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Estimates on the Transition Densities of Girsanov
Transforms of Symmetric Stable Processes
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In this paper, we first study a purely discontinuous Girsanov transform which
is more general than that studied in Chen and Song [(2003), J. Funct. Anal.
201, 262-281]. Then we show that the transition density of any purely dis-
continuous Girsanov transform of a symmetric stable process is comparable
to the transition density of the symmetric stable process. The same is true for
the Girsanov transform introduced in Chen and Zhang [(2002), Ann. Inst.
Henri poincaré 38, 475-505]. As an application of these results, we show
that the Green function of Feynman-Kac type transforms of symmetric sta-
ble processes by continuous additive functionals of zero energy, when exists,
is comparable to that of the symmetric stable process.
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1. INTRODUCTION

Suppose that (X,P,) is a Brownian motion in R¢ and let M, be the
o-field generated by {X;,s <t}. When b is an R9-valued function on RY
satisfying certain natural conditions,
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is a nonnegative local martingale under each P, and thus is a supermar-
tingale multiplicative functional of X. L; defines a family of probability
measure {I@x :x €R?} on My by dP,=L,dP, on M,. Let X, be the pro-
cess X; under this family of measures {P, :x e R?}. The process X is called
a Girsanov transform of X. It is well known that, when b satisfies cer-
tain natural conditions, the transition density of X has Gaussian lower
and upper estimates. The main purpose of this paper is to study upper and
lower estimates on the transition densities of Girsanov transforms of sym-
metric stable processes.

We are mainly concerned with two types of Girsanov transforms
of the symmetric stable process: one is a purely discontinuous Girsanov
transform which is a generalization of the purely discontinuous Girsanov
introduced in Ref. 8, the other is the Girsanov transform studied in
Ref. 9.

Let’s first briefly recall the purely discontinuous Girsanov transform
studied in Ref. 9. Let E be a Lusin space, B(E) the Borel o-field on E,
and m a o-finite measure on B(E) with supp[m]=E. Let {X,P,,x <€ E} be
an m-symmetric, transient Borel standard process on E. Adjoined to the
state space E is an isolated point 9 ¢ E; the process retires to d at its life-
time ¢ =inf{r: X, =0}. We will use E3 to denote E U{d}. Suppose that the
semigroup P; of X has a transition density p(¢,x,y) for each ¢t > 0. Let
(N, H) be a Lévy system for X (cf. Ref. 1 and Theorem 47.10 of Ref. 17);
that is, N(x,dy) is a kernel on (E, B(E)) and H; is a positive continuous
additive functional of X with bounded 1-potential such that for any non-
negative Borel function f on E x E that vanishes on the diagonal and is
extended to be zero off E x E,

t
B roxe x| =B (/0 / f(xs,wzv(xs,dy)st)

s<t

for every x € E.

Let F be a bounded function on E x E that vanishes on the diago-
nal, we extend F to Ej x Ey by setting it to be zero off E x E. Recall (see
Ref. 7) that a bounded function F on E x E vanishing on the diagonal is
said to be in the class J(X) if

t
limsup E, </ / |F|(Xs, J’)N(X‘Sad)’)d[{s) =0.
0 JE

1}0 xeE

If F e J(X) also satisfies the condition inf, yeg F(x,y) > —1, then the
process
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t> Y F(Xs- ,X)—/ /F(Xs,y)N(Xs,dy)dH

O<s<t

is a martingale and its Doleans—Dade exponential is (cf. Theorem 9.39 of
Ref. 15)

L,_exp< //F(Xs,y)N(Xs,dy)dH)H(H—F(Xs , Xy))

s<t

=exp | Y In(l+F(X,— ,X))—/ /F(Xs, YN (X, dy)dH; | . (1.1)

s<t

L; is a nonnegative local martingale. The local martingale L, is obviously
a nonnegative supermartingale multiplicative functional of X. Therefore by
Section 62 of Ref. 17, L, defines a family of probability measure (Py:xe
E} on My by dP, =1L, 1{t<;}dIP’ on M;. Let X, be the process X; under
this family of measures {Py:x € E}. The process X is called a purely dis-
continuous Girsanov transform of X. Under the further assumption that
F eAy(X) (see Ref. 8 for the definition) it was shown that the Green func-
tion of X is comparable to that of X. The last result is a generalization of
the results in Ref. 10 to discontinuous processes.

In Section 2 of this paper, we will first introduce a class of purely dis-
continuous Girsanov transforms more general than that introduced above
and then, by using the recent result of Ref. 4, we show that, in the special
case when X is a symmetric stable process in R?, the transition density of
a purely discontinuous Girsanov transform X of X is comparable to that
of X.

In Section 3, we study the Girsanov transform introduced in Ref. 9.
We show that the transition density of this type of Girsanov transform of
a symmetric stable process X is comparable to that of X. As an appli-
cation of this result, we show that the Green function, when exists, of
Feynman-Kac type transforms of symmetric stable processes by continu-
ous additive functionals of zero energy, is comparable to that of the sym-
metric stable process.

2. PURE JUMP GIRSANOV TRANSFORMS

Let E be a Lusin space, B(E) the Borel o-field on E, and m a
o-finite measureon B(E) with supp(m) = E. Supposethat X = (2, M,
M;, 6, X;, P,) 1s an m-symmetric right Markov process on E. More pre-
cisely, the right continuous process [0, c0) ¢+ X; is defined on the sam-
ple space (2, M), adapted to the filtration {M,}, and under P, is a strong
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Markov process with initial condition Xo=x. The shift operators 6;,¢ >0,
satisfy X; 06, = X4, identically for s, > 0. Adjoined to the state space
E is an isolated point 9 ¢ E; the process X retires to d at its “lifetime”
¢ =inf{¢: X, =0}. The transition operators P,,t >0, are defined by

P f(x) =B [f(X)]=E[f(Xy);t <]

(Here and in the sequel we use the convention that a function defined on
E takes the value 0 at the cemetery point d.) P, may be viewed as oper-
ators on L?(E,m); as such they form a strongly continuous semigroup of
selfadjoint contractions. The Dirichlet form associated with X is the bilin-
ear form

1
Ew,v) =1lim—(u,v— Pv),
t}0 ¢
defined on the space

F = {u eLz(E, m) :sup l(u, u— Py, < oo}.
>0 I

It is known that the Dirichlet form (€, F) is quasi-regular. We know (see,
for instance, Ref. 6) that a Dirichlet form is quasi-regular if and only if
it is quasi-homeomorphic to a regular Dirichlet form on a locally com-
pact separable metric space. Thus without loss of generality, we assume
throughout this section that E is a locally compact separable metric space
and that (£, F) is a regular Dirichlet form. Let 7, =F NL*(E,m), and let
Fe. be the family of B(E)-measurable functions u on E that are finite m-
a. e. and there is an £-Cauchy sequence {u,} C F such that lim,_, oo u, =u
m-a. e. on E. (£, F,) is called the extended Dirichlet space of (£, F).

It is well known that for u € 7., u has a quasi-continuous version i
and u(X,) has the following Fukushima decomposition

i(X)=i(Xo)+M"+N*, 1>0. 2.1)

Here M* is a martingale additive functional of X and N" is a continuous
additive functional of X having zero energy. Note that in general N* is not
a process of finite variation. For some examples of additive functionals of
zero energy which are not of finite variation (see, for instance, Ref. 9).

Let (N(x,dy), H;) be a Lévy system for X. If we use uy to denote
the Revuz measure of the positive continuous additive functional H, then
the jumping measure J and killing measure « of X are given by

J(dx,dy)= %N(x, dy)ug(dx) and «(dx)=N(x,d)ug(dx).
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Furthermore the following Beurling-Deny decomposition holds for f,
g€ Fe,

Ef,e)= E9f 9+ /E E(f(x) — FONEE) = &) J (dx, dy)
- fE F(0)&x)K (dx),

where £© is the strongly local part of £. In this section, we assume that
J is nontrivial, or equivalently, the process X is discontinuous.
The martingale part M* in (2.1) can be decomposed as

M =M+ M+ Mk,

M = lim Z (@ (Xs) —u(Xs- ) axy—axs)>1/n Lr<¢)

n— 00
O<s<t

t
_ / ( / @@(y) — A(X,)N (X, dy)) st}
0 {yeE:|u(y)—u(Xs)|>1/n}

1
Mt /0ﬁ(Xs)N(Xs,3)st—ﬁ(X;7)1{z>;}

and M,"¢ are, respectively, the jumping, killing and continuous part of M".
The limit in the expression for M*/ is in the sense of convergence in prob-
ability and convergence in the norm of the space of square integrable mar-
tingales. _

Let f4(u), u?u), u{u) and y,’(‘u) be the Revuz measures associated with
the sharp bracket positive continuous additive functionals (M"), (M":€),
(M*J7y and (M™K), respectively. Then

) () = 1y () + iy () + i1 (@),
where 1, satisfies ,ufu)(E)=25(C)(u, u),
phy @0 =2 [ @0 =)0 @xdy)
E

and

1y (dx) = i(x) K (dx).
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Definition 2.1. Let F be bounded symmetric function on E x E van-
ishing on the diagonal, we extend it to Ey x Ey by setting it to be zero off
E x E. F is said to be in the class I5(X) if for every x € E and every ¢ >0,

t
Ec | Y FX(X,_. X,) | =E; UO /FZ(XS,y)N(XS,dy)dHS]<oo.
E

s<t

Since for any bounded F on E x E vanishing on the diagonal we have

t
Ex [/o / Fz(Xs,y)N(Xs,dy)st} S FllooEx
E

t
[/ / |F|(XSvY)N(Xs’dy)st:|
0 JE

for all x€ E and t >0, we know that J(X) CI,(X). From the definition it
is easy to see that if F el>(X) satisfies the condition inf, yeg F(x, y)>—1,
then the function In(1+ F) is also in I(X).

Example. Suppose that X is a symmetric a-stable process in R?
for some « € (0,2). It has a Lévy system (N, H) given by H, =t and
N(x,dy)=A(d, —a)|x — y|~ @+ dy with

lor| T (442)

A, —a) = T dPT (1= &)’

It is very easy to check that if F is a bounded symmetric function on R? x
R? vanishing on the diagonal and satisfying

|F(xe, )I<Clx—ylP, x,yeR?

for some B >w/2 and C >0, then the function

'_)/ Fz(x,y) J
Rd |x — y|d+e Y
is bounded, and so F €I,(X). While on the other hand, when a <d, in

order to guarantee that F € J(X) which is amounts to say (see Refs. 6 and
7) that

~ 1 F(y,z
lim supf - / 1FQy di' dzdy=0,
710 v erd JB(x,r) [X = Y197% JRa [y —z|9F

we need to require that 8> «.
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This example tells us that I,(X) differs from J(X) in that the assump-
tion on the behavior of F near the diagonal is weakened.
For any F €I,(X) and any positive integer n define

Ml(cn) @)= Z F(Xs—, X)1x,_—x,>1/n)

s<t

t
—/ / F(Xsa)7)1{|Xx7y|>1/n}N(XSsd)’)st-
0 JE
Then M}”) is a martingale additive functional of X and for any x € E,

t
(M), = fo f F2(Xyu )L x, -y 1m N (X, dy)d H.
E

By the definition of I5(X) we know that for all x and 7 >0 we have
t
/ / F*(Xy, y)N(X,, dy)d Hy < o0,
0 JE

thus for every ¢ > 0, {(Ml(p"))t :n>1} is a Cauchy sequence in L2(P,) for
every x, and so (see for instance, Ref. 12) the limit lim,_, o M}”)(t) exists
in the sense of convergence of the norm of the space of square-integrable
martingales and convergence in probability under P,, and the limit is also
a martingale additive functional of X. We shall use Mp(¢t) to denote this
limit. The above argument above shows that the assumption F €I(X) is
needed to define the martingale additive functional Mg (z) of X, which is
the starting point of our discussion in this section.

Now we fix an F €I»(X) such that inf, yep F(x,y)>—1. Let L(F")(t)
be the solution to

t
LY =1 +/O LY (s—)dMP (s)
and Lg(t) be the solution to
t
LF(I)=1+/ Lr(s—)dMp(s).
0

It follows from the Doleans—Dade formula that
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LY ) =expMP ) [ ]

s<t
(4 F(Xo, X)) x, x> 1ympe T o X s

=exp | M)+ (n(1+ F) = F)(Xs—, X)L, —X,1=1/n)

s<t

=exp Z(ln(l +F(Xs—, Xo) 1 x,_—x1>1/n))
st

t
—/0 /F(Xs,y)1{|xs—y|>1/n}N(Xs,dy)st)-
E
and

Lr(t) = exp(Mp®) [ J(1+ F(X,-, X))e FKemX0

s<t

=exp | Mp(t)+ Y _(n(1+ F) — F)(Xs—, X,)

s<t

We know that Mf,,")(t) converges to Mp(t) in probability. Since F is
bounded, we know that

|In(1 4 F(x, y)) — F(x, )| <CF*(x,y), Vx,y€E,

thus using the assumption that F eI>(X) we can show that

Y (n(1+F) = F)(Xs—, X)X, ~x,[>1/n)

s<t

converges to

Y (n(1+F) = F)(X,—, Xy)

s<t

in probability. Therefore L(If)(t) converges to Lp(t) in probability. Note
that Lp(¢) is a positive local martingale and thus a supermartingale
multiplicative functional of X. Therefore by Section 62 of Ref 17,
Lp(r) defines a family of probability measures {Py,x € E} on My by
dP, =Lp(t)lyy<ydPy on M;. It is known that under these new measures,
X is a right process on E. We will use )N(:()N(,,M,M,,]f"x,x e E) to
denote this new process. Here X;(w) = X, (w), but we use X, for empha-
sis when working with P,. This process is called a purely discontinuous
Girsanov transform of X.
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Remark. The purely discontinuous Girsanov transform was defined
for FeAy(X)cJ(X)CI(X) (see Ref. 8 for the precise definition). So the
purely discontinuous Girsanov transform defined above is more general
than that defined in Ref. 8. The stronger assumption F € Ay(X) is needed
in Ref. 8 so one can apply the conditional gauge theorem for nonlocal
Feynman-Kac transforms obtained in Refs. 2 and 7 to get estimates on
the transition density of the purely discontinuous Girsanov transform
of X.

First we will determine the Dirichlet form associated with X. Define

P f () =B [f(XD]=EL[Lr () f(X)].

To prove the next result, we recall the definition of the time-reversal opera-
tor 7, on the path space. Given a path w e {r <¢}, the operator r; is defined
by

_Jot—=s5)-, 0<s<t,
rt(a))(s)—{a)(o)7 S}t.
Here for r >0, w(r)_ :=limgy, w(s). It is known (see Lemma 4.1.2 of Ref.

12) that the operator r, preserves the measure P,, on M;N{r<¢}.
Lemma 2.1. P, is symmetric on L2(E,m).

Proof. Using the symmetry of F, we have

/ g P, f(x)dx = / gE[exp(Mp(t)+Y _(In(14+F) — F)(X,_, X)) f (X,)ldx
R4 R4

s<t
= En[g(Xo) exp(Mp (1) + Y _(In(1+ F) — F)(X,—, X)) f (X,)]

st

= Enlf (Xo)exp(Mp (1) +Y _(In(1+ F)— F)(X,_, X)) or1g(X,)]-

s<t

From the definition, it is easy to see that exp(Mp(t) + ngl(ln(l + F)—
F)(Xs—, X)) ory =exp(MFp(t) + ngt(ln(l + F)— F)(X;_, Xy)), hence we
have shown that

/g(x)ﬁ,f(x)dx:/ fx)Pg(x)dx.
R4 R4

O

Lemma 2.2. Let A, be a positive continuous additive functional of
X with Revuz measure p, then the Revuz measure of A as a positive con-
tinuous additive functional of X is also u.
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Proof. The proof is an easy modification of the proof of Lemma 4.4
of Ref. 11. We omit the details. O

Proposition 2.3. Let f be a nonnegative function on E x E vanish-
ing on the diagonal, we extend it to Ey x Ey by setting it to be zero off
E x E. Then for all >0 and x € E we have

B _ t
E, Zf(Xs—’Xs) = E, </0 /Ef(Xs’Y)(l+F(X.9aY))N(std)7)st>-

s<t

Therefore ((1+ F(x, y))N(x,dy), Hy) is a Lévy system of X.

Proof.  Suppose that f is a nonnegative function on E x E vanishing
on the diagonal. For any n>1, we know that

t
C;l :ZZf(Xs—, XS)1{|XY—*Xs|>l}_fO / S (X5, y)l{‘xr,ybl}N(Xs: dy)d H;
s<t . S1=n Ey $ n

is a P, martingale for each x € E. It follows from the Girsanov theorem
that for any n>1,

|
cr— dict, Lfy= c*—«c", M*
P [ e L= ar e,

= D f Xk x

s<t

t
_fO /l;f(Xs»y)(l'i‘F(Xs»y))
1 }N(Xs’ dy)d H,

{1X;—yl>1
is a P, martingale for each x € E, and so
_ ~ t
B | Y f Ko XLy _y o1y | = B (f / F(Xe y)(1+ F(Xs. )
) s 0 JE
s<t

Lix,—y> )N (X, dy)dHS> _

Now applying the monotone convergence theorem we get

- - t
Eo [ Y r&xe-, xo) | =E, (/0 /Ef(xs,y)<1+F(xs,y))N(Xs,dyst).

s<t

O
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Let Fi=—F/(1+4 F). By assumption we know that infy yep F(x, y) >
—1, so infy yep(1+ F(x, y)) > c for some ce (0, 1). Thus F2< F?/c?, which
implies that F e I,(X). It is elementary to check that infy yer F1(x,y) >
—1. For any n >1, define I\;Ig) (t) to be equal to

t
ZFl(XS*’X5)1{|>?S7—>?s|>1/n>_//E(Fl(1+F))1{u'(s—>v|>1/n}(xs’y)N(Xf’dy)dHS

s<t 0

t
=>_h (Xf*’Xs)l{|2x_—)?x|>1/n1+f0 /EF(XS’Y)1{|Xc—y|>1/n)N(Xf’dY)dHS-

s<t

From Proposition 2.3 we know that Mg:) is a martingale additive func-
tional of X. Let Mpl (t) be the limit, as n — oo, of Mg:)(t), in the sense

of convergence in the space of square-integrable martingales ( and conver-
gence in probability). Then Mp, (¢) is a martingale additive functional of
X. Let i;’fl) () be the solution to
t
LY n=1 +/0 LY (s—)d M (s)

and L F, (t) be the solution to

t
Lrp@)=1 +/ Lp, (s—)dMF,(s).
0
Then by the Doleans—Dade formula it follows that
Ly o)

= exp (M;’?(r) +Y (n(1+ Fp) - F)(X,, Xv)l{lgx_gpl/n})

s<t
= exp (— Zln(l + F)(X,_, XS)1{|)~(S,—)'(S\>1/n}
s<t
r - -
[ 1{gs_ybl/n}F(xs,y)N(Xs,dwde)
E
1
LW

In the last equality we used our convention that X, = X,. Thus we have
shown that

Theorem 2.4. For every x € E, LFI(I) = I:Fl (1) ]f”x-a.s.
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Theorem 2.5. Let (£,7) be the Dirichlet form of X on L2(E,m).
Then F=F and for feF,

Ef = EL H+ /E E(f(x)—f(y>)2<1+F>(x,y>J<dx,dy)

+/ F )k (dx).
E

Proof. The identification of the Dirichlet form £ on some subset of
F is done in Theorem 4.4 of Ref. 3 under more general assumptions. Here
we identify F with F and identify £ on all of . Our proof is similar
to that of Theorem 3.4 of Ref. 9. We give the details here for the read-
ers’ convenience. It follows from Ref. 16 that there is an E-nest {K,} of
compact sets and a sequence h, € F such that hy=1 on K,. Using the
probabilistic characterization of nest, we know that {K,} is also an £-nest.
For any bounded feFk, ={gcF:§=0 q. e. on K}, let Mtf be the mar-
tinagle part in the Fukushima decomposition of f(X,). By the Girsanov
theorem

. to :
K =M/ _/0 L_Fd<MstF)s=sz — (M7, Mp), (2.2)
r

is a martingale additive functional under P, and
[K],(Py)=[M'](Py), Py—a.s.

It follows that

- | .
(K)i(Bo) = (M7),(P) + fo S d M) LB

= (M7);(Py)+ ((MT], M) (Py)
t ~ ~
= (M7),(Py) + /0 fE (f(X5)— FO?F (X5, )N (Xy, dy)s Hs.

Thus by Lemma 2.2 the Revuz measure for the positive continuous addi-
tive functional (K),;(Py) of X is

pp)(dx) +2 /E (fx) = FON*F(x, y)J (dx, dy)

= {7y (dx) +2 fE (f@) = FON>A+ F)(x, y)J (dx, dy) + f(x)*K (dx).






























