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1 Introduction

Let X = (X;, Py, x € R?) be a conservative strong Markov process on RY. A
nonnegative Borel function / on R is said to be harmonic with respect to X in a
domain (i.e., a connected open set) D C R if it is not identically infinite in D and
if for any bounded open subset B C B C D,

h(x) = Ex[A(X () 1p<c0l, VX € B,

where tp = inf{r > 0: X; ¢ B} is the first exit time of B.

We say that the Harnack inequality holds for X if for any domain D ¢ R? and
any compact subset K of D, there is a constant C > 0 depending only on D and
K such that for any nonnegative function # harmonic with respect to X in D,

sup h(x) < Cxirellf<h(x).
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The Harnack inequality is a very important tool in studying harmonic functions.
For instance, the Harnack inequality for diffusion processes is extremely impor-
tant in the study of partial differential equations. It is well known that, when X
is a Brownian motion (or a diffusion process satisfying certain conditions), the
Harnack inequality holds. Until very recently almost all results concerning the
Harnack inequality were restricted to Markov processes with continuous paths,
i.e., to harmonic functions corresponding to local operators. The only exception
was the rotationally invariant ¢-stable process, o € (0, 2), in which case the Har-
nack inequality follows directly from the explicit form of the exit distribution from
a ball (i.e., the corresponding Poisson kernel).

The first result on the Harnack inequality for processes with jumps (other than
rotationally invariant stable processes) was obtained by Bass and Levin in [1].
They studied a jump process whose jump kernel is symmetric and comparable
to the jump kernel of the rotationally invariant a-stable process and proved the
Harnack inequality for bounded nonnegative harmonic functions of this process.
Vondracek [15] adapted the arguments of [1] and proved that, when X is a (not
necessarily rotationally invariant) strictly «-stable process, « € (0, 2), the Harnack
inequality holds. In a recent preprint [3], the Harnack inequality was proved by
using a different method for symmetric «-stable processes under the assumptions
that ¢ € (0, 1) and the Lévy measure is comparable to the Lévy measure of the
rotationally invariant -stable process. In [7] Kolokoltsov proved detailed estimates
on the transition density of symmetric -stable processes whose Lévy measures are
comparable to the Lévy measure of the rotationally invariant o-stable process. The
estimates of [7] could be used to prove the Harnack inequality for the symmetric
stable processes studied in [7]. We would like to emphasize that the processes in
[11, [3], [7] and [15] satisfy a scaling property, a fact often used in the arguments
of these papers.

The goal of this paper is to extend Bass-Levin’s method and prove the Harnack
inequality for quite general classes of Markov processes. These classes include pro-
cesses that need not have any scaling property and are not necessarily symmetric. In
Section 2, we extract the essential ingredients of the Bass-Levin method by isolat-
ing three conditions that suffice to prove a Harnack inequality. Then we prove that
a Markov process satisfying those conditions indeed satisfies the Harnack inequal-
ity. The rest of the paper is devoted to verifying that various classes of processes
satisfy those conditions. In Section 3 we study Lévy processes and give sufficient
conditions on the Lévy measure for a Harnack inequality to hold. In particular, in
Examples 3.6 — 3.10 we show that various mixtures of stable processes, as well as
relativistic stable processes, satisfy the Harnack inequality. In Section 4 we show
that the conditions are satisfied for a class of symmetric Markov processes with no
diffusion component. In Section 5 we deal with non-symmetric Markov processes
with Lévy type generators, again with no diffusion component.

For any subset A of RY, we use 74 and T4 to denote the exit and hitting times
of A respectively.

In this paper, we use C 3 (R?) to denote the family of C? functions with compact
support, and Cg(Rd) to denote the family of C? functions f such that f and its
partials up to order 2 are bounded.
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2 General results

Suppose that X = (2, M, M, X;, Py, x € ]Rd) is a conservative Borel right
process such that its sample paths have left limits (in the Euclidean topology of R¥)
in (0, 0o). We assume that X admits a Lévy system (N, H), where N (x, dy) is a
kernel on R and H, is a positive continuous additive functional of X with bounded
1-potential such that for any nonnegative Borel function f on R¢ x R? vanishing
on the diagonal and any x € R?,

t
E, (Z f (X, Xs)> =E, ( /0 fR X N X, dy)st) :

s<t

In this paper we assume that N (x, dy) has a density j(x, y) with respect to the
Lebesgue measure and that H, = ¢.

Now we state the conditions that are needed for the proof of the Harnack
inequality:

(A1) There exists a constant C; > 0 such that for any r € (0, 1) and x € R,

sup Bty <Cr inf Bt < 00.
z€B(x,r) zeB(x,r/2)

(A2) There exists a constant C, > 0 such that for all » € (0, 1), x € R and
A C B(x,r) we have

|A|

P, (T, T >Crp—
v(Ta < TB(x,3r) = 2|B(x,r)|

, Vye B(x,?2r).

(A3) There exist positive constants C3 and C4 such that for all x € R4, r e (0, 1),
z € B(x,r/2) and every nonnegative bounded function H with support in
B(x, 2r)¢ we have

E.H (X (tar)) < C3Enthien) / H(»)j(x, y)dy
and

E,H(X (tp)) = Ca(EaThien) / H(»)j(x. )dy.

Lemma 2.1. If a bounded nonnegative function h on R? is harmonic with respect
to X in a domain D C R?, then for any x € D,

P, (h(X;) is right continuous in [0, Tp)) = 1.

Proof. For any bounded open set B C B C D,let XB = (X,B,]P’x,x € B) be
the process obtained by killing the process X upon exiting from B, then it follows
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from Corollary (12.24) of [14] that X? is a right process. Using the fact that & is
harmonic in D and the strong Markov property, one can see that for every x € B,

h(X(t ATB)) = h(X () i <ry + h(X(T)) 151y
=Ex[h(X(t)) 1tz <colli<epy + H(X(tB) 1121
= Ex[(h(X(TB))er<oo) 00(t)| Mt]1t<r3 + h(X(TB))ltztB
=E [h(X () L1 <rp<co | Mi] + Ex[h(X (1)) 115y | M, ]
=E [h(X (1)) l1y<o0 | M:],
Thus (h(X (¢ A tp))) is a Py-martingale for every x € B. It follows that for any
x € Band any ¢t > 0,
Ex[A(X (t) lrp<colM;] = Ex[A(X (t)) 11 <rp <00l M ]
= Ex[h(X(TB))1r3<oo|Mt]1t<rB
= h(X () 1<ry = R(XD),
thus
h(x) = Exh(XP).
Taking expectation we get
Ex[h(XP)] = Ex[h(X (18)) 1 <r5<co)-

Since for any x € B, we have lim, o P, (t < tg) = 1, it follows that

1i£Ex[h(X[B)] = Ex[A(X (tB)) 1y <co] = h(x),
t

which implies that / is excessive with respect to X . Therefore for any x € B,
Py (h(X;) is right continuous in [0, t5)) = 1. m]

Theorem 2.2. Suppose that the conditions (A1)—(A3) are satisfied. Then there exists
Cs > 0 such that, for any r € (0, 1/4), xo € R¢, and any function h which is non-
negative, bounded on RY, and harmonic with respect to X in B(xg, 16r), we have

h(x) < Csh(y), Vx,y € B(xp,r).

Proof. This proof is basically the proof given in [1]. Without loss of generality we
may assume that 7 is strictly positive in B(xg, 16r). Using the harmonicity of 4 and
the condition (A2), one can show that 4 is bounded from below on B(xg, r) by a
positive number. To see this, lete > Qbe suchthat F = {x € B(xg, 3r)\ B(xp, 2r) :
h(x) > €} has positive Lebesgue measure. Take a compact subset K of F' so that it
has positive Lebesgue measure. Then by condition (A2), for x € B(xg, ), we have

LY

h(x) =Ey [h(X(TK A TB(xo,3r)))I{TK/\tB(xO’3,)<oo}] > € sz-
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By taking a constant multiple of # we may assume that inf g(y,,,) # = 1/2. Choose
z0 € B(xo, r) such that 2(zg) < 1. We want to show that % is bounded above in
B(xg, r) by aconstant C > 0 independent of /2 and r € (0, 1/4). We will establish
this by contradiction: If there exists a point x € B(xp, r) with h(x) = K where
K is too large, we can obtain a sequence of points in B(xg, 2r) along which 4 is
unbounded.

Using conditions (A1) and (A3), one can see that there exists ¢; > 0 such
thatif x e R9, s € (0, 1) and H is nonnegative bounded function with support in
B(x, 2s)¢, then for any y, z € B(x, s/2),

E,H(X(tB(x,5))) < c1EyH(X (TB(x,5)))- (2.1
By (A2), there exists ¢ > 0 such thatif A C B(xg, 4r) then

Al

————  Vy € B(xo, 8r). 2.2
Bao. 4 € (x0, 8r) (22)

Py(Ta < TB(x,16r)) = C2

Again by (A2), there exists ¢3 > 0 such that if x € R, s € (0,1) and F C
B(x, s/3) with |F|/|B(x,s/3)| > 1/3, then

Py(Tr < TB(x,5)) = C3. (2.3)
Let
=9 (LA (2.4)
=3 = 30 n. .

d
Now suppose there exists x € B(xg, r) withh(x) = K for K > % \Y %
Let s be chosen so that

2|B 4
‘B<x,f>‘:M<1‘ (2.5)
3 K
Note that this implies
2\
s =12 (—) rK=1V4 < (2.6)
(14

Let us write By for B(x, s), T for Tp(y,s), and similarly for By, and 7o5. Let A be
a compact subset of

A’:{ueB(x,%):h(u)zg“K}.

It follows from Lemma 2.1 that 2(X;) is right continuous in [0, Tp(x,,16r)). Since
Zz0 € B(xg,r)and A’ C B (x, %) C B(xp, 2r), we can apply (2.2) to get

1 > h(zg) > EZO [h(X(TA A\ TB(xo,l6r)))1{TA<TB(x0,|6r)}:|
> (KP,[Ta < tB(xo.16r)]
Y

> K——.
= 28 B, 4]
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Hence
Al __1BGo4n| 1

IB(x, )| ~ c2¢K|B(x,§)| 2

This implies that |A’|/|B(x,s/3)] < 1/2. Let F be a compact subset of
B(x,s/3) \ A’ such that
|F|
|B(x, 3)|

=

! 2.7
> @7

LetH =h-1 B, - We claim that
E[h(X(z5)); X(t5) & Bos] < nkK.
If not, Ey H(X (75)) > nK, and by (2.1), for all y € B(x, s/3), we have
h(y) = Eyh(X (7)) = Ey[h(X(75)); X (75) ¢ Bosl
> ¢ "By H(X (1)) = ¢ 'nK > ¢K,

contradicting (2.7) and the definition of A’.
Let M = supp, h. We then have

K = h(x) = E:h(X(y))
= E[h(X(TF)); Tr < ts] + Ex[A(X (75)); Ts < TF; X (75) € Bos]
+E [ (X (15)); Ts < TF; X (75) ¢ Bos]
< ¢KPy(TF < 75) + MPy(ty < Tr) + 0K
=¢(KP(Tr < t5) + M(1 = Px(TF < 75)) + 1K,

or equivalently

ﬂ> 1—n—¢P(TF < 1)
K = 1-P(TF < 1)

Using (2.3) and (2.4) we see that there exists 8 > 0 such that M > K (1 + 28).
Therefore there exists x’ € B(x, 2s) with h(x") > K(1 + B).

Now suppose there exists x; € B(xg, r) with h(x;) = K. Define s in terms
of K| analogously to (2.5). Using the above argument (with x| replacing x and
x, replacing x'), there exists xo € B(xp, 2s1) with i(xp) = K> > (1 + B)K].
We continue and obtain s and then x3, K3, s3, etc. Note that x;+1 € B(x;, 2s;)
and K; > (1 4+ B)~'K;. In view of (2.6), 3, [xit1 — xi| < cark] /. So if
K| > cff , then we have a sequence x1, X2, ... contained in B(xq, 2r) with h(x;) >
(1 + B)'"'K; — oo, a contradiction to & being bounded. Therefore we can not
take K larger than cff, and thus sup, ¢ g, ) A(¥) = cﬁ, which is what we set out
to prove. O

By using standard chain argument, we can easily get the following consequence
of the theorem above.
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Corollary 2.3. Suppose that (Al)—(A3) are satisfied. For any domain D of R and
any compact subset K of D, there exists a constant C¢ = Ce(D, K) > 0 such that
for any function h which is nonnegative bounded in R? and harmonic with respect
to X in D, we have

h(x) < Ceh(y), x,y€K.

In the next result, we remove the boundedness assumption on the harmonic
functions in Corollary 2.3.

Theorem 2.4. Suppose that (Al)—(A3) are satisfied. For any domain D of R¢ and
any compact subset K of D, there exists a constant C7 = C7(D, K) > 0 such that
for any function h which is nonnegative in R? and harmonic with respect to X in
D, we have

h(x) = C7h(y), x,y € K.

Proof. Choose a bounded domain U such that K ¢ U ¢ U C D. If h is harmonic
with respect to X in D, then

h(x) = Ex[h(X (tu){ry<c0}], X € U.
For any n > 1, define
B (x) = Ex[(h An)(X (tp) 1 (ry <o),  x € RY.

Then £, is a bounded nonnegative function on R¢, harmonic with respect to X in
U, and

lim h,(x) = h(x), xeR9,
ntoo
It follows from Corollary 2.3 that there exists a constant ¢ = ¢(U, K) > 0 such
that
hn(x)SChn(y)a X,YEKa"ZL
Letting n 1 oo, we get that

h(x) <ch(y), x,yeKk. m|

3 Lévy Processes

In this section we consider Lévy processes in R? with no Gaussian component.
Any Lévy process is a conservative Feller process, so it is a Borel right process
with left limits. Our goal is to find conditions on the Lévy measure of the process
that are sufficient for the Harnack inequality.

Let X = (X;, Py) be a Lévy process in R4 such that the characteristic function
f of X is given by

f(z) = exp [fw(eim> — 1 —i(z, x) L(xi<1)) v(dx)i| , zeR?,
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Here v is the Lévy measure of X, i. e., a measure on R? satisfying v({0}) = 0
and f]Rd(|x|2 A 1) v(dx) < oo. Moreover, throughout this section we assume that
v(RY) = oo, thus excluding the compound Poisson case. It is well known that
(v(x —dy), t) is a Lévy system for X. The infinitesimal generator L of the corre-
sponding semigroup is given by

Lfx) = | (fx+y)—f@&) =y -VI@lgy=<n) v(dy) (3.1
R4

for f € Ci(Rd). Moreover, for every f € CI%(Rd)

t

f(Xz)—f(Xo)—/O Lf(Xs)ds

is a P, -martingale for every x € RY.

3.1 Radially symmetric case

Assume that the Lévy measure v has a radially symmetric non-increasing density
j,i.e.,v(dy) = j(]y|]) dy. An important consequence of this assumption is the
fact that for every r € (0, 1),

/ yv(dy) =0,
(r=lyl<D

implying that
Lf(r) = /R (D)~ S@ =y VIOl yn) vdy), ()

forevery r € (0, 1), f € CZ(RY).
We will assume that j satisfies the following hypotheses: There exists ¢ > 0
such that

j@w) <cjQRu), forallu € (0,2), (3.3)

jw) <cju+1), forallu=>1. 3.4

Note that these hypotheses imply that j(x) > O for all u > 0.
Let

o1(r) =12 / ru"“j(u)du, ¢ (r) = / OOu‘“j(u)du, 3.5)
0

and let ¢ (r) = ¢1(r) + ¢2(r).

Lemma 3.1. There exists a constant C1 > 0 such that for every r € (0, 1) and
everyt > 0,

Py (sup | X5 — Xo| > r) < C1op(r)t.

s<t
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Proof. Tt suffices to prove the lemma for x = 0. Let f € Cf(Rd), 0<f <1,
f(0)=0,and f(y) = 1forall |y| > 1. Let c; = sup, Y=, [(3%/3y;9y) f (V).

Then | f(z+y)— f (@) —y-V (@] < (1/2) X, 100%/3y;0y0) f WMIIyI* < erlyl*.
Forr € (0, 1), let f-(y) = f(y/r). Then the following estimate is valid:

cr lyl?
[fr@+3) = fr@ =y Vi @Layiznl = =5 Layizn + Layizn
y 2
= algyzn =5 + lay=n) -

By using (3.2), we get the following estimate:

LA [ 1) = £1@ =5 @11zl vidy)

MR
Sczf (Laylzrn =5 + Layizr) v(dy)
Rd r

< c3(d1(r) + (1)) =39 (r) ,

where the constant c3 depends on f and dimension d, but not on r. Further, by the
martingale property,

‘[B(()_r)/\t
Bof, (X (enon A = O =Eo [ 7 LA ds
0
implying the estimate

Eofr (X(tpo,n) A1) < c30(r)t.

If X exits B(0, r) before time ¢, then f, (X (tp(,r) A 1)) = 1, so the left hand side
is larger than Po(7(0,r) <1). O

Lemma 3.2. For everyr € (0, 1), and every x € RY,

1
inf E.t > —
ceBlrrfy) BN = 4C19(r/2)

Proof. Letz € B(x,r/2). Then

P .(tpix,) <1t) <P (tir) <) < C19(r/2)t.
Therefore,

E.tx,r) = tP(tB(x,ry = 1) = t(1 = C1(r/2)1).
Choose t = 1/(2C1¢(r/2)) so that 1 — C1¢(r/2)t = 1/2. Then

1 1 1
IEz":B(x,r) > - = . O
2C16(r/2)2  4C1¢(r/2)
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Lemma 3.3. There exists a constant Ca > 0 such that for every r € (0, 1) and
every x € R?,

C
sup E 7, < .
cenien = ()

Proof. Letr € (0,1), and let x € R4, By a well-known formula connecting the
Lévy measure and the harmonic measure (e. g. [6]), we have

1> IP)z(|X(TB(x,r)) —x|>r)

- f V(BG, P — )G (2. ) dy
B(x,r)

=/ GB(x,r>(z,y)/ j(lu—yDdudy,
B(x,r) B(x,r)¢

where G p(y,-) denotes the Green function of the process X killed upon exiting
B(x,r). Now we estimate the inner integral. Let y € B(x,r), u € B(x,r)". If
u € B(x,2), then |[u — y| < 2|u — x|, while for u ¢ B(x,2) we use |u — y| <
|lu — x| 4+ 1. Then

/ J(u—yl)du
B(x,r)¢
-/ =y du+ [ i = y1) du
B(x,r)NB(x,2) B(x,r)NB(x,2)¢
2/ j(2|u—x|)du+/ j(u — x|+ 1)du
B(x,r)NB(x,2) B(x,r)NB(x,2)¢
> f ¢ — x[) du +/ 1l — x]) du
B(x,r)*NB(x,2) B(x,r)NB(x,2)¢

_ / i - x])du,
B(x,r)¢

where in the next to last line we used hypotheses (3.3) and (3.4). It follows that

1> / GB(x,r)(Z,)’)dy/ ¢ jllu — x| du
B(x,r) B(x,r)¢

o
= Ezrg(x,,)cflcl/ vdflj(v) dv

R
= 2B tpx . P2(r)
which implies the lemma. O

Lemma 3.4. There exists a constant C3 > 0 such that for every r € (0, 1), every
x e R4, andany A C B(x,r)
Jj(4r)

Py(Ta < tB(x,3r) = C3|A|m, forally € B(x,2r).
r
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Proof. Note first that since

4r
6(r) = / W j@ydu = el j (4r)

and |A| < czrd for some constants ¢j and ¢, we get that

jér o
d(r) ~ a

Therefore, by choosing C3 < c¢1/(4c3), we may assume without loss of generality
that ]Py(TA < TB(x,3r)) < 1/4. Sett = TB(x,3r)- By Lemma 3.1, Py(‘l,' <t <
Py (tB(y,ry <1t) < C1¢(r)t. Choose tg = 1/(4C1¢p(r)), so that Py(r < 19) < 1/4.
Further, if z € B(x,3r) andu € A C B(x,r), then |u — z| < 4r. Since j is
decreasing, j(|u — z|) > j(4r). Thus,

Py(Ta <7) = Ey Z (X, #X,. X eA)

S<TANT ALY

TANT ALy
=Eyf /j(|u—Xs|)duds
0 A

TANT ALy
> Eyf /j(4r)duds
0 A

= J@nIA[Ey(Ta AT Ato),

|A]

where in the second line we used properties of the Lévy system. Next,

Ey(Ta nt Atg) = Ey(tg; Ta =T > 19)
= 10Py(Ta > T > 10)

> [l —Py(Ta <7) = Py(r <10)]
o . 1
T2 8Cip(r)’
The last two displays give that
. 1 1 j (4r)
Py(Ty < 1) = j@n|Al——— = AL
8Cip(r) 8Ci1  ¢(r)
Hence the claim follows by choosing C3 = % A 467}2. O

Lemma 3.5. There exist positive constant C4 and Cs, such that if r € (0, 1),
x € RY z € B(x,r), and H is a bounded nonnegative function with support in
B(x, 2r)¢, then

E.H(X(tBx,r)) < C4(E;TB(x,r)) f H(y)j(y —xDdy,
and

E.H(X(tpwx,r)) = C5(E;TB(x,r)) / H)j(y —xDdy.
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Proof. Lety € B(x,r)and u € B(x, 2r)¢. If u € B(x, 2) we use the estimates
27w — x| < |u— | < 2u —xl, (3.6)
while if u ¢ B(x, 2) we use
lu—x|—1<|lu—yl <|lu—x|+1. 3.7)

Let B C B(x, 2r)“. Then using the Lévy system we get

TB(x,r)
E 1p(X(tx,r)) = Ez/(; / Ju— Xs)duds .
B

By use of (3.3), (3.4), (3.6), and (3.7), the inner integral is estimated as follows:

/j(lu—Xsl)du=/ j(lu—XsI)du+f J(u — Xg|)du
B BNB(x,2) BNB(x,2)¢
5/ j(2_1|u—x|)du+/ j(u—x| —1)du
BNB(x,2) BNB(x,2)¢

S[ Cj(Iu—XI)du+[ cj(lu—x))du
BNB(x,2) BNB(x,2)¢
= C/ J(lu —x])du
B
Therefore

TB(x,r)
E 15X (tB(x,n)) = Ez/ C/ J(lu—x|)du
0 B

- cEzuB(x,r))/ 1p(u)j (e — x]) du.

Using linearity we get the above inequality when 1p is replaced by a simple func-
tion. Approximating H by simple functions and taking limits we have the first
inequality in the statement of the lemma.

The second inequality is proved in the same way. O

The last lemma shows that hypothesis (A3) is satisfied in the current setting.
Therefore, it remains to analyze hypotheses (Al) and (A2). By Lemmas 3.2 and
3.3, a sufficient condition for (A1) to hold is that there exists a constant Cg > 0
such that for all » € (0, 1),

d(r/2) < Ceg(r). (3.8)

Since ¢ = ¢1 + ¢, this is equivalent to the condition that there exists a constant
C7 > O such that for all r € (0, 1), ¢1(r/2) < Cy¢2(r).

From Lemma 3.4 it follows that a sufficient condition for (A2) to hold is that
there exists a constant Cg > 0 such that for all » € (0, 1)

jér) < Cgrid
o) —

We discuss now several examples satisfying all three hypotheses (A1)—-(A3).
Those examples are not covered by the paper [1].

(3.9)
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Example 3.6. Assume that, in addition to (3.3) and (3.4), there exist « > 0 and two
positive constants Cg and Cq such that

Cor™4=% < j(r) < Cior~97%, forall r > O sufficiently small.  (3.10)

We write j(r) ~ r~% % as r — 0. The fact that v is a Lévy measure implies
that o < 2. Therefore, in a neighborhood of zero in RY, the Lévy measure looks
like |x|~¢~% which corresponds to the rotationally invariant strictly stable process.
It is easy to check that the following is valid: ¢1(r) ~ r=%, ¢2(r) ~ r=% and
j@r) ~ r~4=® a5 r — (. Therefore, both (3.8) and (3.9) hold true.

(a) Mixture of symmetric strictly stable processes. Let m € N, let 0 < o) <

a < - < oy < 2, and let ay, az, ..., a, be positive real numbers. Define
jr)y =" air~4=%_ Then j satisfies assumptions (3.3), (3.4) and (3.10) (with
o = o). This case corresponds to the Lévy measure of the form v(dx) =

S ailx| % dx.

(b) Relativistic stable processes. Let m be a positive real number. A relativistic
«-stable process is a Lévy processes whose infinitesimal generator can be written
asm — (—A +m?**)%2 0 < a < 2. We refer to [4] or [12] for details. The Lévy
measure of this process has the form v(dx) = j(|x|) dx where j is given by

J() = cl, dyr =y m'or),
and
0 dta _s_r2
Y(r) =c s 2 leTiTyds.
0
Clearly, j is decreasing. Moreover, since

dta—1

lﬂ(r)fve_r<1+r 2 ), r— 00,

and

vr) =1+ @ﬂ +o(r*), nearr=0,

(see [4]), j satisfies (3.3), (3.4) and (3.10).
() Let j(r) = r~4=%(1 — e~ ") with | < « < 3. This function also satisfies all
the required conditions.

Example 3.7. This example generalizes the mixture of symmetric stable processes
and need not satisfy (3.10).

Let « be a finite measure on (0, 2) with supp(x) C [a,b],0 <a < b < 2.
Define

jr) = / rm % e (da) = rid/ r k(o).
(0,2) (0,2)
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Note that j(r) < 2412 (2r) for all » > 0 which implies (3.3) and (3.4). A simple
computation shows that

¢1(r)=/( " (da),

0,2) 2 —
o

¢>z<r>=f T ).
02 ¢

Since the support of « is contained in [a, b], both ¢ (r) and ¢, (r) are comparable
with f(o 2) r~% k(da). Therefore, we have both (3.8) and (3.9).
In case when « is the Lebesgue measure on [a, b], we have

_r*(l + r*b

)= rdlogr

which does not satisfy (3.10).

3.2 Non-symmetric case

In this section we consider Lévy measures of the form v(dy) = k(y) j (]y|) dy where
J is anon-increasing function satisfying (3.3) and (3.4), and k : R\ {0} — (0, c0)
is a function satisfying é~! < k(y) < ¢, for all y = 0, for a positive constant é.

We will distinguish between two cases. In the first case we assume that for every
re,1)

/ yv(dy) = / yk()j(yhdy =0. G.11)
(r=lyl<D) (r=lyl<l)

This assumption will hold true if k(—y) = k(y) for each y € B(0, 1). A conse-
quence of this assumption is that the infinitesimal generator L has the form (3.2)
for every r € (0, 1). A careful reading of proofs of Lemmas 3.1-3.5 reveals that
the proofs carry over to the current setting. The only difference is that constants
will change and will depend on ¢ as well. For example, wherever we estimated the
function j(|y|), we now estimate k(y)j(|y|) instead.

Example 3.8. Let j satisfy (3.10), and let k be bounded and bounded away from
zero, such that (3.11) is valid. Then (A1)—(A3) are satisfied for v(dx) = k(x)j(]x|).
In particular, if j () = r~¢~% and k is such that the corresponding process is strictly
«-stable (not necessarily symmetric), then (3.11) holds true (see, for example, [13]).

Similarly, let ¥ be abounded measure on (0, 2) supportedin[a, b],0 <a < b <
2,let j(r) = f ©0.2) r~4=% g (da), and let k be bounded and bounded away from
zero, such that (3.11) is valid. Then again, (A1)-(A3) are satisfied for v(dx) =
k(x)j(lx]).

The second case we consider is the genuinely non-symmetric case when (3.11)
does not hold. Then the infinitesimal generator L has the following form for each
re(,1):
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LA = [ (FG+0) = 10 =3 VF@1y120) v(d)

- y-Vf(x)v(dy). (3.12)
(r=lyl=h
Both the statement and the proof of Lemma 3.1 should be modified so that the
additional term of the generator is taken into account. Let

1
$3(r) = r*‘/ ' j(u)du,

andletop(r) = ¢1(r) + d2(r) + ¢3(r). Let f and f; be the functions from the proof
of Lemma 3.1. Let ¢; = sup, Zj [(3/0y;) f(¥)|. Then |y - Vf.(y)| < cir Yyl
Hence, the estimate for L f, (z) will read

LA [ 1) = F@) =@zl vdy)

+/ |y - V(@ 1e<y<nl
Rd

IyI? [y]
=ci /Rd <1(,v|§r>i)_2 + 1gyi=n + 1(r§|ylfl)%> v(dy)
< (1) + &2 (r) + P3(r)) = 20 (r) s

The rest of the proof remains the same, with the new function ¢. Similarly, state-
ments of Lemmas 3.2 and 3.4 now involve the modified function ¢. The proofs of all
lemmas carry over with new constants depending on ¢. In order that (A1) and (A2)
hold true, it suffices to have conditions (3.8) and (3.9), but now with modified ¢.

Example 3.9. This is analogous to Example 3.6. Assume, in addition to (3.3) and
(3.4), that j satisfies (3.10). Let k be bounded between two positive numbers. Then

—a —1

r r
$3(r) ~ ———
oa—1
Ifa € (1,2) then (r “—r~)/(a—1) is of the order » ~%, same as the order of ¢; (1),
¢2(r) and j (r)rd. Therefore, hypotheses (A1)—(A3) are valid in case 1 < o < 2.

For o € (0, 1] this argument is no longer valid, and we cannot establish (A1) and
(A2).

Example 3.10. This example generalizes Example 3.7. Let « be a finite measure on
(0, 2) with support supp(x) C [a,b], 1 < a < b < 2, and let j be defined as in
Example 3.7. We compute

P rfl P rfl
$3(r) = / ————k(do) = / Kk(da) —/ k(da).
0,2) a—1 0,2) a—1 0,2) a—1

Since supp(x) C [a, b] C (1,2), it easily follows that ¢3(r) ~ f(o,z) r%x(da).
Therefore, the analogue of (3.8) and (3.9) are true, hence (A1)—(A3) are also valid.
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4 Symmetric Markov processes with no diffusion component

In this section we are going to assume that 0 < o < o < 2 and that k1 (x, y) and
k> (x, y) are symmetric functions on R? x R? such that

i <ki(x,y)<ki, i=12, x,yeR

for some positive constants k; < k;,i = 1, 2. The symmetric form (£, C C2 (Rd)) on
L%(R%) defined by

E(f g = / / (f @) = fONEE) — &)
Re JRd

X( kl(x»)’) + kZ(x’y) )dxdy

lx — y|d+a1 lx — y|d+a2

is closable, so its minimal extension (£, F) is a regular Dirichlet form. Therefore
by the general theory of Dirichlet forms there is a symmetric Hunt process X on
R4, associated with (€, F), starting from every point in E := R4 \ N, where N is
a set of zero capacity. Put

ki(x,y) ka(x, y)
|x—y|d+°‘1 |x_y|d+ozz’

Jx,y) =

then it is well known (see, for instance, [5]) that (j (x, y)dy, dt) is a Lévy system
for X.

Throughout this section we assume that, for i = 1, 2, when «; > 1, the first
partials of k; are bounded on R? x R¢. We are going to use M; to denote the bounds
on the first partials of ;.

For any « € (0, 2), any bounded function k(x, y) on R? x R and any f €
Cf (R?), we define

k(x,x +y)
Laif () = [ (PG40 = )=y e 0.,
Rd Iyl
k(x,x)
| y|d+a

Lo f(x) = /R (PO~ F@ = (V@)

1
+ /Rd(f(x +9) = FENRE. -+ 9) = ke 0) —dy.
o €l,2).

To make sure the last integral converges, we need to assume that, when « € [1, 2),
the first partials of k are bounded on R? x R¢. Using symmetry, one can easily see
that, when o € [1, 2),
k(x, x)
Laif ) = [ (649 = £6) = 0V @) o) T iz ds

1
+ /ﬂ; G = FE)KGE x4 3) = ke, ) —dy

forany r € (0, 1).
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If L stands for the generator of X in the L? sense, then the following result is
elementary. See, for instance, [9].

Lemma 4.1. Forany f € Ccz. (RY), we have
Lf(x) = Loy iy f (%) + Lay 1y f (%),

for almost every x € RY.

This lemma tells us that Ly, &, f + Lg,.k, is a representative of L f for any
f e Cf. (R%). From now on we will always take this representative when dealing
with L f. It follows from the proof of Theorem 5.2.2 of [5] that forany f € Cg (R9),

t
ﬂ&%f@w—LLﬂ&Ms

is a P,-martingale for any x € E.

Lemma 4.2. For any x € E and any r € (0, 1) we have

P, (sup | Xy — Xo| > r) < Cr %1,

s<t
where C is a positive constant depending on o1, a2, k1, k2, M1, M> and d.

Proof. Suppose that x € E is fixed. Let f be a C? function on R? taking values
in [0, 1] such that f(y) = O for |y| < 1/2 and f(y) = 1 for |y| > 1. Let f, be a
sequence of C 2 functions such that 0 < fn <1,

_JfOo, yl=n+1
f"(y)_{O, ly| >n+2,

and that | ) i ,{(82 /0x0xg) fu| is uniformly bounded. Then there exist positive
constants ¢; and ¢, such that

Vi) <c1, yeRY,

and
o0 +2) = 1) = @ VEO)I < calzl’, y,z e R

Put f,(y) = f((y —x)/r) and fp, ,(y) = fu((y —x)/r).
We claim that for any » € (0, 1), any y € R4 and any n > 1,

|Lfn,r(y)| =< Clr_c{2

for some positive constant C; depending on 1, a2, k1, k2, M1, M> and d. We prove
this claim by dealing with Ly, ;, i = 1, 2 separately. The proofs of the two cases
are identical, so we will give a proof of the case i = 2 only, and we will do this by
dealing separately with the cases @y € (0, 1) and oy € [1, 2).
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(i) a2 € (0, 1). In this case we have for any » > 0 and any y € R?,

k
|L012,k2fn,r(y)| = ‘/ (fn r(y +Z) fn r()’))%dZ‘

cllczr_lf |Z|_(d+a2_l)dz+2K2/ |z| @t gz
lz|<r

|z|>r

r o0
C3IC2}’_1/ s %ds +C4K2/ s~ g
0 r

C3K2

IA

IA

_ C4k2  _
11— o

(ii) s € [1,2). In this case we have for any r € (0, 1) and any y € R?,
|L052 szn r(y)l
k(.Y ,
/ (for+2) = fur()— (2, Vf, rOD Lz 1<r) —5—— Iz |d+a2 ‘

+ ‘/ (fnr (v +2) = fur W) k2(y, y +2) — ka(y, y))d—dz
Rd |z|d+2

SCZK21’72/ |Z|7(d+0l272)dz+21(2/ |Z|7(d+0(2)dz
|z|<r

lz|=r

+c1M2/c2r_1 /

lz]<r

2|74t =D gy 4 ko, / |z]~ @t g

lz|>r

< K2 oy n 66M2Kzr,a2+1 n C1K2 o
2—ap 2—a o

cg c9 _
4+ —= | kpr %2,
2—ay A

Thus we finished the proof of the claim.
Therefore we have for any r € (0, 1) and any n > 1,

IA

TB(,\',r)/\t
Ex fur (X (5 AD) = B / L, (X)ds < Cirr.
0
Letting n 1 oo, we get
IE)cfr(X(":B(x,r) At)) < Clr_a2t~

If X exits B(x, r) before time ¢, then f, (X (tpx,r) At)) = 1, so the left hand side
is greater than Py (tp(x,r) < 1). m]

For any A > 0, we define
o
G, f(x) =Ex/ e Mf(X)dt, x€kE.
0
We use Co(R9) to denote the collection of continuous functions f such that

lim|y|- o0 f(x) = 0. From the lemma above we immediately get the following
result:
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Corollary 4.3. If f € Co(R?), then B, f (X;) tends to f(x) uniformly in x € E as
t | 0and AG), f(x) tends to f(x) uniformlyinx € E as A 1 oo.

Proof. Omitted. O
Remark 4.4. Note that, fori = 1, 2, when ¢; € [1, 2) we have for any r > 1,

|Lot;,k5 fn,r(y)|
ki(y,
/Rd(fn,r(y +2)— fn,r(y) - (z, vfn,r())))]\zkr)%dz

=

1
+I fRd(fn,r(y +2) = farOGNKi(y, y +2) = ki(y, y))W,—WdZI

§C2Kﬂ’72/ |Z|7(d+oli72)dz+2k_i/ |Z|7(d+(¥,')dz
|z|<r

lz|=r

+C1Mi"i"_l/ |Z|_(d+a"_2)dz+2cucir_1/ |z|~@Fei=D g,
lzl<1 1<|z|<r
+Ki/ |Z|_(d+ai)dz

|z|=r

<ecyr !,

where ¢ and ¢, are the constants in the proof above, and c3 is a positive constant
depending on «;, x;, M; and d. Combining this with (i) in the proof above we get
forany r > 1,any y € R? and any n > 1,

IL fo, (V)| < Crr= @~

for some positive constant C; depending on «1, a2, k1, k2, M1, M> and d. Repeat-
ing the argument in the last paragraph in the proof above we can show that for any
x € E,any r > 1 and any ¢ > 0 we have

Py(sup | Xs — Xo| > r) < Czr—(oeml)t’
s<t

for some positive constant C; depending on oy, a2, k1, k2, M1, M and d. From this
one can easily see that for bounded function f with compact support, the function
x — Ei[f(X;)] tends to zero as |x| — oo.

Lemma 4.5. Suppose ¢ € (0, 1) is a constant. Then forevery x € R? andr € (0, 1)
we have
g%

inf E,t > —r%2,
B (1—eyynE < BO) = 40

where C is the constant in Lemma 4.2.

Proof. The proof is the same as that of Lemma 3.2. O
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Lemma 4.6. For any x € R? and any r > 0 we have

d+ar
Ot22
sup  E;13(x,) < ———

(o)
= r-.
z€B(x,r)NE K2

Proof. Tt is elementary to show that, for any y € B(x, r),

1 1
du > 2_(d+°‘2)/ du = r %,
= Blx.r)e |x _ M|d+0t2 a22d+0£

/;(x,r)” |y - u|d+(x2

Thus forany z € B(x,r) N E,
1> P(IX(tx,r) —xI >7)

— [ Guenn [ oy
B(x,r) B(x,r)¢

1
> /22/ GB X (z,y) ——du
By B,y |y — uldte
B
> ——7p G zZ, v)d
Y /B(”) B(x,r) (2, y)dy
— ,22 —Q)
- a22d+0{2r EZ‘[B(X,F)’

where G () is the Green function of the process X killed upon exiting B(x, r).

Therefore
o 2d +an

Esz(x,r) < = ro2. O
K2

Lemmas 4.5 and 4.6 imply that X satisfies the analogue of condition (A1) on
E. The following Lemma implies that X satisfies the analogue of (A2) on E.
Lemma 4.7. Forallr € (0, 1) and A C B(x, r) we have

i2|BO, )] A
4d+28C |B(x,r)|’

where C is the constant in Lemma 4.2.

Py(Tq < tB(x,3r) = Vy € B(x,2r)NE,

Proof. The proof is similar to that of Lemma 3.4 and we omit the details. O
The following lemma says that X satisfies the analogue of (A3) on E.

Lemma 4.8. There exist positive constants C7 and Cg such that if x € RY, r >
0, z € B(x,r) N E and H is a bounded nonnegative function with support in
B(x,2r)¢, then

EH(X (tar) < C1(Eotpier) / H)jx, y)dy
and

E.H(X(tBx,r)) = C3(E;Tp(x,r) / H(®y)jx, y)dy.
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Proof. The proof is similar to that of Lemma 3.5. O

Lemma 4.6 implies in particular that for any bounded open set B in R, tp is
finite almost surely. Let D be a domain in R?. A function / defined on E is said to
be harmonic in D N E if it is not identically infinite in D N E and if for any bounded
open subset B C BCD,

h(x) =E;[h(X(rB))] Vxe BNE.

It is clear that constant functions are harmonic on D N E. Since X satisfies the
analogue of (A1)—(A3) on E, we can repeat the argument of Section 2 to show that
X satisfies the Harnack inequality on E. But our goal is to establish that X satisfies
the Harnack inequality on R?. To do that we need to guarantee that we can start
our process from every point in RY.

The result below is the analogue of Theorem 4.1 in [1].

Theorem 4.9. Let r € (0, 1). If h is bounded in E and harmonic in B(xg,r) N E
for some xo € RY, then there exist positive constants C and B independent of x
and r such that

h(x) = ()| < Clihllclx — yIP,  Vx,y € B(xo,r/2) NE.

Proof. By Lemma 4.7 there exists ¢; > 0 such thatif x € E, s € (0,1/2), and
A C B(x,s/3) with |A|/|B(x, s/3)| > 1/3, then

Py (Ta < tB(x,5)) = C1.

By Lemma 4.6 and Lemma 4.8 with H = 1p(, s/ with s” € (2s, 1) we get that
@

(s’

Pe(X (Tp(x,5) & B(x,5) < ¢

Let

1 1/ 2\ /e
yzl_c_I’ p:—/\(Z) @ (ecy '
4 3 2 8¢y

Adding a constant to & if necessary we may assume 0 < 2 < M. Now we can
repeat the argument in the proof of Theorem 4.1 in [1] to get that

sup h— inf h<My*
B(x,pkr)NE B(x,p*r)NE

forall k > 0. If x,y € B(xg,r/2) N E, let k be the smallest integer such that
lx — y| < p*. Thenlog |x — y| > (k + 1) log p, y € B(x, p*), and
lh(y) — h(x)| < M),k — Meklogy < C3M610g|x—y|(1087/10gp)
=c3M|x — y|]0gV/10g,0'

A
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Recall that for any A > 0,

G, f(x) =E, /Oo e Mf(X)dt, x€kE.
0

It is obvious that A[|G flloo < || f llco- Since the process X may be recurrent, G f

is not defined in general. For any integer n > 2 and A > 0, we define
) TB(0,n)
GV f(x)= Ex/ e Mf(X)dt, x€E.
0

Lemma 4.10. There exist positive constants C and B > 0 such that for any n > 2,
any bounded function f on R, andany x,y € B(O,n—1)NE with|x —y| < 1/4,

G £(x) = G F I < CUGE Flloo + 11 flloo)1x — yIP.

Proof. For any r € (0, 1), we have
(n) TB(x.r) (n)
G() fx) = Ex/ S (X)dt +EXG0 S X (TBx,m)),
0

TB(x,r)
Gy f(y) =Ey /0 F(Xdi +EyGy f (X (t500)).

Using the theorem above and the fact that ]EZG(()") f(X(tB(x,r))) is harmonic in

B(x,r) we get

G F) =GP FOD)I <20 flle sup Bt + c1llGY flloolx — yIP1,
z€B(x,r)NE

where f; is the constant f in the theorem above. Taking r = |x — y|!/? and using

Lemma 4.6 we get our result. O

Theorem 4.11. For any A > 0, there exist positive constants C and B > 0 such
that for any bounded function f on R? and any x,y € E with |x — y| < 1/4,

1Go f(x) — G fD)] < Cll flloolx — yIP.

Proof. Without loss of generality we may assume that f > 0. Assume that x, y €
B(0,n— 1) forsome n. Leth, = f — G\ f.Note that ||, [lco < 2|l floc. By the
resolvent equation we have G;")f = Gé")h,,, thus ||G(()")hn loo <A™V fllso. Con-

sequently, ||G(()")h,,||Oo + 1nlloo < @4+ 27| flloo. Now we can use the lemma
above to conclude that

G f (1) = G f (] < CQ+ 27 flloolx — yI7,

where C and § are the constants from the lemma above. Letting n 1 oo we get our
result. O
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From the theorem above we know that for any bounded f, G, f is Holder
continuous in E. Thus we extend the resolvent G, f (x) continuously to R4, From
Corollary 4.3 and Remark 4.4 we can see that the extended resolvent on R? is a
Feller resolvent, that is, G, maps Cy (R?) into Co(R?) and for any f € Co (RY),
AGy f converges to f in the L norm on R?. Now we can use Hille-Yosida the-
orem to extend the semigroup of X continuously to R?. This semigroup is Feller
and so we can start our process X from every point in R?. Now we can repeat
the azguments in Lemmas 4.2-4.8 to check that X satisfies conditions (A1)—(A3)
on R4,

Remark 4.12. So far in this section we have proved that the Harnack inequality
holds when the jumping measure is of the form

( ki(x, y) ka(x, )

x— yldrer Ty = y|d+a2> dxdy.

We can easily generalize this to the case when the jumping measure is of the form

n
ki(x, y)
(Z |x — yldte dady.

i=1

where n > 1 is an integer, 0 < o) < -+ < @, < 2, and kq, ..., k, satisfy the
conditions posed on k; and k; at the beginning of this section.

Remark 4.13. We can easily generalize the argument of this section to show that
the Harnack inequality holds when the jumping measure is of the form

(ki1 (x, ¥) Joy (ly = x1) + k2 (x, y) jor (Iy — x))dxdy,

where jg, (|x|)dx and ju, (|x|)dx are the Lévy measures of the relativistic oy and
ap-stable processes respectively.

Remark 4.14. Assume that j : (0, co) — (0, 00) is a non-increasing function such
that j (]x|)dx is the Lévy measure of a Lévy process and that conditions (3.3), (3.4),
(3.8) and (3.9) are satisfied. If k(x, y) is a symmetric function on RY x R4 such
that it is bounded by two positive numbers and that its partials are bounded, the
symmetric form (£, C 62 (R?)) on L2(R%) defined by

E(f.8) = /R ) /};{ @) = FONEE) = gk ) (ly = xDdxdy

is closable, so its minimal extension (£, F) is a regular Dirichlet form. We can eas-
ily modify the argument of this section to show that the Harnack inequality holds
for the symmetric Markov process associated with (£, F).
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5 Non-symmetric Markov Processes with no diffusion component

In this section we are going to show that for a wide class of non-symmetric Markov
processes, conditions (A1)—(A3) are satisfied and therefore the Harnack inequality
holds.

Before we describe the process we are going to deal with, let us first recall
some basic facts about strictly stable processes. For any o € (0, 2), the character-
istic functions of a strictly stable process on R is given by exp(—tW(z)) with the
function W specified below

Y(z) = —/k(dé) /oo(ei(z,ré') _ 1)r_(1+"‘)dr, a € (0,1),
S 0

W(z) = —fx(d@f (€ C) — 1 —i(z,rE) 1))r 2dr —i(z,y), a=1,
S 0

W) = - / A(dE) / T il dr, o e (1,2),
S 0

for some finite measure A on the unit sphere S = {x € R? : |x| = 1}.
The Lévy measure v of a strictly a-stable process is given by

v(B) = / A(dE) f S eyt gy
S 0

for every Borel set B in R?.

Suppose 0 < a1 < a2 < 2. In this section we assume that k; (x, y), i = 1,2,
are functions on R? x R? bounded between two positive numbers and that b; (x),
i = 1,2, are bounded R¥-valued functions on R?. We are going to consider solu-
tions to the martingale problem for the operator L = L, + Ly, , where

Lo f () = / (FOr+3) — F) lfjj,) v, @€ ),

Lo, f(x) = f (f@+y) = f@x) - <y,Vf(x)>1|y\<1)|1Td+f,)

+(b1(x), Vf(x)), a1€ll,2),

Lo f(3) = / (FOr+3) — F) |d+jjdy, w e, 1),

Lo, f(x) = f (f@+y) = F@x) - <y,Vf(x)>1m<1)|2Td+ff

+(b2(x), Vf(x)), =1,

Lo, f(x) = fR RCEEN IO <y,Vf(x)>1|y\<1>fidﬂfj v,

o € (1,2).

Our assumptions on k» and b are as follows:
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(i) foreachx e RY, ‘ky2|(f+£2) is the density (with respect to the Lebesgue measure)
of the Lévy measure of a strictly «p-stable process ;

(i1) the partial derivatives of k> (x, y) with respect to y up to order d are bounded
continuous on R x S:

(iii) the function b3 (x) is bounded on R,

It follows from [8] and [10] that, under the assumptions above, the martingale
problem for L is well-posed. That is, there is a conservative strong Markov process
X = (X;, P, x € RY) on (D([0, 00), RY), B(D([0, 00), RY))) such that for any
[ € CPERY,

t
FOXD) = f(Xo) — /0 L/ (X,)ds

is a P, -martingale for each x € R4. Here D([0, 00), Rd) is the space of R9-val-
ued cadlag functions on [0, o0), and B(D([0, c0), R9)) is the Borel o-field on
D([0, 00), RY).

Theorem 5.1. Under the assumptions above, the Harnack inequality holds for X.

Proof. Ttisroutine to check that (ki (x, y)|y—x| =@+t dy4ko (x, y)|y—x|~@He2)
dy, dt)is aLévy system for X, see, for instance, the proof of Proposition 2.3 of [1].
Using the same argument as in the last section, we can check that X is a Feller pro-
cess satisfying the conditions (A1)—(A3) of Section 2, thus the Harnack inequality
holds for X. We omit the details. O

Remark 5.2. With the same argument, one can show that, for 0 < o] < ap < 2, if
Y and Z are independent and if they are respectively strictly a1 and op-stable pro-
cesses such that the densities of their Lévy measures with respect to the Lebesgue
measure are bounded between two positive numbers, then the Harnack inequality
holds for the process X = Y 4 Z. Here we do need to assume that the density of the
Lévy measure of Z to be smooth. The smoothness assumptions on k> made before
Theorem 5.1 are to guarantee that the martingale problem for L is well-posed.

Remark 5.3. Assume that j : (0, oo) — (0, 00) is a non-increasing function such
that j(]x|)dx is the Lévy measure of a Lévy process and that conditions (3.3),
(3.4), (3.8) and (3.9) are satisfied. Suppose that condition (3.10) is satisfied for
some o« € (0, 2). Let k(x, y) and b be functions on RY x R4 and R? respectively
satisfying the following conditions:

(i) The function k is bounded between two positive numbers;
(i1) The partial derivatives with respect to x of k up to order 2 are bounded and
continuous on R x RY;
(iii) b and its partial derivatives up to order 2 are bounded on R¢.

For any f € Cg(Rd), define
Lf(x) = /Rd(f(x +y) = fODk(x, y)jyDdy, «€(0,1)

Lf(x) = /Rd(f(x +¥) = f) = (- V)L <Dk(x, y) j(yDdy
+(b(x), Vf(x), acll,2).
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It follows from [11] that the martingale problem for L is well posed. Let X be the
conservative Markov process associated with L. Then by using the argument of this
section we can show that the Harnack inequality is valid for X.
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