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Let X be a standard Markov process with state space E and let F' be a closed subset of E. A nonnegative
function f on F is extended probabilistically to a function 4y on the whole space F. We show that the extension
hy is harmonic with respect to X provided that f is harmonic with respect to Y, the trace process on F' of the
process X . A consequence is that if the Harnack inequality holds for X, it also holds for the trace process Y.
Several examples illustrating the usefulness of the result are given.
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1 Introduction

This paper is motivated by the recent work [S] which proposes to study d-dimensional non-local operators by
means of (d + 1)-dimensional local operators.A probabilistic interpretation of this approach is to consider a
d-dimensional subordinate Brownian motion Y as the trace of a (d + 1)-dimensional diffusion X on the hyper-
plane H = R? x {0}. In this paper we consider the case of a standard Markov process X on a locally compact
separable metric space E' and the trace of X on a closed subset F' of E. Our main goal is to show that, under
reasonable conditions, the Harnack inequality holds for the trace process if it holds for X . The main tool consists
of studying the relationship between harmonic functions with respect to the trace process and their extensions
from F' to the whole space E. To be more precise, let o = inf{t > 0 : X; € F'} be the hitting time of F'. For
a nonnegative Borel function f on F' we define its extension hy : E — [0, 00] by hy(z) = E,;[f(X,, )],z € E.
It is a well-known fact that this extension is harmonic with respect to X outside F'. The first result we prove is
Theorem 2.1 which states that (under certain reasonable conditions) if f is harmonic in F'N D with respect to the
trace process, then the extension Ay is harmonic with respect to X in D. Here D is an open subset of E. As an
immediate consequence of this result we record the following fact: If the Harnack inequality holds for X, then
it also holds for the trace process. We give several examples in which the Harnack inequality is established for
some processes which can be realized as traces of other processes. When all harmonic functions with respect to
X are continuous, we also prove a converse of Theorem 2.1.

The rest of the paper is organized as follows. In Section 2, we discuss trace processes of standard Markov
processes and the relation between harmonic functions with respect to the original process and harmonic functions
with respect to its trace process. Section 3 gives a few examples of trace processes and applications of the results
in Section 2. In Section 4, we prove the converse of the Theorem 2.1.

In this paper, we denote “:=" to mean “is defined to be.” For two functions f and g, the notation “f =< ¢”
means that there exist constants ¢o > ¢; > 0 such that ¢;g < f < ¢2g. For two real numbers a and b, a A b :=
min{a, b}. For a set K in a space E, we use K¢ to denote its complement in E, that is, K¢ := E \ K. We will

* Corresponding author: e-mail: pkim@snu.ac.kr, Phone: +82-2-880-4077, Fax: +82-2-887-4694
** e-mail: rsong@math.uiuc.edu, Phone: +1-217-244-6604, Fax: +1-217-333-9576
*** e-mail: vondra@math.hr, Phone: +385-1-4605-792, Fax: +385-1-4680-335

@WILEY Ir/l/- ON [—l N E I—l BRARY @© 2011 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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use J to denote a cemetery point and for every function f, we extend its definition to 0 by setting f(9) = 0. For
a topological space F, we use B(E) to denote the Borel o-field on E, 8" (E) the u-completion of B(E), and we
define B*(E) := [, ep(p) B" (E), where P(E) is the collection of all probability measures on E. Each element
of B*(E) is called a universally measurable subset of E. We use the notation P, (X; € -) =P(X, € - | Xy = z)
and for p € P(E), P, )= [y Pe ) p(dx).

Throughout this paper we use ¢, C, 02, .. to denote generic constants, whose exact values are not important
and can change from one appearance to another.

2 Setup and main result

Assume that (E, p) is a locally compact separable metric space with metric p and that X = (Q, F, 7, X;, P,
x € F) is a standard process on F, that is, a normal right continuous Markov process which is quasi-left continu-
ous on (0, ¢), where ¢ := inf{t > 0 : X; = 0} is the lifetime of the process. The shift operators 6;, ¢ > 0, satisfy
X, 00, = X, identically for s, t > 0.

The semigroup { P, };>¢ of X on the space of nonnegative Borel functions on F is defined by

{P, }1>0 can be extended to the space of nonnegative universally measurable functions on E.

Throughout this paper, £ is an excessive measure of X with supp[¢] = E; that is, £ is a o-finite Borel mea-
sure on E with full support such that £P, < & for all ¢ > 0. Here £P, denotes the measure v defined by
[ fx)v(dz) = [, P, f(x)&(dx) for any Borel function f > 0 on E. Since X is right continuous, we have
lim; o P, = € setwise.

Throughout this paper, A = (A; : ¢t > 0) is a positive continuous additive functional of X in the strict
sense, i.e., in the sense of [3]. Then there exists a unique measure ;. on F, which is called the Revuz measure of
A= (A; : t > 0), such that

/f w(dx) fhm Eg [/ f(X } 2.1

for all nonnegative Borel function f on F (see [7, Theorem A.3.5]). Let
R(w) :=inf{t > 0: A;(w) > 0},
then the support of A is defined by
F:={xeE:P,(R=0)=1}. (2.2)

Since t + R(0,w) | R(w) ast | 0, F is a nearly Borel, finely closed set. Let op := inf{t > 0: X; € F'} be the
first hitting time of F. Then P, (0 = R) = 1 for every = € E (see [28, Section 64]). Furthermore, each point of
F is regular for F' with respect to X, that is

P,(op =0)=1, forevery z € F.

We are concerned with the trace of X on the subset F' of E. We will use (r; : ¢ > 0) to denote the right
continuous inverse of (A; : t > 0) defined by

o inf{s >0: A, >t} for t<A._,
T ) for t>A._.

Let Z := A¢_ . The time changed process Y = (Q, F, F.,,Y;,P,,x € F') defined by

X, for 0§t<2,
)/;: ) o~
0 for t>¢(,
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is called the trace of X on F'. It is known (cf. [7, Theorem A.3.11] and [28, (65.9)]) that Y is a right process on
(F,B*(F)) with the life time (. Here, a right process on F' is a right continuous, strong Markov process with
Y;(w) = 0 for t > ((w) and P, (limg; u(Yy) = u(Y;), Vt > 0) = 1 for any 1 € P(F) and any a-excessive
function u with respect to Y and a > 0. A [0, oo]-valued function u on F is said to be a-excessive with respect
to Y if u is B*(F)-measurable and e 7', [u(Y;)] T u(x) ast | 0 forall z € F. For recent development on trace
processes, we refer the readers to [7]-[9], [16], [18].

We will make the following assumptions on X and F' throughout this paper.
(A1) Every semipolar set with respect to X is polar with respect to X .

(A2) For every point x € F° we have
P, (O’F < OO) > 0.

For the definitions of semipolar set and polar set and their basic properties, we refer the readers to [3] and [7].

Since P, (0 = R) = 1, the assumption (A2) is simply saying that our positive continuous additive functional
A of X is not trivial.

We introduce the following notations: For U C E, let 7y := inf{¢t > 0: X; ¢ U} be the exit time of X from
Uand 7y :=inf{t > 0: Y; ¢ U N F} be the exit time of Y from U N F'. The notions pertinent to the process ¥’
will be denoted by .

Suppose that D is an open subset of E. A nonnegative Borel function h on FE is said to be harmonic in D with
respect to X if for any € D and any open subset U C U C D we have

hy) =E,[h(X;, ) : v <], forall yeU. (2.3)

Harmonic functions with respect to Y are defined in a similar fashion using the relative topology.
For any function f : F' — [0, c0), we define a function h; : E — [0, 00| by

hf(l‘) = Ea:[f(Xap )], z e FE.

Note that =y (z) = f(x) on F since every point on F is regular for ' with respect to X . The function A is called
the extension of f. Using the strong Markov property, it is easy to see, and is well-known, that iy is harmonic in
E \ F with respect to X.

In the remainder of this section, we will prove the following theorem.

Theorem 2.1 Suppose that f is a nonnegative function on F and D is an open subset of E with DN F # (. If
the function f is harmonic in F' 0\ D with respect to Y, then its extension hy is harmonic in D with respect to X.

Fix an arbitrary open subset U C U C D and let
T:=inf{t>0: X; eU°NF}

be the first time the process X hits the set F outside of U. For simplicity, we let 7 := 7y = inf{t > 0: X; ¢ U},
but retain the notation 7;; for the first exit time of Y from U N F. An easy, but fundamental observation, is given
in the following lemma.

Lemma 2.2 For every x € U N F we have Yz, = Xr P,-a.s.

Proof. Let Z = Z(w) = {s > 0: X, € F}. Then Z¢ = | J(r;_, 7). Hence, if s € Z C Z, three cases are
possible: (1) s = 7, = 7, forsome ¢t > 0; (2) s =7, > 7, forsome ¢ > 0; (3) s = 7, < 7y for some ¢t > 0. In
the first two cases, clearly X; = X, = Y;. We show that the third case, in which the point X of the path of X
need not be on the path of Y, happens with [P, -probability zero for every x € U N F'. Note thatif s = 7 < 7,
the time s is a left-end point of an excursion of X away of F'. Let N be the set of irregular points of U¢ N F' with
respect to X. Then NV is semi-polar with respect to X by [3, Proposition II.3.3], hence polar with respect to X
by the assumption (A1). Thus P, (Xy € N) = 0, for x € U. Consequently, if x € U N F, then P,-a.s., X7 is
a regular point for U¢ N F'. Hence, immediately after time 7', the process X will hit U¢ N F' again, which rules
out excursions away from F' having left-end point 7. This proves that X7 = X, for some ¢ > 0, and hence
X =Yz, P,-as. foreveryx c UNF. O

www.mn-journal.com © 2011 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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An immediate consequence of Lemma 2.2 is that if f is harmonic in F' N U with respect to Y, then we have
f(x) =E,[f(Yz,)] = E.[f(Xr)], forevery xze€UNFE. (2.4)

Note that 7 < T, P,-a.s. forevery x € U.
One simple, but important, observation is that, since F' is finely closed, X,, € F and X7 € U° N F, P,-as.
for every x € E. (See, for example, [7, (A.2.5)] and [28, (10,6)]).

Lemma 2.3 Suppose that f is a nonnegative function on F.
(@) Let g(x) =B, [f(X7) : T <], x € E. Then g(x) = E,[g(X;) : T <] foreveryxz € U.
(b) If f is harmonic in D N F with respect to Y, then

]E:n[f(XT)§0'F <T]:E.’L‘[f(X¢7F): UF<T]7 rel.

Proof. (a) First note that on {7 < T} we have X1 00, = X, 700, = Xr, P,-as. for every z € U.
Therefore, for z € U,

Eg(X,) 7 < T] = BBy [f(Xp)]: 7 <T)
=E,[f(Xro6;): 7<T]
= E,[f(Xp): 7<T].

Let NV be the set of irregular points of U¢ N F’ with respect to X. In the same way as in the proof of Lemma 2.2
we conclude that IV is polar with respect to X . Thus

P.(Xr e N)=0, zeU. (2.5)
On the other hand, if X is in the set of regular points of U¢ N F with respect to X, then on {7 = T'},

9(X7) = 9(Xr) = Ex, [f(Xr)] = f(X7). (2.6)
Thus, by (2.5)—-(2.6), for z € U,

E.[9(X,): 7<¢] = Efg(X:): 7<T < () +E[9(X,): =T < (]
= E.[g(X7): 7 < T <]+ E:[9(X )L werppv (X)) : 7 =T < (]
= E.[f(X7): 7 <T < (] + B [f (X)L ey (X7) 0 7 =T < (]
S E[f(Xr): 7 < T <+ B [f(Xr): =T <]
= B [f(Xr): T < (] =g(z)

(b) Note that on {or < T} it holds that X, € U. Since f is harmonic in D N F with respect to Y, we have
by 2.4) that Ex, [f(Xr)] = f(X,,) whenever X,, € U N F. Moreover, if X7 is a regular point of U¢ N F’
with respect to X, Ex, [f(X7)] = f(X,, ). Hence, forz € U,

E.[f(Xr): op <T] = E, [f(XT o@,,F) or < T]
= E.[Ex,, [f(X7)]: oF <T]
E. [Ex,, [f(X0)louwenrw (Xr) : op <T]
= E. [f(Xo, ) lyuquenryw) (Xr) : op <T]
= E.[f(Xo,): or <T]. 0

Proof of Theorem 2.1. Letz € U. Then
E.[f(X7)] = Eo[f(Xr): op <T]|+E;[f(Xr): op =T]
= ]Ez[f(Xab) top < T] +]EI[f(XO'1~) cOfF = T]
where the equality in the second line follows from Lemma 2.3 (b). By Lemma 2.3 (a) we obtain that

he(x) =E.[hf(X;): 7 < (] ]
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We say that the Harnack inequality holds for X if for any open subset D of E and any compact subset K of
D, there exists a constant C' > 0 depending only on D and K such that for nonnegative function & harmonic in
D with respect to X,

sup h(x) < C inf h(x).
SUp (z) < C inf h(z)
The Harnack inequality for Y is defined in the same way using the relative topology.
We say that the scale invariant Harnack inequality holds for X if there exist R > 0 and C' > 0 such that for
any zy € E, any r < R and any nonnegative function » harmonic in B(xg,r) := {x € E : p(z,z¢) < r} with
respect to X,

sup  h(z) <C inf  h(x).

x€B(x,1r/2) x€B(x,1r/2)

As an immediate consequence of Theorem 2.1, we get
Theorem 2.4 [f the Harnack inequality holds for X, then the Harnack inequality also holds for Y . If the scale
invariant Harnack inequality holds for X, then the scale invariant Harnack inequality also holds for Y in the
following sense: there exist R > 0 and C > 0 such that for any xy € F, any r < R and any nonnegative function
h harmonic in B(xg,r) N F with respectto 'Y,
sup hiz) <C inf h(z).
z€B(zq,r/2)NF xE€B(xg,r/2)NF
Remark 2.5 We did not use the quasi-left continuity of X in this section. Thus one can easily see that our
main results (Theorems 2.1 and 2.4) are also true for right processes. Moreover, all results except the second
statement of Theorem 2.4 are true for right processes on a Radon space, i.e., a space that is homeomorphic to a
universally measurable subset of a compact metric space.

Remark 2.6 By the strong Markov property, under the following assumption (A 1’) instead of the assumption
(A1), Theorems 2.1 and 2.4 are also true. We omit the details.

(A1) For every open sets O; C Oy with O5 N F # (), there exists an open subset U with O; C U C U C O,
such that every point z € U® N F is regular point of U¢ N F' with respect to X, that is

Py (ovenr =0) =1, forevery xz€U‘NF,

where opeqp = inf{t > 0: X; € U° N F'} is the hitting time of U¢ N F for X.

3 Examples

The first example we give concerns subordinate Brownian motions.

Example 3.1 Suppose that Xt(l) is a Brownian motion on R? and X,f<2> is an independent diffusion on R.

Let m be the speed measure of X (?). It is well-known that m is an excessive reference measure for X(?), and
X () is a symmetric process with respect to m. Define a measure £ on R**! by ¢(dz) = dz'") x m(dz),
T = (xm , :1:<2>) € R4, where dz(!) stands for the d-dimensional Lebesgue measure. Then £ is an excessive
reference measure for the process X; = (Xfl) , X ,@) on R¥*1 and X is symmetric with respect to £. Suppose

that 0 is regular for itself with respect to X (), that is, starting from 0, X(?) returns to 0 immediately with
probability 1. Let L = (L; : t > 0) be the local time of X (%) at 0. Then for any ¢ > 0 and 2 € R we have

¢
]Eg,[Lt]:/ p(2>(s,z,0) ds,
0

where p(?) stands for the transition density of X (?) with respect to m. Using this, one can easily check that for

any nonnegative Borel function f on R?*! we have

1 t
lim ~ £(dz)E, U f(Xs)dLs] = [ f@W,0)dzV, forall z= (21 2®)eRI,
t—0 ¢ Rd+1 0 Rd
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that is to say, as a positive continuous additive functional of X, the Revuz measure of L is the d-dimensional
Lebesgue measure on the hyperplane H := R? x {0}. Since the support of L is clearly equal to H, we take
F = H. Let (r; : t > 0) be the right-continuous inverse of (L; : ¢ > 0). It is well-known that (7; : ¢ > 0) is
a subordinator. The process Y defined by Y; := X (7;) is the trace of X on H and it is a subordinate Brownian
motion.

Since X is symmetric, semi-polar sets are polar by [17, Theorem 4.1.2]. Thus F" and X satisfy the assumptions
(A1) and (A2).

For a € (0,2), let Z, be a Bessel process of dimension 2 — «, that is a diffusion process on [0, c0) with
infinitesimal generator

1 d? l—-ad
774_77.
2 dx? 2z dx

Similar to [27, Exercise XII.2.16], by changing the sign of each excursion of Z with probability 1/2, we obtain a
diffusion process X (2) on R whose generator on R \ {0} is given by

1& 1-ad
2dr?  2|z| dz’

In this case the trace of X = (X X <2)) on H is a symmetric a-stable process. Using results from [14] one can
check (see [5]) that the scale invariant Harnack inequality holds for X. Thus it follows from Theorem 2.4 that the
scale invariant Harnack inequality holds for the symmetric a-stable process Y .

Example 3.2 Suppose that X is a Brownian motion in R? and that D is a Lipschitz domain in R?. Let o
be the surface measure on the boundary 0D of D. Applying [17, Theorem 5.1.7] and following the argument
of [17, Example 5.2.2] we can show that there is a positive continuous additive functional L = (L; : t > 0)
of X with Revuz measure o. Let (7 : ¢ > 0) be the right-continuous inverse of (L; : ¢ > 0), then the process
Y defined by Y; := X(7¢) is the trace of X on F' = JD. It is easy to see that the assumptions (A1) and (A2)
are satisfied. Since the scale invariant Harnack inequality holds for X, it follows by Theorem 2.4 that the scale
invariant Harnack inequality also holds for Y.

Example 3.3 Suppose that d > 2 and X is a symmetric diffusion in R? whose infinitesimal generator is
Zf j—1 0i(aij(2)9;) with (a;;(x)) being measurable and uniformly elliptic. It is well-known that the transition
density p(t, x, y) satisfies the following estimates:

clt—d/Qe—ﬂz\ﬂ?—lez/ﬁ < p(t,z,y) < cgt—d/Qe—(f4\fr—2/|2/f 3.1

for some positive constants ¢;, ¢ = 1,2, 3,4, (see [15].)
Let 1 be a Radon measure on R satisfying

w(B(z,7)) < e, forall zeRY 0<r<l,

for some ¢ > 0 and 3 > d — 2. Then, using (3.1), one can follow the proof of [23, Proposition 2.3] line by
line to conclude that 1 is smooth in the strict sense (see [17, p. 195] for the definition). Therefore it follows
from [17, Theorem 5.1.7] that there exists a unique positive continuous additive functional A = (A; : t > 0) of
X in the strict sense with Revuz measure p. Let F' be the support of A as in (2.2), which is also the quasi support
of i (see [17, p. 168] for the definition). Then by [17, Theorem 6.2.1], the trace process Y is a Hunt process on F'.

Since the scale invariant Harnack inequality holds for X by [15], in the case when F satisfies (A2), we know
by Theorem 2.4 that the scale invariant Harnack inequality also holds for Y. In particular, if F is a closed (3-set
(i.e., u(B(x,r)) < 7’ forallz € F and 0 < r < 1) and p is the restriction to F of the 3-dimensional Hausdorff
measure for some 5 > d — 2, then I’ is nonpolar and (A2) is satisfied.

Example 3.4 Suppose that d > 3. We assume that D is a bounded domain whose boundary 0D has zero
Lebesgue measure and there exists a bounded linear extension operator 7' : W'2(D) — W2(R?) such that
Tf = fae onDfor f € WH2(D). Here W!2(D) is Sobolev space on D. In particular, bounded uniform
domains satisfy the above condition. (For the definition of uniform domains, see [2, Definition 1.1].)

© 2011 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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Let X be a symmetric reflecting diffusion in D whose infinitesimal generator is Z? j—1 0i(ai;(2)9;) with
(a;j(x)) being measurable and uniformly elliptic. See [6] and [2] for the definition and properties of X. It is

well-known that the transition density p(¢, x, y) satisfies the following estimates:
clt_d/Qe_”'z“’"_ylz/f’ <p(t,z,y) < 03t_d/2e_”4‘m_y|2/t, forall (t,z,y) € (0,1] x D x D (3.2)

for some positive constants ¢;,7 = 1,2,3,4. (See [2, p.3] and [2, (3.6)].) From the above inequality and the
semigroup property, we have

p(t,z,y) < cs, forevery (t,z,y) € (1,00) x D x D

for some c; > 0. Using the two displays above we easily show that

& 1
Gl(x7y) = / eitp(taxay) dt < CGW? T,y € D> (3.3)
0 _

for some cg > 0. Let i be a Radon measure on D satisfying
w(B(z,7)) <cr?, forall zeD, 0<r<l1,

for some ¢ > 0 and 8 > d — 2. Then, using (3.3), one can follow the proof of [23, Proposition 2.3] line by line
and conclude that g is smooth in the strict sense. Therefore, as in Example 3.4, there exists a unique positive
continuous additive functional A = (A; : ¢ > 0) of X in the strict sense with Revuz measure y and the trace
process Y is a Hunt process on F, the support of A as in (2.2).

Since the scale invariant Harnack inequality for X follows easily from (3.2) (see [15]), in the case when F
satisfies (A2), we know by Theorem 2.4 that the scale invariant Harnack inequality also holds for Y. In particular,
if I is a closed 3-set contained in D and y is restriction to F' of the 3-dimensional Hausdorff measure for some
B > d — 2, then F' is nonpolar and (A2) is satisfied.

Example 3.5 Let E be a closed n-set in R with d > 2 and 0 < n < d. That is, there is a positive Borel
measure v on E such that v(B(x,r)) <" forallz € Eand 0 < r < 1.
Fix an n-measure v on /' and 0 < o < 2. Define

F = {u € L*(E,v): /EXE W v(dz)v(dy) < OO},

g(u7v) :% /EXE c(x,y)(u(ac) — u(y))(v(w) — ’U(y)) I/(d.’t) I/(dy)

[z —y|"+e

for u, v € F, where c¢(z,y) is a symmetric function on E x E that is bounded between two positive con-
stants. It is easy to check that (€, F) is a regular Dirichlet form on L?(E, ) and therefore there is an associated
v-symmetric Hunt process X on E starting from every point in E except for an exceptional set that has zero
capacity. The process X is called a stable-like process on E.

We further assume that there exists ¢; > 0 such that v(B(z,r)) < ¢; 7" for every € E and r > 0. Then, it
is shown in [11] that, in fact X is a Feller process on F and it has a Holder continuous transition density function
p(t, x,y). Furthermore,

t

p(t,z,y) < (t_”/” A W) , forall (t,z,y)€(0,1] x E x E. (3.4)
=Yy

Using this and the semigroup property we can easily show that there exists co > 0 such that
p(t,z,y) <cy, forevery t>1 and =z,y€E with Jz—y| <]l

Using the two displays above we can show that there exists c¢3 > 0 such that

Gi(z,y) == / e 'p(t,x,y)dt < c3 forevery z,y€ E with |z—y|<1. (3.5)
0

o=yl
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Let 1 be a Radon measure on E satisfying
w(B(z,r)) < e’ forall ze€E, 0<r<l,

for some ¢ > 0 and 8 > n — «a. Using (3.5), one can follow the proof of [23, Proposition 2.3] line by line
and conclude that p is smooth in the strict sense. Therefore, as in Example 3.4, there exists a unique positive
continuous additive functional A = (A; : ¢ > 0) of X in the strict sense with Revuz measure x and the trace
process Y is a Hunt process on F', the support of A as in (2.2). Since the scale invariant Harnack inequality for
X holds (see [11]), in the case when F’ satisfies (A2), we know by Theorem 2.4 that the scale invariant Harnack
inequality also holds for Y.

When F is the Euclidean closure of an open d-set in R? and ¢ is the Lebesgue measure on R?, the correspond-
ing process X is the reflected -stable process on E studied in [4]. In this case, if I is a closed 3-set contained in
FE and p is the restriction to F' of the 8-dimensional Hausdorff measure for some 3 > d — 2, then F' is nonpolar
and (A2) is satisfied.

Example 3.6 Let (E, p, £) be a locally compact separable metric space with metric p and a Radon measure £
having full support on F and £(E) = oo. Assume that there is a metric space G D F, and p(+, ) can be extended
to be a metric on GG with dilation for F, i.e., there is a constant ¢; > 1 such that for every x,y € F and § > O,
6,67y € Gwith ¢ 6 p(x,y) < p(6 2,6 y) < 1 6 p(x,y).

We assume that there exists a strictly increasing function V' : R, — R such that V(0) = 0 and there exist
constants ¢y > ¢; > 0 and d; > dy > 0 such that

R\" v R\"
el (r) < (%) < ¢ <r) , forevery 0<r<R<oo, (3.6)

and V (r) < {(B(z,r)) forevery x € E and r > 0.
Let ¢ be a strictly increasing continuous function ¢ : R, — R, with ¢(0) = 0, ¢(1) = 1 satisfying the
following: There exist constants ¢o > ¢; > 0, ¢3 > 0and By > B; > 0 with 5y < dy such that

B1 B2
¢ R < o(F) < e R , forevery 0<r<R<oo, (3.7)
r o(r) r
/T 5 ds <c r forevery 7 >0
—~ads <3, .
0 () o(r)

Let J be a symmetric measurable function on E x E \ {(z,z); x € E} such that for all (z,y) € (E x E) \
{(z,z); x € E}

1
V(p(z,y))e(p(z,y))

Foru € L?(E,¢), define

J(x,y) =

Eww)= [ (ula) = u(w)* () €(d) ()
and for 3 > 0,
Es(u,u) = E(u,u) + ﬂ/E u(z)? €(dx).

Let C.(E) denote the space of continuous functions with compact support in F, equipped with the uniform
topology. Define

D) :=={f € Cc(E) : E(f, f) < o0} (3.8)

gl .
(€, F) is a regular Dirichlet form on L*(E, &), where F := D(E)  (see [12]) and so there is a Hunt process
X associated with it on F, starting from quasi-every point in E (see [17]). In fact, X is a conservative process,
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has jointly continuous transition density function p(t, z,y) and so it can be refined to start from every point in E.
Furthermore,

1 t
) = (g Vo) O e € 0.0 x B xE

(See [12].) Using the above inequality, we get
oo
G(z,y) = / p(t,z,y)dt
0
/O(p(r Y)) t o0 1
< c dt + ¢ / —_—
Yho V@) T S VD)

Op(x.y) | Hpl.y) 5 /L"“k“ﬂw Viple.y)
62 p(ay))  Plp(z,y))V (671 ())

dt

and, by (3.6) and (3.7),
i /¢(2’"‘“p<x,y)) Vip
#(2% p(z,y)) d(p(x,y)

i=0
. — 0(2¥p(z,y)) V(p(z, 2/ . (do—B)k
<ed o) V@ py) 522

Therefore

d(p(x,y))
Vip(z ) G2

Let 1 be a Radon measure on E. We assume there exist ¢ > 0 and 8 > d; — (1 such that

G(z,y) <

w(B(z,7)) <erP, forall zeFE, 0<r<l.

Under this assumption, using (3.6), (3.7) and (3.9), we get for p(z,0) < 2n

/ G(z,y) p(dy)
B(0,n)
<[ G+ [ G, ) uldy)
B(z,1) B(z,2n)\B(z,1)

> ¢(p(x,y))
I (d
§Cg+09§/3(02 FI\B(0,2=F=1) Vip(z,y) e

—k
<cg+cip Z ngf : )1)u( (0,27")\ B(0,27%71))

_ ¢(1) ¢(27%) V(1/2) — —k—1
= cg + c10 (1/2)k 0 o(1) V(kaq)/“‘(B(O’Q ‘)\B(O,Q k ))

<08+C1122 (B+P1—dy) < 00.

On the other hand, if p(z, 0) > 2n, fB o.n) G2, y) p(dy) < oo. Thus

H/ Y) tn (dy) H < 00, (3.10)

o0

where 11, () := p(B(0,n) N ). Therefore Cap( B(0,n)) > cu(B(0,n)) and so, using [17, Lemma 2.2.8]
and (3.10), we conclude that u is smooth in the strict sense. Therefore there exists a unique positive continuous
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additive functional A = (A; : t > 0) of X in the strict sense whose Revuz measure is p by [17, Theorem 5.1.7].
Let F be the support of A as in (2.2). Then by [17, Theorem 6.2.1], the trace process Y is a Hunt process on F'.

Since the scale invariant Harnack inequality holds for X by [12], in the case when F satisfies (A2), we know
by Theorem 2.4 that the scale invariant Harnack inequality also holds for Y.

If E = R? and ¢(r) = 7, then X is a stable-like process in R?. In this case, if x is the 3-dimensional
Hausdorff measure and F' is a closed 3-set with 3 > d — «, then F' is nonpolar and (A2) is satisfied.

We can give a lot more examples of symmetric Markov processes and their traces where the (scale invariant)
Harnack inequality holds for some trace processes. For instance, we can give explicit examples of trace processes
of the subordinate Brownian motions studied in [25] and [22] satisfying the scale invariant Harnack inequality.
Now we give an example of a non-symmetric Markov process X and its traces.

Example 3.7 Let d > 3. We say that a signed Radon measure v on R? belongs to the Kato class K ; if
lim, o sup, e [, 1<, 17— y| = | v|(dy) = 0, for i = 1,2. We assume that u = (u!, ..., u?) is fixed with
each p being a signed measure on R? belonging to K, 1. We also assume that the operator L is either L; or Ly
where

with A := (a;;(x)) being C' and uniformly elliptic but not necessarily symmetric. Informally speaking, a diffu-
sion process in R? with drift 1 is a diffusion process in R? with generator L + y - V. For the precise definition
of the diffusion X with drift p and its property, we refer the readers to [1], [19]-[21]. In [19] (also see Section 6
in [20]), it was shown that X has a density ¢(t, x,y) which is continuous on (0, 00) x R? x R? and that there
exist positive constants ¢;, ¢ = 1, ..., 6, such that

2
syl _cgle=yl
cre” 't 2e 7

_cglr—y|?
2%

<q(t,z,y) < C4ec5tt_%e (3.11)

Thus the process X satisfies the conditions (R), (1), (7%), (Uy) and (Us) in Chapter 5 of [13]. It follows
from [13, Theorem 5.4] and the corollary to [13, Theorem 5.2] that X satisfies Hunt’s Hypothesis (B) and the
equilibrium principle (E). By repeating the argument in the proof of [24, Theorem 2.5.1] we know that X satisfies
the maximum principle (M) in Chapter 5 of [13]. Thus by [13, Theorem 5.3] it follows that every semipolar set
of X is polar for X, that is, (A1) is valid.

Let D be an arbitrary bounded domain and X be the subprocess of X killed upon leaving D with the
transition density function ¢” (¢, z, y) with respect to the Lebesgue measure. Define

b (z) = /D Gply,2)dy and &p(dz) = hp () da,
where Gp (z,y) = OOO q” (t, z,y) dt is the Green function of X”. Then £p is an excessive measure with respect
to X [21, Proposition 2.2] and ¢” (¢, z,y)/hp (y) is the transition density function of X with respect to the
reference measure £p .

It is proved in [21] that for any measure v € K, 2, the measure hp v is a smooth measure of X D with respect
to £. Thus for any measure v in K 2, we can construct the trace process Y of X on the support of v. For example,
if U is a Lipschitz domain with U C D and o is the surface measure of U, then it is easy to check that o € K 5.
Thus we can talk about the trace Y of X on OU. Since the scale invariant Harnack inequality is valid for X
(see [19]), the scale invariant Harnack inequality is also valid for Y.

4 Converse of Theorem 2.1

In this section, we continue to assume that X = (Q, F, 7, X;,P,,x € E) is a standard process on a locally
compact separable metric space (F, p).
Besides (A1) and (A2), we further assume that X satisfies the following

(A3) Every harmonic function in D with respect to X is continuous in D.

Recall that, for any function f : F' — [0, 00), the extension hs of fis hy(z) := E,[f(X,, )], forz € E.
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Theorem 4.1 Suppose that f is a nonnegative function on F'. If the extension hy of f is harmonic with respect
to X in an open subset D of EZ and

]P’w(inf{t>0:Xt€E”ﬁF}<oo) =1 forevery x€F, 4.1

then f is harmonic with respect toY in D := DNF.

In the remainder of this section, we will prove Theorem 4.1. We fix an open set Din E and put D = DNF.
We assume that f is nonnegative function on F' such that its extension Ay is harmonic with respect to X in D.

We fix a bounded open set B in F' such that the closure of B in F' is contained in D, and let Bbe any bounded
open set strictly contained in D such that BN F = B. Let

Sop:=op =inf{t >0: X; € F}
be the first time the process X hits F/,

T:=Tz=inf{t>0: X, € B°NF} 4.2)
be the first time the process X hits the set F' outside of B and

T I=Tg :inf{t>01 X; GEC}
the exit time of X from B. Note that, by (4.1)

P, (T <oo) =1 forevery x€F. 4.3)

We use the notation 75 for the first exit time of Y from B = B N F. Let us inductively introduce two families of
stopping times. For n > 1 let

Tn + SO o 07’,, ,  Tn <T

S, = ’ ’ ’ 4.4
{ T7 Tn = T7 “4)

S, + 71 005 s S, <T,
" = " 4.5
Tn+1 { T, S, =T. 4.5)
Note that for n > 1 we have
Spi1(w) =8, (w)+ Sy 00, (w), for S,(w) < oo. (4.6)

Lemma 4.2 Let x € B. Then

E, [Ex,, [f(Xs,): So=T]]
]E:l: [EX,—I [f(XSO) : SO < TH

] 8
==
Sle
Lo
o
AN
NS

E
E,
Proof. By the strong Markov property it follows that

E, [Ex,, [f(Xs, )1{50:T}H = B, [f(Xs, ©07.) Lsy=r) © 07.]

(X7 00-,) L8506, =Tob, }]
= E.[f(Xr 1700., ) L{syos,, =77 }]
= E. [f(X1) Lz, 45000, =1}
=E

(
o [F(X) s, =1y] = Ea [f(Xs, ) 1is =11]-

The proof of the second equality is similar and uses that on {S; < T} it holds that 4 < T, and hence
06, = Xg,. O

E.[f
oS
[
[

So
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Lemma 4.3 Assume that hy is harmonic with respect to X in D. Then for everyn > 1 and every x € B,

f(@) = E. [f(Xs,)].
Proof. Forn =1 and z € B the result follows from the following computation:
f(x) = hp(x) =B, [hy(X7,)] = Ee [Ex,, [f(Xs,)]]
= B, [Bx,, [£(Xs,) : S =T)] +E. [Ex,, [f(Xs,) : S0 <7]]
=B [f(Xs): S =T +E, [f(Xs,): S < T] = Eu[f(Xs,)].

where the last line follows from the previous lemma. The proof for n > 2 follows by induction. By use of (4.6),
we have

o [f(Xs, 51005, )] =EBa [f(Xs, 005, )]
o [Bxs, [f(Xs))]] =Be[f(Xs,)] = fl2).

Proof of Theorem 4.1. Define S = lim,, . S, < T and p = lim, o, 7,,. Note that {?B < Z} =
{T < (}.If S, <T < (foreveryn > 1, thenitholds that S; < Sy < --- < T < (. Thenalsor <7 < -+ <
T < (. By the quasi-left continuity of X, X¢ = lim, .o Xg, = lim, . X; = X,. Since X5, € B for all
n > 1, it follows that Xg € CI(B) where CI(B) is the closure of B in F. Similarly, X, € B¢ for all n > 1,
hence X, € B°. Therefore, Xg = X, € CI(B) N B¢ C CI(B) N B¢ = B where dB denotes the boundary of
B in F. In particular, it follows that S = T', and Xy = Yz, € 0B. Since h; is harmonic with respect to X in l~),
f is continuous in D by (A3). Thus by the Lebesgue dominated convergence theorem, we have

E.[f(Xs,.)] = E
E

O

lim E, [f(Xsk) : ﬁo{sn <ST<(| =B |f(%,): ﬁo{sn <T< 4}]. (47
Secondly, we have | |
Jim E, lf(Xsk) : GO{Sn =T< C}] = E, | f(Xr): GO{Sn =T< C}]
_ B |f(v) - GO{S" _7< c}]. “8)

Finally, by (4.3), Lemma 4.3, (4.7) and (4.8), it follows that
f@) = Jim B, [f(Xs,)]

F(Xs,) s [({Sn <T <}

lim E, + lim E,
k—o0 0 k—o0
n=

f(Xs,) U{Sn =T <}
n=0

= E, I:f(Y?B);?B < Z] :

Since B is an arbitrary bounded open set strictly contained in D, this proves that f is harmonic with respect
toY in D. U

In fact, it is easy to see that Theorem 4.1 is also true when X is a right process on a Radon space.

Remark 4.4 Many examples of the trace processes are pure jump processes. For a large class of pure jump
processes, the following is true:

(A4) For all open sets Dy and D, in F with C1(D;) C D,, there exists an open set B in F with C1(D;) C B C
CI(B) C Dy such that

P,(Y;, € 0B) =0 forevery x € B. (4.9
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(See [101], [29], [30].) Here and below, C1(B) denotes the closure of B in F' and 0B denotes the boundary of B
in F. For example, by [29, Corollary 4.3], the trace process we considered in Example 3.1 satisfies (A4) since
(4.9) is true for every smooth open set in R?. Recall that T", S,, and 7, are the stopping times in (4.2), (4.4) and
(4.5) respectively. Then it is easy to see that if Y satisfies (4.1) and (4.9), then

P, (U2 {S, =T}) =1 forevery € B. (4.10)

In fact, suppose, on the contrary, that on a set of positive [P, probability it holds that S; < Sy < .-+ < T. Then
alsomy <7 <--- < T.Define § = lim, o S, < T and p = lim, . 7,,. Note that {75 < Z} ={T < (}.
IfS, <T < (foreveryn > 1, thenitholdsthat S; < Sy < -+ <T < (. Thenalsor <7 <---<T <.
By the quasi-left continuity of X, X¢ = lim,, oo Xg, = lim, . X;, = X,. Since X5, € Bforalln > 1,it
follows that X € CI(B). Similarly, X, € B¢ foralln > 1,hence X, € B® C B°. Therefore, Xg = X, € OB.
In particular, it follows that S = T, and Xr = Y;, € 0B. Hence, P, (Y>, € 0B) > 0, which contradicts (4.9).
Now suppose f is a nonnegative real-valued function on F’ with the harmonic extension A in an open subset

D of E. Instead of (A3), we assume that f is locally bounded on D := DN F and (4.10) is true. Then we get

lim E,[f(Xg,): Sy <T| <c lim P,(S, <T)=0. 4.11)

n—o0o0 n—oo

Moreover, by (4.10), ({S, = T} : n > 0) is a sequence of events which increases to a P, -a.s. event. Therefore,
by the monotone convergence theorem we have

Jim I, [f(Xs,): Sy =T] = lim E,[f(X7): S, =T

n—oo

= E. |f(Xr): ({0 =T}| =E.[f(X7)]. (4.12)

n=0

Thus, by use of Lemma 4.3 and (4.11)—(4.12), it follows that

flz) = lim E, [f(Xs,)]
Jim E, [f(Xs,): S, <T] + lim E, [f(Xs,): S, =T]
E.[f(X7)] = Eq [f(Yz,)] -

Therefore, by the strong Markov property, we can conclude that Theorem 4.1 is true for locally bounded f without
the assumption (A3) if Y satisfies (A4).
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