gauge theorem for these diffusions in bounded Lipschitz domains.

Informally the Schrodinger-type operators we consider are of the form L + u - V + v where L is a uni-
formly elliptic second order differential operator, u is a vector-valued signed measure belonging to K |
and v is a signed measure belonging to Ky . In this paper, we establish two-sided estimates for the heat
kernels of Schrodinger-type operators in bounded C 1.1_domains and a scale invariant boundary Harnack
principle for the positive harmonic functions with respect to Schrodinger-type operators in bounded Lip-
schitz domains.
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1. Introduction

This paper is a natural continuation of [11-13], where diffusion (Brownian motion) with
measure-valued drift was discussed. For a vector-valued signed measure p belonging to Ky 1,
a diffusion with measure-valued drift u is a diffusion process whose generator can be informally
written as L 4+ u - V, where L is a uniformly elliptic second order differential operator. In this
paper we consider Schrodinger-type operators L + 1 - V 4 v (see below for the definition) and
discuss their properties.

In this paper we always assume that d > 3. First we recall the definition of the Kato class Ky
for € (0, 2]. For any function f on R? and r > 0, we define

/ |f1() dy

M%(r) = su ,
f() p |x—y|d_°‘

xeRd

0<a<2.
x—y|<r

In this paper, we mean, by a signed measure, the difference of two nonnegative measures at most
one of which can have infinite total mass. For any signed measure v on R?, we use vt and v~
to denote its positive and negative parts, and |v| = v+ + v its total variation. For any signed
measure v on R? and any r > 0, we define

v|(d
M (r) = sup / M, O<a<2.
xeR4 |x — y|4=
lx—yl<r

Definition 1.1. Let 0 < o < 2. We say that a function f on R belongs to the Kato class Ky if
lim, o M? (r) = 0. We say that a signed Radon measure v on R belongs to the Kato class Ky o

if lim, o M} (r) = 0. We say that a d-dimensional vector valued function V = AR 5
on R4 belongs to the Kato class Ky 4 if each Vi belongs to the Kato class Ky ,. We say that
a d-dimensional vector valued signed Radon measure ;v = (1!, ..., u¢) on R? belongs to the
Kato class Ky  if each pf belongs to the Kato class Ky .

Rigorously speaking a function f in K; , may not give rise to a signed measure v in Ky 4
since it may not give rise to a signed measure at all. However, for the sake of simplicity we use
the convention that whenever we write that a signed measure v belongs to K4 , we are implicitly
assuming that we are covering the case of all the functions in K; o as well.

Throughout this paper we assume that i = (', ..., u9) is fixed with each u! being a signed
measure on RY belonging to K4 1. We also assume that the operator L is either L or L, where

d d
1 1
Li=3 | E lai(aijaj) and Lj:= E.E laijaiaj
i,j= L]=

with A := (a;;) being C ! and uniformly elliptic. We do not assume that A is symmetric.

Informally, when A is symmetric, a diffusion process X in R? with drift x is a diffusion
process in R? with generator L + - V. When each y/ is given by U’ (x) dx for some function U,
X is a diffusion in R¢ with generator L + U - V and it is a solution to the stochastic differential
equation dX; =dY; + U(X;) - dt where Y is a diffusion in R? with generator L. For a precise
definition of a (non-symmetric) diffusion X with drift u in K; 1, we refer to Section 6 in [12]
and Section 1 in [13]. The existence and uniqueness of X were established in [1] (see Remark 6.1
in [1]). In this paper, we will always use X to denote a diffusion process with drift p.
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In [11-13], we have already studied some potential theoretical properties of the process X.
More precisely, we have established two-sided estimates for the heat kernel of the killed diffusion
process X? and sharp two-sided estimates on the Green function of X” when D is a bounded
C!! domain; proved a scale invariant boundary Harnack principle for the positive harmonic
functions of X in bounded Lipschitz domains; and identified the Martin boundary X in bounded
Lipschitz domains.

In this paper, we will first establish sharp two-sided estimates for the Green function of X
when D is a bounded Lipschitz domain. As consequences of these estimates, we get a 3G type
theorem and a conditional gauge theorem for X in bounded Lipschitz domains. We also establish
two-sided estimates for the heat kernels of Schrodinger-type operators in bounded C!+!-domains
and a scale invariant boundary Harnack principle for the positive harmonic functions with respect
to Schrodinger-type operators in bounded Lipschitz domains. The results of this paper will be
used in proving the intrinsic ultracontractivity of the Schrodinger semigroup of X? in [14].

Throughout this paper, for two real numbers a and b, we denote a A b := min{a, b} and
a Vv b := max{a, b}. The distance between x and 9D is denote by pp(x). In this paper we

will use the following convention: the values of the constants r;, i = 1,...,6, Co, C1, M, M;,
i=1,...,5,and g; will remain the same throughout this paper, while the values of the constants
¢, c1,C2, ... may change from one appearance to another. In this paper, we use “:=" to denote a

definition, which is read as “is defined to be.”
2. Green function estimates and 3G theorem

In this section we will establish sharp two-sided estimates for the Green function and a 3G
theorem for X in bounded Lipschitz domains. We will first establish some preliminary results
for the Green function Gp(x,y) of X D Once we have these results, the proof of the Green
function estimates is similar to the ones in [3,5,10]. The main difference is that the Green function
Gp(x, y) is not (quasi-)symmetric.

For any bounded domain D, we use tp to denote the first exit time of D, i.e., tp =
inf{t > 0: X, ¢ D}. Given a bounded domain D C R¢, we define X (w) = X;(w) if t < 7p(®)
and XtD (w) =0 if t > tp(w), where J is a cemetery state. The process X D is called a killed
diffusion with drift  in D. Throughout this paper, we use the convention f(3) = 0.

It is shown in [12] that, for any bounded domain D, X has a jointly continuous and strictly
positive transition density function qD (t, x,y) (see Theorem 2.4 in [12]). In [12], we also showed
that there exist positive constants c; and c¢; depending on D via its diameter such that for any
(t,x,y)€(0,00) x D x D,

d _ ok
2

e~ 2.1
(see Lemma 2.5 in [12]). Let G p(x, y) be the Green function of XP, ie.,
o0
Gp(x,y) ::/qD(t, x,y)dt.
0
By (2.1), Gp(x, y) is finite for x # y and

c
Gpx,y)){ ————— 2.2
D(x,y) =2 (2.2)

qD(tvxt )’) <C1l_

for some ¢ = c¢(diam(D)) > 0.
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By Theorem 3.7 in [12], we see that there exist constants r; = ri(d, ) > 0 and ¢ =
c(d, ) > 1 depending on p only via the rate at which max; ;<4 M i (r) goes to zero such

that for r grl,zeRd,

N =y <G x, y) <clx —yI72, x,y e B(z,2r/3). (2.3)
Definition 2.1. Suppose U is an open subset of R¥.

(1) A Borel function u defined on U is said to be harmonic with respect to X in U if
M(X)ZEX[M(XTB)], -XEBv (24)

for every bounded open set B with BcCU.
(2) A Borel function u defined on U is said to be regular harmonic with respect to X in U if u
is harmonic with respect to X in U and (2.4) is true for B=U.

Every positive harmonic function in a bounded domain D is continuous in D (see Proposi-
tion 2.10 in [12]). Moreover, for every open subset U of D, we have

E.[Gp(X1,,)]=Gp(x,y), (x,y)eDxU, 2.5

where Ty = inf{r > 0: X; € U}. In particular, for every y € D and ¢ > 0, Gp(-, y) is regular
harmonic in D \ B(y, ¢) with respect to X (see Theorem 2.9(1) in [12]).
We recall here the scale invariant Harnack inequality from [11].

Theorem 2.2. [11, Corollary 5.8] There exist ry =r2(d, ) > 0 and ¢ = c(d, n) > 0 depending
on (v only via the rate at which maxig;<a M;lﬁ (r) goes to zero such that for every positive

harmonic function f for X in B(xo,r) withr € (0, r2), we have

sup  f(y)<c inf  f(y).
yeB(xol?r/2) Yy€B(x0,r/2)

Recall that r; > 0O is the constant from (2.3).

Lemma 2.3. For any bounded domain D, there exists ¢ = c(D, i) > 0 such that for every
r € (0,ry Arp]and B(z,r) C D, we have for every x € D\ B(z,r),

sup Gp(y,x)<c inf Gp(y,x) (2.6)
yeB(z,r/2) yeB(z.r/2)
and
sup Gp(x,y)<c inf Gp(x,y). 2.7
YEB(z,r/2) Y€B(z,r/2)

Proof. Fix x € D \ B(z,r). Since Gp(-, x) is harmonic for X in B(z,r), (2.6) follows from
Theorem 2.2. So we only need to show (2.7).

Since r < rq, by (2.2) and (2.3), there exist ¢y = c1(D) > 1 and ¢ = c2(d) > 1 such that for
every y, w € B(z,3r/4),

Cy m <G n(w,y) <Gp(w,y) < Clm~



P. Kim, R. Song / J. Math. Anal. Appl. 332 (2007) 57-80 61
Thus for w € dB(z, %Tr) and y1, y2 € B(z, 5), we have

lw—y\*7? 1 _
— <4'%ce1Gp(w, y). (2.8)
|lw — yil |lw — y2|

Gp(w, y1) <Cl<

On the other hand, by (2.5), we have
’
GD(x’y)zEx[GD(XTB(" ﬁ),y)], y€B<z, §>- (2.9)
X

Since XTB( ¥, € dB(z, %T’), combining (2.8)—(2.9), we get
o

_ _ r
Gp(x.y) <40 Ex[Gp (X, 4, . y2)]=4"c2e1Gp(x, y2). yl,yzeB(z, 5).
>

In fact, (2.7) is true for every x € D. O

Recall that a bounded domain D is said to be Lipschitz if there are a localization radius Rg > 0
and a constant Ao > 0 such that for every Q € 9D, there are a Lipschitz function ¢ : R >R
satisfying |¢o (x) — ¢ (2)| < Aglx — z|, and an orthonormal coordinate system CS¢ with origin
at Q such that

B(Q.R))ND=B(Q,R)N{y=1,.... Ya-1,ya) =: (V. ya) in CSq: ya > po(3)}.

The pair (Rg, Ag) is called the characteristic of the Lipschitz domain D.

Any bounded Lipschitz domain satisfies the «-fat property: there exists xg € (0, 1/2] depend-
ing on Ag such that for each Q € 9D and r € (0, Rp) (by choosing Ro smaller if necessary),
D N B(Q,r) contains a ball B(A,(Q), kor).

In this section, we fix a bounded Lipschitz domain D with its characteristic (Rg, Ag) and .
Without loss of generality, we may assume that the diameter of D is less than 1.

We recall here the scale invariant boundary Harnack principle for X in bounded Lipschitz
domains from [12].

Theorem 2.4. [12, Theorem 4.6] Suppose D is a bounded Lipschitz domain. Then there exist
constants My, ¢ > 1 and r3 > 0, depending on p only via the rate at which max; ;g M;lu' (r)

goes to zero such that for every Q € 0D, r < r3 and any nonnegative functions u and v which are
harmonic with respect to XPinDn B(Q, Mr) and vanish continuously on dD N B(Q, M\r),
we have

wgc@ forany x,y € DN B(Q,r). (2.10)
v(x) vy

For any Q € 9D, we define

Ag(r):={yin CSo: ¢ () +2r > ya > $po (), 15| < 2(M; + 1yr},
0 Ao(r) = {yinCSg: po(G) +2r > ya > o), |51 =2(M; + Dr},
HhAo(r) = {yinCSgp: po(F) +2r = ya, |5 <2(M; + Dr},
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where CSg is the coordinate system with origin at Q in the definition of Lipschitz domains and
¢ is the Lipschitz function there. Let My :=2(1 + My),/1+ A% +2and rg ;= Mz_l (RoArp A
ra Ar3). If z€ Ag(r) with r <ry, then

10 =21 <|(Z.00(D) — G, 0)| +2r <2r(1+ M)/ 1+ A} +2r = Mor < Mars < Ro.
So Ag(r) C B(Q,Mar)N D C B(Q, Rp)N D.

Lemma 2.5. There exists a constant ¢ > 1 such that for every Q € 0D, r < r4, and any non-
negative functions u and v which are harmonic in D \ B(Q,r) and vanish continuously on
oD\ B(Q,r), we have

u(x) v(x)
<c——= foranyx,ye D\ B(Q, Myr). (2.11)

u(y) — v(y)

Proof. Throughout this proof, we fix a point Q on 0D, r < r4, Ag(r), 01Ap(r) and
0 Ap(r). Fix a yp € R4 with |Jo| = 2(M; + 1)r. Since (3o, 90 (¥0))| > r, u and v
are harmonic with respect to X in D N B((3o, ¢ (30)),2Mr) and vanish continuously on
9D N B((yo, ¢0(J0)), 2M1r). Therefore by Theorem 2.4,

u(x) v(x) ey o~~~

<ci—— foranyx,y €01Ap(r) withx =y =y, (2.12)

u(y) v(y)
for some constant ¢y > 0. Since dist(D N B(Q, r), 02Ag(r)) > cr for some ¢ := c¢(Ap), the Har-
nack inequality (Theorem 2.2) and a Harnack chain argument imply that there exists a constant
¢y > 1 such that

-1 ulx) v)
g <—0 —— <
u(y) v(y)
In particular, (2.13) is true with y := (3o, ¢o (o) + 2r), which is also in 91 Ao (r). Thus (2.12)
and (2.13) imply that
C3_1u(x) < v(x) <C3u()c)’
uy) —v(y) u(y)
for some constant ¢3 > 0. Now, by applying the maximum principle (Lemma 7.2 in [11]) twice,
we get that (2.14) is true for every x € D\ Ag(r) D D\ B(Q, M>r). O

c2, foranyx,ye€drAg(r). (2.13)

X,y €01 Ap(r)UdAg(r), (2.14)

Combining Theorem 2.4 and Lemma 2.5, we get a uniform boundary Harnack principle for
G p(x,y) in both variables. Recall kg is the «-fat constant of D.

Lemma 2.6. There exist constants ¢ > 1, M > 1/ky and ro < rq such that for every Q € 0D,
r <ro, we have for x,y € D\ B(Q,r) and z1,z2 € DN B(Q,r/M),

Gp(x,z1) < Gp(x,22) Gp(z1,x) Gp(z2,x)
<c an <c .
Gp(y,z1) Gp(y,z2) Gp(z1,y) Gp(z2,y)

(2.15)

Fix zo € D withro/M < pp(z9) <rpandlet ey :=ro/(12M).Forx,y € D, weletr(x, y) :=
pp(x) V pp(y) V |x — y| and
1
B(x,y):= {A € D: pp(A) > Mr(x,y), lx — Al Vv |y — Al <5r(x, y)}

if r(x,y) <e1,and B(x, y) := {z0} otherwise.
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By a Harnack chain argument we get the following from (2.2) and (2.3).

Lemma 2.7. There exists a positive constant Cy such that Gp(x,y) < Colx — y|_d+2, for all
x,y€D, and Gp(x,y) > Cy ' lx — y[7*2 if 2)x — y| < pp(x) V pp ().

Let C; := Cozd_2,op(z())2_d. The above lemma implies that Gp (-, z0) and Gp(zo, ) are
bounded above by C1 on D \ B(zo, pp(z0)/2). Now we define

81(x):=Gp(x,z0) ACy and  g2(y) :=Gp(zo,y) ACi.
Using Lemma 2.3 and a Harnack chain argument, we get the following.

Lemma 2.8. For every y € D and x1,x3 € D\ B(y, pp(y)/2) with |x; — x2| < k(pp(x1) A
op(x2)), there exists ¢ :== c(D, k) > 0 independent of y and x1, x> such that

Gp(x1,y) <cGpxz,y) and Gp(y,x1) <cGp(y, x2). (2.16)
The next two lemmas follow easily from the result above.

Lemma 2.9. There exists c = c¢(D) > 0 such that for every x,y € D,

cle1(A1) < g1(A2) <cgi(A1) and ¢ 'ga(A1) < g2(A2) <cga(Ay),
Ay, Ay e B(x, y).

Lemma 2.10. There exists ¢ = c¢(D) > 0 such that for every x € {y € D; pp(y) > €1/(8M?>)},
cl<g) < i=12

Using Lemma 2.3, the proof of the next lemma is routine (for example, see Lemma 6.7 in [8]).
So we omit the proof.

Lemma 2.11. For any given ci > 0, there exists ¢ = c2(D, c1, u) > 0 such that for every
Ix =yl <ci(pp(x) A pp (),

Gp(x,y) = calx —y|79+2

In particular, there exists ¢ = c(D, ) > 0 such that for every |x — y| < (8M3/e1)(pp(x) A
pp (),

¢ =y <Gl y) el =y
With the preparations above, the following two-sided estimates for Gp is a direct general-

ization of the estimates of the Green function for symmetric processes (see [5] for a symmetric
jump process case).

Theorem 2.12. There exists ¢ := c(D) > 0 such that for every x,y € D,

181 WG v g c 81080 4
Mm@ YISOy s e o @ 7Y

forevery A € B(x, y).

(2.17)
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Proof. Since the proof is an adaptation of the proofs of Proposition 6 in [3] and Theorem 2.4
in [10], we only give a sketch of the proof for the case pp (x) < pp(¥) < ﬁ lx —y|.

In this case, we have r(x, y) = |[x — y|. Letr := %(|x — yl A e1). Choose Oy, Oy € 3D with
|Qx — x| = pp(x) and |Qy — y| = pp(y). Pick points xi = A,y (Qy) and yi = A,/ (Qy) s0
that x, x; € B(Qx,r/M) and y, y; € B(Qy,r/M). Then one can easily check that |z — Qx| > r
and |y — Qx| = r. So by the first inequality in (2.15), we have
;! Gp(x1,y) < Gp(x,y) <el Gp(x1,y)

g1(x1) g1(x) g1(x1)
for some ¢; > 1. On the other hand, since |zo — Qy| > r and [x1 — Q| > r, applying the second
inequality in (2.15),

_1Gp(x1,y1) _ Gp(xy,y) Gp(x1,y1)

| < < .
&2(y1) 82(y) 82(y1)

Putting the four inequalities above together we get

_5 Gp(x1,y1) Gp(x,y) » Gp(x1,y1)
| < < .
g1(x1)g2(y1)  g1(x)g2(y) g1(x1)g2(y1)

Moreover, 1|x — y| < |x; — y1| < 2lx — y| and |x; — y1| < (8M3/e1)(pp(x1) A pp(y1)). Thus
by Lemma 2.11, we have

L e =ym ™ Gp@y) g o lx—yI7*?

226,210 e ) giWe() T g ang(n)

for some ¢ > 1.
If r =&1/2, then r(x, y) = |x — y| = &1. Thus g1(A) = g2(A) = g1(z0) = g2(z0) = C; and
op(x1), pp(y1) = r/M =¢g1/(2M). So by Lemma 2.10,
A A
C1‘203‘2 < 81(A)g2(A) <2
g1(x1)g2(y1)

for some c3 > 1.

Ifr<ep/2,thenr(x,y)=|x —y|<erandr = %r(x, v). Hence pp(x1), pp(y1) =2 r/M =
r(x,y)/(2M). Moreover, |x; — A, |y1 — A| = 6r(x,y). So by applying the first inequality
in (2.16) to g1, and the second inequality in (2.16) to go (with k = 12M),

_a@ LW
gl(Xl) gz(yl)
for some constant c4 =c4(D) > 0. O

<c

C4

Lemma 2.13 (Carleson’s estimate). For any given 0 < N < 1, there exists constant ¢ > 1 such
that for every Q € 0D, r <rg, x € D\ B(Q,r) and 71,20 € DN B(Q,r/M) with B(zo, Nr) C
DNB(Q,r/M),

Gp(x,z1) <cGp(x,z2) and Gp(zi,x) <cGp(z2,x). (2.18)
Proof. Recall that CSy is the coordinate system with origin at Q in the definition of Lipschitz
domains. Let y := (6, r). Since z1,z2 € DN B(Q,r/M), by (2.2),

Gp(,.z1) <crr % and Gp(z1,3) <cir @2
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for some constant ¢; > 0. On the other hand, since pp(y) > cpr for some constant ¢ > 0 and
pp(z2) = Nr, by Lemma 2.11,

2 —d+2 d+2
+2 5 ot +

Gp(3.22) = 3]y — za| ¢ and Gp(z2,7) =31y — 22172 > car™

for some constants c3, ¢4 > 0. Thus from (2.15) with y =y, we get

c c
GD(x,z1><c5<c—‘)GD<x,zz) and GD<Z],x)<cs<c—‘>GD(zz,x)
4 4
for some constant ¢cs > 0. O

Recall that, for r € (0, Rp), A,(Q) is a point in D N B(Q, r) such that B(A,(Q), kor) C
DNB(Q,r).Forevery x, y € D, we denote by O, Oy points on d D such that pp (x) = |x — Qx|
and pp(y) = |y — Oy, respectively. It is easy to check thatif 7 (x, y) < &1,

Ar(ey) (Q2). Arey) (Qy) € B(x., ). (2.19)
In fact, by the definition of A, (x,y)(Qx), oD (Ar(x,y)(Ox)) = kor(x,y) > r(x, y)/M. Moreover,
¥ = Ao ()] < 13 = Qul + [Qx = Arx,) (Q)| < pp(0) +7(x,y) <2r(x, y)
and |y — Ar(x, ) (@) < X = ¥+ [x — A1) (@) < 3r(x, y).

Lemma 2.14. There exists ¢ > 0 such that the following hold:
(1) IfQedD,0<s<r<erand A= A,(Q), then

gi(x) <cgi(A) foreveryxeDﬂB(Q,Ms)ﬂ{yeD: op(y) > %}, i=1,2.
(2) If x,y,z € D satisfy |x —z| < |y — z|, then

gi(A) <cgi(B) forevery (A,B)eB(x,y) xB(y,z), i=1,2.

Proof. This is an easy consequence of the Carleson’s estimates (Lemma 2.13), (2.19) and Lem-
mas 2.9-2.11 (see p. 467 in [10]). Since the proof is similar to the proof on p. 467 in [10], we
omit the details. O

The next result is called a generalized triangle property.

Theorem 2.15. There exists a constant ¢ > 0 such that for every x,y, z € D,

Gp(x,y)Gp(y,2) g1(y) g2(y)
< Gpl(x,
Gp@.2) C(glm PNV

Proof. Let Ay, € B(x,y), Ay, €B(y,z)and A, , € B(z,x).If [x — y| < |y —z| then |x — z| <
|[x —y|+ ]y —z| <2|y —z|. So by (2.17) and Lemma 2.14(2), we have

Gp(y, Z)). (2.20)

Gp(,2) _ ,81(Ax)g(Ax) Ix =292 1) _ 5 4081
<o ) < cpe2
Gp(x,z) 81(Ay )g2(Ay ) |y —z|7= g1(x) g1(x)

for some ¢y, ¢ > 0. Similarly if |x — y| > |y — z|, then

Gp(x,y) _ »81(Ar:)ga(Ar) |x -2 8100 _ 5 a28()
< ) <cje .
Gp(x,2) 81(Ax,y)g2(Axy) |x — y|== g1(x) 82(2)
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Thus

Gp(x,y)Gp(y,2) _ » d2<gl(y) F2162)
< 2 —G 9
Gp(x.2) A g PV o

GD(y,z)>. O

Lemma 2.16. There exists ¢ > 0 such that for every x,y € D and A € B(x, y),
gi(x)Vvgi(y) <cgi(A), i=12.

Proof. If r(x, y) > €1, the lemma is clear. If r (x, y) < &1, from Lemma 2.14(1), it is easy to see
that

gi(x) <cgi (Ar(x,y)(Qx))

for some ¢ > 0, where Qj is a point on d D such that pp (x) = |x — Q|. Thus the lemma follows
from Lemmas 2.9 and (2.19). O

Now we are ready to prove the 3G theorem.

Theorem 2.17. There exists a constant ¢ > 0 such that for every x,y, z € D,

Gp(x,»)Gp(y,2) _ x — 2472
<c .
Gp(x,2) x = Y142y — 21972

2.21)

Proof. Let A,y € B(x,y), Ay, € B(y,z) and A;, € B(z, x). By (2.17), the left-hand side of
(2.21) is less than or equal to

< 21181 (Ax ;) ) ( 2182 (Ay ;) > x — z]472
81(Ax)g1(Ay ) )\ 82(Axy)82(Ay ) ) Ix — y|d=2]y — z|92"

If |x — y| < |y —z|, by Lemmas 2.14 and 2.16, we have

g1(y) 82(y) g1(Ax z) 82(Ax 7)
———<¢, — ——<¢, —/——<¢ and ———<
gl(Ax,y) g2(Ayxy) gl(Ay,z) gZ(Ay,z)

for some constants ¢y, ¢, > 0. Similarly, if |[x — y| > |y — z|, then

82(Ax.2)

A
g1(y) < 82(y) < g1( x,z)<C2 and <o
gZ(Ax,y)

— X1 — X (1, — X
81 (A)’,Z) gZ(Ay,z) 81 (Ax,y)

N\
oS
]

Combining the main results of this section, we get the following inequality.

Theorem 2.18. There exist constants cy, co > 0 such that for every x,y,z € D,

Gpx,y)Gp(y,2) g1(y) &)
< Gp(x, Gp(y,
Gp(x,z2) Cl(gl(x) DX, )V 82(2) 0 Z))
<elx =y v |y — 217412, (2.22)

Proof. We only need to prove the second inequality. Applying Theorem 2.12, we get that there
exists ¢; > 0 such that
g1y 81(»)g2(y) _
Sl /seV T | X — y| d+2

G 9 <
ain PO S e A
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and

82 g1 (Mg () _d+2
Gp(y.2) < S8V
020 P IS BB T

for every (A, B) € B(x,y) x B(y, z). Applying Lemma 2.16, we arrive at the desired asser-
tion. O

3. Schrédinger semigroups for X

In this section, we will assume that D is a bounded Lipschitz domain. We first recall some
notions from [13]. A measure v on D is said to be a smooth measure of X2 if there is a positive
continuous additive functional (PCAF in abbreviation) A of X such that for any x € D, t > 0
and bounded nonnegative function f on D,

1 t

E, / f(xPYdAs = / / qP (s, x,y) f()v(dy)ds. 3.1)
0 D

0

The additive functional A is called the PCAF of X with Revuz measure v.

For a signed measure v, we use v and v~ to denote its positive and negative parts of v,
respectively. A signed measure v is called smooth if both v and v~ are smooth. For a signed
smooth measure v, if AT and A~ are the PCAFs of X? with Revuz measures vt and v,
respectively, the additive functional A := AT — A~ of is called the continuous additive functional
(CAF in abbreviation) of X ? with (signed) Revuz measure v. When v(dx) = c(x) dx, A; is given
by A, = [y c(XP)ds.

We recall now the definition of the Kato class.

Definition 3.1. A signed smooth measure v is said to be in the class Sqo (X Dy if for any € >0
there is a Borel subset K = K (¢) of finite |v|-measure and a constant § = (¢) > 0 such that

/ GD(.X, )’)GD()’»Z)
Gp(x,2)

sup
(x,z)e(DxD)\dD\K

vidy) <e (3.2)

and for all measurable set B C K with |[v|(B) < 6,

G )G ,
sup / DO NGOG |y <6, (3.3)
(. 9e(Dx DN J Gp(x,2)

where d is the diagonal of the set D x D. A function ¢ is said to be in the class Soo(X?) if
g(x)dx is in Seo (XP).

It follows from Proposition 7.1 of [13] and Theorem 2.17 above that K; 2 is contained
in Seo(XP). In fact, by Theorem 2.18 we have the following result. Recall that g|(x) =
Gp(x,z0) ACy and g2(y) = Gp(z0, y) A Cy.

Proposition 3.2. If a signed smooth measure v satisfies

sup lim / 81O G e ) ol (dy) = 0
xeD 140 g1(x)
DNflx—y|<r}
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and

sup lim / 8200 6 (v, )lvl(dy) = 0,
xeD 0 g2(x)
DN{|x—y|<r}

then v € Soo(XP).
Proof. This is a direct consequence of Theorem 2.18. O

In the remainder of this section, we will fix a signed measure v € Soo(X?) and we will use
A to denote the CAF of X? with Revuz measure v. For simplicity, we will use e4 () to denote
exp(A;). The CAF A gives rise to a Schrodinger semigroup:

0P f(x) :=Ex[ean) f(XP)].

The function x — E;[es(tp)] is called the gauge function of v. We say v is gaugeable if
E,[es(tp)] is finite for some x € D. In the remainder of this section we will assume that v is
gaugeable. It is shown in [13], by using the duality and the gauge theorems in [4,7], that the
gauge function x — E,[e4(tp)] is bounded on D (see Section 7 in [13]).

Forye D,let X D.y denote the h-conditioned process obtained from X D with h(-) = G p(-, y)
and let E] denote the expectation for XY starting from x € D. We will use 'L'[y) to denote
the lifetime of X2-Y. We know from [13] that E)[ea (rg)] is continuous in D x D (also see
Theorem 3.4 in [6]) and

sup E§[|A|tg] <00 3.4)
(x.y)e(DxD)\d

(also see [4] and [7]) and therefore by Jensen’s inequality

: y y
(x,y)G}rll)xD)\dEx [ea(wp)] > 0. 3.5)

We also know from Section 7 in [13] that
Vp(x,y) :=Ex[ea(t))]Gp(x, y) (3.6)

is the Green function of {QP}, that is, for any nonnegative function f on D,

o0
[ oty = [ 0P reoa
D 0
(see also Lemma 3.5 of [4]). (3.4)—(3.6) and the continuity of Ellea (rg)] imply that Vp(x, y) is
comparable to G p(x, y) and Vp(x, y) is continuous on (D x D)\ d. Thus there exists a constant
¢ > 0 such that for every x, y,z € D,
VO, NV (. 2) _ e — 272
XxC .
Vp(x,2) |x — y[4=2]y —z|972

(3.7)

4. Two-sided heat kernel estimates for { Q tD }

In this section, we will establish two-sided estimates for the heat kernel of Q,D in bounded
C!! domains.
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Recall that a bounded domain D in R is said to be a C*! domain if there are a localiza-
tion radius ro > 0 and a constant A > 0 such that for every Q € 3D, there are a C!-!-function
¢ =g :RI™! - Rsatisfying ¢ (0) = V§(0) =0, [Vl < A, [V (x) — Vo ()| < Alx — 2],
and an orthonormal coordinate system y = (y1, ..., Yd—1, Ya) := (¥, ¥q) such that B(Q, rp) N
D=B(Q,r) N {y: ya > ¢}

We will always assume in this section that D is a bounded C!:! domain. Since we will follow
the method in [11] (see also [17]), the proof of this section will be a little sketchy.

First, we recall some results from [11]. For every bounded C L1 domain D and any T > 0,
there exist positive constants ¢;, i =1, ..., 4, such that

d ey lx—yl? d eglx—y?
vptx, e T <P x,y) <csyp(tx, T (4.1)

for all (¢,x,y) € (0, T] x D x D, where

- pD(x) pp(y)
Yp(t,x,y):= (1/\ NG )(1/\ i )

(see (4.27) in [11]).
ForanyzeRd and 0 <r <1, let

. ] — Pp; () pp: ()
D;:=z+rD, 1/fD;_.(t,x,y)._<1/\ \/; )(1/\ \/; ),

(t,x,y) €(0,00) x D x D%,

where ppz(x) is the distance between x and dD;. Then, for any 7' > 0, there exist positive
constants fp and c¢j, 5 < j < 8, independent of z and r such that

_d _whol® e d _ gl
cst”2Ype(t,x,y)e” 7 Kq r(t,x,y) <optm 2Yp(t,x, y)e” T X (4.2)

for all (7, x, y) € (0,10 A (r2T)] x D? x D? (see (5.1) in [11]). We will sometimes suppress the
indices from D? when there is no possibility of confusion.

For the remainder of this paper, we will assume that v is in the Kato class Ky 2. Using the
estimates above and the joint continuity of the density ¢ (¢, x, y) (Theorem 2.4 in [12]), it is
routine (see, for example, [8, Theorem 3.17], [2, Theorem 3.1] and [4, p. 4669]) to show that Q,D
has a jointly continuous density (¢, -, -) (also see Theorem 2.4 in [12]). So we have

Ex[es() f(xP)] = f FOWPx, y)dy. 43)

D

where A is the CAF of X? with Revuz measure v in D.

Theorem 4.1. The density rP (¢, x, y) satisfies the following equation
13
rPt, x, y) = qD(t,x, y) + //rD(s,x, z)qD(t —s,z,y)v(dz)ds 4.4)
0 D

forall (t,x,y) € (0,00) x D x D.

Proof. Recall that A is the CAF of X? with Revuz measure v in D. Let 6 be the usual shift
operator for Markov processes.
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Since for any ¢ > 0,
t

t
eaty =et =1 +/eAr*ASdAS =1 +/eAH°9s dAs,
0 0

we have
t

Efea) £(XP)] =EL[ £(XP)] + [f(XP) [ et dAs]

0

for all (¢, x) € (0, 00) x D and all bounded Borel-measurable functions f in D.

By the Markov property and Fubini’s theorem, we have

1 t

E, |:f(XtD)/eArS09s dAS:| :/Ex[f(XtD)eAt—soex dAS]

0 0
t

:/EX[EXSD[f(X,D_S)eA(t—s)]dAs].
0
Thus by (3.1) and (4.3),

t

t
E, |:f(X,D)/€A’_SOGS dAs:| Z/f()’)//VD(S,x,z)qD(t —s,z,y)v(dz)ds dy.
D 0

0 D

4.5)

(4.6)

Since rP(s, -, -) and qD (t —s, -, -) are jointly continuous, combining (4.5)—(4.6), we have proved

the theorem. O

The proof of the next lemma is almost identical to that of Lemma 3.1 in [18]. We omit the

proof.

Lemma 4.2. For any a > 0, there exists a positive constant ¢ depending only on a and d such

that for any (t, x, y) € (0, 00) X R? x RY,

_d _alx—z? _d _alz—yP
s 2Ze T s = |v|(dz)ds

-4, _ap—yP
<ct T2 sup |v|(dz)ds

ueRd

7i a‘)’*J al —y\z
sT 2 (t—s)" 2@ = |v|(dz)ds

_d+l _al—y? alu—z|2
Lct™ 2 o sup s Ze & |v|(dz)ds.

u eRd

and
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Lemma 4.3. For any a > 0, there exists a positive constant ¢ depending only on a and d such
that for any (t,x,y) € (0,00) x D x D,

p(x) p(2)\ _d _ax—? p(y) _d _dny
//( ><1/\ ﬁ>s 2¢” s <1Am)(t—s) 2e s |v|(dz)ds

gc(“%x“l)\(/y?))tl e f;fd//s 425 ldDyds. @7)

Proof. With Lemma 4.2 in hand, we can follow the proof of Theorem 2.1 in [15, pp. 389-391]
to get the present lemma. So we skip the details. 0O

Recall that
M1 ;(r) = sup / m and
xeRd lx — y|d_1
lx—yl<r
M>*(r) = su _Pl@y) r>0,i=1 d
lx—yl<r
Theorem 4.4.
(1) Foreach T > 0, there exist posmve constants ¢j, 1 < j <4, depending on j and v only via

the rate at which max <, <d M ;(r) and M2 (r) goto zero such that

c |v— 2 cqli—yl?

it TYp(tx. e S <rPx.y) <est Iyp(t.x. y)e T (4.8)

(2) There exist Ty = T1(D) > 0 such that for any T > 0, there exist positive constants t| and cj,
5 < j <8, independent of 7 and r such that

56\)‘—}'\ 08|X—)'\2

C5f%1ﬁD;@(t,x,y)ef x Kr '(t x,y)<cyt™ leDL(l X,y)e 2 4.9)
forallr € (0, 1] and (t,x,y) € (0,11 A (r3(T ATY))] x D? x D:.
Proof. We only give the proof of (4.9). The proof of (4.8) is similar. Fix 7 > 0 and z € RY. Let

Dy := Dy, pr(x) := ppz(x) and ¥ (1, x, y) := ¥ pz(t, x, y). We define Ii(t, x, y) recursively for
k>0and (t,x,y) € (0,00) x D x D:

1t x,y) =q"(t,x,y),
I (tx,y) :=//1,§(s,x,z)q(z)qu(t—s,z,y)dzds.

0 D,

Then iterating the above gives

[o,0]
rD’(t,x,y) = ZI,:(t,x, y), (t,x,y)€(0,00)x D, x D,. (4.10)
k=0
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Let

t
u*Zz
N2(1) = sup //s*%e*f‘ 2 |vl(dz)ds, 1> 0.

eR4
"R

It is well known (see, for example, Proposition 2.1 in [11]) that for any r > 0, there exist ¢; =
c1(d, r) and ¢; = c2(d) such that
N2(1) < (1t + c))M2(r), forevery t € (0, 1). (4.11)

We claim that there exist positive constants c¢3, ¢4 and A depending only on the constants
in (4.2) and (4.7) such that for k =0, 1, ... and (¢, x, y) € (0, fo A (r2T)] x D, x D,

A=y 2t
[IL(t,x, )| < ezt x, y)t~ ST <C4N <A>> , 0<r<l. 4.12)
We will prove the above claim by induction. By (4.2), there exist constants 7y, c3 and A such that
. D. _d _Ak—y?
(I3 x 0| =g x| <esyr@ox, y)i~2e” 7 (4.13)

for (t,x,y) € (0, tp A (r2T)] X Dy x D,. On the other hand, by Lemma 4.3, there exists a positive
constant ¢s depending only on A and d such that

t
/.\/wr(s,x’ Z)s_%e_A|x2;Z|2 (1 AN %)(f — S)_%e_%lvl(dZ)dS

0 D,

A=y Alu—z|?
gcisl//r(t,x,y)t_%e T sup//s e~ 4.; [v|(dz)ds. 4.14)
0 R4

ueRd

So there exists ¢ = cg(d) > 0 such that

d Alx— \\ Al
‘Ilr(t,x,y)|<c§051/fr(t,x,y)t_7e T sup//s 2e” |v|(dz)ds

ueRd

2 d _d _Ax=2 5 (2t
< c3e5¢6 A2 Y (L, x, Yt 2e 7N, "

for (t,x,y) € (0,7 A (rzT)] X D, x D,. Therefore (4.12) is true for k = 0,1 with ¢4 :=
cgcscsA% . Now we assume (4.12) is true up to k. Then by (4.13)—(4.14), we have

t
|¢meﬂﬂ<f/ﬁuxnmw“a—aawwunw

t
_d _Ax—zf? 2s
< c3Yr(s,x,2)s " 2e" " 5 | caN? T
0 D,

XC3<1A5;(L)>(Z s)~ ge %Ivl(dz)ds
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<63<C4N2< )) //w,(s X,2)s" 2e AIX2A‘Z|2<1A5%>

Miz—y|~
X([—S)_7€ = |v|(dz)ds

) o f 2t k d _d _Aky® 5 (2t

<3| ealN; " c5c6AZ Y (t, x, )t~ 2e 27Ny n
L4 _AnyP 520\ \* !
<C31/fr(t,X,y)t ze 2 C4NU X .

So the claim is proved.
Choose t; < (1 A tg) small so that

21‘1 1
N? —. 4.15
o (A)<2 (@.15)

By (4.11), #; depends on v only via the rate at which Mg (r) goes to zero. (4.10) and (4.12) imply
that for (¢, x, y) € (0,11 A (r2T)] x D, x D,
o0 2
PP, y) < SO x| < 2039 (1 x, i Re T (4.16)
k=0

Now we are going to prove the lower estimate of »7 (¢, x, y). Combining (4.10), (4.12) and
(4.15) we have for every (¢, x,y) € (0,11 A (rzT)] x D, x Dy,

o
21 _d _ Ay
[Pt xy) = gPr e x| < x )| < QMNTEJ%UJJﬁze %

k=1
Since there exist ¢7 and cg < 1 depending on T such that

c7lx—yl?

D d gyt
gt x,y) = 2e8Yr(t,x, )t 2" A,
we have for [x — y| <+/7 and (¢, x,y) € (0,11 A (r*T)] x D x D,

) > (202 =3 ) J s
ror(t,x,y) = | 2cge” "7 — c3c4N; Yt x,y)t 2. 4.17)

Now we choose t» < #1 small so that
2t
C3C4N3 <72) < cge 2T, (4.18)
Note that #, depends on v only via the rate at which Mf(r) goes to zero. So for (t,x,y) €
(0,12 A (r*T)] x D x D and |x — y| < 4/7, we have

rPrt, x,y) > cge 2671//,«(1‘ X, )t~ 121 (4.19)

It is easy to check (see pp. 420—-421 of [19]) that there exists a positive constant 7y depending
only on the characteristic of the bounded C!-! domain D such that for any 7 < Ty and x, y € D
with pp(x) > \/t:, pop(y) = Vi , one can find an arclength-parameterized curve [ C D connecting
x and y such that the length |/| of / is equal to A1|x — y| with A1 < A¢, a constant depending only
on the characteristic of the bounded C!! domain D. Moreover, I can be chosen so that

pp(I() =1V, s e[o.11].
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for some positive constant A, depending only on the characteristic of the bounded C'! do-
main D. Thus for any t = r?f < r>Tp and x, y € D, with p,(x) > /7, p-(¥) > /1, one can find
an arclength-parameterized curve [ C D, connecting x and y such that the length |/| of [ is equal
to Alx — y| and

pr(1(9)) = rav/t, s €[0,11]].

Using this fact and (4.19), and following the proof of Theorem 2.7 in [9], we can show that
there exists a positive constant c9 depending only on d and the characteristic of the bounded C!+!
domain D such that

D. I, 4 cgl—yP?
ror(t,x,y) = ECge Ty (t,x, y)t" 2e 7 (4.20)
forall r € (0,12 A r2(T A Tp)] and x, y € D, with p,(x) > /1, pr(y) = /1.

It is easy to check that there exists a positive constant 77 < Tp depending only on the charac-
teristic of the bounded C!:! domain D such that for 7 < T} and arbitrary x, y € D, one can find
x1, y1 € D be such that pp(x1) = V7, pp(y1) = +/7 and |x — xo| < V7, |y — yo| < ~/7. Thus for
any t = r2f <r27Ty and arbitrary x, y € D,, one can find x1, y; € D, be such that p,(x1) > Vi,
or(y1) =/t and |x — xo| < /1, |y — yo| < +/t. Now using (4.17) and (4.20) one can repeat the
last paragraph of the proof of Theorem 2.1 in [15] to show that there exists a positive constant
c10 depending only on d and the characteristic of the bounded C!-! domain D such that

y 12
rPr(t,x, y) = cgcroe Y (1, x, y)l‘_%e_M 4.21)
for all (r, x,y) € (0,2 Ar>(T AT)] X D, x D,.

Using (4.1) instead of (4.2) the proof of (4.8) up to ¢ < 73 for some 73 depending on T and D
is similar (and simpler) to the proof of (4.9). To prove (4.8) for a general T > 0, we can apply
the Chapman—Kolmogorov equation and use the argument in the proof of Theorem 3.9 in [16].
We omit the details. O

Remark 4.5. Theorem 4.4(2) will be used in [14] to prove a parabolic Harnack inequality, a par-
abolic boundary Harnack inequality and the intrinsic ultracontractivity of the semigroup QtD.

5. Uniform 3G type estimates for small Lipschitz domains

Recall that i > 0 is the constant from (2.3) and r3 > 0 is the constant from Theorem 2.2.
The next lemma is a scale invariant version of Lemma 2.3. The proof is similar to the proof of
Lemma 2.3.

Lemma 5.1. There exists c = c(d, ) > 0 such that for everyr € (0,r1 Ar3], Q € R? and open
subset U with B(z,1) CU C B(Q, r), we have for every x € U \ B(z,1),

sup GU(ys x)<c inf GU(y,x) (5])
y€B(z,1/2) y€B(z,1/2)
and
sup Gu(x,y)<c inf Gy(x,y). (5.2)

yeB(z,1/2) y€B(z,1/2)
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Proof. (5.1) follows from Theorem 2.2. So we only need to show (5.2). Since r < ry, by (2.3),
there exists ¢ = c¢(d) > 1 such that for every x, w € B(z, 31/4),

_ 1 1
! <Gpenw,x) <Gy(w,x) <Gp,rn(w,x)<c

lw — x|4—2 |lw— x]4-2"
Thus for w € B(z, 3?1) and yi, y» € B(z, %), we have
|lw — ya| =2 1 d-2 2
Gy(w,y) <c 75 <47 Gu(w, y2). (5.3)
lw — y1] |lw— y2|
On the other hand, from (2.5), we have
l
(hwmy)=Ethngoh,w} _YEB<L§). (5.4)
27

Since XTB(- 3, € B(z, %), combining (5.3)-(5.4), we get
o7
Gy, y) <42EL[Gu(Xr, 5 . 7))
2,3

l
=412Gy(x, ), Y.y € B(z, 5>. O
In the remainder of this section, we fix a bounded Lipschitz domain D with characteristic
(Ro, Ap). For every Q € D we put

Ag(r):={yin CSg: ¢o(3) +7r > ya > po (). I3 <r},
where CSg is the coordinate system with origin at Q in the definition of Lipschitz domains and
¢ is the Lipschitz function there. Define

Ro
rs = ——— ATr| AT13. (5.5)

J1+43+1

If z € Ag(r) with r <rs, we have

10—z <[(Z.¢0@) — (Q.0)| +r < (/1 + AF + 1)r < Ro.

So Ag(r) C B(Q, Ry) N D.
For any Lipschitz function v : R¢~! — R with Lipschitz constant Ao, let

AV =1y rs >y — ¥ (5) >0, |5 <rs}

so that AY C B(0, Ry). We observe that, for any Lipschitz function ¢ :R¢~! — R with the
Lipschitz constant A, its dilation ¢, (x) := re(x/r) is also Lipschitz with the same Lipschitz
r

constant Ag. For any r > 0, put n = s and ¥ = (¢g),. Then it is easy to see that for any
QeoDandr <rs,

Ag(r)= r)A'/f.

Thus by choosing appropriate constants Ay > 1, Ry < 1 and d; > 0, we can say that for
every Q € 9D and r < rs, the Ag(r)’s are bounded Lipschitz domains with the characteris-
tics (rRy, A1) and the diameters of A (r)’s are less than rd;. Since rs < r; Ar3, Lemma 5.1
works for G A Q(,)(x, y) with Q € 0D and r < rs. Moreover, we can restate the scale invariant
boundary Harnack principle in the following way.
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Theorem 5.2. There exist constants M3, c > 1 and s1 > 0, depending on u, v and D such that
forevery Q € 0D, r <rs, s <rsi, w € dAg(r) and any nonnegative functions u and v which
are harmonic with respect to X in Ao (r) N B(w, M3s) and vanish continuously on 0Ag(r) N
B(w, M3s), we have

u(x) < LO)
v(x)  v(y)

foranyx,y e Ag(r) N B(w,s). (5.6)

In the remainder of this section we will fix the above constants rs5, M3, s;, A1, R; and d; > 0,
and consider the Green functions of X in Ag(r) with Q € 9D and r > 0. We will prove a scale
invariant 3G type estimates for these Green functions for small r. The main difficulties of the
scale invariant 3G type estimates for X are the facts that X does not have rescaling property and
that the Green function G A Q(,)(x, -) is not harmonic for X. To overcome these difficulties, we
first establish some results for the Green functions of X in Ag(r) with Q € 9D and r small.

Let 8,Q (x) :=dist(x, dAg(r)). Using Lemma 5.1 and a Harnack chain argument, the proof of
the next lemma is almost identical to the proof of Lemma 6.7 in [8]. So we omit the proof.

Lemma 5.3. For any given c1 > 0, there exists co = c2(D, c1, ) > 0 such that for every Q € 3D,
r<rs |x—y| < 182 (x) A SrQ(y)), we have
Gag(x,y) = calx — y[ 7442,

Recall that M3 > 0 and s; > O are the constants from Theorem 5.2. Let My :=2(1 + M3) x

14+ A% 42 and R4 := R1/Mj,. The next lemma is a scale invariant version of Lemma 2.5. The
proof is similar to the proof of Lemma 2.5. We spell out the details for the reader’s convenience.

Lemma 5.4. There exists constant ¢ > 1 such that for every Q € 0D, r <rs5, s <rR4, w €
0A(r) and any nonnegative functions u and v which are harmonic in Ag(r) \ B(w, s) and
vanish continuously on dA g (r) \ B(w, s), we have

u) _ w0

20 \Cv(y) foranyx,y e Ag(r)\ B(w, Mys). 5.7

Proof. We fix apoint Q on 0D, r <rs5,s <rR4 and w € dA o (r) throughout this proof. Let

A= {yin CSuw: @u(3) +25 > ya > ¢u(3). |5 <2(M3 + Ds},

NA* = {yin CSu: ou () +25 2 ya > ¢u (), 15| =2(M3 + s},

HA* = {yin CSy: 0u () +2s = ya. |9 < 2(M3 + s},
where CS,, is the coordinate system with origin at w in the definition of the Lipschitz domain
A(r) and ¢, is the Lipschitz function there. If z € A,

lw — 2 <|(Z, 9w (@) — G, 0)] + 25 <25(1 + M3)V/1 + A2 + 25 = Mys < rR.

So AS € B(Q, M4s)ND C B(Q,rR)ND.For || =2(M3 + 1)s, we have |(F, 9w (3))| > 5. So
u and v are harmonic with respect to X in Ao (r)NB((3, ¢ (¥)), 2M3s) and vanish continuously
on dAg(r) N B((Y, ¢w(9)), 2M3s) where |y| = 2(M3 + 1)s. Therefore by Theorem 5.2,

ux) - vx)
u(y)  v(y)

for any x,y € 9 A® with ¥ = 3. (5.8)
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Since dist(Ap(r) N B(w, s), 32 A®) > cys for some ¢ = c1(D), if x € ,A’, the Harnack
inequality (Theorem 2.2) and a Harnack chain argument give that there exists constant ¢; > 1
such that

-1 ulx) vx)

o, < , ——

u(y) v(y)

In particular, (5.9) is true with x = x; := (X, ¢, () + 2s), which is also in d;A*. Thus (5.8)
and (5.9) imply that

<. (5.9)

—ru) _vlx) u(x)
e < <6 ,
u(y) vy u(y)
for some c3 > 1. Now, by applying the maximum principle (Lemma 7.2 in [11]) twice (x and y),
(5.10) is true for every x € Ag(r) \ A®. O

X,y €01A UdAY, (5.10)

Combining Theorem 5.2 and Lemma 5.4, we get the following as a corollary.

Corollary 5.5. There exists constant ¢ > 1 such that for every Q € 9D, r <rs5, w € 3(Ag(r)),
and s <1 Ra, we have for x,y € Ag(r) \ B(w, Mys) and 21,22 € Ag(r) N B(w, s),

GAQ(r)(x121)< Gagin(x,22) . GAQ(r)(zl,x)< Gagir (22, %)

< < . (5.11)

Gapr(y,z1) Gapr(y,22) Gapr (21, y) Gapr(z2,¥)
Corollary 5.6. For any given N € (0, 1), there exists constant ¢ = c(N, My, D) > 1 such that for
every Q€ dD, r <rs, w € 90(Ag(r)) and s < rRy4, we have

Gagin(x,21) ScGapr(x,22) and  Gayery(z1,x) S Gy (22, X) (5.12)
forx e Ag(r)\ B(w, Mys) and z1,z2 € Ag(r) N B(w, s) with B(za, Ns) C Ag(r) N B(w, s).

Proof. Fix Q € 0D, r <rs, w € 3(Ag(r)) and s < r R4. Recall from the proof of Lemma 5.4
that CSy, is the coordinate system with origin at w in the definition of the Lipschitz domain
Ag(r). Let y := (0, Mys). By (2.2),

d+2

Gagn(F.zn) <erly — 22l <eps™ ™ and

—d+2 d+2
— | +

Gapin(z, ) <cily <eas”

for some constants ¢y, ¢y > 0.
Note that, since Ag(r)’s are bounded Lipschitz domains with the characteristics (r Ry, Ay)

and s < r Ry, it is easy to see that there exists a positive constant c¢3 such that ,orQ () = caMas
and ,orQ (z2) 2 Ns. Thus by Lemma 5.3,

d+2

_ Z2|_d+2 and

Gapn(y,22) = caly Zcss

—d+2 d+2
— 7 +

Gap(r)(22.y) = caly > css”

for some constants c4, ¢5 > 0.
Now apply (5.11) with y = y and get

Gagr(*,21) S6Gagn(x,22)  and  Gay() (21, %) < c6G g (22, %)

forsomecg > 1. O
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With Lemma 5.1, Corollaries 5.5 and 5.6 in hand, one can follow either the argument in
Section 2 of this paper or the argument on pp. 170-173 of [8] to prove the next theorem. So we
skip the details.

Theorem 5.7. There exists a constant ¢ > 0 such that for every Q € 0D, r <rs and x,y,z €
Ao(r),

Gaoryx, )Gay,r) (¥, 2) _ _
Q(r)G o(r) <c(|x—y| d+2+|y—z| d+2). (5.13)
AQ(}’)(-X’Z)

6. Boundary Harnack principle for the Schrodinger operator of X? in bounded Lipschitz
domains

Recall that v belongs to the Kato class K4 2 and A is continuous additive functional associated
with v|p. We also recall e (#) = exp(A;) and the Schrédinger semigroup

0P f(x) =Ei[ean) f(XP)].

Using the Martin representation for Schrodinger operators (Theorem 7.5 in [6]) and the
uniform 3G estimates (Theorem 5.7), we will prove the boundary Harnack principle for the
Schrodinger operator of diffusions with measure-valued drifts in bounded Lipschitz domains.
In the remainder of this section, we fix a bounded Lipschitz domain D with its characteristic
(Rg, Ap). Recall

Ag(r)={yinCSg: po(3) +r>ya>po(), I3 <r},

where CS is the coordinate system with origin at Q € 9D in the definition of Lipschitz domains
and ¢ is the Lipschitz function there. We also recall that rs is the constant from (5.5) and that
the diameters of Ao (r)’s are less than rd;.

For Q€ dD, r <rsand y € Apg(r), let X 0.1,y denote the h-conditioned process obtained
from X202 with h(-) = Gap(n (-, y) and let EXQ” denote the expectation for X2 starting
from x € A (r). Now define the conditional gauge function

up (x, y) = ExQ’r’y[eA” (ng(r))]‘

By Theorem 5.7,

G ,a)G ,
ES7[A(L )] < Agr(X, a)G Ay (a y)v(da)
* o) Gapir(x,y)

Ag(r)
<c / (|x—a|_d+2+|a—y|_d+2)v(da), r<rs.
Ag(r)

Since the above constant is independent of r < r5, we have

sup ExQ‘r’y[A(TKQ(r))]
x,y€AQ(r)

_ [vl(da) :
< ¢ sup ﬁszv(rd1)<oo, r<rs, Qe€oD.
xeR4 |x —al
|x—al<rd
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Thus v € Soo(X22™) for every r < rs5 and there exists rg < r5 such that
o.ry y 1
sup E; [A(‘[AQ(r))] < > r<rg, QeoD.
X,y€AQ(r)
Hence by Khasminskii’s lemma,

sup u,Q(x,y) <2, r<rg, Q€dD.
x,2€A(r)

By Jensen’s inequality, we also have

inf  u2(x,y)>0, r<rg Qe€dD.
x,2€A(r)

Therefore, we have proved the following lemma.

Lemma 6.1. For r <re, v|a,() € Soo (X220 and V|Ao(r) is gaugeable. Moreover, there exists
a constant ¢ such that ¢=! < u,Q(x, y)<cforx,yeAg(r)andr <rs.

Theorem 6.2 (Boundary Harnack principle). Suppose D is a bounded Lipschitz domain in R?

with the Lipschitz characteristic (Rg, Ag) and let M5 := (/1 + A% +1). Then there exists N > 1

such that for any r € (0,r¢) and Q € 9D, there exists a constant ¢ > 1 such that for any non-
negative functions u, v which are v-harmonic in D N B(Q, r Ms) with respect to XP and vanish
continuously on 0D N B(Q, r Ms), we have

@Sc@ foranyx,yeDﬁB(Q,L)
v(x) v(y) N
Proof. Note that, with M5 = (,/1 + A% +1), Ag(r) C DN B(Q, Msr). So u, v are v-harmonic

in Ag(r). For the remainder of the proof, we fix Q € 9D, r € (0, r5) and a point er € Ag(r).
Let

Gu(x, Yy,

M(x,z):= lim LQ)]), K(x,z):= lim Lgy)

Usy=z Gy(x,°, y) Usy=z Vi (x2, y)

Since u, v are v-harmonic with respect to X2, by Theorem 7.7 in [6] and our Lemma 6.1,
there exist finite measures . and vy on dU such that

u(x) = / K(x,z2)pn1(dz) and v(x)= / K(x,2vi(dz), xelAg(r).
A (r) dA(r)

Let
u(x) = / M(x,2)u1(dz) and vi(x):= / M(x,2)vi(dz), x€Ag(r).
dA(r) dAQ(r)
By Theorem 7.3(2) in [6] and our Lemma 6.1, we have for every x € U,

u(x) _ fBAQ(r)K(x’Z)H’](dZ) o szaAQ(r)M(x’Z)P‘l(dZ) =C2u1(X) <C4M(X)
VO faagey K@) T iy, MO 0@ ) T e
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Since u;, v; are harmonic for X U and vanish continuously on dA g(r) N 3D, by the boundary
Harnack principle (Theorem 4.6 in [12]), there exist N and ¢, such that

u1(x) < u1(y)

)
< s s DNB ,— .
ne S Pug) TS (Q N)

Thus for every x, y € DN B(Q, )

u(x)<c%ul(x)<czc%ul(y)<cchw.
v(x) v (x) v1(y) v(y)
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