n b
Electr® 8biljty

Electron. J. Probab. 17 (2012), no. 32, 1-32.
ISSN: 1083-6489 DOI: 10.1214/EJP.v17-1751

Global heat kernel estimates for
A + A%/? in half-space-like domains*
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Abstract

Suppose that d > 1 and a € (0,2). In this paper, we establish by using probabilistic
methods sharp two-sided pointwise estimates for the Dirichlet heat kernels of {A +
a®AY?; g € (0,1]} on half-space-like C** domains for all time ¢ > 0. The large
time estimates for half-space-like domains are very different from those for bounded
domains. Our estimates are uniform in a € (0, 1] in the sense that the constants
in the estimates are independent of a € (0,1]. Thus they yield the Dirichlet heat
kernel estimates for Brownian motion in half-space-like domains by taking a — 0.
Integrating the heat kernel estimates with respect to the time variable ¢, we obtain

uniform sharp two-sided estimates for the Green functions of {A+a®A%/%; a € (0,1]}
in half-space-like C*! domains in R.
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1 Introduction and Setup

Throughout this paper, we assume that d > 1 is an integer and o € (0,2). Let
A=Y0, % be the Laplacian on R? and A®/? := —(—A)*/? the fractional Laplacian
on R¢. On C°(RY), the space of sAmooth functions with compact support, the operator
A%/? coincides with the operator A®/2 defined by

Re/2u(z) = lim (uly) — u(a) A

dy, (1.1)
el0 {yeRa: |y—z|>¢} |SC - y|d+a

where A(d, @) := a29 1n~4/27(42)(1 — 2)~L. Here I' is the Gamma function defined
by T'(\) := [;° t*te~'dt for every A > 0. For a > 0, define £* = A + a®A*/? on R?. The
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Global heat kernel estimates for A + A®/2 in half-space-like domains

non-local operator £ is the infinitesimal generator of the Lévy process X® := X? + qY
on RY, where X° = (X, ¢ > 0) is a Brownian motion in R¢ with generator A and
Y = (Y}, t > 0) is an independent rotationally symmetric a-stable process in R? whose
generator is A®/2. We will call the process X® the independent sum of the Brownian
motion X° and the symmetric a-stable process Y with weight a > 0. The process X is
a prototype of Lévy processes that have both diffusive and jumping components.

Due to their importance in theory and applications, fine potential theoretical prop-
erties of these Lévy processes have been under intense study recently. For any open set
D C RY, let p4(t,x,y) be the Dirichlet heat kernel of £ in D. The function p% (¢, x,y)
is also the transition density with respect to the Lebesgue measure on D of the sub-
process X% of X¢ killed upon leaving D. In a recent paper [6], we established sharp
two-sided estimates of p% (¢, z,y) on any C*! open set D for ¢ € (0,7] in a uniform form
in a € (0,1] for every fixed T' > 0. If in addition D is bounded, sharp two-sided estimates
on p}(t,x,y) for t > T are also obtained in [6]. However, when D is unbounded, the
large time behavior of p% (¢, z,y) should be very different from that for bounded open
sets, as one can see from the symmetric stable processes case treated in [12].

The main purpose of this paper is to derive a sharp two-sided estimate of p}, (¢, z,y)
for all time on a large class of unbounded domains, namely, half-space-like C!'! do-
mains. See below for the definition of half-space-like C''! domains. Obtaining sharp
two-sided Dirichlet heat kernel estimates for any Markov process is typically a non-
trivial and demanding task. This is especially so for X* due to the different scalings in
Brownian motion and symmetric stable processes and the complications from the fact
that X“ has both a continuous component and a pure jump component. The analysis of
precise boundary behavior of p%,(t, z,y) for large times turns out to be quite challeng-
ing and delicate. In [6], the correct boundary decay rate for p}, (¢, z,y) for small ¢ was
established by using some exit distribution estimates obtained in [8]. Unfortunately the
estimates obtained in [8] are not suitable to use in the present case. Thus in this paper
we need first to derive new exit distribution estimates that are suitable for large time
heat kernel estimates. The first step is, similar to that in [3, 8, 13], to compute £'¢ for
certain test functions. But unlike in [8], to obtain the desired estimates, we do not use
a combinations of test functions to construct suitable subharmonic and superharmonic
functions. Instead, we use a generalization of Dynkin’s formula to derive directly the
needed exit distribution estimates presented in Lemma 2.4 below. We believe that our
approach to obtain the correct boundary decay rate in this paper is quite general and
may be used for other types of jump processes.

In the remainder of this section, we will state the main result (Theorem 1.4) of this
paper, followed by some remarks, a conjecture (see Remark 1.5(i)) and an application
to Green function estimates (Theorem 1.7). To do so, we need first to recall some
known facts about X®. Let p®(t, z,y) be the transition density of X* with respect to the
Lebesgue measure on RY. The function p®(t, z, y) is smooth on (0, 00) x R? x R%. For any

A >0, (AX{_,,,t > 0) has the same distribution as (Xt“(aﬂ)/a,t > 0) (see the second
paragraph of [6, Section 2]), so we have
p“’\(a_wa (t,z,y) = A (A28, AL, A ly) fort > 0and z,y € R (1.2)

For a > 0 and C' > 0, define

_ _ _ —Clo—y|? _ a®t
h&(t,x,y) = (t /2 p (a”t) d/o‘) A (t d/2=Claz—yl*/t 4 ((aat) d/a p |xy|d+0‘>) )

Here and in the sequel, we use “:=" as a way of definition and, for a,b € R, a A b :=
min{a, b} and a V b := max{a,b}. The following sharp two-sided estimates on p*(t, z,y)
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follow from (1.2) and the main results in [11, 23] that give the sharp estimates on
1
pH(t 2, y).

Theorem 1.1. There are constants ¢,Cy; > 1 such that, for all a € [0,00) and (t,x,y) €
(0,00) x R% x RY,
—17a a a
c hCl(taxay) Sp (taxay) SChl/Cl(tvxvy)'

We record a simple but useful observation. Its proof will be given at the end of this
section.

Proposition 1.2. For every ¢ > 0 and c¢; > 0, there is a constant co > 1 such that for
any a > 0,

-1 ap\—d/a a®t a apy—d/a at
o (@A T s | Sheltey) Se | (@07 A T— g

holds when either t > cia=2%/?=%) or |z — y| > =/~

Recall that a domain (a connected open set) D in R¢ (when d > 2) is said to be C1! if
there exist a localization radius Ry > 0 and a constant Ag > 0 such that for every z € 9D,
there exist a C™! function ¢ = ¢, : R¥~! — R satisfying 1(0) = 0, V¢(0) = (0,...,0),
IVY]loo < Ao, [VUY(z) — Vip(w)| < Aglz —w], and an orthonormal coordinate system C'S.:
y= (Y1, " yYd—1,Yd) ‘= (U, ya) with origin at z such that B(z, Ry) " D = {y = (§,y4) €
B(0,Ro) in CS, : ya > ¥(y)}. The pair (Ry, Ag) will be called the C*! characteristics of
the domain D. A C*! domain in R is simply a possibly unbounded open interval.

For a domain D C R? and )y > 1, we say the path distance in D is comparable to
the Euclidean distance with characteristic )\ if for every x,y € D, there is a rectifi-
able curve [ in D connecting = to y so that the length of ! is no larger than Ag|z — y|.
Clearly, such a property holds for all bounded C':! domains, C''! domains with compact
complements and domains above the graphs of bounded C'! functions.

For any open subset D C R¢, we use 7% to denote the first time the process X¢ exits
D. We define the process X" by X" = X¢ for t < 75 and XP =dfort > TH, where
0 is a cemetery point. X®? is called the subprocess of X in D. The generator of X%
is denoted by L£%|p. It follows from [11] that X 2D has a continuous transition density
p%h(t, z,y) with respect to the Lebesgue measure. One can easily see that, when D is
bounded, the operator —L£%|p has discrete spectrum. In this case, we use /\‘f’D > 0 to
denote the smallest eigenvalue of —£%|p.

For an open set D C R? and € D, we will use §p(z) to denote the Euclidean
distance between = and D¢. The following is a particular case of a more general result
proved in [6, Theorem 1.3] (cf. Proposition 1.2 above).

Theorem 1.3. Suppose that D is a C"' domain in R* with characteristics (Ro, Ap) such
that the path distance in D is comparable to the Euclidean distance with characteristic
Ao-

(i) For every M > 0 and T' > 0, there are constants ¢; = c1(Ro, Ao, Ao, M, 0, T) > 1
and Cy = CQ(R07AO,>\O7M7O[,T) > 1 such that for all a € (O,M] and (t,:c,y) €
(0,7 x D x D,

ot <1/\5[\)/(;)> (1/\613/(Ey)> & (2, y)

<ot e (1022 (1A 22D Y bt 1),
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(ii) Suppose in addition that D is bounded. For every M > 0 and T' > 0, there is a
constant ¢co = co(D,M,a,T) > 1 so that for all a € (0, M] and (t,z,y) € [T, 0) X
D x D,

et e MY op () dp(y) < ph(tay) < cae” dp () dp(y).

Note that Theorem 1.3 does not give large time estimates for p% (¢, x,y) when D
is unbounded. The goal of this paper is to establish large time two-sided estimates
on p%(t,z,y) for a large class of unbounded C*! domains, namely half-space-like C*!
domains. A domain D is said to be half-space-like if, after isometry, there exist two real
numbers b; < by such that H,, C D C H,,. Here and throughout this paper, H; stands
for the set {z = (z1,...,24) € R%: 24 > b}. We will denote Hy by H.

We are now in a position to state the main result of this paper. For a > 0, define

ba(r) =1 A (r/a)*/?.

Theorem 1.4. Suppose D is a halfspace-like C*' domain with C'! characteristics
(Ro,Ao) and H, C D C H for some b > 0 such that the path distance in D is comparable
to the Euclidean distance with characteristic A\o. Then for any M > 0, there exist
constants ¢; = ¢;(Ry, Mg, Ao, M, a,b) > 1,4 = 1,2, such that foralla € (0, M] and (t,z,y) €
(0,00) x D x D,

! (1 A %(i%(x))) (1 A W) he, (t,2,y)

<pp(t,z,y) < (1 A %(int(m))) (1 A W) e (2, y). (1.4)

Remark 1.5. (i) The Lévy process X“ is uniquely determined by its characteristic func-
tion
E, {eif‘(Xf‘Xg)} = ¢~ tIEF+a%El")  for every z € R and ¢ € RY.

Hence the Lévy exponent for X¢ is ®,(|¢|) with ®,(r) := r? + a®r®. The function ¢,(r)
is related to ®,(r) as follows:

1 1 1 1 )

()~ r 2 raara 2 Nagne A /)= ealn)”

Here for two non-negative functions f and g, the notation f =< g means that there is a
positive constant ¢ > 1 so that g(x)/c < f(x) < cg(x) in the common domain of definition
for f and g. Hence in view of Theorem 1.1, the estimates (1.4) can be restated as
follows. For every M > 0, there are constants ¢, co > 1 so that for every a € (0, M] and
(t,z,y) € (0,00) x D x D,

) 1 1/2 1 1/2 .
“ (“tcbaa/aD(x))) (“t%(l/aD(y))) Pi{t &2, e20)

. 1 1/2 1 /2
< pptwy)<a (1 A W) (1 N 15@1(1/513(9))) p*(t,x/c2,y/ct).5)

We conjecture that the above Dirichlet heat kernel estimates hold for a large class of
rotationally symmetric Lévy processes in R?; see [7, Conjecture].

(ii) Note that t < a?*/(®=2) if and only if (a®t)~%* > t=4/2_ If (6p(x)/a)*/? < dp(x), then
Sp(z) > a®/(®=2) and so 6p(z) A (6p(z)/a)*/? > a®/(*=2), Thus when t < a?*/(®=2) and

(6p(x)/a)*? < §p(x), we have (6”(1'\)//;)&/2 > gifﬁliii = 1, and consequently

|y 9@ A Gp@)/@ | dn(a)

Vit Vi
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Hence in view of Theorem 1.1 and Proposition 1.2, the statement of Theorem 1.4 can
be restated as follows. For all a € (0, M] and (¢,z,y) € (0,a**/(*=2] x D x D,

o () (82 e ()

a 6p(z) o)\ (a2 —|o—yl2/(cs _ a®t
_pD(t7x7y> SC] (1/\ \/E > (1/\ \/i t d/2€ | y‘ /( t) +t d/2/\ W
(1.6)

and for all a € (0, M] and (¢, z,y) € [a®*/(®~2) 00) x D x D,

(1 e <a;ap<x>>a/2) (102207 <a\—/;5D<y>>a/2> (a0

<pp(t,z,y) <

. (1 . 5o () A (a\/;(;D(z))a/?) (1 N Sp(y) A (a\/;cYD(y))a/Q) <(aat)d/a A %)7.)

In fact, Theorem 1.4 will be proved in this form. O

Remark 1.6. Unlike [7, 12], there are dramatic differences between the behaviors of
the heat kernel p% (z,y) on half-space-like C!'! domains and disconnected half-space-
like C1! open sets even if « and y are in the same connected component. For example,
if D is HU B(xo, 1) where 2o = (0,...,0,—2) and z,y € B(zo, 1), then, as a — 0, p%(z,y)
converges to p%(m,l)(x,y), the Dirichlet heat kernel for Brownian motion on B(xg, 1).
Thus, in this case, the heat kernel estimates for p%,(¢,z,y) when ¢ is large cannot be of
the form (1.4) even if x and y are in the same connected component. Furthermore, as
one can see from [6, Theorem 1.3], when D is a disconnected half-space-like C*! open
set (containing bounded connected component), we can not expect that the heat kernel
estimates for p% (x,y) to be written in a simple form as the one in (1.4). To keep our
exposition as transparent as possible, we are content with establishing the heat kernel
estimates for half-space-like C"! domains. O

Integrating the heat kernel estimates in Theorem 1.4 with respect to ¢, we get sharp
two-sided estimates on the Green function G4, (z,y) := [;° p%(t,2,y)dt for X in half-
space-like C! domains D.

Define ford > 1 and a > 0,

1 —a/2 A $a(dp(x)) —a/2 A $a(0p ()
[z—y[T—= ( / A [o— ZJD|°‘/2 ) ( / A To— ;a%) when d > o,
1/a
fo(z,y) = { log <(1 +a ¢“(6D(T;)_(é;‘(6£’(y))) ) whend=1=q,
2000(N0e00W) & (a7 (4 (9p(2))6a(0p (1)) ") whend =1 < a.
(1.8)
For d > 2 and a > 0, define
= yl” 5 (1 A |(”’)‘;’|3(y)> when d > 3,
973(9673/) = g2/ (a—2)
log (1 + ‘Qf‘;ﬁ’g(m)(sf’(y))) when d = 2,
EJP 17 (2012), paper 32. ejp.ejpecp.org

Page 5/32


http://dx.doi.org/10.1214/EJP.v17-1751
http://ejp.ejpecp.org/

Global heat kernel estimates for A + A®/2 in half-space-like domains

ford =1 and a > 0, define

(6p(2)dp(y))/? A 22E80W) A (q=0 (5 (2)6p(y))@~D/2) when a € (1,2),

[z—y|

a " 1/a
9p(2,y) = %/\log (1+a(5p(1:)5p(y))1/2> when a =1,

(0p(2)dp(y))"/* A LAEBW) A ga/la=2) when «a € (0, 1).

yl
Theorem 1.7. Suppose D is a halfspace-like C*' domain with C'! characteristics
(Ro,Ao) and H, C D C H for some b > 0 such that the path distance in D is comparable
to the Euclidean distance with characteristic Aqg. Then for any M > 0, there exists a
constant ¢ = ¢(M, Ry, Ao, Ao, b, @) > 1 such that for all a € (0, M] and (z,y) € D x D,

cgb(z,y) < Gh(z,y) < cgh(v,y)  when |z —y| < a /E7), (1.9)
T h(a,y) < Gh(zy) <cfp(z,y)  when|z —y|>a @7 (1.10)

Remark 1.8. (i) Note that, when d > 3, ¢%)(x,y) is independent of a and is comparable
to the Green function of Brownian motion in a bounded C!'! domain or in a domain
above the graph of a bounded C!! function. On the other hand, when d = 1 or 2,
9% (x,y) depends on a, which is due to recurrent nature of one- and two-dimensional
Brownian motions.

(ii) Observe that if (Xf’D,t > 0) is the subprocess in D of the independent sum of a
Brownian motion and a symmetric a-stable process in R¢ with weight a, then (A X f\l’_[; ot >
0) is the subprocess in AD of the independent sum of a Brownian motion and a sym-
metric a-stable process in R? with weight a\(®=2)/® (see the second paragraph of [6,

Section 2]). Consequently for any A > 0, we have

PN TN (@ y) = A (A2 A e, A Yy) fort > 0and 7,y € AD. (1.11)

When D is a half space, we see from (1.11) that Theorems 1.4 and 1.7 hold with M = oc.

(iii) The estimates in Theorems 1.4 and 1.7 are uniform in a € (0, M] in the sense that
the constants ¢, ¢o and c in the estimates are independent of a € (0, M]. Since X* con-
verges weakly to XY, by taking a — 0 these estimates yield the following estimates for
the heat kernel p% (¢, z,y) and Green function G°(z, y) of Brownian motion in half-space-
like domains D in which the path distance is comparable to the Euclidean distance:

Cl—l (1/\ 6D(I)> <1/\ 6D(y)) tfd/Zefcﬂmfy\z/t

Vi Vi
< pOD(t>$7y) < (1 A (5[)\;;)) (1 A (SD\[(;;U)> t—d/2e—\x—y|2/(@t) (1.12)

for every (t,z,y) € (0,00) x D x D, and
;' gb(z.y) < Gh(x,y) < cagh(z,y) forz,yeD. (1.13)

The estimates (1.12) and (1.13) extend the main results in [21], where the correspond-
ing estimates were established for domains in R4 with d > 3 that are above the graphs
of bounded C*! functions.

(iv) By Theorem 1.4, for each fixed t > 0, when = € D is near the boundary 0D of D
relative to time ¢ in the sense that dp(z) A dp(x)*/? < V%, the boundary decay rate of
the Dirichlet heat kernel of £! is given by dp(z) A 6p(2)*/?/+/t. This indicates that the
Dirichlet heat kernel estimates for £' = A+ A%/2 in half-space-like C'*' domains cannot
be obtained by a “simple" perturbation argument from A nor from A®/2,

EJP 17 (2012), paper 32. ejp.ejpecp.org
Page 6/32


http://dx.doi.org/10.1214/EJP.v17-1751
http://ejp.ejpecp.org/

Global heat kernel estimates for A + A®/2 in half-space-like domains

Since the Lévy process X contains a discontinuous component aY’, its Lévy system
plays an important role in our approach. As

*A(d
i = [ (= cosle )

X has Lévy intensity function
I (,y) = (v = yl) = a®Ald, o)z — y =@+,

The function J*(z,y) determines a Lévy system for X, which describes the jumps of the
process X®: for any stopping time 7 (with respect to the filtration of X¢), any z € R?
and any non-negative measurable function f on R; x R? x R? with f(s,y,y) = 0 for all
yc€RYand s >0,

Em Zf(stg—an) :Ex

s<T

T
/ < f(s7X§”,y)J“(X§,y)dy> ds] (1.14)
0 R4

(see, for example, [9, Proof of Lemma 4.7] and [10, Appendix A]).

Throughout this paper, the constants C,C5,C3, Ry, R1, Ro, R3 will be fixed. The
lower case constants cj,ca,... will denote generic constants whose exact values are
not important and can change from one appearance to another. The dependence of the
lower case constants on the dimension d will not be mentioned explicitly. We will use
0 to denote a cemetery point and for every function f, we extend its definition to 0 by
setting f(0) = 0. We will use dz or m(dr) to denote the Lebesgue measure in R¢. For
a Borel set A C R?, we also use |A| to denote its d-dimensional Lebesgue measure. For
every function f, let f* := f vV 0. We now present the

Proof of Proposition 1.2. We first deal with the case a = 1. Fort > ¢; and r > 0,

—d/2g=er®/t < y—d/2 2 < to/? <ot
L = (cr?/t)(dte)/2 = 3 dra = “ldra”

Hence fort > ¢,

—d/a —d/2 _—clz—y|?/t —d/ 3 o t—d/a t

Thus hl(t,z,y) <t~ A W on [c1,00) x R? x RY. On the other hand, for r > 1,

g—d/2—er? [t ~ y—d/2 Cs cet cet

(CTQ/t)(d/2)+1 T opd+2 = pdta’

So fort € (0,c1] and r > 1,

—dj2 —cr?/t —d/2 N a2 t ot da t
/% +<t /\Tdm)ﬁt A s = s <EYON

Thus this and (1.15) prove the proposition for a = 1. For a > 0, with A = a®/ (=)
Re(t,z,y) = ARE(A%t, Az, \y)

2 o
)\d <()\2t)—d/oz/\ At a“t

T SR WP S
A””“Iﬂc—,?Jl‘”‘”) = A T

X

provided either A%t > ¢; or A|z — y| > 1. This completes the proof of the proposition. O
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The rest of the paper is organized as follows. In Section 2, we derive some prelim-
inary exit probability estimates that will be used later to obtain large time two-sided
estimates on py. These estimates are derived through some detailed estimates of £'¢
for some testing functions ¢. The upper bound estimate on py; is established in Section
3, while the lower bound estimate is derived in Section 4. The two-sided Dirichlet heat
kernel estimates in half-space-like C'*' domains are then established in Section 5 from
that of py by a “push in" method (see Lemma 3.7 below) that is originally employed in
[12]. Integrating the estimates for pp(¢,x,y) given by Theorem 1.4 yields the uniform
sharp estimates of the Green function G} (z, y) of £L* in D. However it is far from trivial
and requires considerable amount of effort. This is done in Section 6.

2 Preliminary estimates

We will focus on the case D = H in Sections 2-4. In this section we will prove some
preliminary estimates that will be used to establish our heat kernel estimates in H. We
start with some one-dimensional results.

Let S be the sum of a unit drift and an «/2-stable subordinator and let W be an
independent one-dimensional Brownian motion. Define a process Z by Z; = Wg,. The
process Z is simply the process X! in the case of dimension 1 defined in the previous
section. We will use the fact that S is a complete subordinator, that is, the Lévy measure
of S has a completely monotone density (for more details see [18] or [22]). Let Z, =
sup{0V Z, : 0 < s < t} and let L; be a local time of Z — Z at 0. L is also called a local time
of the process Z reflected at the supremum. Then the right continuous inverse L, Lof
L is a subordinator and is called the ladder time process of Z. The process Zrl is also
a subordinator and is called the ladder height process of Z. (For the basic pi‘operties
of the ladder time and ladder height processes, we refer our readers to [1, Chapter 6].)
Let V(dr) denote the potential measure of the ladder height process Z L+ of Z and v(r)
its density, which is a decreasing function on [0, c0). We know by [16, (5.1)] that

v(r) < 1Ar*271 forr > 0. (2.1)

Let G(9,) be the Green function of Z(0:%) | the subprocess of Z in (0,00). By using

[1, Theorem 20, p. 176] which was originally proved in [19], the following formula for
G(0,00) was shown in [15, Proposition 2.8]:

TNy
G000y () = / o(2u(z + | — yl)d=. 2.2)

For any r > 0, let G (g ,) be the Green function of A

Then we have the following result.

, the subprocess of Z in (0, 7).

Proposition 2.1. There exists ¢ = ¢(«) > 0 such that for every r € (0, 00),
| Gontendy < et nr) (e A (- 2) A= 2)7), € (0.1),
0

Proof. For every r > 0 and every = € (0,r), we have by (2.2) and (2.1) that

/ Gon(z,y)dy < / G(0,00) (2, y)dy
0
= / / y+zfxdzdy+// v(y + z — x)dzdy

= /Ov(z) B (y+z—x)dydz+/ v(z)/ o(y + 2 — x)dydz

x 0 x
< 2V((0,7) V((0,2)) < e(r A/ (@ A x¥/?).

EJP 17 (2012), paper 32. ejp.ejpecp.org
Page 8/32


http://dx.doi.org/10.1214/EJP.v17-1751
http://ejp.ejpecp.org/
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This together with the property that G ,y(7,y) = G (r — o, — y) establishes the
proposition. O

Now we return to the process X' in R%. Recall that C>°(R?) is contained in the
domain of the Ly-generator £! of X! and

£10() = A0(o) + [ (0o +1) = 6(e) = (V6le) - 0100 )5 (9. Vo € O (R)

(see [20, Section 4.1]). Using the argument in [14, page 152], one can easily see that
the last formula on [14, page 152] is valid for X L for all d > 1. Thus we have the
following generalization of Dynkin’s formula: for every ¢ in C>°(R%) and = € U,

. [0 (x4)] — o) = [ Ghwnctoway =, Coohe. @)

The following estimates on harmonic measures will play a crucial role in Section 3.

Theorem 2.2. Forany R > 0, there exists a constant ¢ = ¢(a, R) > 0 such that for every
r > R and open set U C B(0,r),

P, (Xillj € B(O,r)c) < cr‘a/ Gy (x,y)dy, foreveryx € UN B(0,r/2).
U

Proof. Without loss of generality, we assume that R € (0,1). Take a sequence of radial
functions ¢y in C°(R¢) such that 0 < ¢, < 1,

0, iflyl<1/2
de(y) =14 1, if1<|y<k+1
0, iflyl>k+2,

and that }_, |%;yj¢k| is uniformly bounded. Define ¢y ,.(y) = ¢x(%). Then we have
0<orr<1
07 if |y‘ < T/2 82
oer(y) =< 1, ifr<|y| <r(k+1) and sup ‘bek,(y)‘ <cr i
0, ify| > r(k+2), veRe 75 | iy

Using this inequality, we have forr > R

‘£1¢k,r(z)|
< ¢y r % 4 sup sup / (Drr(z+y) — Sk (2) = (Vorr(2) - y)ls(o,r)(y))jl(ly)dy‘
k>1z€Rd |JRA
<1772 4 ¢y sup sup / Prolety) - (bk’r(di)a_ Vérr(2) - v) ‘ dy + / ly| =4 dy
k>1zeRed \ J{|y|<r} lyl {r<lyl}
_92 1 |y|2 —d—« —2 —«
<ar“+e| =3 ey + ly| dy | < cir = +car °. (2.4)
2 J{yi<ry 1l {r<lyl}

When U C B(0,r) for some r > R, we get, by combining (2.3) and (2.4), that for any
xeUnNB(0,r/2),

P, (Xjé c B(O,r)c) < lim E, {m, (le)} < c5r—“/ GL (z,y)dy.
k—o0 U U
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O

In the remainder of this section we will establish a result (Lemma 2.4) that will be
crucial for our heat kernel estimates in Section 4.

Recall that the operator A%/ is defined in (1.1) and that A®/2 = A%/2 on C=(RY).
For z € R% and p > 0, set wy(z) := (z})P. For0 < p < a < 2, let

d,—a) [ttePl gl
pAld, —a) / - dt/ ye m(dy), 2.5)
o o (1=1) ly=1,y420

with the convention that m(dy) is the Dirac measure when d = 1. Then it follows from
[13, Lemma 6.1] that

A=A, p) =

ﬁ"‘/pr(x) =A(a, p)wp—a(z), z€H. (2.6)
In particular, on H we have
A2, <0, 0<p<a/2; A?w,=0, p=a/2; A?w, >0, a/2<p<a. (2.7)
For any = € R% and a,b > 0, we define
Qz(a,b):={y el : |y —Z| <a,yq < b} (2.8)

and Qo(a, b) will simply be denoted as Q(a,b). Note that, when d = 1, Q. (a,b) = Q(a,b)
is simply the open interval (a, b).

Lemma 2.3. Suppose 0 <p < § and R > 8. Let
hp(y) = wp(¥)1o(r,p)(y), vy € H. (2.9
There exist constants ¢y, c2 > 0 such that for every R > 8 and x € Q(2R/3,2R/3),
— ey (za)P < A2hy(z) < A(zg)P~®  when0 < p < % (2.10)

and
—1R™2 < ANy y(x) < —coR™%/?  when p = % (2.11)

where A = A(a,p) < 0 is the constant defined in (2.5).
Proof. Since h,(y) = w,(y) fory € Q(R, R), by (2.7), we have for any = € Q(2R/3,2R/3),
Aa/th(w) = 3()[/Q(hP —wp)(x) + Ea/pr(x)

A(d, —a) ~

=— VL0 L gy 4 A2

Yy Yy wy(T).
/Q(R,R)C( @) |x — yldte ()

Observe that for z € Q(2R/3,2R/3) and y € Q(R, R),
Q(2R/3,2R/3), by the change of variable z = R~ 1y,

y — x| > |y|/3. Thus for z €

/ %dy S C1 / %dy S CQRpia/ % dz S C3Rp7a.
Q(R,R)e |T —y|THe {yeRe: |y|>R} [Y[9TOTP {2€Rd: |z|>1} |2]TTeP

On the other hand, since |z| < 2v2R/3 < 2v2(|7| V |val)/3 < 2v2|y|/3 on Q(R, R)®, we
have |z — y| < (1 +2v2/3)Jy| on Q(R, R)°. Moreover, y} > ca|y|? on {yqs > R,|§| < R} C
O(R, R)°. Thus

(y )P / 1
—2e L dy > ¢y ——dy
/Q(RA,R)C |z — yldte (weRd: y> R [g|<Ry [Y1TOTP

1
2 C5Rp_a/ ldta—p dz Z CGRP_Q.
(2€R%: z4>1,171<1} |2l »
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The conclusion of the lemma now follows from the above three displays and (2.6)—(2.7).
O

Lemma 2.4. There exist ¢ = ¢(a)) > 0 and Ry = Ry(«) > 2 such that for every R > 8R;
and z € Q(R/4,R/2)\ Q(R/4,2R,), we have

a/2
P, (Xién €Q(R,R)\ Q(R, R/2)) > C%’

where Vi := Q(R/2, R/2) \ Q(R/2, Ry).

Proof. Recall that h, is defined in (2.9). We fix p := («/4) V (o — 1). We choose Ry > 2
large such that

%(1 - %)(Rl/?)“‘2 <A, (2.12)

where A is the constant defined in (2.5). Obviously, with the above value of p, A < 0.
For R > 8R; and y € Q(2R/3,2R/3) \ Q(2R/3, R1/2), by Lemma 2.3 and using the fact
that 0V (22 —2) <p < £ < 1, we obtain

(A + A7) (hapaly) = B> Phy(y) )

(0% o a _ _ o/2— — «/2— —
> (1= 5?2 R = RYP T pp = 1) (wa)? + AR ()
—a a/2— a/2— — Q « 3a_o_ —a
= (o™ (IR 4 p( = PR ()™ = S0 = D) T ) — R
—a a/2— o} « 3a_o_ o
> () (JARYS T = S = S)(Ra/2) ¥ 7277 ) — e RO

Now, using (2.12), we have, fory € Q(2R/3,2R/3) \ Q(2R/3, R1/2),
(A + A%/2) (ha Jaly) — RS/ 2_php(y)) > —¢,R™%/2, (2.13)
Moreover, for y € Q(R, R1),
(haja = RS2 Phy)(y) = 13”2 (1 = (Ra/ya)*/>77) <0, (2.14)

Let g be a nonnegative smooth radial function with compact support in R? such that
g(z) =0 for |z| > 1 and [, g(x)dz = 1. For k > 1, define gy(z) = 2*g(2*z). Define

wn(2) 1= gi# (hajz = BY*hy ) (2) = /R 9@ (a2 = B hy) (2 — y)dy € OF(RY).

Let QR,k = {Z e H: diSt(Z, Q(R, R)) < 27]6} and Ay, = {x ceH:zy4 € (Rl — 27k,R1}}.
Note that uy = 0 on Q% ; and by (2.14), ur(z) < 0forevery k > 1and zg < Ry — 27%.
Moreover, for z € Vg, by (2.13),

Eluk(z) =(A+ 3“/2)uk(z) =g * (A + 3“/2)(ha/2 — R’f/%php)(z) > —c;R™/2,
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Therefore, using these observations, (2.3) and (2.14), we have for every x € Vg,

%
up(z) = —E, / " Llup(xDydt| +E, [uk(Xi‘l/R)}
0
< —a/2 1 1 . x! L XL
< aR°PE, |7t | + B, {uk(XT‘l/R) X eQR,k\Q(R,Rl)} +E, [uk(XTVR) X1, €A,

VR

IN

aR™PE, [, ]+ sup |uk(z)| P, (Xil < A’f)
2€AK 'R

+ ( sup )Uk(2)> P, (Xi‘l/R € Qrxr \ QR, R1)>

ZGQka\Q(R,Rl

IN

clR_a/2EZ[T‘1/R] + sup |ug(z)| + < sup ha/2(2)> P, (Xil € Qri \ QR, Rl))
ZEAL ZEQR,]C VR

IN

ClR_Oé/QE‘T[T‘l/R} + Sllji) |’LLk(Z)| + }2(1/2]13z (Xi‘l/R c QR,k \ Q(R, Rl)) .
zZEAL

Since hqa/2(2) — R?/zfphp(z) = 0 when zy = Ry, limg 00 SUp,c 4, |ur(2)| = 0. Observe

that Qr x (R, R) \ Q(R, R;)) decreases to Q(R, R) \ Q(R, Ry) as k — co. We have

lim P, (X}, €Qri\QuRE)) = P, (X}, €QRR\QER))

k—o0 R

= P, (X}, €QRR\QRR)),

where the last equality is due to an application of the Lévy system (1.14) and the fact
that dQ(R, R) has zero Lebesgue measure. Therefore for z € Q(R/2, R/2)\Q(R/2,2R;),
since x4 > 2R,

(1= 2772 (@)™ < (2)™2(1 = (Ry/wa)*/*77) = lim uy(x)
< R OPE[,]+ ROPP, (X] € QURR)\Q(R.R)),
which implies
N Rfa/2 Ra/2
(wa)*/? < ClmEm[TXI/R] t T gaple (Xfl‘l/R € Q(R,R)\ Q(R, Rl)) - (2.15)

Now take a non-negative function ¢ in Cgo(]Rd) suchthat 0 < ¢ <1,

0 if|yl<1/4 or |yq > 2,

Ply)=q 1 if1/2<[y[<2 and [y4f <1,
0 if|g| > 3,
and that }_, ; |$§yq§| is uniformly bounded. Define ¢r(y) = ¢(%). Then we have
0<¢r<1,

0 if|y| < R/4 or |ya| > 2R,
or(y)=¢ 1 ifR/2<|y|<2Rand|yq] <R, and sup

i
0 if|7] > 3R, yERT 5

0y;0y;

quR(y)‘ < C2 R™2.

(2.16)
Using this inequality, by the argument leading to (2.4), we get sup,cga [Lror(2)] <
c3 R~ for every k > 1. Thus, by this and the fact that Aa/Qha/g < 0on Q(2R/3,2R/3)
by Lemma 2.3, we obtain that for R > 8R; and y € Q(2R/3,2R/3),

2Ra/2

Na/2 e _g _9 -2 a/2 p—a —a/
(A+ B (hapo(v) + 7557z brW)) < =5 (1= ) ¥ + YR < cuR™/f2.17)
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For any k£ > 1, define

2Ra/2
Uk (2) = gk * (ha/2 + 1 _op—az

6n)(2) € C(RY).

Put Qg := Q(R, R/2)\(Q(R, R)UQ(R/2, R/2)). By (2.17), we have L v;(y) < c4R™*/? for
all y € Vg. Thus, using this and (2.3), we have that for any £ > 1 and = € Q(R/4, R/2) \
Q(R/4,2R1),

vp(z) = -F, / " Ll (xhdt
0

oo, )

—C4Ria/2Ew[T‘1/R] + IE, |:Uk (X_}‘l/ ) : X"%\I/ S QR] .
R R

v

Letting £ — oo and using (2.16), we get that for any « € Q(R/4,R/2) \ Q(R/4,2R;)
(where ¢gr(z) =0),

2Ra/2
a2 s T
(@)% = (a2 + T gpasn) (0) = i (@)

2Ra/2
o —a/2 1 e 1 . 1
Z —eR B [y |+ Ba [(haﬂ o gmartn) (X0, ) X0, € QR]
2R*/?
_ —a/2 1 e 1
> —cROPE[r,) + 5= Pa (XTéR e QR> . (2.18)
Combining (2.15) and (2.18), we get
o2 ClRfa/Q X Ra/2 L
(za) < WEI[TVR] + HTQ/QIPm (Xq—‘l/R € Q(R,R)\ Q(R, R/2)>
Ra/2 L
o grara e (X0, € )
ClR—a/Q L Ra/2 L
S WEJJ[TVR] + mlpw <XT‘1/R € Q(R,R)\ Q(R, R/2)>

1 — «
5 (R PR, + (02)/?).
Therefore, we conclude that

/2
(xd)a/2 < ( 2c 2R

1 —a/2 1 1

1 _op—a/2 + 04) R~/ Em[TVR]"‘mIPz (X-r‘l/R € Q(R,R)\ Q(R, R/2)) :
(2.19)

On the other hand, by the Lévy system of X!,

P, (X}, €QURR)\QRR/2)) 2P, (X} €QRR)\QR3R/Y)

v
/ " / JHX1, 2)dz | ds| = es R Ey[my, ).
0 Q(R,R)\Q(R,3R/4)

This together with (2.19) establishes the lemma. O

:]E:E

3 Upper bound heat kernel estimates on half-space

In this section we will establish the desired large time upper bound for pllH(t, z,y).
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Lemma 3.1. For any ty > 0 and R > 0, there exists ¢ = ¢(«, tp, R) > 1 such that for
t > tg and x € H with ép(z) = x4 > R, we have

Pw(T]%{>f,)§C< i

Proof. Clearly, we can assume R < t(l)/ “ and we only need to show the lemma for
R < éu(z) <t/ Letu(r) = (z])*?+1and U(r) := {z € H;xq < r}. By (2.7), for every
x € H with dg(z) > R,

(0%

S(1- Dy ()22 < 0.

(A + A)u(x) 5

Using the same approximation argument as in the proof of Lemma 2.4 with uy(z) :=
(g *u)(z) where gy, is the function defined in the proof of Lemma 2.4 and letting k£ — oo,
we see that for € H with r > og(x) = z4 > R,

(U R > 2 11 = (o) 2 By [u (X2, )] 2 0o2P, (Xiém EH\U()).

U(r)

Applying this and Proposition 2.1, we get that for R < oy (z) < t*/¢,

P, (mp>t) < P, (r}](tl/a) > t) +P, (le cH\ U(tl/o‘)>

U(tl/")
1 1 —a/2 5H(17)a/2
S %EJ, |:TU(tl/(v):| + (1 + R ) \/Z
1 _ om(z)*/? op(z)/?
< L1/ 1/2 a/2 a/2\YH < )
< Clt(t At )((5]1{(33) /\(S]H(I))—i-(l—‘rR ) \/{ < c \/z
O

Lemma 3.2. For every ty, and R > 0, there exists ¢ = ¢(«, tg, R) > 1 such that for every
(t,z,y) € [to,00) x H x H with ég(z) > R,

a/2
pi(t,,y) < ct= /e (‘SIH(\% A 1> .

Proof. Let C(t) := sup, ,cga pl(t/3, 2, w). By the semigroup property and symmetry,

pllﬁ(t,wy) = / / pllﬁ(t/?),x,z)pllH(t/?),z,w)pllH(t/?),w,y)dzdw < C(t) IPI(’T]%I > t/3)]Py(T]I1{ >t/3).
HJH
Now the lemma follows from Theorem 1.1 and Lemma 3.1. d

The next lemma and its proof are given in [6] (also see [4, Lemma 2] and [5, Lemma
2.2]).

Lemma 3.3. Suppose that U,,Us, E are open subsets of R¢ with U;,Us C E and
dist(U1,Us) > 0. Let Uy := E'\ (U UUs). Ifx € Uy and y € Us, then forallt > 0,

Ph(te,y) < Py (X2 eUg)( sup p};(s,z,y>>+Ez [nh]( sup J1<u,z))-
U1 s<t,z€Us weUy, 2€U3
(3.1)
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Lemma 3.4. Suppose that ty, R > 0. There exists ¢ = ¢(«, tg, R) > 0 such that for every
(t,z,y) € [to,00) x H x H with éi(z) > R,

Spr(2)/? _ t
1 < H d/o .
p]H(t,m?y)_c( i A1) [t /\|x—y|d+0‘

Proof. By Theorem 1.1, Proposition 1.2 and Lemma 3.2, without loss of generality we
can assume R = {,/* and it is enough to prove the lemma for ;/* < ég(x) < (16)~1t1/«
and |z — y| >t/ Let zy = (%,0), Uy := B(zo,8 V) NH, Uz :={z € H: |z — 2| >
|ZC — y|/2} and U2 = H\ (Ul @] Ud)

Let X' = (X'!,..., X" and, for any open interval (3,7) in R, let 74 - := inf{t >
0: X% ¢ (8,7)}. Note that, by Proposition 2.1 and the assumption that 16~ ¢/ >
Su(z) = 24 > ti/*, we have

o [rf,] < By [Fo/m)] < a1 VEag? = e Vidu(2)*/2, (3.2)
Since U; N Uz = () and

- 1
|z — x| > [z~ 9] > —tt/* forz e Us,
2 2
we have for v € Uy and z € Us,
1 1
lu—z| > |z — x| — |20 — 2| — o —u| > |z — x| — 471> > §|z—z| > Z\x—y| (3.3)
Thus,
sup  J'(u,z) < sup JYu,2) < eglo—y|m (3.4)
uels, 2€Us (w,2)ilu—z|> ¥ |a—y|
If z € Us,
3 _
T B e P R E = T e L T
By Theorem 1.1 and (3.5),
sup pl(s,z,y) <ca sup (le(z,y)) +ca sup s~/
s<t, z€Us o<t lo—yl/2< |2~y <VE<VE

lz—y|/2<|2—y|

2
tes sup o~ d/2g—cslz—yl?/s
s<t
VeA(lz—yl/2)<|z—y[<1

a/2
< cgt|z —y| I 4 24ty (sup |x_8yd+a) +cy (sup a_d/2€_csa) sup |z —y|™¢

s<t a>1 lz—y|/2<|z—y|<1

< cotlz — —d—a |Z — y|a < L |—d—a

< crt|x — y| + cs sup T ara S cot|z — y| . (3.6)
o=yl /2<[2—yl<1 [T = Yl

Applying Lemma 3.3, (3.2), (3.4) and (3.6), we obtain,
Phitzy) < cwBalryllo -y~ + enPu (X, € Uz)tle —y| =t
< 012\/7E(5]H($)a/2|$ —y|7 e P, (Xillll € Ug)t|x —y| 74
Finally, applying Theorem 2.2 with U = U; and r = 8 't'/* > 2¢,'/, we have
P, (Xjél € Uz) <P, (ngjl € B(xo,S‘ltl/“)c) < 014% /m G, (z,y)dy = c1a %Ez[ﬁﬂ
Now applying (3.2), we have proved the lemma. O
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Lemma 3.5. For every R > 0 and ty > 0, there exists a constant ¢ = ¢(R, «,tp) such
that for all (t,x,y) € [to,00) x H x H with éu(x) A du(y) > R.

Proof. By Lemma 3.4 and Theorem 1.1, we only need to prove the lemma for iy (z) vV
Su(y) < t'/. Denote by q(t,z,y) the transition density of the a-stable process Y in R
It is well-known (see, e.g., [2, 9]) that

t
q(t,z,y) < (t_d/a/\

|3;_yd+04> on (0,00) X Rd X Rd. (37)

By Lemma 3.4 and the lower bound estimate of ¢(¢, z,y) in (3.7), there is a constant
c1 > 0 so that
5]H(x)a/2
Vit

Thus, by semigroup property and the upper bound estimate of ¢(t, z,y) in (3.7),

Su(y)~/?

pllH(t/2,x,z) < ( A 1> q(t/2,z,2z) and p]h(t/lz,y) < (\/i A 1) q(t/2,y, z).

A1l

§

p

( )( y)e 2 1)/]Hq(t/Q,SC,z)q(t/Zy’z)dz
(&H \a:/);/Z ) ( a/2 1) -

( ) (6]H ) e B y|d+a) '

To get the sharp upper bound estimate on py, we need two results that will be used
several times in this paper. Let e; denote the unit vector in the positive direction of the
z4-axis in RY.

>
—_

/\1

O

Lemma 3.6. Let D be an open set in R? so that H, ¢ D C H for some b > 0. For
any ty > b? and M > 0, there exists a constant ¢ = c(«, M, tg,b) > 1 such that for any
€ (0, M] and (t,x) € [tp,0) x D,

(5]1{(1‘0) A\ (Cl_l(S]H(.Z‘O))O‘/2 (5D($) A\ (Cb_l(SD(.’I}))a/Q
(IAép(x)) (1/\ ) < c(l/\ )
Vi Vi
0w, (z0) A (a6, (20))*/ 1 dp () A (a='ép(z))~/?
(1A dp(x)) (1/\ N ) > ¢ (1/\ 7 )
1/2

where zg := z + 2ty “eq.

Proof. Note that 6p(z) + té/z < o, (z0) < dp(x) + 2t0/2 and op(z) + 2751/2 < dm(zg) <

Sp(x) + 3ty/*. When 6p(z) > t3/?, we have 6p(z) < 6m, (z0) < Sm(z0) < 46p(z). Thus in
this case, the conclusion of the lemma is trivial. When dp(z) < t(l)/ 2, using the fact t > ¢g
and a € (0, M], we have

(1A p()) (1 p duzo) A (“\/?H(”O))a/z) = (1 Adp(z)) (1 A

= LY _ dp(z) _ Sp(x) A (a=Y6p(x))*/?
=oola) (10 37 ) =10 2240 <1 - |

0w, (w0) A (a”'om, (fﬂo))“/z)
Vit
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The proof is now complete. O

The next result will allow us to “push" points in D a fixed distance away from D when
doing heat kernel estimates. Such a strategy has been previously used in [12], where
global Dirichlet heat kernel estimates are obtained for symmetric a-stable processes in
half-space-like C''-open sets as well as in C''! exterior open sets.

Lemma 3.7. Suppose that D is a half-space-like C*'' domain with C''! characteristics
(Ro, o) and H, C D C H for some b > 0 such that the path distance in D is comparable
to the Euclidean distance with characteristic \y. Fix t, > b?> and define for x € D,
T 1= {L'-|-2t(1)/2€d. Then there exists ¢ = ¢(b, tg, Ry, Ao, a, Ao) > 1 such that for all x,z € D,

e (1A bp(a)) < Lol T:2)

S Pl (o, 2) = c(1A9D(@)).- (3.8)

Proof. First observe that

5p (o) > dmlzo) > ty/?, (3.9)

and |x — xg| = Zté/ ?. Let C, be the constant in Theorem 1.3 (i) with T = ty. By Theorem
1.3(i) and (3.9), we see that

hi (t 1 ht, . (to,z,z
o <1A5D(g;)> 102(07%2) - plD(to,x,z) e (1/\§D(:p)> 11/02(0 ) '
\/% hl/c2(t07x0az) pD(t(),Q?O,Z) \/% hcz(t(),l'o,Z)

(3.10)
For z € B(xo,2~'ty/?) we have
3,12 _ 1/2 _ 9,1/2
§t0 <l|zog—z|—|z—z0| < |z —2| <|z—x0| + |x0 — 2| = |2 — 20| + 2¢, §§t0 .

Similarly, for z € B(xz,2t}/?) we have %t(l)/Q < |z — 2| < 3t,/*. Thus in these cases, (3.8)

follows from (3.10) and Proposition 1.2.

In the case z ¢ B(z,27'1}/?) U B(z,271t)/?), we have |z — z| < |z — zo| + |0 — 2| =
|z—x0|+2t(1)/2 <5|z—xp|and |xg — 2| < |z — 2|+ |xg — 2| = |z—x\+2té/2 < 5|z —z|. So

571 zg — 2| < |z — x| < 5|zg — 2|. Therefore using this and Proposition 1.2, we have

h}/CQ (to,x, z)

hlcz (to, Zo, Z)

hlc2 (tvav Z)

SCQ and ————
h%/CQ(to,JEQ,Z)

> C3.

Theorem 3.8. Lett, be a positive constant. Then there exists a constant ¢ = c¢(a, tg) > 0
such that for all t € [tg,00) and x,y € H,

) < (BB ) (BN Y (Y

Proof. Define for z and y in D,
zo =z +2t%es and  yo =y +2t) %y . (3.11)
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By the semigroup property and (3.8), we have
pllﬂ(tv z, y) = / / pllH(t()7 z, Z)pllH(t - 2t0; Z, w)pllH(t07 w, y)dZdw
H/H

= (1A dm(x)) (1A du(y)) /]H /]Hp%ﬂ(to, xo, z)p%ﬁ(t — 2tg, z, w)pu (to, w, Yo )dzdw
= (1A 0u(x)) (1A du(y)) pa(t, w0, yo)- (3.12)

By Lemma 3.5 and the fact |zg — yo| = |z — y|, we have

S (o) Sm(yo)*/? - ¢
L(t,z0,y0) < (H/\l R LAV B I A e —
pu(t, o,y0) < a1 NG NG z — yjite

This together with Lemma 3.6 (with ¢ = 1 there) and (3.12) proves the theorem. d

4 Lower bound heat kernel estimates on half-space

In this section we establish the desired sharp large time lower bound on pk(¢, z, ).
We will use some ideas from [4, 6].

Lemma 4.1. For any positive constant t,, there exists ¢ = c(tg, «) > 0 such that for any
t >ty and y € RY,

P, (Té(%s,ltl/a) > t/3) > c.
Proof. By [11, Proposition 6.2], there exists € = (g, @) > 0 such that for every ¢ > ¢,

1
: 1
ylélﬂgd ]Py (TB(y,lﬁ_ltl/a) > €t) Z 5

Suppose € < % then by the parabolic Harnack inequality in [11, 23],
C1 plg(y’gfltl/a) (et,y, w) < plB(yfg—ltl/oc) (t/37 Y, w) for w € B(y, 16_1t1/a)7

where the constant ¢; = ¢;(tg, a) > 0 is independent of y € R?. Thus

1 _ 1
P, (TB(%S,HI/Q) > t/3) = /B(%g_ltl/(,)pB(valtl/”)(t/g’y’w)dw

&]
> 61/ Phiyg1p1/e (et Yy, w)dw > —.
B(y,16—1t1/a) Blu,g~2l/%) 2

O
The next result holds for any symmetric discontinuous Hunt process that possesses

a transition density and whose Lévy system admits a jumping density kernel. The proof
is the same as that of [7, Lemma 3.3] and so it is omitted here.

Lemma 4.2. Suppose that U,,U,,U are open subsets of R¢ with U;,U, C U and
diSt(Ul, Ug) > 0. Ifx € Uy and Yy € U, then for allt > 0,

pu(tx,y) > tP(rh, > ) Py(rf, >t) inf  J'(u,z). 4.1)
uelUy, zeUs

Lemma 4.3. Suppose that t, > 0. There exists ¢ = c(typ,«) > 0 such that for all t > ¢
and u,v € R with |u — v| > t'/*/2,

—d—
pg(qt7tl/a)uB(v,t1/a)(t/g,uav) Z Ct|’LL7’U| .
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Proof. Let U = B(u,t'/*) U B(v,t'/®), Uy = B(u,t'/*/8), Uy = B(v,t'/*/8) and K =
infyev,, 2ev, 7' (Jlw — 2|). We have by Lemma 4.2 that

Kt
pir(t/3,u,v) > ?]Pu(rllh > t/3)Py(1h, > t/3).
Moreover, for (w, 2) € Uy xUs, |w—2z| < [u—v|+|w—u|+|z—v| < [u—v|+t/*/4 < Zu—w|.
Hence K > ¢;|u — v|~%~%. Thus by Lemma 4.1,

Kt
3

2
(Po(Thio /sy > £/3)) = eatlu— o7,
The next result follows from [23, Proposition 3.4].

Lemma 4.4. There exist Ry = Ry(«) > 1 and ¢ = ¢(«) > 0 such that for allt > RS,

inf 1 (/3 > et~/
z,yeBl(I(l),th/"‘)pB(O’Mtl/ (#/3,m9) 2 €
For the remainder of this section, we define R3 := R; V Ry, where R; > 2 is the
constant in Lemma 2.4. Recall that @, (a,b) is defined in (2.8).

Lemma 4.5. There is a positive constant ¢ = ¢(«) such that for all (t,z) € ((4R1)*, 00) x
H with 2R, < du(z) < t1/2/2,

On(x)*/?
Pw(Téx(Qtl/a’gtl/a) > t/3) > CT'

Proof. Without loss of generality we assume that # = 0. Recall that Q(a,b) = Qo(a,d).
Let V(t) := Q(t'/~/2,t*/*/2) \ Q(t}/*/2, R;). By Lemma 2.4, Lemma 4.1 and the strong
Markov property,

]Px (7_22( t1/a 2t1/0‘ > t/3)

> P (Thgarnso grmy > /3, Xly € QUYL 8N\ QU1 /2))

= B [Pxi (e >t/3) PXL € QUM 1)\ Qe e 2)]
o V(1)

> W [Po (Thao, e > 1/3) XL € QUYL QU 17 2)]
V) ey v

3 ) (x)a/Q
> L 1/a 41/« 1/ 1,1/ > H )
> aPa(X]y € QYN QU2 2 o
This proves the Lemma. g

Recall that e; denote the unit vector in the positive direction of the z4-axis in R?.

Lemma 4.6. There is a positive constant ¢ = c¢(«) such that for all (¢, z,y) € [(4R3)%, 00) X
H x H with ép(x) A du(y) > 2R3,

pu(t,z,y) >c (5]1{(3);/2 A 1> <6H(\Z’%&/2 A 1> <td/a A |x_ty|d+a> .
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Proof. Fix z,y € H. Let 2y = (Z,0), y0 = (7,0), & := = + 32t*/%¢4 and & =y+ 32t/ ey,
If 2R3 < o (x) < t'/*/2, by Lemmas 4.1, 4.2 and 4.5,

/ Phi(t/3, 2, w)du
B({m,Ztl/“)

2t P, (Tclga:(Qtl/aQtl/ﬂ) > t/?’) inf I (v, w) /B(E 21/ P, (Té(ngtl/a) > t/3) du

vEQq (261/ 241/ )
weB(Eg,4t1/ )

>cit P, (Téz(2t1/a,2t1/°‘) > t/3) t*d/afl Py (Té(07t1/a/8) > t/3> |B(§x7 Qtl/o‘)‘

(5H<$)a/2
Vi

On the other hand, if oy (z) > '/ /2 > 2R3, by Lemmas 4.1 and 4.2,

/ Phi(t/3, 2, w)du
B({m,Qtl/“)

>tP, (7']13(2 §-1¢1/0)H > t/3) inf J (v, w) / P, (7'113(51 atr/oy > t/3) du
’ B(&s,2t/%) ’

ZCQ]P:L’ (TéI(Qtl/o‘,Qtl/o‘) > t/3) Z Cc3

vEB(xg,2t1/@)nH
we B (Ey,4t1/ )

>cqt Py, (Tlli’(m,Sfltl/a) > t/3) t_d/a—l P, (7_]13(07)&1/&/8) > t/3) ‘B(fxa 2t1/a)|

>cs5P, (TE(%S,%UQ) > t/3) > cs.

Thus
) a/2
/ pr(t/3, 2, u)du > ¢ (1 A ]H(x)> , (4.2)
B(&e,2t/ ) Vit
and similarly,
5 a/2
/ pi;(t/3,y,u)du > ¢y (1 A ]H(y)) . (4.3)
B(&y,2t1/ ) Vi

Now we deal with the cases |z — y| > 5t1/* and |z — y| < 5t'/* separately.

Case 1: Suppose that |z — y| > 5t/®. Note that by the semigroup property and
Lemma 4.3,

pu(t,z,y)

> P (t/3, 2, u)p(t/3, u,v)ph(t/3,v,y)dudv

B(&y,2t1/ @) /]3(£m72t1/°)

> [ / Ph(t/3, 0, 00D 1oy g1 (/35 0) D (13, v, )y
B(&y,2t1/ %) J B(&y,2t1/ )

>cgt ( inf u—v _d_a> / / piy(t/3, 2, u)pi(t/3, v, y)dudv.
(uav)eB(5w72tl/a)><B(£y72t1/0<)| | B(ey 261/2) J B(ea 261/0) E(t/ )pu(t/ )

It then follows from (4.2)-(4.3) that

5 /2 ) a/2
piy(t, ) > cot ( inf lu — v|_d_“) (1}1(36) A 1) (]H(y) A 1) .
(u,0)€B(£0,2t1/ @) x B(&,,21/) Vit Vit
(4.4)
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Using the assumption |z—y| > 5t/ we get that, for u € B(¢,,2tY/*) and v € B(¢,, 2t1/%),
lu —v| < 41/ + |z — y| < 2|z — y|. Hence

inf lu — |77 > ¢polr —y[70° (4.5)
(u,v)EB(€,,2t /) x B(&,,2t1/ )

By (4.4) and (4.5), we conclude that for |z — y| > 51/«

Case 2: Suppose | —y| < 5t'/°. In this case, for every (u,v) € B(&,,2tY/%) x B(&,, 2tY/*),
|u —v| < 9t'/®. Thus, using the fact that om (&) A dm(&,) > 32t1/*, there exists wy € H
such that

A1)ty

B(&,, 2tY*) U B(&,, 2tY) € B(wo, 6t/) C B(wo, 12tY/*) c H. (4.6)
Now, by the semigroup property and (4.6), we get
pir(t 2, y)
> [ / P (t/3. 2, 00Dy 10y (3,0, 0)pha(E/3, 0, y)dudo
B(&y,2t1/ @) S B(£,,2t1/ )
> (u,veB(ilrulf,th/"‘)pé(wo’utl/a)(t/& u, v)) /B(éygtl/a) /B(&QWQ) pr(t/3, =, u)pg(t/3, v, y)dudv.
It then follows from (4.2)-(4.3) and Lemma 4.4 that

Pi(t, ,y) > 12 ((W\/);/Q A 1> ((S]H(y\/);/? A 1) t=d/e,

Combining these two cases, we have proved the lemma. o

Theorem 4.7. There exists a positive constant ¢ = c¢(«) such that for allt € [(4R3)*, c0)
and z,y € H,

o) A\?(x)a/fz‘) (1 N ou(y) /\\j%H(y)o‘/z) (t—d/a A x_;dm) .

Proof. Let tg = (4R3)? > (4R3)® and let ¢ and y, be as in (3.11). By the semigroup
property and (3.8) we have

Ph(ta,y) > o (1 A

pllﬂ(t?x,y):/ /pllH(tomZ)plh(t*2to,z,w)ph(to7w,y)dzdw
HJH

= (1 N 6]}[(1‘)) (1 A 6]H(y)) /]H \/]Hp]%—l(t()a Zo, Z)p]%—l(t - 2t07 2, w)p]%—l(t()a w, yO)dZdw
= (1A du(2)) (1A du(y)) pi(t, 2o, yo)- (4.7)

Since, dm(zo) A dm(yo) > té/Q = 4R;3, by Lemma 4.6 and the fact |zo —yo| = |z — y

61 (o) /2 81 (yo) ™/ - ¢
) N 0w (20)** OH(Yo) "~ djec n v
pu(t; To, yo) > c1 ( t M Vit AN : |z — yl|tte

S T a/2 5 Y a/2
> 7]}1”"( 0 ! 7“1@)( o) A1 <td/a A d ) .
Vit Vi |z — y|dte

The conclusion of the theorem now follows from the above inequality, Lemma 3.6 and
4.7). O

’
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5 Heat kernel estimates on half-space-like domains

In this section, we will establish the main result of this paper. In the remainder
of this paper we will always assume that D is a half-space-like C*! domain with C':!
characteristics (Rg, Ag) and H, C D C H for some b > 0 such that the path distance in
D is comparable to the Euclidean distance with characteristic \y. Fix to := 1V b and
for x,y € D, let xg and yo be defined as in (3.11). Using Theorem 1.3(i), the following
result can be proved in a similar way as that for Lemma 3.7.

Lemma 5.1. For any M > 0, there exists ¢ = ¢(b, Ry, Ao, 0, \g) > 1 such that for all
a€ (0,M] and z,z € D,

¢! (1A 0p(x)) (1 Adp(2)) hgse, (to, o, 2)
<pp(to,z,2) <c(1Ndp(x)) (L Adp(2))hT)250,)(tos 2o, 2), (5.1)
where (5 is the constant in Theorem 1.3(i) with T = t.

Combining Theorem 1.3(i), Theorems 3.8 and 4.7, we get that for every T' > 0, there
exist constants ¢; = ¢;(, T) > 1, i = 1,2, such that for all (¢,z,y) € (0,7] x H x H,

) 0 2 4
<ritnn) s (1A275) (10 ) (e s (g neet) )

and forallt € [T,00) and z,y in H,
a/2 a/2
ot (1/\ om(z) A du(z) > <1/\ m(y) A dm(y) > <td/o¢/\ t - )
Vi Vi |z —yl|ite

< ph(toy) < (1 N om(z) A\Zy(:ﬂ)“”) (1 N ou(y) A\;?(y)“”) (td/a A ; _Z|d+a>

Now using (1.11), we established Theorem 1.4 for D = H in the form of (1.6)-(1.7).

Theorem 5.2. For every T > 0, there exist ¢ = ¢(a, T) > 1 and C3 = C3(«,T) > 1 such
that for all a > 0 and (t,z,y) € (0,a**/(*=2T] x H x H,

L )

51H(95)> ( 51H(y)) < —d/2_—|z—y|? a“t B
<pHt,z,y) < 1A —== 1A —2L t e—yl"/(Cst) | [ 2 A ¢md/2
< ph(t,x y)—c( Vi Vi ‘ |z — y|dte

and for all t € [a**/(*=2)T,00) and x,y in H,

ot (1 B <a—1éﬂ<w>>a/2) (1 80 (a-lamy))aﬂ) (1w 200 )

Vit Vit x — y|dte
< pu(t z,y)
S (z) A (a~'om(x))™/? Su(y) A (e 6m(y))*/? ¢
. (1 (@) A (0~ dn(x)) ) (1  u(y) A (a~ u(y)) ) ((aat)_d/a Aot ) |
Vi Vi |z — y|dte
Now we are in a position to establish the main result of this paper.
Proof of Theorem 1.4. We first observe the following trivial inequalities
P, (G x,y) <pp(t,z,y) < put,z,y), a>0,(tz,y) € (0,00) x Hy x H. (5.2)
EJP 17 (2012), paper 32. ejp.ejpecp.org
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Recall that t; = 1V b2. It follows from Theorem 1.3 that we only need to prove the
theorem for ¢ > 3ty. Now we suppose t > 3ty. For any z,y € D, we define zy and yg as
in (3.11). By the semigroup property and Lemma 5.1, we have

p%(t, Zz, y) = / p(b <t07 T, Z)p%)(t — 2tp, 2, w)p% (t0> w, y)dZdw
DxD

<c (1Adp(x) (1 Adp(Y)) /DXD h“l‘/(25c2)(t0,x0, 2)ph (t — 2to, 2, w)h‘f/(2502)(t0,w,yo)dzdw.
It follows from Theorem 5.2 with 7" = 1 and (5.2),
Pp(t = 2to, 2, w) < p(t — 2to, 2, w)
(1 I ) (1 A jffg“gg) ((t — 2tg) ¥ 2e I wl*/(Ca(t=2t0)) 4 (7‘@ At - 2t0)*d/2)) :

for t € (2to, 2t + a?*/(@=2)];
(1 n SutIN 0N () Sutelre s ((gay — ggg))-tfe p Sl 200

t—2t0 Vt—2to |z—w|dte

< e

for t > 2tg + a2*/(@=2)

where Cj is the constant in Theorem 5.2 with 7' = 1. Put A = (C5 V (25C2)) where C; is
the constant in Theorem 1.3 with T' = t3. Applying Theorem 5.2 with T' = 1 again, we
get ph (t — 2tg, z,w) < c3ply(t — 2tg, A=?z, A=2w) and so, by Theorem 1.3

pp(t,,y)

<ca (LA Gp(z)) (1A 5D(y))/ he sato, o, 2)pf(t — 2to, A2z, A"2w)hS 4 (to, w, yo)dzdw
DxD

<cs (1A Sp(x))(1Ap(Y)) / hi,4(to, zo, 2)p (t — 2to, A2z, A_2w)h‘11/A(t0, w, yo)dzdw
HxH

<es (LA 3D @)W (W) [ (1AG,u(D) (LA (0))hd a0 0,2)

HxH
x p&(t — 2tg, A2z, A72w) (1 A 0wy, (Y0)) (LA Sm_, (w))h‘f/A(to, w, Yo )dzdw
<cs (1A 6p(2))(LAdp(y)) / (LAGE_, )5 (2))(LAOm_, 5 (20))

H_p/oxH_3 /2

_ “t —
« (to d/2 o~ |wo—2[?/(Ato) 4 <|a0d+ Aty d/2)> Pt — 2tg, A2z, A %w)
To — 2|4

_ o a™t _
X (LA Gm_, 5 (40)) (1A 0w, )5 (w)) (to A/2=lw=wol/(Ato) 4 (|wyoo|d+a Ntg dm)) dzdw.

Thus, by a change of variable 2 = A2z, @ = A 2w, and using (5.2) and Theorem 1.3,
the above is less than or equal to (1 A dp(x))(1 A6 ( )) times

or /}H (LAG e GDOAG, e (A 220))

—by2a2yXH_; 242y

—d/2 A 2z0—3/to ato —d/2
X |t e 2 0 — = N1y
( 0 * |A—2xq — z]dte

X p%ib/(%‘z) (t — 2t0, /Z\, 11)\)(1 A (5]1{717/(2142) (A_Qyo))
~ —d/2 —Cslih— A2y, |? a“to —d/2 ~ g~
x (1 /\5]Hib/(2A2)(w)) <t0 /2, —Cal|w—A2yo|? /to + <,L’§_A—2y0|d+a Aty / )> dzdw
<cg / p%_b/(2A2)(t0’ A_2x07/z\)p]?{_b/(2A2)(t — 2t0,/Z\, @)p]%_b/(QA?)(tO’ ’&}\,A_Qy())d/z\dﬁ}\

Hop/2azyXH_y/(2a2)

—2 -2
=cg p%%/@f@) (t, A=“z9, A" %yp).
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Now using (1.11) and Theorem 5.2 with T = A~*(1 A M?*/2=®))¢,, we get

@ 2(a=2)/a,
p(t,2,y) < co(LASp ()L ASp (Wi, ,,  “(A*t 20, 90)

w45 (T0)

(o (o) (2247 A (1 nap() (2242 01)

x (t*d/%*lm*y?/@u” + (% Nt/ for ¢ € (3to, toa™2*/ (2],
< cio & T a”1s ( x0))/?
(1A 6p(x)) < H_p/2 (T0)A( \/{H»/z( DT A 1) (1A6n(y))
s a™'s «/2 «
% ( H,b/z(yo)/\( \/ZlH,b/g(yO)) A 1) ((aat)fd/a A %) for ¢t > to/a2a/(27a)

(1A dp(@)) (252 A1) (1A () (242 A1)
x (ta/2emlemul/end) g (ot pgmdi2)) for t € (3to, toa~2*/~)];

(1Aép(x)) (6]]1(%)/\(&:/1{6“1(%))“/2 A 1) (I1AD(y))
« (51{(110)A(‘1:}51H(y0))a/2 A 1) ((aat>—d/a A | a®t ) for ¢ > to/a20&/(2—a).

t z—y|dte

< ci2

In the case when t > M?2®/(2=a) ¢ q2/(e=2) gince M?2/(2=) ¢y q22/(@=2) > ¢, the
desired result follows from (5.2), Lemma 3.6, Theorem 5.2 and Remark 1.5(ii). In the
case when 3ty < t < M?2*/(2=) ¢ q22/(@=2) the desired upper bound follows from (5.2),
Theorem 5.2, Remark 1.5(ii) and [12, Lemma 2.2] (with « there replaced by 2).

The lower bound can be proved similarly. We omit the details. O

6 Green function estimates

In this section, we give the full proof of Theorem 1.7. Recall that D is a fixed half-
space-like C1'! domain with C'! characteristics (Ro, A¢) and H, C D C H for some
b > 0 such that the path distance in D is comparable to the Euclidean distance with
characteristic \g. We first establish a few lemmas.

Recall that ¢,(r) = r A (r/a)*/?>. When a = 1, we simply denote ¢; by ¢; that is,
o(r) =r Are/2,

Lemma 6.1. For everyr € (0,1] and every open subset U of RY,
1 (M r2¢(6U(x))¢(5U(y))) < <1A r¢(5u(x))> <1A T(Z5(5u(y))> - P00 (2)é0u (y)

2 |z =yl |z —ylo/2 |z —ylo/2 |z =yl
(6.1)

Proof. The second inequality holds trivially. Without loss of generality, we assume
du(z) < dy(y). If both T{f@;g? and Tf((;”(y)) are less than 1 or if both are larger than

| lz—y|/?
one,
ro(6u () rolu )\ - r20(5u (2)o(du (4)
(“m—y|a/2)(“|x—ya/2>‘“ eyl

So we only need to consider the case when % < 1 < 2lul)  Note that

1 = z—ylo/?
?(0u(y)) < ¢(u(z) + [z —yl). If du(x) > |z — y|, then ¢(du (y)) < ¢(20u(x)) < 26(du(2))
and so

r*¢(du ()¢ (du (y))
|z —yl|*

, then ¢(6p(y)) < ¢(2x — y|) < 2|z —y|*/* and so

1A 2 (6u (%)) (du (y)) <1 2r2¢(6y (x))|x — y[*/2 <9 (1 A T¢(5U($))>
|z — yl|* |z —y|* |z — y|o/?

1A

7‘¢>(5U(33))>2 ~s (1 . 7“¢(5U(JU))) .

<1A2
- (Iﬂc—yla/2 |z — yl|o/?

When 0y (z) < |z —y
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where the assumption » < 1 is used in the last inequality. This establishes the first
inequality of (6.1). O

For every open subset U of R and a > 0, let

q(t,x,y) = (1 A d"‘(‘i%x))) (1 A W) ((a“t)d/“ A |$_a;ytd+a> . (6.2)

The following lemma is a direct consequence of (the proof of) Proposition 1.2, Theo-
rem 1.4 and Remark 1.5(ii).

Lemma 6.2. For every positive constants c;, ¢y, there exists c3 = cs(c1,c2) > 1 such

that for every a > 0, t < ¢;a=2%/2=%), every open subset U of R? and z,y € U with
|z —y| > a"/E7),

- du(x) du (y) * (L) < qi(ta,y) < du(x) du (y) © (tavy).
31(1/\ v )(1/\ v )h (t,z,y) < g (t y)<3<1/\ v )(1/\ v )(hﬁ (t,x,y)

Vi Vit Vit Vit

Under the assumption of Theorem 1.4, there is a constant ¢ = ¢(M, Ry, Ag, Ao, @, b) > 1
such that

clap(tw,y) < ph(ta,y) < cap(ta,y)
holds for every a € (0, M), t < oo, z,y € D with |z — y| > a=*/(~),
Observe that
$a(Op(A2)) = (Mr-1p(2)) A (A2a=/25y -1 p(2)*/?)  for every A > 0. (6.4)
Let x, := a®/ (=) g, Yo 1= aa/@’o‘)y and D, := a®/ =)D, By (6.4),
6a(0p(2)) = da(0p(a™*/ " ay)) = o=/ Vg (bp, (x4)) (6.5)
and so, for every s > 0,
gh(a 2/ 2 y) = (a2 270 5,a7 @70y, a7/ 70y ) = ¢V =Nl (5,24,7,)(6.6)

We recall that f§(z,y) is defined in (1.8).

Lemma 6.3. Foreveryd > 1landz,y € D, fooo g% (t, x,y)dt < f&(x,y), where the implicit
constants are independent of D.

Proof. Let U be an arbitrary open subset of R?. We first consider the case a = 1 and
prove the lemma for U. By a change of variable u = @ we have

/ i (t, z, y)dt
0

e ([ ) ) (1 LD (1 Y
= IT+1I. (6.7)
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Note that

1 (M ¢(5U<x>>) <1A¢<5v(y>>>

2z — yld— |z — y|o/? |z — ylo/?

- o () (1 g

= W/l u™? (Mm> <1/\m>du
- o () (10 225 )

(i) Assume d > «. Observe that

Fos b (1 2O () GO g,

T e —ylde |z — ylo/? |z — y|o/?
a 1 $(du (x)) $(0u(y))
1A 1A . 6.9
e () (M e
So by (6.7)-(6.9),
> 1 ¢(0u(z)) ) ( o(0u(y)) )
1
qp (t, x,y)dt < (1/\ 1IN ——= . (6.10)
bt g (1 2 ) (10 25
For the rest of the proof, we assume without loss of generality that 6y (z) < dpy(y)
and define
_ ¢00u(2))9(du(y))
|z =yl

(ii) Now assume d = o = 1. We have by Lemma 6.1,

1 1
I = / u_ll{uzl/uo}du+/ uol{u<1/u0}du
0 0
= log(uo V1) +up ((1/ug) A1) =log(ug V1) + (ug A 1). (6.11)
Now by Lemma 6.1, (6.7)-(6.8) and (6.11), we have

(o)
/ qir(t, 2, y)dt < log(ug V 1) + 1 A ug < log(1 + ug).
0

(iii) Lastly we consider the case d = 1 < a < 2. By Lemma 6.1,

1 ! _ 1 .
I = T 1l (/ u(l/a) 21{u21/u0}du+/ Uou(l/ ) 11{u<1/u0}du)
|z —yl 0 0

1

— @ 1-(1/a) _ “1/a
Fa—e <a_1 ((uo\/l) 1) + au(ug V 1) )

Hence by (6.7)-(6.8), Lemma 6.1 and the last display we have

/’qaaawa
0

1 1

(1A o) + (((Uo v )t e) - 1) + uo(uo V 1)*1/a)

|z —y[t

1 (UO /\ué—(l/a)> _ ¢(6u (z))¢(du (y)) A (d)(aU(x))qs((sU(y)))(a,l)/a.

Tz gyt |z -y

Tz -yl
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Thus we have proved the lemma for any open set U and a = 1. For general a > 0, we
have by (6.5) and (6.6) that

/ qp(t, z,y)dt = afza/@*“)/ g (a5 2, y)ds = aa(d*z)/@*a)/ 4D, (5, Tas Ya)ds
0 0 0

! (3D (2a) 60D, (va))
[za—yald=e (1 A I%,—ya\““) (1 A |-Ta_ya|u/2) when d > &
— gold=2)/(2=a) log(l%_¢wDaﬁaQ§ﬁ5a@a») whend—1—a,
) Ta o a a— o
202Gl 0p020) (456, (2))6(0, (1)) V" whend =1 < a.
o (d=e)a/(—a) 0%/ =) g (5 (2) 0= g (51 (1))
[e—y|i—a (1 A a“2/2(2*‘3‘)|x—Dy\“/2> (1 N m) when d > a,
_eld-2)/(2—a) 10g(1+,f¢A&ﬁﬁgz#5D@») whend—=1=a,

a—1)/a

a?*/ =, (5p (2))a (50 (1)) A (a2a/(2—a)¢a(§D(x))¢a(5D(y)))(

av /=y

ZfB(JE,y)-

Lemma 6.4. For everyc >0, when |z —y| < a=®/(2~9),

foo ) () e (s )

o200/ (2=a)

o = y[27 (14 2200 when d > 3
g2a/(a=2) "

= qlog(1+ Aln@in(w)) when d = 2,

a®/(@=2) A (5D(x)5p(y))1/2 A 76’3('?_6;@) whend =1,

where the implicit constants depend only on ¢, « and d.

Proof. We first consider the case a = 1 and assume U is an arbitrary open set and
|lz—y|*
T

i (o 8) (S5 [ (i )]

x,y € U with |z — y| < 1. Using the change of variables u = we have

lz —y |z —y| u

lz—y|?

oo (4 [7) (1 G (1) [y (1
2

:Ill + IQ .

2—a 2—a
Note that since |z — y|>~® < 1, foru > 2, % Aud/? = % Thus for any d > 1,

|$_y|2—d /OO (u—1/2 A 5U(x)) <u—1/2/\ bu (y) ) |:ud/26—c1u+ |x_y2_a] dj
2

|z — vyl |z — 1y u u

|z — y|2_d (1 N oy (2) > <1 N Oy (y) ) / (ud/Q_le_clu +u_2) du
|z —y| lz—yl) Js

(axmzd(h\§f3)<1A${20
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and
> o I”(” y>< |x—y>/ e
> cslw -y~ d( E E;I)( |x—(33|>

One the other hand, since |z — y|>~* < 1, if u < 2, then

2—a
w2 |:ud/2€clu + (|$ -yl A ud/z)] = /22,
u

Using this and the fact that for every r € (0, 2],

(o) (o) = i <o (o 55) ().

(6.12)
we have )
L= |z — 2 / (1 A u5U($)5U2(y)) w22 o,
|lz—y|? |.T - y|
Lot up += 2000

(i) When d > 3, it is easy to see that I; < |z —y[?>~% (1 A ug).
(ii) Assume d = 2. We deal with three cases separately.

(@) up < 1: In this case, since |z — y| < 1, we have dy(2)dy(y) < 1 and I; =
fli—yP updu < ug =< log(1 + ug).

() up > 1 and |z — y|*> < 1/up: In this case we have §y(z)dy(y) < 1 and

ut 2
0
I x/ uodu—i—/ “rdu = up(ug ' — | — y|?) + log 2 + log ug
| u

x_yP 0 !

=(1 —ug|lz — y|?) +log 2 + log ug =< log(1 + ug).
(c) up > 1 and |z — y|? > 1/up: In this case we have dy (z)dy(y) > 1 and

A (5U($)5U(y))> .

|z =yl

2
1
I < / u”tdu =log 2 + log|z — y| 7% < log(1 + |z — y|~2) = log (1 +
\

z—yl|?
(iii) Now we consider the case d = 1. We again deal with three cases separately.
(a) ug < 1. In this case we have

2
Loyl [ uou2dux o= yluo(vVZ— |z = y]) < | — yluo.
lz—y|

() up > 1 and |z — y|?> < 1/up. In this case we have

—1
Ug 2
I x|z —y| wou 2 du + |z — y| / u=32du
lo—y? uy?
~1/2 12 o 1/2
<ule — yl(ug ? = o = yl) + o — yl(ug® = 2772) < |z - ylug’.
(c) up > 1 and |z — y|?> > 1/ug. In this case we have
2
= |z —y| w3 Pdu = |z —y|(lz —y| Tt =27V =127V —y| < 1.
|z—y|?
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So we have

|z — y|>~¢ (1 A 7‘5["(;2‘;["2@)) when d > 3,
Iy + I < { log(1 4 120uloy ) when d = 2, (6.13)
LA (bu (2)du (y)/? A 2080 when d = 1.

Thus we have proved the lemma for any open set U and a = 1. For general a > 0, we
have by (6.5), (6.6) and (6.13),

A (e L G | O O | K

' Op(x) n(y)
_—2a/(2—a) D DY
- [ (r i) (1 i)

z—y o, —2a/(2—a
y {(aza/<2a>s>d/2e—maza/<2'2% N (aa/()s A (aza/@a)s)d/z)] ds

29/ (2=a)

|z — y|tte
1 Ta —Ya 2
:aa(d72)/(2fa)/ 1A 6p,(Ta) 1A 6D, (Ya) Sfd/zefcl% + S As— 2 )| ds
0 \/g \/g |wa - ya|d+a
‘xa _ ya|2—d (1 A 5Da‘(:«"1a32€5‘12(ya)> When d 2 3’
<q@@=D/@=0) {100q 4 m(aD& (z_;m‘; (u2))) when d = 2,
LA (6D, (a)0p, (ya)/? A 2e2e)Dalte) syhen ¢ =1
|z — y|?~¢ (1 A 7517&2?;?2@)) when d > 3,
_ a2/ (@=2) \(§ 5 () (1
=4 log(1 + ny"’z( LEICHA when d = 2,
a2 A (5p(2)op(y)'? A 080 when d = 1.

d

Lemma 6.5. For every d > 2, there exists ¢ = c¢(a,d) > 1 such that, for every a > 0,
when |z — y| < a= /(%)

/OQ g%tz y) dt < ca®@=2/2=) (1 A 9p()dn(y)
e T |z —y|?

Proof. We first consider the case ¢ = 1 and assume U is an arbitrary open set and
x,y € U with |z —y| < 1. Let J := loo qi;(t,z,y) dt. By a change of variables u = %

st [ (1 DAY (VO SOOI () 2

|z —yl|o/2 |z — y|/2 u?

(6.14)

Since |z —y| < 1, foru € [0, |z — y|*], u¥/* Au~"' = u?/*, Hence

a/2 a/2 |z —y|*
J < ‘x _ y|a7¢i (1 A 6U(I) A 5U(x) ) (1 A 5U(y) A 6U(y) ) / ud/a72 du
0

|z —yl|o/2 |z — y|o/2
v (x) A Sy (z)/? v (y) A Sy (y)*/?
= o1 v(z) Ady(x) 1A u(y) Adu(y) )
= y[72 =yl
Since |z — y| < |z — y|*/? < 1, we have that m < iy and so 1A % <
1A % . Consequently, it follows from Lemma 6.1 by taking a = 1 and o« = 2 there that
0 ) 1) o
chl(m U(x))<1/\ U(y)>§201<1/\U(x)U(2y)>. (6.15)
lz -y |z =yl |z =y
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Thus we have proved the lemma for any open set U and a = 1. For general a > 0, by
(6.5), (6.6) and (6.15), we have for every a > 0,

/ an (t, z, y)dt _ aa(d—2)/(2—a) / qlli)a (57 Tq, ya)dS
a—2a/(2—a) 1
< QClaa(d*2)/(27o‘) (1 A 6p, (za)dp, gya)) )

|33a - ya|

Lemma 6.6. Foreveryc >0, whend =1 and |z —y| < a=/(?~9),

A e L G G = K

o0
+/ qp(t,z,y)dt < gp(x,y)
a

—2a/(2—a)

-2/ (2=a)

where the implicit constants depend only on c and «.

Proof. We first consider the case ¢ = 1 and assume U is an arbitrary open set and
z,y € Uwith [z —y| < 1. Let J := [~ ¢{;(t, 2, y) dt and

By Lemma 6.4, I < 1 A (6D(1;)6D(y))1/2 A %. Using Lemma 6.1 and (6.14), we
get that l

o0 jo—y]® w6 (x
/1 qllj(t,x,y) dt = |£L‘ _ y‘afl/o <1 A ¢(5U( ))¢(5U(y))> ul/a72 du.

|z —y|®

(v (2))¢(Su (y)
lz—yl|™

|z —y|* Aug * lz—y|*
J = |z—y/~! uo/ ul/o‘fldqu/ w2 du | .
0 |z—y|*Aug*

Without loss of generality, we assume Jy(z) < dy(y). Note that, since |z — y| < 1,
if op(x) < 1 then dy(y) < 2, and if oy(x) > 1 then 1 < dy(x) < dy(y) < 20y(x) and
v (2)du(y) > |z —yl>.

Now we look at three separate cases.

(i) « € (1,2): In this case we have

Put ug := . Then we have

- _ o |a—1 o -1/« a Ll _1\(1—a)/«a o _ il-a
J = |z—y] (au0<|x y| A ug >—|—7a_1(|x yl* Augt) 7@—1|$ Y|
= #(0u(2))é(du (1)) A (@00 (#)) 60y (1))~
Thus
(G (@)du()'®  when dy(x) < 1,60(2)0u(y) > |z —yl?,
T+J x (@il when 6y (z) < 1,6p (2)du (y) < |o —y[%,
(00 (2)6 (1)) *~V"? when 6y (x) > 1
= Gu@)du )" A Gu (@) ) A 5U|(;")5U|(y).
-y
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(ii) @ = 1: In this case we have

J

¢

_ |z —y|*
uo(Jz — y| Aug Y +log S —
( 7~ g A

= ¢(du(x))(du(y)) A1 +1og (1V ¢(du(2))¢(du(y))) = log (1 + ¢(0u (x))(6u (y))) -

Thus

(G (@)oo ()®  when dy(x) < 1,00(2)0u(y) > |z —yl?,
I+J x (u@el when 6y (z) < 1,00 (2)du (y) < |o —y[%,
log (1 + dy(z)du(y)) when dy(z) > 1
v (z)ou (y) 1/2

o Mog (14 Gu(@)3suw)'”?).

(iii) o € (0,1): In this case (note that 1 — 1/« is negative) we have

a— -1/« « —« « — —a)/a
J = |z -y 1<au0(|zy/\u0/)+1_a|9:y|1 *mﬂz*y\ NughHt )/>
= ¢(6u(x)p(0u(y)) AL
Thus
(6u ()8 (y))/*  when dy(z) < 1,0u(x)du(y) > |z — yf?,
I+J = {owaeul when 6y (z) < 1,00 (2)du (y) < |z —y|?,

1 when oy (z) > 1

] )
= (ul)du()? W)y
[z —y|
Therefore we have proved the lemma for any arbitrary open set U and a = 1. The
general case a > 0 now follows from the same scaling arguments as in the proofs for
Lemmas 6.3 and 6.4. O

Proof of Theorem 1.7. Without loss of generality, we assume M = b = 1. Estimates
(1.9) follow from Theorem 1.4, Remark 1.5(ii) and Lemmas 6.4-6.6. Estimates (1.10)
follow from Theorem 1.4 and Lemmas 6.2 and 6.3. O

Acknowledgment: While working on the paper [17], Z. Vondracek obtained the Green
function estimates of pj; in the case d > 3 using Theorem 1.4 above. Some of his
calculations are incorporated in the proofs of Lemmas 6.4-6.5.
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