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1. INTRODUCTION

Let D be a bounded open set in R, d >3, and let Alp be the
Dirichlet Laplacian in D. This operator is the infinitesimal generator of
the semigroup (PP :t>0) corresponding to the process X = (XP:1>
0), the Brownian motion killed upon exiting D. Let S=(S;:¢>0) be
an o/2-stable subordinator independent of X, where 0 <« <2, and let
ZP =(zP(t):t > 0) be the process X subordinate by S:Z2(r):= XP(S)).
The infinitesimal generator of the semigroup of Z2 is the fractional power
—(—=A|p)*? of the negative Dirichlet Laplacian. Despite the importance
of this operator in analysis, the probabilistic and potential-theoretic prop-
erties of the corresponding process Z2 began to be studied only recently.
The study of the process Z2 was initiated in Ref. 16. In Ref. 18 (see also
Ref. 14) the domain of the Dirichlet form of Z2 was identified when D is
a bounded smooth domain and « # 1. In Ref. 24 and Ref. 23, the process
ZD was studied in detail and sharp upper and lower bounds on the jump-
ing function and the Green function of Z2 were established when D is a
bounded C'! domain.

One of the most intriguing aspects of the potential theory of ZP
was discovered in Ref. 16, and completely described in Ref. 15. Let us
introduce another subordinate process, ZzD—a’ obtained by subordinating
killed Brownian motion X by an independent (1 —a/2)-stable subordina-
tor. Let G, G2 and G, denote the potential operators of X?, Z2 and

ZzD—a’ respectively. Then the following factorization identity holds true:

GP=6bG? , =GP GP. (1.1)

If it is assumed that the semigroup (PP :t>0) of XP is intrinsically
ultracontractive (a rather mild assumption on the domain D), then (1.1)
has the following important consequence: the operator G2 is a one-
to-one mapping from the set of excessive (respectively, nonnegative
harmonic) functions of ZzD_a onto the set of excessive (respectively, non-
negative harmonic) functions of X”. Moreover, the inverse mapping is
given by the following explicit formula:

(G,’f)‘ls(x)=m fooot_“/z_l(s(x) — PPs(x)dr,  (1.2)

where s is excessive (respectively, nonnegative harmonic) for X?. This for-
mula is used to prove that all nonnegative harmonic functions of Z2 are
continuous, which together with (1.1) and the intrinsic ultracontractivi-
ty of (PP) enables a novel proof of Harnack inequality. Another conse-
quence of (1.2) is the identification of the Martin boundary with respect
to ZP of a Lipschitz domain D with its Euclidean boundary 8D.
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The Laplace exponent of the «/2-stable subordinator is ¢(1) =
A%2 % > 0. Clearly, »/A%/?> =211=%/2 is the Laplace exponent of the (I —
a/2)-stable subordinator. This existence of a “dual” subordinator is the
key for the factorization (1.1). Motivated by this fact, we introduce in
this paper subordinators whose Laplace exponent ¢ (1) has the property
that A/¢ (1) is again the Laplace exponent of a subordinator. We call such
subordinators special, and argue in Section 2 that they comprise a large
subclass of subordinators. We show that special subordinators can be
characterized by the following very useful property: a subordinator S =
(8¢, t>0) is special if and only if its potential measure restricted to (0, co)
has a decreasing density.

The main contribution of this paper, besides introducing the concepts
of special Bernstein functions and special subordinators, is the realiza-
tion that the key point for the main results of Ref. 16 and Ref. 15, is
the fact that stable subordinators are special. We will show in this paper
that the main results of Ref. 16 and Ref. 15, remain valid for the killed
Brownian motion X subordinate by a special subordinator with infinite
Lévy measure or positive drift (or both). The resulting class of subordinate
processes is a significant extension of the one studied in Ref. 15. In par-
ticular, this class contains discontinuous processes with a continuous com-
ponent. Moreover, if the Lévy measure of the subordinator is finite, the
jumping times of the subordinate process will be discrete. The Harnack
inequality that we prove for nonnegative harmonic functions of such pro-
cesses is to the best of our knowledge the first one in the literature.

Another generalization that we introduce consists of replacing the
underlying killed Brownian motion X by a rotationally invariant a-stable
process, 0 < « < 2, killed upon exiting D. For 0 < « < 2, this process is
discontinuous which introduces some technical, but not essential, difficul-
ties. For simplicity, from now on we will use the term symmetric «-stable
process, instead of the more precise one — rotationally invariant. So, the
process that we are going to study is the symmetric a-stable process killed
upon exiting D, subordinate by a special subordinator with infinite Lévy
measure or positive drift.

The content of this paper is organized as follows. In Section 2 we first
introduce the concepts of special Bernstein functions and special subordi-
nators, show that this class is large and contains most of the known sub-
ordinators. Then we study some potential theoretical properties of special
subordinators. In particular, we characterize special subordinators in terms
of their potential measures. In Section 3 we introduce killed symmetric sta-
ble processes in a bounded open set subordinate by special subordinators
“dual” to each other. One of the subordinators is assumed to have an infi-
nite Lévy measure or positive drift, while the other subordinator may be
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a compound Poisson process. Clearly, these two subordinate processes do
not have symmetric roles. We are interested in the potential theory of the
process XP subordinate by special subordinators having an infinite Lévy
measure or positive drift. The main result that we establish is a one-to-one
correspondence between the family of excessive (respectively nonnegative
harmonic) functions of killed symmetric stable processes and the family of
excessive (respectively nonnegative harmonic) functions of the subordinate
process. We are in particular interested in nonnegative harmonic functions
of the subordinate process. We prove that they are continuous and present
the Harnack inequality. In Section 4 we show that when D is a bounded
k-fat set, the Martin boundary and minimal Martin boundary of the sub-
ordinate killed symmetric stable process both coincide with the Euclidean
boundary a9 D.

In the remainder of this section we shall recall the definitions of har-
monic functions and excessive functions with respect to a standard process
X=(X;,P,) in a domain D in R¢. A Borel function # on D is said to be
harmonic with respect to X if & is not identically infinite in D and if for
every relatively compact open subset U C U C D,

h(x) =Ex[h(X(tp))], VxeU,

where ty =inf{r: X, ¢ U} is the first exit time of U. We are going to use
H(X) to denote the collection of all the functions on D which are har-
monic with respect to X and H™(X) to denote the collection of all the
nonnegative functions on D which are harmonic with respect to X. A
nonnegative function which is not identically infinite on D is said to be
excessive with respect to X if (i) E [f(X;)]< f(x) for every >0 and every
x e Dj; and (ii) lim; o E,[ f(X,)]= f (x) for every x € D. We are going to use
S(X) to denote the collection of all the excessive functions with respect to
X. It is well known that HT(X) C S(X).

2. SPECIAL SUBORDINATORS AND COMPLETE BERNSTEIN
FUNCTIONS

Let S=(S; : t >0) be a subordinator, that is, an increasing Lévy
process taking values in [0, co] with Sy =0. We remark that our subordi-
nators are what some authors call killed subordinators. The Laplace trans-
form of the law of S is given by the formula

E[exp(—AS;)]=exp(—t¢ (1)), A1>0. 2.1
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The function ¢ : (0, c0) — R is called the Laplace exponent of S, and it can
be written in the form

o
¢(A)=a+bk+/ (1—e ™) u(dt). (2.2)
0
Here a,b>0, and p is a o-finite measure on (0, co) satisfying
o
/ A Dupdt) <oo. (2.3)
0

The constant a is called the killing rate, b the drift, and u the Lévy mea-
sure of the subordinator S. By using condition (2.3) above one can easily
check that

lir%tu(t, 00)=0 2.4)
r—
1

/ w(t,00)dt <oo. (2.5)
0

Recall that a C*° function ¢ : (0, 00) — [0, 00) is called a Bernstein
function if (—1)"D"¢ <0 for every n eN. It is well known that a function
¢:(0,00) — R is a Bernstein function if and only if it has the representa-
tion given by (2.2).

We now introduce the concepts of special Bernstein functions and
special subordinators.

Definition 2.1. A Bernstein function ¢ is called a special Bernstein
function if A/¢ (L) is also a Bernstein function. A subordinator S is called
a special subordinator if its Laplace exponent is a special Bernstein func-
tion.

Special subordinators occur naturally in various situations. For
instance, they appear as the ladder time process for a Lévy process which
is not a compound Poisson process, see page 166 of Ref. 3. Yet another
situation in which they appear naturally is in connection with the expo-
nential functional of subordinators (see Ref. 4).

Our prime example of special Bernstein functions are complete
Bernstein functions, also called operator monotone functions in some lit-
erature. A function ¢: (0, 0c0) - R is called a complete Bernstein function
if there exists a Bernstein function 5 such that

p(M)=2*Ln(), A>0,
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where L stands for the Laplace transform. It is known (see, for instance,
Remark 3.9.28 and Theorem 3.9.29 of Ref. 17) that every complete Bern-
stein function is a Bernstein function and that the following three condi-
tions are equivalent:

(i) ¢ is a complete Bernstein function;
(1) Y ():=r/¢ (1) is a complete Bernstein function;
(iii)) ¢ is a Bernstein function whose Lévy measure w is given by

w(dt) = /oo e Ty (ds)dt
0

where y is a measure on (0, co) satisfying

N |
/ —y(ds)+/ —2y(ds)<oo.
0o S 1 N

The equivalence of (i) and (ii) says that every complete Bernstein
function is a special Bernstein function. Note also that it follows from
the condition (iii) above that being a complete Bernstein function only
depends on the Lévy measure and that the Lévy measure u(dt) of any
complete Bernstein function has a completely monotone density.

The family of all complete Bernstein functions is a closed convex cone
containing positive constants. The following properties of complete Bern-
stein functions are well known, see, for instance, Ref. 20: (i) If ¢ is a
nonzero complete Bernstein function, then so are ¢(A~1)~! and Ap(A~1);
(i) if ¢; and ¢, are nonzero complete Bernstein functions and B € (0, 1),
then q)lﬂ ()\)qb;*ﬁ (1) is also a complete Bernstein function; (iii) if ¢; and
¢, are nonzero complete Bernstein functions and g€ (—1,0)U (0, 1), then
(¢13 (1) +q§§3 ()8 is also a complete Bernstein function.

Recall that a probability distribution function on [0, c0) is called a
generalized Gamma convolution (GGC for short) if it is infinitely divisi-
ble and its Lévy measure has a density / such that the function

x—>xl(x), x>0

is completely monotone. The class of GGC distribution can be charac-
terized as the smallest class of distributions on [0, c0) that contains the
Gamma distributions and is closed with respect to convolutions and weak
limits. It is known that if a probability distribution function on [0, co) is
a GGQC, then its Laplace exponent must be a complete Bernstein function.
For these and other results about GGC, please see Ref. 8.

Most of the familiar Bernstein functions are complete Bernstein func-
tions. The following are some examples of complete Bernstein functions
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(Ref. 17): (i) A%, a e (0,1]; (i) A+ D* =1, € (0, 1); (iii) log(l 4+ 2); (iv)
ALH. The first family corresponds to «-stable subordinators (0 <« < 1),
and pure drift (¢ =1), the second family corresponds to relativistic «-sta-
ble subordinators, and the third corresponds to the gamma subordinator.
The distributions corresponding to the complete Bernstein functions in the
first three families are GGC. An example of a Bernstein function which
is not a complete Bernstein function is 1 —e™. One can also check that
1 —e™* is not a special Bernstein function as well.

After showing that the family of special Bernstein functions is indeed
large and that it contains other important classes of Bernstein functions
from the literature, we come back to the main development of this section.
The potential measure of the subordinator S is defined by

o0
U(A)=E/(; I(s,cadt, (2.6)
and its Laplace transform is given by

2.7)

LU()»):/0 e‘“dU(t):E/O exp(—kS,)dz:m_

We are going to derive a characterization of special subordinators in
terms of their potential measures. Roughly, a subordinator S is special if
and only if its potential measure U restricted to (0,00) has a decreas-
ing density. To be more precise, let S be a special subordinator with the
Laplace exponent ¢ given by

d(\) =a+bx+/oo(1 —e My p(dt).
0

Then
LA 0, a>0
Im — = 1 a—0
=0 () b+ [ tu(dt)’ -
! 1 0, b>0 or u(0,00)=00
m —— =
r—o00 (L) m, b=0 and u(0, 00) <o0.

Since A/¢ (1) is a Bernstein function, we must have

AL ®
m_a+bk+f0 (1—e"*Hv(dr), (2.8)
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for some Lévy measure v, and

. 0, a>0
bz{% 20 and (0,00 00, (2.10)
Equivalently,
1 - ® e
¢(_/\):b+/0 e "I dt @.11)
with

[(H)=a+v(t,00), t>0.

Let 7(dt) := beg(dt) + T1(t)dtr. Then the right-hand side in (2.11) is the
Laplace transform of the measure 7. Since 1/¢(A) =LU (1), the Laplace
transform of the potential measure U of §, we have that

LUA)=Lt(A).
Therefore,
U(dt) =bey(dr) +u(r)dt,

with a decreasing function u(¢) =TI(z).
Conversely, suppose that S is a subordinator with potential measure
given by

U(dt) =ceo(dt) +u(t)dt,
for some ¢>0 and some decreasing function u : (0, co) — (0, co) satisfying

fol u(t)dt <oo. Then

¢(+\) =LU() :c+/oooe“u(z)dt.

It follows that

A _ > A
m—CA+A M(t)d(l e )

=chtu(t)(l—e )| - /00(1 — e Myu(dt)
0

= ck+u(oo)+/oo(1 —e My y(dr), (2.12)
0
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with y (dt) = —u(dt). In the last equality we used that lim, _, o u(t)(1 —e~*") =0.
This is a consequence of the assumption fol u(t)dt < oo. It is easy to check,
by using the same integrability condition on u, that f0°°(1 At)y(dr) < oo,
so that y is a Lévy measure. Therefore, 1/¢ (1) is a Bernstein function,
implying that S is a special subordinator.

In this way we have proved the following

Theorem 2.1. Let S be a subordinator with potential measure U.
Then S is special if and only if

U(dt)=ceo(dt) +u(t)dt

for some ¢ >0 and some decreasing function u: (0, co) — (0, co) satisfying
o u(tydt < oo.

Remark 2.2. Note that from the proof above we have the explicit
form of the density u: u(r) =TI(r) where I1(t)=a+ v(t, 00). Here v is the
Lévy measure of A/¢(A). In case when ¢(1) (and therefore also A/¢ (1))
is a complete Bernstein function, it follows from the property (iii) of com-
plete Bernstein function that the tail 7 — v(¢, 00) of Lévy measure v is
a complete monotone function. Therefore, the potential density u of S is
also completely monotone. This was first proved in Ref. 21.

Note that by comparing expressions (2.8) and (2.12) for A/¢()), and
by using formulae (2.9) and (2.10), it immediately follows that

~ { 0, b>0 or u(0,00)=00
C:b:

m, b=0 and ,LL(0,00)<OO
(00) = d 0, a>0
u(0o) = a= 1 _
rean . 4=0

u(t) =a-+v(t,00).

In particular, it cannot happen that both ¢ and a are positive, and simi-
larly, that both b and b are positive. Moreover, it is clear from the defini-
tion of b that >0 if and only if 5=0 and (0, 0o) < co.

We record now some consequences of Theorem 2.1 and the formulae
above.

Corollary 2.3. Suppose that S=(S;:7>0) is a subordinator whose
Laplace exponent

o) =a+bx+/oo(1 —e M)y u(dt)
0
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is a special Bernstein function with b > 0 or wu(0,00) = co. Then the
potential measure U of S has a decreasing density u satisfying

lin(l)tu(t) =0 (2.13)
t—

t
lim | sdu(s) =0. (2.14)
t—0Jo

Proof. The formulae follow immediately from u(¢) =a+ v(z, c0) and
(2.4), (2.5) applied to v. |

Corollary 2.4. Suppose that S=(S;:7>0) is a special subordinator
with the Laplace exponent given by

¢(A)=a+/0 (1= ™) u(dr)

where u satisfies (0, 00) =o00. Then

A ®
w(x)._¢(k)_a+/o (1 =) v(dr) (2.15)

where the Lévy measure v satisfies v(0, co) = oo.
Let T be the subordinator with the Laplace exponent . If u and v
denote the potential density of S and T respectively, then

v(t) =a+ u(t, o). (2.16)

In particular, a =v(oc0) and a =u(co0). Moreover, ¢ and a cannot be both
positive.

In the rest of the paper we will assume that ¢ is a special Bern-
stein function with the representation (2.2) where b >0 or u(0,00) = oo.
Let S be a subordinator with the Laplace exponent ¢, and let U denote
its potential measure. By Corollary 2.3, U has a decreasing density u :
(0,00) = (0,00). Let T be a subordinator with the Laplace exponent
v (A) = A/¢(A) and let V denote its potential measure. Then V(dt) =
beo(dt) +v(t) dt where v: (0, c0) — (0, 00) is a decreasing function. If >0,
the potential measure V has an atom at zero, and hence the subordina-
tor T is a compound Poisson process (this can be also seen as follows:
since b >0, we have u(0+) < oo, and hence v(0, c0) =u(0+) —a < 0o). Note
that in case b >0, the Lévy measure u can be finite. If b =0, we require
that (0, co) =00, and then, by Corollary 2.4, ¥ (1) =X1/¢ (1) has the same
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form as ¢, namely =0 and v(0, c0) = oco. In this case, subordinators §
and T play symmetric roles.

The following result is crucial for the development in the remainder
of this paper.

Theorem 2.5. Let ¢ be a special Bernstein function with representa-
tion (2.2) satisfying b >0 or u(0, 0o) =oco. Then

t

t
bu(t)+/ u(s)v(t—s)ds:bu(t)+/ v ut—s)ds=1, t>0.
0 0

Proof. Since for all >0 we have

1
@ =b+Lv(A),

after multiplying we get
1
5= bLu(X)+Lu()Lv(r)
=bLu()+Luxv)()).

Inverting this equality gives

t
lzbu(t)—i—f u(s)v(t—s)ds, t>0. ]
0

3. NONNEGATIVE HARMONIC FUNCTIONS OF THE
SUBORDINATE PROCESS

Suppose that « € (0, 2] and let X =(X;:#>0) be a symmetric a-stable
process in R¢ with characteristic function

E[exp(i& - (X; — Xo))]=¢"E", £eR? 1>0.

Let D be a bounded open set in R? which is further assumed to be con-
nected when o =2, and let tp =inf{r > 0: X, ¢ D} be the exit time of X
from D. Define

XDZ Xl’ t<7:D’
! 9, t>=1p,
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where 9 is the cemetery. We call X? the symmetric a-stable process killed
upon exiting D. The semigroup of X” will be denoted by (PP),0, and
its transition density by pD(t,x, ¥),t>0,x,y €RY. The transition density
pP(t,x,y) is strictly positive, and hence the eigenfunction ¢, of the oper-
ator (—A)%|p corresponding to the smallest eigenvalue Ay can be chosen
to be strictly positive, see, for instance, Ref. 11. The potential operator of
XP is given by

GP f(x)= /0 Y PPyt

and has a density GP(x, y), x, ye D. Here, and further below, f denotes a
nonnegative Borel function on D. The potential theory of the killed sym-
metric a-stable process, 0 <« <2, has been studied extensively in the late
nineties. We will need the following two facts: If 4 is a nonnegative har-
monic function for X?, then i and PPh are continuous in D. The conti-
nuity of harmonic functions is proved in Ref. 7. To show the second fact,
note that from the explicit formula for the Poisson kernel for the ball, it
follows that fD\Bh(y)dy < oo for every ball B contained in D. Since h
is bounded on B, it follows that i € L'(D). By use of the boundedness
and the joint continuity of (x,y)+— pP(r,x,y) (see Ref. 9), it follows by
the dominated convergence theorem that Pch(x) is continuous. For =2,
these facts are well known.

In this paper we always assume that (P),> is intrinsically ultracon-
tractive, that is, for each ¢ >0 there exists a constant ¢; such that

pP(t, x,y) <crpo(X)eo(y), x,yeD,

where ¢ is the positive eigenfunction corresponding to the smallest eigen-
value Ao of the Dirichlet Laplacian (—A)*/?|p. It is well known that (see,
for instance, Ref. 12) when (PID ):>0 1s intrinsically ultracontractive there is
¢; > 0 such that

pP(t, x,y) > Epo(x)eo(y), x,yeD.

Intrinsic ultracontractivity was introduced by Davies and Simon in
Ref. 12. It is well known that (see, for instance, Ref. 1), in the case of
a=2, (P,D),Zo is intrinsically ultracontractive when D is a bounded Lips-
chitz domain, or a Holder domain of order 0, or a uniformly Holder
domain of order B € (0,2). The intrinsic ultracontractivity of (P,D)zzo
when « € (0,2) was first studied in Ref. 9. From Ref. 19 we know that,
in the case of « € (0,2), (P,D )i>0 1s intrinsically ultracontractive for any
bounded open set D in R?.
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Let S=(S;:¢>0) and T =(T;:t>0) be two special subordinators.
Suppose that X, § and T are independent. We assume that the Laplace
exponents of S and 7T, denoted by ¢ and  respectively, are related by

A=pMY(A).

We also assume that ¢ has the representation (2.2) with b> 0 or u(0, c0)=
o0o. We define subordinate processes by

vP =xPes), t=0
zP = xP(1y), r=0.

Then YP? =(¥YP:t>0) and ZP =(ZP :t>0) are symmetric Hunt processes
on D. If we use p;(ds) and 6,(ds) to denote the distributions of S; and T;
respectively, the semigroups of Y2 and ZP” are given by

o0
0P f(x) = / PP f(x)por(ds),
OOO
RPf(x) = /0 PP f(x)6,(ds),
respectively. The semigroup QP has a density given by
o0
qDa,x,y):fo pP (s, x, )i (ds).
The semigroup R will have a density
o0
rD<t,x,y>=/O PP (s.x, )6:(ds)
in case b=0, while for »>0, R is not absolutely continuous with respect
to the Lebesgue measure. Let U and V denote the potential measures of
S and T, respectively. Then there are decreasing functions on u and v
defined on (0, 0o) such that U(dr) =u(t)dr and V(dt) =bey(dt) + v(t) dt.
The potential kernels of Y? and ZP” are given by
o0 o0
UP fx) = / PP fx)Udn) = f PP fu)dt,
OOO 0 o0
VPrw = [P fevin=bro+ [ PP rw v

respectively. The potential kernel U” has a density given by

UD(x,y)=/0°O pP(t, x, y)u(t)dt,
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while V? need not be absolutely continuous with respect to the Lebesgue
measure. For the process Y we define the potential of a Borel measure
m on D by

UDm(x)::/ UD(x,y)m(dy):/OO PPm(x)u(t)dt.
D 0

Let (UP, 1> 0) be the resolvent of the semigroup (QP, r>0). Then UP
is given by a kernel which is absolutely continuous with respect to the
Lebesgue measure. Moreover, one can easily show that for a bounded
Borel function f vanishing outside a compact subset of D, the functions
X Uf’f(x), 1>0, and x+— UP f(x) are continuous. This implies (e.g.,
Ref. 6, p.266) that excessive functions of Y are lower semicontinuous.

The factorization in the next proposition is similar in spirit to Theo-
rem 4.1 (5) in Ref. 22.

Proposition 3.1. (a) For any nonnegative Borel function f on D we
have

UPVP f(x)=vPUP f(x)=GP f(x), xeD.
b) For any Borel measure m on D we have
( y
VPUPm(x)=GPm(x)

Proof. (a) We are only going to show that UP VP f(x) =GP f(x) for
all x € D. For the proof of VPUP f(x) =GP f(x) see part (b). For any
nonnegative Borel function f on D, by using the Markov property and
Theorem 2.5 we get that

UPVP f(x) = /Oo PPVP f(x)u(r)dt
0
= /OO P,D <bf(x) +/0° PSDf(x)v(s)ds) u(t)dt
0 0
=bUP f(x) +/ pp (foo Pff(x)v(s)ds) u(t)dt

—bUDf(x)Jr/ / PR fx)v(s)ds u(t)dt
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=bUP f(x) +/000 /too PP f(x)v(r —t)dr u(t)dt
=bUP f(x) +wa (/0 u()v(r —t)dt) PP f(x)dr
= /OOO <bu(r) +/0r u(t)v(r —t)dt) PP f(x)dr
= /OOO PP f(x)dr =GP f(x).

(b) Similarly as above,

VPUPm(x) = bUPm(x) +/000 PPUPm(x)v(t) dt
= bUPm(x) +/Oo° PP (/Ooo me(x)u(s)ds) v(t) dt
= bUDm(x)—i—/Ooo /OOO PR m(x)u(s)dsv(t)dt
= bUDm(x)—i—/Ooo /OO PPm(x)u(r —t)drv(t) dt
= bUPm(x) +/OOO (/O u(r —t)v(t)dt) PPm(x)dr
- /Ooo <b+/0r u(r —)v(r) dt) PPm(x)dr

= /oo PPm(x)dr=GPm(x) U
0

Proposition 3.2. Let g be an excessive function for Y?. Then VPg is
excessive for XP.

Proof. We first observe that if g is excessive with respect to Y2, then
g is the increasing limit of UP f, for some f,. Hence it follows from Prop-
osition 3.1 that

VvPg=lim VPUP f,= lim GPf,,
n—oo n—oo

which implies that VPg is either identically infinite or excessive with
respect to XP. We prove now that V g is not identically infinite. In fact,
since g is excessive with respect to Y2, there exists xo € D such that for
every t>0,
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D * D
00> g(x0) = Q; g(xo) =/0 P g(x0)p: (ds).
Thus there is s >0 such that PSD g(xp) 1s finite. Hence
oo > PP g(xq) =/ pP (s, x0,y)g(») dy ZEx(po(xo)f vo(»)g(y)dy,
D D

so we have [, ¢o(y)g(y)dy < co. Since (PP),>0 is intrinsically ultracon-
tractive, by Theorem 4.2.5 of Ref. 11 there exists 7 >0 such that

3
PP, x,y) < Ee—AO’goo(xwo(y), t>T,x,yeD. 3.1)

Consequently

/;)VDg(x)fﬂo(x)dx=/;)g(x)VDgog(x)dx
2/;)8()6) <bfp0(x)-l-/0 PPq)g(x)v(t)dt)dx
=f g(x) <b<po(x)+/ooe_”°’<po(x)v(t)dt>dx

D 0

= / po(x)g(x)dy <b+/ooe_“’tv(t)dt> <0o0.
D 0

Therefore s =V g is not identically infinite in D. |

Remark 3.3. Note that the proposition above is valid with Y? and
ZP interchanged: if g is excessive for ZP, then UPg is excessive for XP.
Using this we can easily get the following simple fact: if f and g are two
nonnegative Borel functions on D such that V? f and VPg are not identi-
cally infinite, and that VP f =VPg a.e., then f=g a.e. In fact, since VP f
and VPg are excessive for ZP, we know that G? f=UPVP f and GPg=
UPVPg are excessive for XP. Moreover, by the absolute continuity of UP,
we have that GP f =GPg. The a.e. equality of f and g follows from the
uniqueness principle for GP.

The second part of Proposition 3.1 shows that if s = GPm is the
potential of a measure, then s =V?g where g=UPm is excessive for Y?.
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The function g can be written in the following way:

glx) = /OO PPm(x)u(s)ds
0

= /00 Pst(x) (u(oo)—l—/oo —du(l‘)) ds
0 K

- /OO PPm(x)u(oco) ds +/oo PPm(x) </OO —du(t)) ds
0 0 s

o0 t
= u(00)s(x) +/ (f Pf’m(x) ds) (—du(t))
0 0
= u(co)s(x)+ / (PPs(x) —s(x)) du(r) (3.2)
0

In the next proposition we will show that every excessive function s
for XP can be represented as a potential VPg, where g, given by (3.2), is
excessive for YP. This result was first stated in Ref. 16 as Theorem 2 for
the case of stable subordinators and used in Ref. 15. However, the proof
given in Ref. 16 does not seem to be complete because of the following
two reasons. First, it is only shown that g is almost everywhere equal to
an excessive function, while for later applications it is essential that g itself
is excessive. Secondly, the use of Lemma 1 in that proof does not seem to
be justified. We therefore give a complete proof here which is based on the
approach in Ref. 16.

We need the following important lemma.

Lemma 3.4. Let 7 be a nonnegative harmonic function for X, and
let

g(x):u(oo)h(x)+/0 (P,Dh(x)—h(x))du(t). (3..3)
Then g is continuous.

Proof. We only give the proof in the case when « € (0, 2), the proof
in the case o =2 is similar and essentially given in Ref. 16. Since the first
term in the formula (3.3) is continuous, we have to prove that the second
term is also continuous. Let us extend & to RY\ D by setting h(x)=0 for
all x eR4\ D. This extended 4 is harmonic for X in D.

For any € >0 we have
o0
/ du(t)
€

<u(e).














































