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Abstract

In this paper we study harmonic functions of subordinate killed Brownian motion in a domain
D. We first prove that, when the killed Brownian semigroup in D is intrinsic ultracontractive, all
nonnegative harmonic functions of the subordinate killed Brownian motion in D are continuous
and then we establish a Harnack inequality for these harmonic functions. We then show that,
when D is a bounded Lipschitz domain, both the Martin boundary and the minimal Martin
boundary of the subordinate killed Brownian motion in D coincide with the Euclidean boundary
0D. We also show that, when D is a bounded Lipschitz domain, a boundary Harnack principle
holds for positive harmonic functions of the subordinate killed Brownian motion in D.
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1. Introduction

Suppose that X; and 7, are two independent processes, where X; is a Brownian
motion in R? and 7T} is an o/2-stable subordinator starting at zero, 0 <o < 2. It is well
known that Y*(¢) = X7, is a rotationally invariant a-stable process whose generator
is —(—A)“/ 2, the fractional power of the negative Laplacian. The potential theory
corresponding to the process Y, is the Riesz potential theory of order o.

Suppose that D is a domain in R?, that is, an open connected subset of R?. We can
kill the process Y,(z) upon exiting D. The killed process Y?(z) has been extensively
studied in recent years and various deep properties have been obtained.

Let 4], be the Dirichlet Laplacian in D. The fractional power —(—4)| D)“/ % of the
negative Dirichlet Laplacian is a very useful object in analysis and partial differential
equations, see, for instance, [12,18]. There is a Markov process Z2 corresponding to
—(—4] D)“/ ? which can be obtained as follows: We first kill the Brownian motion X at
Tp, the first exit time of X from the domain D, and then we subordinate the killed
Brownian motion using the o/2-stable subordinator 7,. Note that in comparison
with YP(7) the order of killing and subordination has been reversed. For the
differences between the processes Y2 (z) and Z2(1), please see [17].

Until recently the process Z2 () had not been studied much. This process was first
studied in [10], where, among other things, a relation between the harmonic
functions of ZP(z) and the classical harmonic functions in D was established. In [11]
(see also [9] and [14]) the domain of the Dirichlet form of ZP(r) was identified when
D is a bounded smooth domain and % 1. In [17], the process Z2(7) was studied in
detail and upper and lower bounds on the jumping function J? and the Green
function G? of Z2(t) were established when D is a bounded C"! domain. However
the upper and lower bounds provided in [17] are drastically different near the
boundary. In [15], new lower bounds for J? and GP were established when D is a
bounded C!! domain. These lower bounds differ from the upper bounds of [17] only
by multiplicative constants and in this sense the bounds are sharp. Sharp bounds for
JP and GP were also established in [15] when D is an exterior C'! domain. In [16]
sharp bounds for J? and GP were established when D is the domain above a C'!
function.

Despite the recent progress, there are still a lot of unanswered questions about the
potential theory of Z2. For instance, are all nonnegative harmonic functions of Z?
continuous? Does the Harnack inequality hold for nonnegative harmonic functions
of ZP? What can one say about the Martin boundary of the process ZP? Is there a
boundary Harnack principle for positive harmonic functions of ZP?

In this paper we will study the potential theory of Z? and we will, among other
things, answer the four questions above.

The content of this paper is organized as follows. In Section 2 we introduce the
notations and recall the main results from [10]. In Section 3 we improve the results of
[10] and establish, under the assumption of intrinsic ultracontractivity, an one-to-one
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correspondence between the family of positive harmonic functions of killed
Brownian motion and the family of positive harmonic functions of subordinate
killed Brownian motion Z2. We prove that the Harnack inequality holds for Z? in
Section 4. Our proof of the Harnack inequality uses the intrinsic ultracontractivity
in an essential way and differs from the existing proofs of the Harnack inequality in
other settings. In Section 5 we prove that, when D is a bounded Lipschitz domain,
the Martin boundary and minimal Martin boundary of Z? both coincide with the
Euclidean boundary 0D. In the last section we use the result from Section 5 to show
that, when D is a bounded Lipschitz domain, a boundary Harnack principle holds
for positive harmonic functions of Z2.

2. Notation and setting

Let X, be the Brownian motion in R, which runs twice as fast as the standard
d-dimensional Brownian motion, and let T; be an o /2-stable subordinator starting at
zero, 0<a<2. We assume that X and 7 are independent. We are going to use P, and
E, to stand for the probability and expectation with respect to the Brownian motion
X starting from x respectively, (P;),, to stand for the transition semigroup of X,
and uf/ 2(s) to denote the density of 7.

Let D= R’ be a bounded domain, and let X? be the Brownian motion killed upon
exiting D. We define now the subordinate killed Brownian motion Z? as the process
obtained by subordinating X? via the «/2-stable subordinator 7,. More precisely, let
ZP(1) = XP(T,), t=0. Then ZP(¢) is a symmetric Hunt process on D. If we use
(PP );>0 and GP to denote the semigroup and potential operator of X, respectively,
then the semigroup Q% and potential operator G2 of Z2 are as follows:

0if ) - | " PP (s) ds

1

Gof (%) :m/o | CPRUPRS(x) dr.

Obviously, Q7 has a density given by

q%mﬁ:/ PP (s, )i’ (s) ds
0

and GP has a density

<ﬁww:/ q*(t,x,y) dt =
A T
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where pP(t,x,y) is the transition density of X?. We call G?(x,y) the Green function
of ZD. We are going to use E, to stand for the expectation with respect to ZD starting
from x.

Recall that a Borel function / on D is said to be harmonic with respect to Z2 if /1 is
not identically infinite in D and if for every relatively compact open subset
UcUcD,

h(x) = [Ec[h(Zf(fU))], VxeU,

where £y = inf{r: Z2(1)¢ U} is the first exit time of U. We are going to use #; to
denote the collection of all the functions on D which are harmonic with respect to
ZP. A nonnegative function which is not identically infinite on D is said to be
excessive with respect to Z2 if (i) 0%f(x)<f(x) for every 1>0 and xeD; and (ii)
lim, o Q%f (x) = f(x) for every xe D. We are going to use &, to denote the collection
of all the excessive functions with respect to Z2. Denote by #; and & the
collections of nonnegative harmonic functions and excessive functions with respect
to XP, respectively. Recall that #) =%, and #" = .&.

An important connection between ¥,_, and & was established in [10]. The
underlying assumption in that paper was that every excessive function for X7 is
purely excessive, i.e., for every se.% it holds that lim,_, ., PPs = 0. The relationship
between ¥»_, and &, as well as ij_y and 2", can be summarized as follows (see
[10], Theorems 2 and 3, and formula (17)):

Theorem 2.1. If se %, there exists a function ge %>, such that s(x) = GPg(x) on D.
The function g is given by the formula

g(x) = m /0 ) 2 (s(x) — PPs(x)) dt. (2.1)

If, moreover, se A", then ge A5 _,.

Conversely if g€ 9>y, and the function s = GPg is not identically infinite, then
se.

If, moreover, ge #’5_, and s is not identically infinite, then s€ #™.

Further, if ge #'5_, is such that GPg is not identically infinite, then g is continuous.

The first goal of this paper is to improve Theorem 2.1 by showing that if ge %5,
then s = GP¢ is not identically infinite, implying the full converse. This will be
proved under the condition that the semigroup (PP),s, is intrinsic ultracontractive.
Intrinsic ultracontractivity plays a fundamental role in this paper: (i) It implies that
every excessive function of X” is purely excessive, thus enabling us to use results
from [10], and (ii) It is essentially used in the proof of Harnack inequality.

Let ¢, denote the positive eigenfunction corresponding to the smallest eigenvalue
A of the Dirichlet Laplacian —A|,, such that [, $3(x)dx = 1. Recall that the
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semigroup (PP),. is said to be intrinsic ultracontractive if there exists C(7) >0 such
that

pD(t7x7y)<C(l)¢0(x)¢0(y)7 VI>07x>y€D' (22)

It is well known that (see, for instance, [6]) when (PP) />0 18 intrinsic ultracontractive,
there exists C(z) >0 such that

b (t X y) ( )d)O( )(»Z’)O(y)a Vl>0,x,yeD. (23)

The assumption that (PP),., is intrinsic ultracontractive is a mild geometric
assumption on D. It is well known that (see, for instance, [1]), when D is a bounded
Lipschitz domain, or a Holder domain of order 0, or a uniformly Hélder domain of
order f€(0,2), (PP),5, is intrinsic ultracontractive. We show now that it implies
that every excessive function of X2 is purely excessive. To see this, let us recall the
concept of s-conditioned Brownian motion.

For any se€.%,

ps<tv x,y) = T

determines a Markov semigroup. The Markov process corresponding to this
semigroup is called the s-conditioned Brownian motion and we use X* to denote this
process. We are going to use E to denote the expectation with respect to the law of
this process starting from x and {* to denote the lifetime of this process. When
s = GP(-,y) for some ye D, we use E, to stand for E{ and { to stand for {*. As a
consequence of the intrinsic ultracontractivity of (P”),., we get that for any s€ &,

lim e"'PS (0 >1) = (/)0 / $o(y (2.4)

tT oo

For the above facts on intrinsic ultracontractivity, one can refer, for instance, to
[1,6,7]. Since s is not identically infinite in D, we have s(x) < co for some xe D, and so

OO>S(X)>/DPD(Z,X,)/)S() ¢0 /(/50 dy7

implying

/ oo (¥)s(y) dy< 0.

Consequently, it follows from (2.4) that P ({® = c0) =0, which implies that
lim/t o, PPs(x) =0 for every xeD. Therefore under the assumption that (PP) is
intrinsic ultracontractive, every excessive function s of X is purely excessive, which
is the basic assumption in [10].
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3. Correspondence between # and "

In this section we always assume that D is a bounded domain such that (PP) is intrinsic
ultracontractive. We start this section with the following improvement of Theorem 2.1.
Theorem 3.1. Suppose that D is a bounded domain such that (PP) is intrinsic
ultracontractive. If se &, there exists a function g€ S+, such that s(x) = GPg(x) on
D. The function g is given by the formula

o

00 = 5rr sy 6 - Ps()

If, moreover, se ", then ge A5,

Conversely if g€ Sy, then the function s defined by s = GPg is in . If, moreover,
geAHs_,, then se #™.
Proof. In view of Theorem 2.1 we only need to show that, whenever ge %,_,, the

function s = GPg is not identically infinite on D.
Since ¢ is in &%,_,, there exists xoe D such that for every >0,

0 > g(x0) > 02 "g(x0) = /0 PPyl =2(s) db.

Thus PPg(xo) is finite for almost every se(0,c0). Since (PP),., is intrinsic
ultracontractive, by Theorem 4.2.5 of [5] there exists 7 >0 such that

Se g (x) o () <P (1,x,7) <3 e po(x)o(v),  1=T,x,yeD.  (3.1)

Take a t>T such that PPg(x() < co. Then
0 > PPg(xo) :/DPD(t,xJ) (v) dy =5 e o (xo / bo(»)g(y) dy,
so we have [}, ¢o(y)g(y)dy < co. Consequently,

[ @atsodv= [ 90062y dx
D D

ﬁ /D g(x)/oOC t“/z’le)qSO(x) dt dx
;/2 / 9(x) /Ow (12 e by (x) dt dx

oc/2 / $o(y / (12 e= Ml i < oo .

Therefore s = GPg is not identically infinite in D. O



J. Glover et al. | Journal of Functional Analysis 215 (2004) 399426 405

It follows from Theorem 3.1 that, when D is a bounded domain such that (P?) is
intrinsic ultracontractive, G? is a bijection from %,_, to <, and is also a bijection

from #5 , to #*. We are going to use (G? )_1 to denote the inverse map and so we
have for any se &%

o

(G2)"s(x) = —a)2)

/% 27 (s(x) — PPs(x)) dt.
0

Although the map G? is order preserving, we do not know if the inverse map (G? )_1
-1

is order preserving on .. But from the formula above we can see that (G?)™ is
order preserving on #*.

Theorem 3.2. If D is a bounded domain such that (PP) is intrinsic ultracontractive,
then every he A’} is continuous in D.

Proof. From Theorem 3.1 we know that GP /4 is not identically infinite in D. Now
the conclusion follows from Theorem 2.1. [

In the remaining part of this section we prove several results that complement the
results from [10]. We start with another form of formula (2.1).

Proposition 3.3. Suppose that D is a bounded domain such that (PP) is intrinsic
ultracontractive. If se &, then s = GPg, where

o0%) = =7 ORI ) (32)

Proof. From Theorem 2.1, if s€ &, then s = GPg, where ¢ is given by (2.1). By the
definition of s-conditioned Brownian motion we know that

P (<) = 1 —ﬁ [ pPexst) v

thus

SOPLE <) = s(x) — /D P2t %, 9)s(v) .
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Therefore we have

o

g“”Za?Tr@ESAxI“”lwmpxc<nw

1 S S\ —o
:ms(x)@{(() . O

As a consequence of this result, we immediately get the following corollaries.

Corollary 3.4. When D is a bounded domain such that (PP) is intrinsic ultracon-
tractive, the Green function G2 , of ZP  can be written in the following form:

G2, (3) = (62) (6P () = et P p)E(E) )

(1 —2/2)

where GP(x,y) denotes the Green function of XP.

Proof. Using the Markov property and Fubini’s theorem we can easily get that for
any nonnegative function f on D,

GPGY f(x) = G°f(x), xeD.
Now the conclusion of this corollary follows immediately from Proposition 3.3. [

Recall that tp :=inf{zr: X,¢ D} is the first exit time of D for the Brownian
motion X.

Corollary 3.5. Suppose that D is a bounded domain such that (PP) is intrinsic
ultracontractive. If h(x) = Ex[f(X:,)] for some bounded function f on 8D, then h =
GPg, where

9tx) = WEXV(XTD) ‘TB“/Z], xeD.

Proof. When f is nonnegative, the conclusion follows immediately from
Proposition 3.3. For the general case we decompose f into its positive and negative
parts. [

Repeating the proof of (19) in [10] we immediately get the following corollary of
the result above.

Corollary 3.6. Suppose that D is a bounded domain such that (PP) is intrinsic
ultracontractive. Then for any nonnegative function f on 0D and any ae(0,2)
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we have

ar(a/z)l;(l —2) /D Ei[f (Xz,)] dx = /D [Ex[f(XrD)TZ)a/z] ) [EX[T%D/Z] dx.

Proposition 3.7. Suppose that D is a bounded domain such that (PP) is intrinsic
ultracontractive and that D is regular in the sense that P.(tp = 0) = 1 for every ze OD.
If h=hy — hy where hje #'5_,, i = 1,2, is such that for every zedD,

h(x)
Dax—z [Ex[TB“/z] ’

then h = 0.

Proof. Put

K“D(X) = m [Ex [‘CZ)“/z], xeD. (33)

Then by taking /=1 in Corollary 3.5 we get that GPxP(x) =1 for every xeD.
For any xeD, let J(x) be the distance between x and 9D. For any 0>0,
let Ds .= {xe D : 6(x)>0}. By using the compactness of 9D it is not difficult to show
that, for any ¢>0, there exists 6 >0 such that

|h(x)|<ex?(x), xeD\Ds.
For any xe D\Dy,
G Ih(x)| < G (|hl1p,)(x) + eGYK; (x) < G (|| 1p,) (%) + .

Since G2 (x,y) is bounded on (D\Dj») x D5 and lim,_,sp G?(x,y) = 0 for any ye D,
we get by the dominated convergence theorem that lim,_,ap G?(|h|1p,)(x) = 0. This
shows that lim,_,gp GPh(x) = 0. Since GPh(x) = GPh(x) — GPhy(x) is a difference
of two functions in #7, it is a harmonic function for X?. Therefore, G?h = 0, which

implies that 4 = 0 almost everywhere in D. Since /% is continuous by Theorem 3.2, we
geth=0. O

The proposition above implies, in particular, that there are no non-trivial bounded
functions in #) — ). The following proposition says that there are no nontrivial
bounded functions in .

Proposition 3.8. Suppose that D is a bounded domain such that (PP) is intrinsic
ultracontractive. If he # ,, is bounded, then h = 0.
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Proof. It was shown in [17] that the function defined in (3.3) is the killing function of
the process ZP. Therefore for any compact subset K of D we have

P.(ZP((-)eK) = GP(kP - 1k)(x), xeD.

Recall that GPxP(x) =1 for every xeD. By taking an increasing sequence of
compact sets K, with K, T D, we get

P.(zP((-)eD)=1, xeD,

where { is the lifetime of ZP. Take an increasing sequence of open sets D,, such that
D,cD,=D,;1 =D, =D for all n>1 and D,1D. Let £, =inf{t: ZP¢D,}, then
f,,TZ and from the display above we know that @x(f =1, for some n>1) =1 for
every xeD. Therefore for every xe D,

[h(x)| = |E[A(Z (@)l <1Al] o Px (2, <) 0.
The proof is now complete. [

The function in #7;_, playing the role of a constant function 1€ #* is (Gf)f1 1.
It is shown in [10] (Example 1) that this function is equal to x2(x)=1/(I(1 —

oc/2))[Ex(rB“/ 2). While the classical formulation of the Dirichlet problem for
harmonic functions for Z? , is impossible in view of the last proposition, the
following reformulation seems appropriate: for any given bounded function f* on
oD, find a function he #,_, such that

. h(x)
lim Y o,
lim ] f(2)

The following two propositions show that classical conditions for solvability of the
Dirichlet problem are sufficient for this reformulated Dirichlet problem as well.

Proposition 3.9. Suppose that D is a bounded domain such that (PP) is intrinsic
ultracontractive and that z € 0D is regular for D, that is, P.(tp = 0) = 1. Then for any
bounded function f on 0D which is continuous at z, we have

Edf(Xe) - 1]

Dsx—z [Ex[l',;a/z}

=f(2).

Proof. It is easy to see that

lim E.[r)"?] = oo. (3.4)

Dsx—z
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In fact, since the function x+— [P, (s>1p) is upper semicontinuous in R? for any s> 0,
we have

limsup Py(tp>s)<P.(tp>s) =0.

Hence there exists 6 >0 such that
P.(tp>s)<i, xeB(z,8)nD
consequently
[Ex[rga/z] > Ex[rga/z; s>1p|=5?P(s>1p) 2%{“/2

whenever xe€ B(z,0) n D. Therefore (3.4) is valid.
Now for any ¢>0, there exists 6 >0 such that

() —£(2)] <§, weB(z,8) N aD.
For any xe B(z,6/2) we have tp(, 5/2) <Tp(-). Therefore

E(lf (X (ep)) — £(2) ,3“/21

<E{/(X(10) —/(2) 5“/2 T <Th0)]
+ Elf (X (1p)) = £ (2)tp; Thiwan) <o)
& /2 —o/
<[+ 2 Bl )
& —a/2 g —a/2
= 3 Exlrp” +20/11. Bolrgo )
By (3.4) we can take >0 such that
—o/2
Efey )22 201 Eoley ). xeB(zm)nD.
Then whenever xe B(z,1A3) N D, we have

—a/2
2011 Bolniogy o) _e
Ef;) 2
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Therefore we have

E[[f (X (wp)) — f(2)]1p"7]
Exlty )

0
<e, xeB(z,n/\§> nD.

The proof is now complete. [

Proposition 3.10. Suppose that D is a bounded domain such that (PP) is intrinsic
ultracontractive and that D is regular in the sense that P.(tp = 0) = 1 for every ze OD.
Let [ be a continuous function on OD. The function E,[f(X:,) ~rZ)“/2} is the unique

Sfunction he #,_, such that

lim ) 1.

Dax—:z [EX[T;)(X/z}

Proof. Without loss of generality, we may assume that f>0. The last proposition

and Corollary 3.5 show that [EX[f(XTD)rB“/z] is a solution of the problem. To prove
uniqueness, suppose that sy and A, are two solutions. Then hl,hze%j_“, and h =
hy — hy satisfies

h(x)

Dsx—z EX[TB“/Z] -

By Proposition 3.7, h=0. O

Using the fact that G¥ /i is not identically infinite in D for any he #}, we have
the following improvement of Theorem 4 in [10].

Proposition 3.11. Suppose that D is a bounded domain such that (PP) is intrinsic
ultracontractive. For a.€(0,2), if he #'}, then for any ¢ e C;° (D),

lAﬂﬂmemme=0

4. Harnack inequality

In this section we are going to prove the Harnack inequality for positive harmonic
functions for the process Z2 under the assumption that D is a bounded domain such
that (PP) is intrinsic ultracontractive. The proof we offer uses the intrinsic
ultracontractivity in an essential way, and differs from the existing proofs of
Harnack inequalities in other settings.
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Lemma 4.1. Suppose that D is a bounded domain such that (PP) is intrinsic
ultracontractive. There exists a constant C3>0 depending only on D and o such that

Gy s<Cis, Vse,. (4.1)

Proof. Let T be the constant in (3.1). For any nonnegative function f

6P (x) :ﬁ( /0 " D) di 4 /T C e por( dt).

We obviously have

T T
/ /> VPPf (x) dt= T/ /0 PPf(x) dt.

0

By using (3.1) we see that

[ e rrgas @ I lz/zlezordt> R

and

[t (G [ e ) [

Combining the three displays above we get that there exists a constant C>0
depending only on D and « such that

GPf(x)< CGLf (x). (4.2)
Since GPf(x) = G? ,GPf(x), (4.2) can be rewritten as

G, (G )(x) S CGRf (x).

Since any s€ ¥, is the limit of an increasing sequence of functions of the form G?f,
the lemma follows. [

Lemma 4.2. Suppose D is a bounded domain such that (PP) is intrinsic
ultracontractive. If s€ &, then for any xe D,

1 s —
(02 56T () /D S()boly) dy,

where T is the constant in (3.1) and Cj is the constant in (4.1).
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Proof. From the lemma above we know that, for every xe D, G? s(x)< Css(x),
where Cj is the constant in (4.1). Since G2 s is in &, we have

1
62 ()2 [ (T 536 0) dy=5e o) [ bo(3)GE 50
Hence

Cus()> G () 25¢ T u(x) [ 9ulr)GE ,s(0) iy
=3¢ M) [ S)6E . 0(3)

1 —
=Ty v) /D s0)bo() dy. D

Theorem 4.3. Suppose D is a bounded domain such that (PP) is intrinsic
ultracontractive. For any compact subset K of D, there exists a constant C depending
on o, K and D such that for any he #),

sup h(x)<C in£ h(x).

xekK

Proof. If the conclusion of the theorem were not true, for any n>1, there exist
hy€ A} such that

sup h,(x)=n2" inf h,(x). (4.3)
xeK ek

By the lemma above, we may assume without loss of generality that

/Dhn<y>¢o(y> dy=1, n>l.
Define
h(x) =" 27"h(x), xeD.
n=1

Then
/D 1) doly) dy = 1

and so he #°}. By (4.3) and the lemma above, for every n>1, there exists x, € K such
that h,(x,) =n2"c, where
1

—20T 3—2/2
—e A inf X
o int ()

TG
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with T asin (3.1) and Cj in (4.1). Therefore we have i(x,) =nc;. Since K is compact,
there is a convergent subsequence of x,. Let xo be the limit of this convergent
subsequence. Theorem 3.2 implies that / is continuous, and so we have /(xy) = 0.
This is a contradiction. So the conclusion of the theorem is valid. [

5. Martin boundary

In this section we are going to assume that D is a bounded Lipschitz domain. Fix a
point xo€ D and set

G (x,»)
MP(x,y) = ——""2 x,yeD.
(o) GP(x0,y) Y
It is well known that the limit
lim  MP(x,y)
Dsy—z

exists for every xeD and zedD. The function M?(x,z) = limps,_. MP(x,y) on
D x 9D defined above is called the Martin kernel of X? based at xy. The Martin
boundary and minimal Martin boundary of X? both coincide with the Euclidean
boundary OD. For these and other results about the Martin boundary of X”, one can
see [2]. One of the goals of this section is to determine the Martin boundary of Z2.

By using the Harnack inequality, one can easily show that (see, for instance, [8, p.
17], if h, is a sequence of functions in #* converging pointwise to a function he # ™,
then (%,) is locally uniformly bounded in D and equicontinuous at every point in D.
Using this one can get that, if 4, is a sequence of functions in # " converging
pointwise to a function he # ™, then (h,) converges to /& uniformly on compact
subsets of D. We are going to use this fact below.

Lemma 5.1. Suppose that D is a bounded Lipschitz domain, xy€ D is a fixed point.

(a) Let (x,) be a sequence of points in D converging to x€ D and (h,) be a sequence of
Sfunctions in A with h,(xo) =1 for all n. If the sequence (hy,) converges to a
function he #, then for each t>0

lim PPhy,(x,) = PPh(x).
®) If (yn, n=1) is a sequence of points in D such that lim, y, = ze 0D, then for each

t>0 and for each xe D

im PP (g2 ) ) = PR(MP(.2) ).
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Proof. (a) For each neN, since /,(xg) = 1, there exists a probability measure u, on
0D such that

hy(x) = ) MP(x,z)u,(dz), xeD.

Similarly, there exists a probability measure p on 9D such that

h(x) = ) MP(x,z)u(dz), xeD.

Let Dy be a relatively compact open subset of D, x¢ € Dy, and also x, x,, € Dy. Then

‘PzDhn(xn) - Pf)h(x)|

/DpD(t,xn,y)hn(y) dy—/DpD(l,x,y)h(y) dy’

<

/DpD(t,xn,y)hn(y)dy—/D pD(t,x,y)h(y)dy‘

+ /D\D pD(Z,xn,y)hn(y)der/ pP(t,x,y)h(y) dy.

D\\Dl)

Recall that (see Section 6.2 of [4], for instance) there exists a constant ¢> 0 such that

GP(x,y)GP(y,w) 1 1
: Y4 — + — |, x,y,weD. (5.1)
GP(x, ) R R

From this and the definition of the Martin kernel we immediately get

1 1
d-2 + d-2
| v —z|

GD(Xo,y>MD(y7Z)<C< )7 yEszeaD'

|xo —

Now using (2.2), the inequality above and the fact (see [5, Theorem 4.6.11, p. 131])
that

sol) < & 002

< W, yeD, (5.2)
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we get that for any ue D,

/ PP (t,u, y)h(y) dy
D\Dy

SC(1)o(u) bo(W)h(y) dy

D\Dy

— o) |

D\Dy

dy () /0 MOzl

— C(0)y(w) /8 ) [ M2 dy

D \\DO

<C(t)c/ u(dz)/ Gp(x0,)MP (,2) dy
oD D\Dy
1 1

<C(t)e / () / — |

oD D\Dy |y_Z| ‘XO—J’|
<C(t)c/ (d=) sup / LT N,
< A

aDﬂ zeop Jowo \|y — 2" |xo — y|* 7 g

1 1
= C(t)c sup / =t 7 | -
zeap Jpw, \ |y — Z| |xo — |

415

The same estimate holds with 4, instead of 4. For a given ¢>0 choose D, large
enough so that the last line in the display above is less than ¢. Put 4 = sup, h. Take

noeN large enough so that for all n>=ny we have

PP, xu,9) — PP (t,x,p)| <& and |h(y) — h(y)|<e

for all ye Dy. Then

[ b= [ e ds

</ pD(t,xn,y)\hn(y)—h(y)Idy+/ IP”(t, Xu, ) — PP (1, x,y)|h(y) dy
Dy

D,
< e+ A|D0|8,

where |Dy| stands for the Lebesgue measure of Dy. This proves the first part.
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(b) We proceed similarly as in the proof of the first part. The only difference is that
we use (5.1) to get the following estimate:

G (¥, )
Dt x,y) =" d
/D\DO P ( Y) GD(x07yn) Y

D
< C(1)y(x) /D\D d’o(ﬂ%

G (x0,y)G"(y, yn)
<cC(t / ’ 2 d
( ) D\Dy GD(x07y”) y

<eC(0) / (%0 = ¥ &y =y ) dy
D\Dy

<ccsup [ (b= aP - dy
o

n

The corresponding estimate for MP(-,z) is given in part (a) of the lemma. For a
given ¢>0 find Dy large enough so that the last line in the display above is less than .
Then find nyeN such that for all n>=ny,

GD(yayn) D
— M Dy.
‘GD(Xann) (y72) =& yeso
Then
G” (v, yn)
D yJJn D
LX, V)= — M"(y,z)|dy<e for all n=ny.
/Dop ( y) GD(X07yn) (y ) g ’

This proves the second part. [

Theorem 5.2. Suppose that D is a bounded Lipschitz domain and xoeD is a
fixed point.

(@) If (x) is a sequence of points in D converging to xe D and (h,) is a sequence of
functions in A" converging to a function he #+, then

lim (GP) 'hy(x,) = (GP) 'h(x).

n

(b) If (yu) is a sequence of points in D converging to ze 9D, then for every xe D,

Gl g <y (G AP I _ gy 1o, v,

lim (G? 1<
( “) GD(XOaYn) GD(Xann)

n
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Proof. (a) Normalizing by /,(x) if necessary, we may assume without loss of
generality that /,(xy) = 1 for all n>1. Let ¢>0. We have

(G)™ () = (G) ™" h()|

= ()| [ ) — PP di = [ R ) — PPAGO)
0 0

< c(oc)/o 2D (h,(x,) — PPhy(x,)) dt + c/' 2D (h(x) — PPh(x)) dt

0

+ (o)

/ ﬂMWMm—meW—/VMMWm—WWW%

where c¢(o) = o/ (2I'(1 — /2)). Let K and L be compact subsets of D such that
(xpy)eK<L°<L. Since h,—h locally uniformly, there exists a constant M such
that /,,, A<M on L. The estimate at the end of the proof of Theorem 3 in [10] gives
that

¢ 2Md
—(a/24+1) (), _ pD 1—a/2
t hy — P hy)(x,) dt<—————¢ , =1
/0 ( ) ) (1—2/2)p?" "
and
¢ 2Md

—(a/241) _ pD < 1—a/2

/0 t (h— P, h)(x)dl\i(l—a/ﬂng .

Here p = dist(K, L°). Further,

o0

/3O @2 (1, (x,) —Pf)h,,(x,,))dl—/ ~@/2 D (h(x) — PPh(x)) dt

&

/w ~O24) (1 () = ()| + () — h(x)]) dt

+ / @20 PPhy,(x,) — PPh(x)|dt.

Since |/ (x,) — h(x,)| + |h(xn) — h(x)|<2M and |PPhy(x,) — PPh(x)|< M, we can
apply Lemma 5.1(a) and the dominated convergence theorem to get

1my/ D () = hn)| + () = h(x)]) de = 0
and

"
lim / 2D PPh, (x,) — PPh(x)|dt =
n &
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Hence

. —1 1 4eMd o
tim sup [(G2)h(0n) = (G2) ()| < =, s 5o
for every ¢>0. The proof of (a) is now complete.

(b) The proof of (b) is similar to (a). The only difference is that we use 5.1(b) in this
case. We omit the details. [

Let us define the function K2 (x,z) = (G?)"'MP(-,z)(x) on D x dD. For each
fixed zedD, K? (-,z)eA5_,. By the first part of Theorem 5.2, we know that
K? (x,z)is continuous on D x OD. Let (y,) be a sequence of points in D converging
to zedD, then from Theorem 5.2(b) we get that

T - GD('vyn)
Ky ,(x,z) = lim (G}) : (m) (x)
- (GD)Y TGP (-, y))(x)
M 6P, )
— llm Gé)fx(an’n)
n—0 GP(xo,yn)

: (5.3)

where the last line follows from Proposition 3.4. In particular, there exists the limit

lim G207“ (X(), .Vn)

_ D
A =GB (v, ) =K ,(x0,2). (5.4)

Now we define a function M?  on D x 9D by

KD
P (x.2) = el

= , D,ze0dD. 5.5
Kﬁa(xo,z) xeD,ze (5.5)

For each zedD, M? (-,z)eA#§_,. Moreover, M?  is jointly continuous on D x
0D. From the definition above and (5.3) we can easily see that

OGP,
lim M=M£a(><,2), xeD,zedD. (5.6)
Dsy—z 6271()"07);)

Theorem 5.3. Suppose that D is a bounded Lipschitz domain. The Martin boundary
and the minimal Martin boundary of Z% , both coincide with the Euclidean boundary
OD, and the Martin kernel based at xq is given by the function M? .

Proof. The fact that M?  is the Martin kernel of Z?  based at xo has been proven
in the paragraph above. It follows from Theorem 3.1 that when z; and z; are two
distinct points on 9D, the functions M? (-,z;) and M? (-,z;) are not identical.



J. Glover et al. | Journal of Functional Analysis 215 (2004) 399426 419
Therefore the Martin boundary of Z? | coincides with the Euclidean boundary dD.
Since MP(-,z) e #* is minimal, by the order preserving property of (G2 )~ we know
that MP? (-,z)e #'>_, is also minimal. Therefore the minimal Martin boundary of

Z3™* also coincides with the Euclidean boundary D. [

Corollary 5.4. If D is a bounded C"' domain, then there exists a constant C >0 such
that

c! o(x) D

d+27“< ” xeD,zedD.

[x — 2|

Proof. The conclusion of this corollary follows immediately from the theorem above
and the sharp estimates on the Green function G? in [15] and we omit the
details. [

It follows from Theorem 5.3 and the general theory of Martin boundary that for
any ue #’5_, there exists a finite measure v on 9D such that

u(x) = /8D M? (x,z)v(dz), xeD.

The measure v is sometimes called the Martin measure of u. The following result
gives the relation between the Martin measure of e # " and the Martin measure of

(D) "hets,

Proposition 5.5. Suppose that D is a bounded Lipschitz domain. If he #% can be
written as

o) = [ MP(x 2. weD.
then
(Gf)*‘mx):/w MP (x,2)v(dz), xeD

with v(dz) = KP (xo,2z)p(dz).

Proof. By assumption we know that

h(x) = ) MP(x,2)u(dz), xeD.
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Using (2.1) and Fubini’s theorem we get
(62) "hix) = [ (GE) (MO 2) (ot
oD
:/ M? (x,2)KP (x0,2)u(dz)
oD
= [ w2 ezl
oD

with v(dz) = K? (xo,z)u(dz). The proof is now complete. [J

For zedD, neN, let 4,(z) = B(z,27")n 0D, and let w(x, 4(z)) = Py(X:, € 4,(2)).
It is well known (see, for instance, [2]) that for a Lipschitz domain D,

MP(x,2) = lim %. (5.7)

We are going to prove two analogous results for the Martin kernel M? .

Proposition 5.6. Let D be a Lipschitz domain. For ze€dD, neN, let A,(z) =
B(z,27"Yn 0D and By,(z) = B(z,27")nD. Then

E.[1 _ T—a/z
M?,g(x,z) = lim sl (Xzp€4u(2))* D ]
' n—ow [

. €
= lim =< ‘
n—o P (ZP ((—)eB,(z)]

Proof. According to Corollary 3.5, we have

(GzD—a)fl (o(-, 4,(2))(x) = F(l—loc/2) Edlex, eA"@))rg“/z].

Hence,

Ellin, eat”) (G2 ) (0, 4,(2) (%)

Eollix, eaentn’ ) (G2) (@, 44(2))

The first equality follows by (5.7), Theorem 5.2 and (5.5).
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For the second equation we are going to use the following formula (see (2.11) in
[3]): For xe D and A<D,

PUZP ((~)ed) = / G2 (x, KD, (v) dy, (5.8)

where k2 is the killing function of Z2 . For given ¢>0 find g e N such that for all

n=nop

M (5,2) — o g d)

—<MD7 (x,2) + ¢,
GP,(xo,p)

for all ye B,(z). Then

fB 2 (X J’)Kz (V) dy

M? (x,z
al:7) fB G2 (x0,¥)K5,(v) dy

which proves the result. [

From Theorem 5.2 we know that (GP)™' : #* - #%  is continuous with respect
to topologies of locally uniform convergence. In the next result we show that G2 :
H3 ,— A7 is also continuous.

Proposition 5.7. Suppose that D is a bounded Lipschitz domain. Let (g,, n>0) be a
sequence of functions in A3 _, converging pointwise to the function ge #5 ,. Then
lim,, ,, GPg,(x) = GPg(x) for every xeD.

Proof. Without loss of generality, we may assume that g,(xo) = 1 for all ne N. Then
there exist probability measures v,, neN, and v on 9dD such that g,(x)=
Jop M2 ,(x,2)va(dz), neN, and g(x) = [,,, M2 ,(x,z)v(dz). It is easy to show that
the convergence of the harmonic functions h, implies that v,—v weakly. Let
GPgu(x) = [,p MP(x,2)u,(dz) and GPg(x) = [,,, MP(x,z)u(dz). Then v,(dz) =
KZDW(XO7 2)u,(dz) and v(dz) = K? ,(xo, ) (dz). Since the density K?  (xo,-) is
bounded away from zero and bounded from above, it follows that u, — u weakly.
From this the claim of proposition follows immediately. [

6. Boundary Harnack principle

The boundary Harnack principle is a very important result in potential theory and
harmonic analysis. For example, it is usually used to prove that, when D is a
bounded Lipschitz domain, both the Martin boundary and the minimal Martin
boundary of X coincide with the Euclidean boundary 0D. We have already proved
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in Theorem 5.3 that for Z?, both the Martin boundary and the minimal Martin
boundary coincide with the Euclidean boundary dD. By using this we are going to
prove a boundary Harnack principle for functions in ;.

In this section we will always assume that D is a bounded Lipschitz domain and
xoeD is fixed. Recall that ¢, is the eigenfunction corresponding to the smallest
eigenvalue 4y of —4|.

Proposition 6.1. Suppose that D is a bounded Lipschitz domain. There exist C >0 and
m>d such that

Proof. It follows from Theorem 4.6.9 of [5] that the density p? of the killed
Brownian motion on D satisfies the following estimate:
=

pD(tvxvy)gcltim/zd)O(x)qsO(y)ei 61 ’ [>Oa xvyeDa

for some m>d and ¢>0. Now we have

1 o0
D _ 0/2—1,.D
G, (x,) F(oc/2)/o = pP(t x, y) dt
o |

A | W S d

r/2)
<o 9000)

The proof is now finished. [

Lemma 6.2. Suppose that D is a bounded Lipschitz domain and V' is an open subset of
R? such that V A 0D is non-empty. If he #'5_, satisfies

h(x)

m
W RD()

=0, VzeVnaD,

then

lim GPh(x) =0, VYzeVnaD.

Xz

Proof. Fix ze VndD. For any ¢>0, there exists 6 >0 such that

h(x)<exP(x), xeB(z,0)nD.
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Thus we have
GYh(x)< G (h-1pp-5)(x) + eGK; (x) = G (h - 1ppos))(x) +&. x€D.

By Proposition 6.1 we get that there exists ¢>0 such that for any xe B(z,6/2)n D,
G2H(x) <cn(x) [ durh(s) s+

From the proof of Theorem 3.1 we know that [, ¢o(y)h(y)dy<oco. Now the
conclusion of the lemma follows easily from the fact that lim,_,, ¢,(x) =0. O

Now we can prove the main result of this section: the boundary Harnack principle.

Theorem 6.3. Suppose that D is a bounded Lipschitz domain, V is an open subset of R?
such that V n0OD is nonempty, and that K is a compact subset of V. There exists a
constant ¢>0 such that for any two functions hy and hy in A5 _, satisfying

hi(x)

KD ()

=0, zeVnoD,i=1,2,

we have

x,yeKnD.

Proof. It follows from Corollary 4.7 of [17] and Proposition 6.1 that there exist
positive constants ¢; and ¢, such that

bo(X) o ()

|X _y|n772+o:’ x7yED7

c1oo(x) o () < GE(x,y) <

where m>d is given in Proposition 6.1. Therefore by (5.6) we get that there exist
positive constants ¢3 and ¢4 such that

e3¢o(x) SMP (x,2)<capy(x), xeKnD,zedD\V. (6.1)
Suppose that A, and h, are two functions in #’]_, such that

lim h;(x) —0, zeVAadD,i=1,2,
()

then by Lemma 6.2 we know that

lim G?hi(x) =0, zeVnaD,i=1,2.

X—z
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Now by Corollary 8.1.6 of [13] we know that the Martin measures y, and u, of G2,
and GPh, are supported by dD\V and so we have

GPh(x) = MP(x,2)u;(dz), xeD,i=1,2.
i oD\V

Using Proposition 5.5 we get that
hi(x) = / MP_(x,2)vi(d=), xeD,i=1,2,
aD\V

where v;(dz) = K? (x0,2)u;(dz),i = 1,2. Now using (6.1) we get that
3¢ (x)vi(OD\V) < hi(x) <capo(x)vi(OD\V), xeKnD,i=1,2.
The conclusion of the theorem follows immediately. [
From the proof of Theorem 6.3 we can see that the following result is true.

Proposition 6.4. Suppose that D is a bounded Lipschitz domain and V an open subset
of RY such that V ~dD is nonempty. If he #§ , satisfies
h(x)

£1£n D x) =0, zeVnaD,

then

lim A(x) =0, zeVnoD.

X—=Z

Proof. From the proof of Theorem 6.3 we know that the Martin measure v of 4 is
supported by 0D\V and so we have

h(x) = /30\1/ MP? (x,z)v(dz), xeD.

For any zpe Vn 9D, take 6 >0 small enough so that B(zy,d) = B(zy,d) = V. Then by
(6.1) we get that

crgo(x) SMP (x,2)<capy(x), xe€B(20,0)nD,zedD\V
for some positive constants ¢; and ¢,. Thus
h(x)<capg(x)v(OD\V), x€eB(zp,9)nD,

from which the assertion of the proposition follows immediately. [
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Remark. All the results in this paper remain valid when we replace the Brownian
motion X; by an elliptic diffusion whose generator is given by

d

L= Z 8[(61,']'8]'),

ij=1

where (a;) satisfies

d
/1“H5||2</ P T
ij=1

for some constant A>0.
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