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Abstract

In this paper, sharp two-sided estimates for the transition densities of relativistic «-stable processes with
mass m € (0,1] in C L1 exterior open sets are established for all time ¢ > 0. These transition densities
are also the Dirichlet heat kernels of m — (m%/% — A)*/2 with m € (0, 1] in C!+! exterior open sets. The
estimates are uniform in m in the sense that the constants are independent of m € (0, 1]. As a corollary of
our main result, we establish sharp two-sided Green function estimates for relativistic «-stable processes
with mass m € (0, 1] in C LT exterior open sets.
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1. Introduction

Letd > 1 and « € (0, 2). For any m > 0, a relativistic a-stable process X" in R4 with mass m
is a Lévy process with characteristic function given by

Elexp(i& - (X" — X'))] = exp(—t((|€]> + m¥*)** —m)), &eR% (1.1)

When m = 0, X™ is simply a (rotationally) symmetric a-stable process in R¢. The infinitesimal
generator of X" is m — (—A +m?/*)%/2. When « = 1, the infinitesimal generator reduces to the
free relativistic Hamiltonian m — +~/— A + m?2. There exists a huge literature on the properties of
relativistic Hamiltonians (for example, see [3,16,18,22,23]). Relativistic «-stable processes have
been studied recently in [13,14,17,19-21,25].

Recall that an open set D in R4 (when d > 2) is said to be a (global) C 1,1 open set if there
exist a localization radius ro > 0 and a constant Ag > 0 such that for every z € 9 D, there exist
a Cll-function ¢ = ¢, : R~ — R satisfying ¢(0) =0, V¢(0) = (0, ...,0), [|Vol|leo < Ao,
IVp(x) — Vo (2)| < Aglx — z|, and an orthonormal coordinate system y = (y1, ..., Yi—1, Vd) :=
(¥, ya) such that B(z,rg) N D = B(z,r9) N{y: ya > ¢(¥)}. We call the pair (rg, Ag) the char-
acteristics of the C!-! open set D. By a C!! open set in R we mean an open set which can be
expressed as the union of disjoint intervals so that the minimum of the lengths of all these inter-
vals is positive and the minimum of the distances between these intervals is positive. Note that a
C!! open set can be unbounded and disconnected.

For an open set D C R?, let X" be the subprocess of X" killed upon exiting D. It is easy
to see (cf. [13]) that X"P has a jointly continuous transition density function pp(t,x,y) with
respect to the Lebesgue measure on D. p is also called the Dirichlet heat kernel of m — (—A +
m?/*)%/2| , with zero exterior condition.

A relativistic a-stable process is a discontinuous Markov process. Sharp estimates on the
transition density functions of discontinuous Markov processes are of current research interests
(see [1,4-7,12,13] and the reference therein). Dirichlet heat kernel estimates for symmetric sta-
ble processes were first obtained in [8] on C 1,1 open sets for # < 1 and for all # > 0 when the
C!! open set is bounded. In [2], Dirichlet heat kernel estimates for symmetric stable processes
were obtained for a large class of non-smooth open sets in terms of surviving probabilities.
In [15], global Dirichlet heat kernel estimates for symmetric stable processes are derived for
C!! exterior open sets as well as for half-space-like open sets. The ideas of [8] have been
adapted to establish sharp two-sided estimates for the Dirichlet heat kernels of other discontin-
uous Markov processes in open sets, see [9—11]. In particular, the following result is established
in [10, Theorem 1.1]. In this paper, for any a, b € R, we use the notations a A b := min{a, b} and
a VvV b :=max{a, b}.

Theorem 1.1. Suppose that « € (0,2) and D is a C' open set in R? with CY! characteristics
(ro, Ao). Let p(x) be the Euclidean distance between x and D€.

(1) For any M > 0 and T > 0, there exists c; = c1(d, o, rg, Ag, M, T) > 1 such that for any
me 0, M]and (t,x,y)€ (0,T] x D x D,

I 8p(x)*/? 3o >N\ ( —aje . 1@ M |x —y))
Z(“ Ji )(“ NG )(t N =y )
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< pht,x,y)

5p (x)*/? S\ (a1 m'|x — y]/(16))
<1 )(a P ) (e ).

where p(r) =e " (1 + r(d+°‘_1)/2).

(i1) Suppose in addition that D is bounded. For any M > 0 and T > 0, there exists ¢, =
c(d, o, rg, Ao, M, T,diam(D)) > 1 such that for any m € (0, M] and (t,x,y) € [T, 00) X
D x D,

a,m,D a,m,D
cyleTMT ap () 28p (1) < Pt x, y) ScaeTMTT 8 ()8 ()2,

where )L?’m’D > 0 is the smallest eigenvalue of the restriction of (m*/® — A)*/> —m in D

with zero exterior condition.

Note that, although the small time estimates on p7, (¢, x, y) in Theorem 1.1(i) are valid for
all C! open sets, the large time estimates in Theorem 1.1(ii) are only for bounded C!-! open
sets. As one sees from the case of symmetric «-stable processes in [15], the large time heat
kernel estimates for unbounded open sets are typically very different from that in the bounded
open sets and depend on the geometry of the unbounded open sets. Sharp two-sided estimates on
p'h(t, x, y) valid for all time ¢ > 0 have recently been established for half-space-like Cc!! open
sets in [11] by using some ideas from [15]. The goal of this paper is to establish sharp two-sided
estimates on p') (¢, x, y) for exterior C L1 open sets that hold for all ¢ > 0.

Recall that an open set D in R? is called an exterior open set if D¢ is compact. For any
m, b, c > 0, we define a function ¥y o m p.c(t, x,y) on (0, 00) X RY x R4 by

lpd,oz,m,b,c(t’ x,y)

—1,, 1/o),
/e A f¢<clxj’y|d+'§ YD when ¢ € (0, b/m],

— (1.3)
mdle=d/2i=d/2 ey _ o=V (/2 |y — y| A m2le] M)) when ¢ € (b/m, o0),

where ¢ (r) = e (1 4 r@te=1/2) The following is the main result of this paper.

Theorem 1.2. Suppose that o € (0,2), d >3, M >0, b>0, R > 0 and D is an exterior C-!
open set in RY with CY characteristics (ro, Ag) and D¢ C B(0, R). Then there are constants
ci=cid,o, M,b,ry, Ao, R) > 1, i = 1,2, such that for every m € (0, M], t > 0 and (x,y) €
D x D,

8p(x) )“/2(1 )

/2
IR 1M1/a) Vi .am.b.er (T, X, Y)

prg(t,x,y)ém(l/\

and

8p(x) )“/2 (1 )

a2
1 Atl/e 1/\t1/0‘) g’d,a,m,b,l/cz(t, X, y)

ppt,x,y) > cl_1 <1 A



Z.-Q. Chen et al. / Journal of Functional Analysis 263 (2012) 448—475 451

It is known (see Theorem 2.1 below) that there are constants ¢3 > 1 and c4 > 1 such that for
allm > 0and (¢, x, y) € (0,00) x R? x RY,

3 W am 1, 1/es (%, ) < P, X, ¥) < 3P am,1,es (1, X, V). (1.4)

By integrating the sharp heat kernel estimates in Theorem 1.2 (with b = 1) over y € D and
using (1.4), one can easily conclude that there is a constant ¢5 = ¢5(d, «, M, ro, Ag, R) > 1 so
that for every m € (0, M], x € D and t > 0,

1 D D
S Cvvi) AR C R R Qv I

where 7)) =inf{r > 0: X}" ¢ D}. We emphasize that the sharp heat kernel estimates in The-
orem 1.2 hold uniformly in m € (0, M]. Thus passing m | O recovers the sharp heat kernel
estimates for symmetric «-stable processes in exterior C1'! open sets when dimension d > 3
that were previously obtained in [15]. (The estimates in [15] hold for every d > 2.) The large
time upper bound estimate in Theorem 1.2 is quite easy to establish, which is given at the end
of Section 2. The main task of this paper is to establish the large time lower bound estimate for
pp(t, x,y). Comparing with the case of symmetric stable processes, due to the fact that the Lévy
densities of relativistic stable processes decay exponentially fast at infinity, the large time lower
bound estimates for p7, is much harder to establish. The reason that we assume d > 3 in Theo-
rem 1.2 is that, due to Chung—Fuck’s recurrence criterion for Lévy processes, relativistic stable
processes are transient if and only if d > 3.

Integrating the heat kernel estimates in Theorem 1.2 in ¢ € (0, 00), one gets the following
sharp two-sided Green function estimates of X" in exterior C*! open sets, which is uniform in
m € (0, M].

Theorem 1.3. Suppose that d >3, M >0, R > 0 and D is an exterior cl! open set
in RY with CY1 characteristics (ro, Ao) and D¢ C B(0, R). Then there is a constant ¢ =
c(d,a, M, rg, Ag, R) > 1 such that for every m € (0, M] and (x,y) € D x D,

cqruwmwwWﬂOA %@))MOA %@))W

x — yld= lx —yInl lx—yInl

<Gphx,y)<c

LHWmeWWOA %u>)WOA %@))W_

x — yld= lx —yInl x —yInl

Taking m | 0, the estimates in Theorem 1.3 recover the sharp Green function estimates for
symmetric a-stable processes in exterior C*! open sets when d > 3 that was previously estab-
lished in [15] for any dimension d > 2.

The rest of the paper is organized as follows. In Section 2, we summarize some basic proper-
ties of relativistic stable processes and give the proof of the upper bound estimate in Theorem 1.2.
In Section 3, we present interior lower bound estimates for p7) in exterior open sets. Lower bound
estimates for p7) (¢, x, y) up to the boundary are established in Section 4 for ¢ < 7'//m and in Sec-
tion 5 for t > T /m. The proof of Theorem 1.3 is given in Section 6.

Throughout this paper, we assume that « € (0, 2) and m > 0. The values of the constants Cj,
C», C3 will remain the same throughout this paper, while cy, ¢3, ... stand for constants whose
values are unimportant and which may change from location to location. The labeling of the



452 Z.-Q. Chen et al. / Journal of Functional Analysis 263 (2012) 448475

constants cp, ¢, ... starts anew in the proof of each result. The dependence of the constant ¢
on the dimension d will not be mentioned explicitly. We will use “:=" to denote a definition,
which is read as “is defined to be”. We will use d to denote a cemetery point and for every
function f, we extend its definition to 0 by setting f(d) = 0. We will use dx to denote the
Lebesgue measure in R? . For a Borel set A C R?, we also use | A| to denote its Lebesgue measure
and aA :={ay: y € A} for a > 0. For two non-negative functions f and g, the notation f < g
means that there are positive constants ¢y, ¢ so that c1g(x) < f(x) < c2g(x) in the common
domain of definitions for f and g.

2. Basic properties of relativistic stable processes
A symmetric «-stable process X ={X;, t >0, P, x € Rd} in R, where d > 1, is a Lévy
process whose characteristic function is given by (1.1) with m = 0. The Lévy density of X is

given by J(x) = j(|x|) = A(d, —a)|x|~“@FY where

ol (5%)
21-ad2P (1 — &)

Ald, —a) =

Here I' is the Gamma function defined by I"(X) := fooo t*~ e~ dt for every A > 0.
The Lévy measure of X" has a density

™) = j"(Ixl) = Ad, —a) x|y (m 7 |x]) = j(x )y (m'/*|x)) 2.1)
where
Y(r):=2" “’*"‘)F<d+a) f R 1) 2.2)
0

which is decreasing and a smooth function of 2 satisfying ¥ (0) = 1 and
Y ()= ¢(r)i=e " (1+r@r*=D/2) on [0, 00) (2.3)

(see [25, Lemma 2] and [14, pp. 276-277] for the details).

Put J™"(x,y) := j™(]x — y|). The Lévy density gives rise to a Lévy system for X", which
describes the jumps of the process X™: for any x € R?, stopping time T (with respect to the
filtration of X”) and non-negative Borel function f on Ry, x R? x R? with f(s, y, y) =0 for

all y e R¢,
T
]Ex[Zf(s,X?’_,X;")] =Ex[/</f s, X0 y) Jm(Xm,y)dy) ds:|. (2.4)
0

s<T R4
(See, for example, [13, Appendix A].)
We will use p™” (¢, x,y) = p"(t,x — y) to denote the transition density of X"*. From (1.1),

one can easily see that X" has the following approximate scaling property: for every b > 0

{b_l/"‘ (XZZt/b - Xg”b), r> O} has the same distribution as that of {X;" - Xy, t 2> 0}. (2.5)
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In terms of transition densities, this scaling property can be written as
Pt x,y) = bV p"™P (bt, b *x, b1/%y)  foreveryt,b>0, x,y e RY. (2.6)

For any m, ¢ > 0, we define a function @dﬂ,m,c(t, x,y) on (0,00) x RY x R4 by

@d,a,m,c(t» -xv y)
=N T (x, y), vt € (0, 1/m];
mé/a—d/2;—d/2 exp(_c—l(ml/otlx —yIA m2/a—1 |X—ty|2 ), Vie(l/m,o0).

Using [7, Theorem 1.2], [10, Theorem 4.1] and (2.6) we get

Theorem 2.1. There exist ¢, Cy > | such that for all m > 0 and (¢, x, y) € (0, 00) x R? x R?,

1 ~
¢ Yaami/c, @t x,y) <p"t,x,y) <c1Wqam,c, (X, ).

For any open set D, we use ) :=inf{r > 0: X" ¢ D} to denote the first exit time from D
by X, and X" to denote the subprocess of X killed upon exiting D (or, the killed relativistic
stable process in D with mass m). It is known (see [13]) that X”? has a continuous transition
density p7,(, x, y) with respect to the Lebesgue measure. p’;(t, x, y) has the following scaling

property:

pht,x,y) = bd/o‘pl%fl)(bt, by, bl/o‘y) foreveryt,b >0, x,y € D. 2.7)

Thus the Green function G, (x, y) := OOO pp(t,x,y)dt of XD satisfies

"(x,y)=bl" “)/“Gznl//iD(bl/“x, b'*y)  forevery b >0, x,y e D. (2.8)

We now introduce the space-time process Z}' := (V,, X7'), where V; = Vy — 5. The law
of the space—time process s — Z' starting from (¢, x) will be denoted as P¢¥) and as usual,
ECO[E] = [ &(w) P (dw).

We say that a non-negative Borel function A(z,x) on [0, 00) X RY s parabolic with re-
spect to the process X™ in a relatively open subset E of [0,00) x R? if for every rela-
tively compact open subset £ of E, h(t,x) = E x)[h(Z )] for every (¢,x) € E1, where

?E =inf{s > 0: Z{" ¢ E}. Note that plj(-,-, y) is parabohc with respect to the process X"
in (O o0) X D.

The following uniform parabolic Harnack inequality is an extension of [10, Theorem 2.9]
in that it is stated for all » > 0 and m > 0 instead of only for r € (0, R] and m € (0, M]. Due
to the recent result in [7], the following uniform parabolic Harnack inequality is an easy con-
sequence of the approximate scaling property (2.5) and the parabolic Harnack inequality [7,
Theorem 4.11].

Theorem 2.2. For M > 0 and § € (0, 1), there exists ¢ = c(d,a, 5, M) > 0 such that for every
m >0, xo € RY, 19 >0, r > 0 and every non-negative function u on [0, 00) x R? that is parabolic
with respect to the process X™ on (tg, to + 48 (r® v m*/*~1r2)] x B(xg, 4r),
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sup u(ty,y1) <c inf  u(tz, y2),
([],yl)GQ_ (t2’y2)eQ+

where Q_ = [to+8r*vm?*~1r2) 1o +28(r* vm?*~1r2)] x B(xg, r) and Q4 = [to+38(r® v
m?%=12y o 4+ 48(r® v m?*=1r2)] x B(xo, r).

We now prove the upper bound estimate in Theorem 1.2.
Proof of the upper bound estimate in Theorem 1.2. Without loss of generality, we assume
M =1/3and T = 1. In view of Theorem 1.1(i), we only need to prove the upper bound in Theo-

rem 1.2 for ¢ > 3. By the semigroup property and Theorem 1.1(i), we have forr > 3,0 <m < 1/3
andx,y e D,

p’B(t,x,y)=ffp§3(1,x,z)p%(t—2,z,w)p§3(1,w,y)dzdw
D D

<c1(1A8p))* (1 ASp ()7 £k, x. ), (2.9)

where

1oy,
Fltx.y) = / (1/\¢(m |x Z|/(16)))pm(t—2,z,w)

|x—z|d+“
R4 x R4
¢ (m'*w — y|/(16))
1A dzdw.
( jw — y|dt+e e

By Theorem 2.1 and (2.3), there exists a constant A > 16 such that for every ¢ > 3

-1 1/ay, _
Fx.y) < / (1/\¢(A m/%|x Zl))pm(t—z,A_lz,A_lw)

|x—z|d+°‘
R4 x R4
(A m ' w — y))
-<1/\ |w—y|d+o‘ dzdw

<3 / Pm(l,A_IX,A_IZ)pm(t—2,A_lz,A_lw)pm(l,A_lw,A_ly)dzdw.

R4 xRd

Thus by the change of variables 7= A~!z, W = A~'w and the semigroup property, we have
that

f@t,x,y) <cs f p"(1, A%, 2)p"(t — 2,2, ) p" (1, W, A y) dZdw
RI xR4

ZC4pm(t,A_1x,A_1y). (2.10)

Now using (2.7) and Theorem 2.1 again, we conclude that for every m < 1/3
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p"(t, A7y, A_ly)

= AdpmA™® (A%, x,y)
1= At (cglx — y)), Vi € [3,1/ml;

<c
SO dje—d)2p-d)2

exp(—ce(m/o|x — y| Am2a= 1By vy o 1,
This together with (2.9) and (2.10) establishes the upper bound estimate in Theorem 1.2. O
3. Interior lower bound estimates

Throughout this section, we assume the dimension d > 1. We discuss interior lower bound es-
timates for the heat kernel p'7j (¢, x, y) all > 0. We first establish interior lower bound estimates
for the heat kernel p7)(z, x, y) of an arbitrary open set for all m > 0 and t < T /m.

Proposition 3.1. Suppose that D is an arbitrary open set in R¢ and T > 0 is a constant. There
exists a constant ¢ = c(d, a, T) > 0 such that for all m > 0, (¢t,x,y) € (0, T/m] x D x D with
Sp(x) A8p(y) =1t17% we have ppt,x,y) > c(t= VN g™ (x, y)).

Proof. By [10, Proposition 3.5], there is a constant ¢ = ¢(d,«, T) > 0 such that for m > 0
and (t,x,y) € (0, T] x D x D with §p(x) A 8p(y) > t1/%, we have p},(t, x,y) = c(t=4/* A
tJ'(x,y)). The conclusion of the proposition for general m > 0 follows immediately from this
and the scaling property (2.7). O

For notational convenience, we denote the ball B(0,r) by B,. In the rest of this section, we
will establish interior lower bound estimate on the heat kernel p%’c (t,x,y) form >0, R >0,

R
t > T/m, where T is a positive constant. To achieve this, we first establish some results for a
large class of open sets which might be of independent interest.

Lemma 3.2. For any positive constants T and a, there exists c = c(d, o, a, T) > 0 such that for
anyt > T,

- 1
= cC.
yleand Py (TB(y,a«/?) = t) ZC

Proof. This result is an easy consequence of [7, Theorem 4.8]. In fact, by [7, Theorem 4.8]

1 _ 1
PY(IB(y,aﬁ) > t) = f pB(y!a\ﬁ)(t, y, w)dw
B(y,a/t)

1
> / pB(yﬂ\/;)(t,y,w)dw}c. O
B(y,av/1/2)

Lemma 3.3. Let a and T be positive constants. There exist c; = ci(d,a, T,a) >0,i =1, 2, such
that for all (¢, x,y) € [T,00) x D x D with §p(x) ASp(y) = a~/t and |x — y| > -1 4,

14+d/2 ,—ca|x—y]|
IPX(X,LD e B(y,(an1)27'V1)) = clt ¢

|x _y|d+oz
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Proof. By Lemma 3.2, starting at z € B(y, (a A 1)4/t/4), with probability at least ¢; =
c1(d,a, T,a) > 0, the process X! does not move more than (a A 1)671/7 by time ¢. Thus,
it is sufficient to show that there exist constants ¢, = cx(d, «a, T,a) > 0, i =2, 3, such that for
any t > T and (x,y) € D x D with |x — y| > /1/2,

$14d/2 g=c3lx—y]

P, (X" hits the ball B(y, (a A 1)v/1/4) by time ) > ¢, X — yd+e

Let B, := B(x, (a A 1)67'/1), By := B(y, (a A D671{/f) and 7! := r},x. It follows from
Lemma 3.2 that there exists ¢4 = c4(d, o, a, T)) > 0 such that

Ec[t ATt > P(t) >1) >cat fort>T. 3.1)
By the Lévy system in (2.4),
P, (X"? hits the ball B(y, (a A 1)4/1/4) by time ¢)
> P, (X:M)g € B(y, (an 1)\/;/4) and 1 A ‘L'x] is a jumping time)

INT

>Ex[/
0

1
le(Xsl,u)dudsi|.
By

Since for any (z, u) € By x By we have

lz—ul<l|lz—x|+x—yl+ly—ul <@ADVt/3+]x —y| < (1+2@A1)/3)x —yl,

we get that

Lo o—C6lx—y] 1
/J (Xs,u)st}qlBylm forevery s <t A tT,.

By

Thus by (3.1),

—celx—y]
P, (X" hits the ball B(y, (a A 1)v/7/4) by time 1) > c7E[r A mwfm
x—y
- t1+d/2e—06|X—)’|
Z C . O
8 |x _ y|d+a

For an open set D C R? and (A1, A2) € (1, 00) x (0, 00), we say the path distance in D is
comparable to the Euclidean distance with characteristics (A1, A2) if the following holds for any
r > 0: for every x, y in the same component of D with ép(x) A Sp(y) = r, there is a length
parameterized rectifiable curve / in D connecting x to y so that the length of / is no larger than
Atlx — yland p(I(u)) = Aor, u € [0, |[]].

Clearly, such a property holds for all Lipschitz domains with compact complements and do-
mains above graphs of Lipschitz functions.
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Proposition 3.4. Suppose that D is a domain such that the path distance in D is comparable to
the Euclidean distance with characteristics (A1, A2). For any positive constants a and T, there
exists a positive constant c = c(d,a, T, a, A1, A2) such that for all (t,x,y) € [T,00) x D x D
with §p(x) ASp(y) = a/t and \/t > 2|x — y|, we have p})(t, x,y) = ct~4/2,

Proof. Letr > T and x, y € D with §p(x) A8p(y) > a~/t and 4/t > 2|x — y|. The assumption
that D is a domain such that the path distance in D is comparable to the Euclidean distance
with characteristics (A1, A2) enables us to apply the parabolic Harnack inequality (Theorem 2.2)
N = N(a, A1, A>) times and to get that there exists ¢c; =c1(d, o, T, a, A1, A2) > 0 such that

p})(t/Z,x, w) < clplD(t,x, y) forw e B(x, 2(a N 1)\/;/3).

This together with Lemma 3.2 yields that

1

1 1

t,x,y) = t/2,x,w)dw

R N ERCY NI / Pp{t/2,%,w)
B(x,(anl)/1/2)

> czt_d/sz( > t/2) > C3t_d/2

‘L’l
B(x,(anD)V/1/2)

where ¢c; =c;(d,a, T,a,A1,A2) >0,i=2,3. O

Proposition 3.5. Suppose that D is a domain such that the path distance in D is comparable to
the Euclidean distance with characteristics (A1, A2). For any positive constants a and T, there
exist constants c¢; = c;(d,a,a, T, A, ) > 0,1 =1, 2, such that

l’e_C2|x_y|

p})(t,x,y)201—|x_yld+a (3.2)

forevery (t,x,y) € [T,00) x D x D withp(x) ANép(y) = a~/t and |x — y|2 >1/8.

Proof. By the semigroup property, Proposition 3.4 and Lemma 3.3, there exist positive constants
ci=ci(d,a,T,a),i =1,2,3, such that

phtx,y) > / PL /2,5, Dph /2,2, v) dz
B(y,(an1)2=1(t/2)1/2)

te—c3li—yl

> it PP (X7 € B(y. (an 1271 (/2)'2)) = 2 0

|x _y|d+a'

Theorem 3.6. Suppose that D is a domain such that the path distance in D is compara-
ble to the Euclidean distance with characteristics (A1, 2). For any C*,a > 0, there exist
ci =ci(d,a,a,C*, A, A2) >0, i = 1,2, such that for every t € (0,00) and x,y € D with
8p(x) ASp(y) = avh,

calx — y?

” ) whenC*Ix—y|<t<|x—y|2.

p})(t’x’ ,Y) > C]t_d/zexp<—



458 Z.-Q. Chen et al. / Journal of Functional Analysis 263 (2012) 448475

Proof. Fix C* > 0. Suppose that x, y are in D with §p(x) A Sp(y) = a+/t and satisfy C*|x —
y| <t < |x — y|?. For simplicity, let R := |x — y|. Note that r > (C*)2.

By our assumption on D, there is a length parameterized curve [ C D connecting x and y
such that the total length |/| of [ is less than or equal to A;R and 8p(I(u)) > Ara+/t for every
u € [0, |I]]. Let A3 > max{4/(A3a?), (1211)?} and k the smallest integer satisfying k > A3R?/1.
(The integer k depends on ¢ and R.) Then, since r € [C*R, R2],

t . t t2 (t/R)2 (C*)Z
kK~ 1+ MRt t+x3R2 1+ 23 1+x3

(3.3)

Let x; =1(j|l|/k) and B; := B(xj, /t/k/8), j =0, 1,..., k. Note that, since A3a*/4 < A3 <
A3R?/t < k, we have Sp(x;) > Aa/t = 2./t]/k for each j. So we have B; C D and for each

y e B], B(y’ \/t/k) c D.
Observe that for (y;, yj+1) € Bj x Bj41, since A3 > (1211)3,

|l| R
yi = Yirl S = Xjmal+ 1y = xjl+ e =Xl < 2+ 7 Vi/k \77+ t/k
s Rf
— =AM/ A3+ 1/t k< Jt/k/3. (3.4)
S JEVaR
Now using (3.3), (3.4) and Proposition 3.4, we get
pp(t/k, yj. yiv) = c1(t/)™2, forevery (v), yj+1) € Bj X Bj41. (3.5)

Using (3.5) and the fact k > A3 R?/t, we have

p})(t,x,y)>/--- / ppt/k,x,y) - ppt/k, i1, Y)dy1 ... dye—1
B B
k—1
> 1t/ [ (87 |BO. D]/~ /k)*?)
i=1

= c1(t/k) " (187 B(0, D|)*!

2
> e2(1/ k)~ exp(—c3k) > gt~ exp(_u)- O

Combining Theorem 3.6 with Propositions 3.4 and 3.5, we have the following lower bound
estimates for plD (t,x,y).

Theorem 3.7. Let a and T be positive constants. Suppose that D is a domain such that the path
distance in D is comparable to the Euclidean distance with characteristics (A1, A2). Then there
exist constants ¢; = cj(d,a,a, T, 1,r2) >0, i = 1,2, such that for every (t,x,y) € [T, o0) X
D x D with 8p(x) ASp(y) = a/t,

1 —dJ2 x — yP?
pD(t’x’y)>C1t eXp| —2 |'x_y|/\ P .
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Observe that any exterior ball B¢ is a domain in which the path distance is comparable to
the Euclidean distance with characteristics (A1, A2) independent of the radius of the ball B. The
following follows immediately from Theorem 3.7 and the scaling property (2.7).

Theorem 3.8. Let a and T be positive constants. Then there exist constants ¢; = ¢; d,o,a,T) >
0,i=1,2, such that for every R >0, m > 0and (t,x,y) € [T/m, 00) x B, x By with ‘SE% x)A

8gc (v) = am' 2=V,

)
p'gc (t,x,y) > cymd/e=d/2;=d/2 exp(—cz<m1/°‘|x —ylA mz/o‘_lg))
R

4. Small time lower bound estimates

In the remainder of this paper we will always assume that the dimension d > 3. The goal of
this section is to establish the lower bound estimates in Theorem 1.2 for t < T /m, where T is
a positive constant.

Let G™(x, y) be the Green function of X". It follows from [24, Theorems 3.1 and 3.3] that
there exists ¢ = c¢(d, a) > 1 such that

e =y = 3P G0 y) el =y e = y P,
Using this and (2.8) we get that for every m > 0 and x, y € R?,

C_1(|x . ylol—d +m(2—(¥)/d|x . y|2—d)

<G"(x,y) <c(lx - D R GV P y|2_d). 4.1)

For a Borel set A, we use o} to denote the first hitting time of A by X™. Recall that we denote
the ball B(0, r) by B,.

Lemma 4.1. There is a constant C; = Co(d, o) > 1 such that for all R, m > 0,

1 R4

' g meaaga (H Hm 1)

Rd
2 - (
R + m(2 a)/o R2

<]P’x(ag1 <oo)<C

Proof. For |x| > 2R,

f G" (x,y)dy =< /(Ix — [ @m0y y2=d) gy
ER ER

=< RY(|x|* + m /e |x |29, 4.2)
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On the other hand, for |z| < R,

f G"(z,y)dy =< f(|z — y|O‘_d + m(2—01)/Ol|Z _ y|2_d) dy = R” + m@—)/ap2
ER ER

Thus, by the strong Markov property of X", for |x| > 2R,

/ G"(x,y)dy :Ex|: f G’"(XZ”%nR,y) dy; o < oo:|
ER ER
= (RO‘ + m(z_"‘)/o‘Rz)IP’)C (al—’? < oo), (4.3)

R

Combining (4.2) and (4.3), we arrive at the conclusion of the lemma. 0O

The above lemma quantifies the transience of X when dimension d > 3, which in particular
implies that for a compact set K and a point x far away from the origin, with large probability
the process started at x will never visit K.

Lemma 4.2. Suppose that a and T are positive constants. There exist constants & =
ed,a,a,T)>0and L1 =L(d,o,a,T) > 104/« such_that the following holds: for all R > 0,
m=>0,te(,T/ml, |x|>LiR and y € B(x,at'/*) N BS,,

nc
m,BR

P (X, " * e B(y, t/2)'%)) > .

Proof. Suppose thatt € (0, 7/m] and y € B(x, at'/*y N E%. It follows from Theorem 2.1 that
there exists ¢; = ¢1(T) > 0 such that

Py (X" € B(y, (t/2)"/%)) > inf P, (X! € B(0,(/2)"/%))
weB(0,atl/®)

>c¢; inf / (VAT (2, w)) dz.
weB(0,at!/®)
B(0.(t/2)1/%)

Since for w € B(0, at'/?) and z € B(0, t'/*), m'/%|z — w| < m"*((a + DtV/*) < (a + DTV,
we have in view of (2.1) that

. —d
P (X} € By, t/2*)) > 1 weBertin / <t .
’ B(0,(t/2)1/2)

1
>c inf IAN——)dz
=2 eB0.a) f < lw —z|d+a>
B(O,(1/2)V/%)

> c3(a+ 17| B(0, (1/2)1/%)| =: 2e.

|Z—w|d+"‘

1/a
L Wle+ DT ))dz
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Thus for x € R? and y € B(x, at'/%), we have
P (X7 ¢ B(y, t/2)V%)) =1 =P (X" € B(y, /2)"/%)) < 1 —2e. (4.4)

Since d > 3, we may choose L > 10%® 5o that Cz(L%_d + L‘i‘_d) < ¢. By Lemma 4.1, for
all x with |x| > L1 R we have

Rd
m m oa—d Q—a)/ay,.12—d
1P>x(rl§ie <1) SPi(of < o0) <c2Ra+m(2_a)/aR2(|x| +m x|°%)
R® a—d R? 2—d
S C2<Ra T+ m2—a)/aR2 Ly "+ m—Q2—a)ja R 1 Rle
<C(L 4+ L) <. (4.5)
Hence, combining (4.4) and (4.5) gives
Pe(X]""% € B(y, (1/2)V%)) 2 Py (2 > 1) —Po(X;" "% ¢ B(y, (1/2)/%); 12 > 1)
R R

P
Py(rg. > 1) = Pu(X[" ¢ B(y, t/2)'%))

>(l—-e)— (1 —-2¢)=c¢. O

WV

Lemma 4.3. Let T > 0 be a constant and L1 = Li(d,«,3, T) be the constant in Lemma 4.2.
There exists constant ¢ = ¢(T,d, o) > 0 such that for all m >0, R >0, t € (0,T/m], x, y
satisfying |x| > L{R, |y| > L1 R with |x — y| < (¢/6)'/%, we have p%’c (t,x,y) =ct™/,

R

Proof. Assume without loss of generality that |y| > |x|. If ég% (y) > (21)1/* then
— > S=c . . > /o  g—1/a\,1/a 1/«
8BR(X)/8BR(y) |x yl/(2 6 )t >,

and hence the lemma follows immediately from Proposition 3.1.
Now assume 81—;% (y) < 20)"/*_ Since r — 4_185(1’} (¥ > 4_185% ()%, by the semigroup prop-
erty and Theorem 2.2 we have

m m —1q_ o m a4 1ls_ o
pg%(t,xd’)> / pE%(4 SB%(y) ’X,Z)PE%(I 4 833?()]) ,Z,y)dZ
B(y,8*1/"‘5§%(y))

nc
m,BR

3
—1/0[ _ m R o
> 1Py (X4715§%(y)a €B(y.8 83%(y)))p§% (t ACINY y)- (4.6)
Observe that |[x — y| < 2|y| = 2(8§‘k (yY)+R) < 385% (y), where the last inequality follows be-
cause |y| > L1R > 3R implies 55% (y) > 2R. Thus, y € B(x, 385% (y)nN E% and Lemma 4.2
gives

nc
m,BR

B (X, o € BO-4T 05, 00) 2
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To bound the second term in (4.6), we let s :=¢ — 3 - 8_185% (y)¥ and note that s <t < T/m.
Thus, by the semigroup property, the Cauchy—Schwarz inequality and Lemma 4.2,

2
’zlc s’ 9 > / ’115‘ S 27 7Z dZ
Pe (523, ) (pBR(/ . 2))
B(y.(s/4)l/e)
1

D 1/ar\\)\ 2 4 iy
2 |B(y, (S/4)1/a)| (]Py(X:,r;2 S B(y, (S/4) /(X))) 2 a8 /o >C2I /0{.

The proof is now complete. O
Proposition 4.4. Let T > 0 be a constant and L1 = L1(d, «, 3, T') be the constant in Lemma 4.2.
There is a constant c = c(d, o, T) > O such that for everym >0, R >0, t € (0,T/m] and x, y
with |x| > L1R and |y| > LR,

P (1%, 3) = c(t7 A tj" (21 = y1)).

Proof. Let |x| > L1R, |y| > L1R and t € (0,T/m]. By Lemma 4.3, we only need to show
that

P (1, %,3) > 1 (7 A tj™(20x — yl))  when |x — y| > (1/6)"/%. (4.7)
If < 60 - 4R,
8c (1) A8ge () > (L1 — DR > (10%* — 1)R > 60/* - 4R > 11/,

Thus, by Proposition 3.1, (4.7) is true in this case.

Now we assume that ¢ > 60 - 4% R*. Since one of |x| and |y| should be no less than |x — y|/2,
we assume without loss of generality that |y| > |x — y|/2. Let xo := x + (1/60)1/%x /|x|. Note
that B(xo, (t/60)!/%) C B%. Since |x — y| > (1/6)/%, we get for every z € B(xo, (t/60)1/%/4),
lx —z| < xo— 2|+ (1/60)/* < (¢/12)1/* and |z — y| < |x —y|+|x —z| < [x —y[+(/12)!/* <
2|x — y|. Moreover,

3,00 = 6] = R > S = ¥l = 1 /600 > 21/6) % — 1/60)!1% > 1/6)!
while for z € B(xo, 3(1/60)!/%), we have |z| > |x| > LR and
85¢ (2) = |z = R > |xo| — |x0 — 2 — ;1(’/60)1/“
> el 0/60) /% — (160011 — /600 > 21 /60) 1.

Let a = 47%(60)"!. By the semigroup property, Proposition 3.1 and Lemma 4.3, there exist
positive constants ¢; = ¢;j(d, «a, T') for i =2, 3, such that
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m o, x, :/ " (d—a)t, x,z)p2. (at,z,y)dz
Pie (1%, ) pBR(( ) )pBR( y)
B
> f Pge (1 =)t x,2) pg. (at, 2, y) dz
B(xo, % (t/60)!/)
> ) / = (NI (2, y)) dz
B(x, 7 (t/60)1/%)

> C3(t_d/°‘ A" (2]x = yl)).
This proves (4.7). O
We recall the following lemma from [11].

Lemma 4.5. (See [11, Lemma 2.2].) Let ., T, M be fixed positive constants. Suppose x, xo € R4
satisfy |x — xo| = AT/, Then for all a € (0, M] and z € RY,

pdia j LO@N —2D  pgja  Tlalx0 —2]) (4.8)
|x—z|d+°‘ |xO_Z|d+a

where the (implicit) comparison constants in (4.8) depend only on d, o, M, A and T.

Theorem 4.6. Let T, M and R be positive constants. Suppose that D is an exterior C'!
open set in R? with CY1 characteristics (ro, Ag) and D¢ C B(0, R). Then there is a positive
constant ¢ = c(d, a,rg, Ag, R, M, T) so that for all 0 <m < M and (t,x,y) € (0,T/m] x
D x D,

1 At/ 1 Atl/e

8p(x) )“/2<1 o)

a/2
p%(t,x,y)}c(l/\ ) (t_d/“/\tjm(4|x—y|)).

Proof. Without loss of generality, we assume M = 1/3 and T = 1. By Theorem 1.1, we only
need to show the theorem for # > 3. For x and y in D, let v € R? be any unit vector satisfy-
ingx-v>0and y-v>0.Let L1 =L(d,,3,1) be the constant given by Lemma 4.2 and
define

X0 ::x—l—L%Rv and yp ::y—I—L%Rv. 4.9)
Then |xo|> = |x|> + (L2R)? + 2L3Rx - v > (L}R)?, and similarly, |yo|*> > (L?R)>.

Using the semigroup property and Theorem 1.1(i), for every m € (0, 1/3] and t € [3, 1/m] we
have

p%(t,x,y)=//p%(1,x,z)p%(t—2,z, w)ph (L, w, y)dzdw
D D

> c1(1A8p0))* (1 ASp () 1t x, ), (4.10)
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where

o,
fl(t,x,y):f(lASD(Z))a/2(1A¢(m x Zl))pg(r—z,z,w)(lAaD(w))"‘/2

|x —Z|d+°‘
DxD

1/a _
(12

|w_y|d+a

Note that by Proposition 4.4, for z, w € B(0, L{R) and t € [3, 1/m],

Pt =2,2,w) > pl (1 =2, 2,w) > e2((t =97 A (1 = 2)j" 21z = wl)).

Since m < 3, the lower bound estimate in Theorem 1.1(i) and the above display together with
Lemma 4.5 imply that

1/ _
Fi(t %, y) > c3 / (1A5D(z))°‘/2<1A"5(;7):0_ljl(’dwd))p’[é(t—2,z,w)(1/\(Sp(w))“/2
DxD
¢ (m*|lw — yol)
.(M e )dzdw
o2 o2 ¢ (m/%|xp — z])

B(0,L1R)*xB(0,L1R)°

1/a _
¢(m " |w y0|)>dzdw

.((t _2)—d/01 A (t —2)jm(2|Z—w|))(1 A |w —y0|d+a

= Cs f 1A

B(0,L1R)*xB(0,L1R)°

¢(mn““uo—-d>>

|X0 _Z|d+a

2 1/« _
¢C2m " w yOD)dzdw.

_((t LN —2)j’"(2|z—w|))(1 A lw — yo|d+e

Thus by the change of variables 7 = 2z, w = 2w, and Theorem 2.1, we have that

1/a2 =
fi(t,x,y) > ce / 1A¢(m [2x0 ZD)p’"(f—ZZ@)

|2x0 _’Z‘|d+o¢
B(0,2L1R)¢xB(0,2L{R)¢

.OA¢mﬂﬂw—ww

| — 2yg|d+e

)d?d@

m _~~ m A A
= C7 PB(o,leR)c(l, 2x0, Z)pB(O’leR)C(t —-2,7,w)
B(0,2L1R)¢x B(0,2L1 R)¢

" PR, Ry (1, W, 2y0) dzdw

= C7PZ1(0,2L1R)C (t, 2x0, 2y0).
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We conclude from (2.7) and Proposition 4.4 that (recall that |xg|, |yo| = L1(L1R))
P30, Ry (5 2%0,250) =274 PR 1 gy (2794, %0, y0) = es (1= A1t (4m' % x — y1)).

Combining the last two displays with (4.10) completes the proof. O

5. Large time lower bound estimates

The goal of this section is to establish the lower bound estimates in Theorem 1.2 fort > T /m,
where T is a positive constant. For any y € R? \ {0} and any r > 0, we define

H(y,r):= {ZEB(y,r): Z'yEO}.

Lemma 5.1. Let T > 0. There exist constants € = e(d,a,T) >0, Ly = Lo(d,a, T) > 3 such
that the following holds: for all t > T, R > 0, x and y satisfying |x| > L2R, |y| > R and y €

B(x,91),
B, (X, "% € Hy Vi/D) 2 e

Proof. It follows from Theorem 2.1 that there exist constants ¢; > 0 and ¢» > 1 such that

P (X! e Hy,V/1/2)) > inf P, (X e H(y,V1/2))

weB(y,9v/1)
>c;  inf / 1 ~1(t, w, z7)dz.
weB(y.9v7) d.enl.cy

H(y,5v1)

If T <1andt e[T, 1], then clearly

~ 1
inf v 1(t,w,z)dz > c3 inf / (1 A —) dz
weB(y,9/71) / dal.c; weB(y.9) jw — z|d+e
H(y,53/1) H(y, %)

> c410777%| B(0, 1/2)|.

If r > 1, then

inf / 17 it w,7)dz
weB(y,9v7) d.a. 1.6z

H(y,5/1)
2
. _ Z—w
> inf / t d/zexp(—cz!) dz
weB(y,9v/1) l

>cs inf / exp(—calz — w]?) dz = cee ' B0, 1/2)].
weB(y,9)
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Hence there is € € (0, 1/4) so thatforany t > T, x € R4 and y € B(x, 9J1),
1
e < 5P (X! e H(y,v/1/2)). (5.1)

Since d > 3, we may choose Ly > 3 so that Cz(L%_d + L%‘_d) < ¢. By Lemma 4.1, for all x
with |x| > L, R, we have

R
1 2—d a—d
Py (5. <1) <Pu(Tp0,r) <) \C2R2+Ra(| T )
R2 2—d R a—d
\C2<R2+R“ > TR R )
<G+ L5 <e. (5.2)

Combining (5.1) and (5.2) gives

Po(X T € Hvv1/2) = Pu(eh, = 1) =B (X% ¢ H VI 2, = 1)

V

Py(the >1) —Po(X! ¢ H(y,N1/2))

T—
By

>(1l—¢e)—(—2¢)=c¢.
This proves the lemma. 0O

Lemma 5.2. Let T > 0 and Ly = Ly(d,a, T/8) be the constant in Lemma 5.1. There exists
a constant ¢ = c(o,d, T) > 0 such that for all m >0, R >0, t > T/m and x, y satisfying
|x| > LaR, |y| > LaR, |x — y| <m'/>7 1% /1 /6, we have

P2 (1, x,y) = cm? U242,
R

Proof. We first prove the lemma for m = 1. Assume without loss of generality that |y| > |x|. If
837% (v) > +/1/2, then 55% (x) > (SE; (v) — |x — y| = +/t/3, and hence the lemma follows imme-
diately from Theorem 3.8.

Now assume § B, (v) < 4/1/2. By the semigroup property and Theorem 2.2 we have

Py (t,x, ) > f e (1/2,%,2)pg. (1/2,2,y) dz
R R R

H(y,(t/D)'?)

> P (X F € H(y. /2 P)ply (1/2) = 55,077 y). (5

By Lemma 5.1 we have Py(X, ), © € H(y. (1/2)'/%)) > ¢.
Note that t > 5 := (t/2) — 85% (y)> > t/4 > T /4. Hence by the semigroup property, the
Cauchy—Schwarz inequality and Lemma 5.1
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2
p%%(s,y,y)> / (p%%(s/z,y,z)) dz
H(y,\/s/2)

2 1,B¢
>—— P (X ,%e€
|B(y, /5/2)| r(Xsj2

Thus by (5.3) we have pl—. (t,x,y)=c3 1472,

H(y,/5/2)" = c2s™ % > e /2.,

Now we consider the general case m >0, |x — y| <m!/?> 1% /t/6, and t > T/m. We ap-
ply (2.7) to the previous case and get

dja 1

dja—d/2,—d)2
pB(O l/aR)c t .

pgc (t,x,y)=m (mt,ml/“x,ml/“y)>c3m O
R

Proposition 5.3. Let T > 0and Ly = L>(d, «, T /(16)) be the constant in Lemma 5.1. There exist
constants c1 =c1(a,d, T) > 0 and C3 = C3(a,d, T) > 0 such that for all R,m >0, t > T /m,
and x, y satisfying |x| > LoR, |y| > L2 R,

Pge (l,x,y)2clmd/“_d/zt_d/zexp(—Q(ml/a|x_y|/\m2/a 1lx = : yI? ))
R

Proof. By Lemma 5.2, we only need to prove the proposition for |x — y| > m 1/2=1/a /t which
we will assume throughout the proof.
We first prove the lemma for m = 1. If 1 < (60R)*, then 8z (x) > (L2 — DR > 2R >

30)~ 141/2 Thus, in this case, the lemma follows immediately from Theorem 3.8.
Suppose t > T Vv (60R)? and |x — y| < %\/_ As one of |x| and |y| must be no less than

|x — y|/2, we assume without loss of generality that |y[ > |x — y|/2. Let xo := x + 20~ 1/1x /|x|
and observe that B(xg, 20~'/7) C B|x| C Bc

Since |x — y| > gf, we get for every z € B(xg, 207 14/1),

1 1 1
— 71 < |xp — — 1 <=t < =Jt)2
Ix —z| < |xo z|+20f mw 6\//
and
1
Iz—y|<|x—y|+|x—z|<Ix—y|+ﬁx/?<2|x—yl-

Moreover, since R < 61—0\/f,

1 1 1 1 1
S (N =|y|—R>=|x —y| — =1 > —t — =t = —+/t
B () =1yl Sl =l 60f 12«f 60‘[ 15*[
and, for z € B(xo, %\/?),

1 1 1 1 1
55%(2):|Z| — R = |xo| — |x0 — 2| — @«/22 |x|—|—2—0\/;— &\/;—@\/22 @\/;

Thus by the semigroup property, Theorem 3.8 and Lemma 5.2, there exist positive constants
ci=ci(d,a,T),i=1,...,3, such that
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Pr (t.x, ) = / Py (1/2,%, ) pp. (1/2,2,y) dz
R R R

By

> [ phezrak ez

B(x0.g5v/1)
—d)2 —d)2 |z —yI?
> ¢ / 1127 R0/ P exp( a2 =yl n S ) )
B(x0,25/1)

)
>C3t_d/zexp<—4cz(|x—y|/\ x ty| ))

Now we consider the general case m > 0 and ¢ > T /m. We apply (2.7) to the previous case
and get

md/ot 1/a

(mt,ml/ X, m y)

m . 1
pE%(tvx’ y)_ pB(O’ml/aR)c

2C3md/o‘_d/2t_d/2exp(—C3<m1/“|x—y|/\mz/o‘ 1= ” i )) O

Theorem 5.4. Suppose that M, T, R are positive constants, and that D is an exterior C'! open
set in RY with CV! characteristics (ro, Ag) and D¢ C B(0, R). There exist positive constants
ci=ci(d,o,rg, Ag, R, M, T), i =1, 2, such that forall 0 <m < M and (t,x,y) € [T/m, 00) X
D x D,

1 At/

2
.exp(—4cz(m1/°‘|x—)’|/\ 2ot X ty| ))

Proof. Without loss of generality, we assume M = T = 1. By Theorem 4.6, we may assume
t >3/m.For x and y in D, let v € R be any unit vector satisfying x - v > 0 and y - v > 0. Recall
that C is the constant in Theorem 2.1 and that C3 = C3(«, d, 1) is the constant in Proposition 5.3.
Let A:=4V (C;C3) and L3 := Ly(d, o, (16)"1) vV Lo(d, o, (16) "1 A~%), where L is given by
Proposition 5.3. Define

S a/2 S a/2
pﬁ(t,x,y)>c1<1/\1/l\)§)f/)a> (1/\ D(y)> md/e—d/2,—d/2

X0 =X —I—m_l/o‘L%Rv and yp:=y+ m_l/“Lng.
Then
o> = [x[? +m~>*(L3R)* + 2m V¥ L3Rx - v > (m~/?L3R)* > (L}R)’,

and similarly, |yo|> > (L%R)Z. By the semigroup property and Theorem 4.6, for every t €
(3/m, 00),
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pexn = [ [ ppt/morpe ~2/m.z wp(1/mw, v dzdw
D D

> c1(1A8p ) (1 ASp ()2 fit, x, y), (5.4)

where

m_1¢(4m1/“|x -z
|x _Z|d+a

f](t»x’y): / (IA(SD(Z))a/z(md/a/\

DxD

)p’g(z‘ —2/m,z,w)

4mV/ 4w —
. (1 A(SD(w))a/z(md/“ Am”! ¢ |Z— )|)1|1;+ay|)) dzdw.

By Proposition 5.3, for z, w € B(0, L3R)¢ and ¢ € (3/m, 0c0) (note that t —2 > 1/m),

p%(t - 2/m7 <, w)

>p%lc (t—Z/m,Z,LU)
R

)
> com?*=42(t — 2 m) =2 exp(—C3 (ml/alz —w| A mz/“_l%)). (5.5)
—2/m

Moreover, since

1/a 4 1/a
d/ 19 @Em %) _ d/ ¢ 4m%r)
m*’% Am —dra =m* lAi(ml/ar)dJroc ,

we have by Lemma 4.5,

1o, _ 4 1/ _
d/ _1¢(4m lx —z[) d/ _1¢( m/%|xo — z|)
m“’* Am P >c3| mY* Am o — 247 (5.6)
and
ayp,, _ Loy, —
il g SO =D e @Gm =y | 5
jw — yld+e lw — yold+®
Since m < 1, the upper bound estimate in Theorem 1.1(1) and (5.5)—(5.7) imply that
Aml/o|\x —
fl(f,X,y) >C2 (1 /\8D(Z))a/2 md/Ol /\m—1¢( m |X Zl) md/()l—d/z
|x _Z|d+a

B(0,L3R) x B(0,L3R)"

o2
St —2/m)~2 exp(—C3 (ml/“|z —w|A mzm_lM)) (1 A 8p(w))*"?

t—2/m
Am!/*|w — yl)
A @l A —19( YD\ dzd
<m T eyl e
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/e —
o il =1 LN O D), djea
|X0—Z|d+‘x

B(0,L3R)xB(0,L3R)*

)
e —2)m) P exp( —C ()2 — w) A et 1200
t—2/m

AmV/ o w —
-(md/“/\m_l(p(m lw — yol)

o Yot )dzdw.

Recall A =4V (C;C3). By the change of variables 7 = Az, w = Aw, and Theorem 2.1, we have

that

fit,x,y) = cs m A

_— ¢p4A "'m /0‘|Ax0 —Z l))md/““’/z

|AX() _’Z‘|d+a
B(0,AL3R)°x B(0,AL3R)¢

~_ =~
St —=2/m)"/? exp(—c;1 (ml/“l?— | Am¥e! M))
t—2/m

. (md/a A= pAA™ m! /W — Ayg))

@ — AyolTe )d“’“’

1/ _=
> cs md/a/\m—ld)(m “1Axo Zl))md/a—d/2

|Ax0 _’Z‘|d+a
B(0,AL3R)¢x B(0,AL3R)¢

=~_ =2
St —2/m)”4? exp(—Cl_l (ml/“ﬁ— | Ame! M))

t—2/m

1/a w—A

. md/a/\m—l(p(”i |w yol) d3d%
[ — Ayoldte

> ¢ f P (1/m. Axg.2)p" (¢ — 2/m. % D)
B(0,AL3R)xB(0,AL3R)¢
-p"(1/m, w, Ayo)dzdw
Z Ce / Pig(o,AhR)c(l/m, Axo”Z\)Pg((),AMR)c (t — 2/”%2 @)
B(0,AL3R)*xB(0,AL3R)¢
: p'g(o,AhR)c(l/m, {,U\, Ay()) dzdw

= C6PZ¢(0,AL3R)C (¢, Axg, Ayo).

Now using (2.7) and Proposition 5.3 again (recall that |xg[, |yo| = L3(L3R)), we conclude

that

p’g(o,AL3R)C (t’ AX(), Ayo)

_d Aa —
=A Pg(o,L3R)c(A “t, x0, o)
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2
x J—
> cymd/e—d/2¢=d/2 exp(—cs (Aml/alx —y|A Azmz/“_1—| 0 ty0| ))

dja—d)2,—d)2 1 2yt X =y
> cym4/*=4124=412 exp —C9(m 1 x — y| Am?/ 7))
Combining the last two displays with (4.10) completes the proof. O

Proof of the lower bound estimate in Theorem 1.2. The lower bound estimate in Theorem 1.2
now follows from Theorems 1.1(i), 4.6 and 5.4. This completes the proof of Theorem 1.2. O

6. Green function estimate
In this section, we present a proof of Theorem 1.3.
Proof of Theorem 1.3. In view of the scaling property (2.8) of G’};, we may and do assume

that M = 1/2. Throughout this proof, m € (0, 1/2]. It follows from Theorem 1.2 that there exists
¢; > 1,i =1, 2, such that for every m € (0,1/2], ¢t >0 and (x,y) € D x D,

1 At/ 1 At/

8p(x) )“/2(1 )

a/2
pg(l’x’y)gcl(l/\ ) 'pd,a,m,l,cz(t’xyy)

and

1At/ 1At/

8p(x) )“/2 (1 RELIE)

/2
p%(taxay)>cl_l(l/\ ) ll/d,oz,m,l,l/cz(t,x,Y)-

For any ¢ > 0, define

[ oo 2 sp(y) \*?
Jo = /(1 AN ) (1 A ) 'I/d,oc,m,l,c(t, x,y) dt.
0

1 Atl/a 1 Atl/e

Then it suffices to show that

v1+(ml/°f|x—y|>2—°‘<lA 5p(x) >“/2(1A 5p(y) )“/2_

J. =
‘ x — y|d—@ Ix —y| Al Ix —y| Al

Without loss of generality, we will assume ¢ = 1 and denote J; simply by J.
Using a change of variable, we see that

J =1+ (1A 8p0)) "2 (1 A8p(1) ™ (Ba(Ix = y1) +m @~ 1 (m!/|x — y)))

where

1
5 o2 5 a/2 b (mM /% x —
9 ::/‘ I A Dl(x) L) —dfa 1P TIX —y]) dr.
/e tl/a |x — y|d+
0
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1/m 00

1/a
t
12(}") = / Z-_d/Ol A Mdt and 13(},.) ::ft—d/ze—rA(rz/t) dt

rd—i—oz
1 1

Note that for every a € [0, 00)

00 r2/a
/ 14267 gy — p2d / u??=2e7% qy.
a 0
Thus for r € (0, 1]
r2 r2

Lr)=r>"¢ / w271 gy = >4 / T E ey [ ——

0 0

while for r > 1,

1 00 r

rz_d/ud/z_ze_” du < /t_d/ze_rz/tdt < I(r) :ft_d/ze_r dt +

0 r 1

.
<cse " + 2 / u??72e7% qu < cqr* 4,

0

Thus we have
Lr)y<1A r2e,
Noting that m € (0, 1/2], so when m'er <1,

1/m revi 1/m

- ~dfe . L\ ! —d/a
Iz(r)A/(t Ard+a)dt— / rd+adt+ft dt
1 1

revl
_ 1 o 2
_2rd+a((r v 1) 1)+d_a
a—d.

=1Ar

If mY%r > 1, then

1/m

1/
Loy = [ (e "
2 - pd+a

1

((ra v l)l—d/oz . md/a—l)

l—d/Ze—rz/z dt

6.1

(6.2)



Z.-Q. Chen et al. / Journal of Functional Analysis 263 (2012) 448—475 473

and a change of variable s = tm gives

1 e 1 1/a
—m r —m r
o . dja—1 —d/a se _ o dja—1 se
L(r)=m /(s A —(ml/a,,)d+a)ds =m / —(ml/ar)d+a ds
m m
—mVa, —ml/e,
= mdfe=1_5 ¢ (6.3)

(ml/aryd+a — (uljep)2pd—a

(i) Suppose m!'/*|x — y| < 1. Since ¢(m!'/*|x — y|) < 1, it follows from [8, (4.3), (4.4)

and (4.6)] that
1 8 (‘1/2 8 Ol/2
I < 7 (1 A () ) (1 A Ly)) )
|x — |4 lx — vl lx =yl

Thus, we have by (6.1) and (6.2) that

1 8 Ol/z 6 (){/2
I _ (1/\ D(x)> (1/\ D(y))
lx — y[¢=¢ lx — v lx — v

+(1A8p0))*(1 AaD(y))“/2(1 A T —i—md/“_l)
x—y
1 8 0[/2 8 0[/2
SR CUNCVIC)N A 200) N\ (6.4)
|x — y|4=« lx —yIAl lx —ylAl

We have arrived the last display above by considering the cases |[x —y| > 1 and |x — y| < 1
separately.
(ii) Suppose ml/“lx —y|>1.For0<t <1, wehave 0 <mt < 1/2 and so

(t—d/a N t(m/¥|x — yl)) -y ((mt)_d/“ N (mt)p (m"/%|x — y|))

|x—y|d+“ (ml/o‘|x—y|)d+“

ipm')x — y))
- |x_y|d+oz

lx—y[¥
t

1
oy, _ a/2 a/2
;S x —y) t<1AaD<x>> (MaD(y)) "
0

Thus by the change of variable u = , we have

|x _y|d+(x tl/a tl/e

(6.5)

_pm -y [ u—3(1 . ﬁ(SD(x)“/Z)(l . ﬁaD(y)“/Z) .

|x — yld—« o |x — y|/? |x — y|/?
x—yl|*

Note that since |x — y| > m~/% > 2/,
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® /2 /2
/ u_3<1 A M) (1 A M) du

= lx — y|o/? |x — y|/2
x—yl|¥
o0
By a/2 S a/2
-/ ”_2<”_1/2 : |xD—(xy)|a/2) (”_1/2 A |xD—(yy)|a/2> a
lx—y|*
00
o [ uran(in IR (1 o0y
" =319 )\ eyl
x—yl|¥

= |X - )’|_a(1 A\ aD(X) )a/z(l A —8D(y) )a/z
lx =yl |x =yl '

Thus it follows from (6.5) that

a/2 a/2
I < ¢(1)d<lA SD(X)) (M SD(y)>
lx — ¥ lx — ¥ lx — y

< ¢ (Hm?/®
|x — y|4—2

(1A 8p(0))* (1 A8p(1)*?, (6.6)

where in the last inequality, we used the assumption m!/%|x — y| > 1. Recalling m € (0, 1/2],
we thus have by (6.1), (6.3) and (6.6) that

—m!/|x—y| 2/a—1
/2 a/2 e " m
J=(1A8px)) (L ASp(Y) ( + )
( )7 ) (m'/e|x —yD2|x — y|4=  |x — y|d—2
—mY | x—y] 1oy, 2—a
/2 ) e " (m*%*|x —yl)
=(1LASp)) " (1 ASp(Y) (
( ) ) (ml/*|x —y[)?|x — y|d—« |x — y|d—@

1/ay, 2—a
- (1 /\(SD(x))“/Z(l N 8D(y))a/2 (m/%x =y

|x — y|d—«
14 (m/*|x — y|)2~ Spx)  \** Sp(y)  \**
= AN — 1A — .
|x — yld—« Ix —ylAl Ix —ylAl

This combing with (6.4) completes the proof of the theorem. O
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