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Let X be a standard Markov process with state space F and let F' be a closed subset of E. A nonnegative
function f on F'is extended probabilistically to a function & s on the whole space . We show that the extension
hy is harmonic with respect to X provided that f is harmonic with respect to Y, the trace process on F’ of the
process X. A consequence is that if the Harnack inequality holds for X, it also holds for the trace process Y.
Several examples illustrating the usefulness of the result are given.
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1 Introduction

This paper is motivated by the recent work [5] which proposes to study d-dimensional non-local operators by
means of (d + 1)-dimensional local operators. A probabilistic interpretation of this approach is to consider a d-
dimensional subordinate Brownian motion Y as the trace of a (d + 1)-dimensional diffusion X on the hyperplane
H = R? x {0}. In this paper we consider the case of a standard Markov process X on a locally compact
separable metric space E and the trace of X on a closed subset F' of EJ. Our main goal is to show that, under
reasonable conditions, the Harnack inequality holds for the trace process if it holds for X . The main tool consists
of studying the relationship between harmonic functions with respect to the trace process and their extensions
from F’ to the whole space E. To be more precise, let o = inf{¢t > 0 : X; € F'} be the hitting time to F. For
a nonnegative Borel function f on F' we define its extension hy : E — [0, 00] by hy(x) = E,[f(X,,)], z € E.
It is a well-known fact that this extension is harmonic with respect to X outside F'. The first result we prove is
Theorem 2.1 which states that (under certain reasonable conditions) if f is harmonic in F' N D with respect to the
trace process, then the extension A is harmonic with respect to X in D. Here D is an open subset of . As an
immediate consequence of this result we record the following fact: If the Harnack inequality holds for X, then
it also holds for the trace process. We give several examples in which the Harnack inequality is established for
some processes which can be realized as traces of other processes. When all harmonic functions with respect to
X are continuous, we also prove a converse of Theorem 2.1.

The rest of the paper is organized as follows. In Section 2, we discuss trace processes of standard Markov
processes and the relation between harmonic functions with respect to the original process and harmonic functions
with respect to its trace process. Section 3 gives a few examples of trace processes and applications of the results
in Section 2. In Section 4, we prove the converse of the Theorem 2.1.
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th)

In this paper, we denote “:=" to mean “is defined to be”. For two functions f and g, the notation “f =< g
means that there exist constants ¢y > ¢; > 0 such that ¢;g < f < cog. For two real numbers a and b, a A b :=
min{a, b}. For a set K in a space E, we use K° to denote its complement in F, that is, K¢ := F \ K. We will
use 0 to denote a cemetery point and for every function f, we extend its definition to by setting f(9) = 0. For
a topological space F, we use B(E) to denote the Borel o-field on E, B*(FE) the u-completion of B(E), and we
define B*(E) := Nyep(p)B"(E), where P(E) is the collection of all probability measures on . Each element
of B*(E) is called a universally measurable subset of E. We use the notation P, (X; € -) = P(X; € - | X = z)
and for 4 € P(E), P, )= [Py p(dz).

Throughout this paper we use ¢, ¢q, 02, to denote generic constants, whose exact values are not important
and can change from one appearance to another.

2 Setup and Main Result

Assume that (E, p) is a locally compact separable metric space with metric p and that X = (Q, F, Fy, X, Py, x €
E) is a standard process on F, that is, a normal right continuous Markov process which is quasi-left continuous
on (0, (), where ¢ := inf{t > 0 : X; = 9} is the lifetime of the process. The shift operators 6;, t > 0, satisfy
X 00, = X4, identically for s, ¢ > 0.

The semigroup { P, };>0 of X on the space of nonnegative Borel functions on E is defined by

Pif(x) := Bo[f(Xy)] = Eo[f(Xy) : £ <C].

{P;}+>0 can be extended to the space of nonnegative universally measurable functions on E.

Throughout this paper, ¢ is an excessive measure of X with supp[¢] = FE; that is, £ is a o-finite Borel
measure on F with full support such that £P; < ¢ for all ¢ > 0. Here £P; denotes the measure v defined by
[ f@)v(dx) = [, P, f(x)&(dx) for any Borel function f > 0 on E. Since X is right continuous, we have
lim; g &P, = &£ setwise.

Throughout this paper, A = (A; : t > 0) is a positive continuous additive functional of X in the strict
sense, i.e., in the sense of [3]. Then there exists a unique measure i on F, which is called the Revuz measure of
A = (A; : t > 0), such that

f(z)p(dx) —hm IE f(Xs)dA 2.1
Joroman = e[ [ soxin]

for all nonnegative Borel function f on E (see [7, Theorem A.3.5]). Let
R(w) :=inf{t > 0: A¢(w) > 0},
then the support of A is defined by
F:={zeE:P,(R=0)=1}. 2.2)

Since t + R(6iw) | R(w) ast | 0, F'is a nearly Borel, finely closed set. Let op := inf{t > 0: X; € F'} be the
first hitting time of F. Then P, (cr = R) = 1 for every z € E (see [28, Section 64]). Furthermore, each point
of F'is regular for F' with respect to X, that is

P,(cp =0)=1, foreveryx € F.

We are concerned with the trace of X on the subset F' of E. We will use (7 : ¢ > 0) to denote the right
continuous inverse of (A; : ¢ > 0) defined by

inf{s>0:A4; >t} fort<A._,
T+ =
K 00 fort > Ac_.

Let E:: A¢_ . The time changed process Y = (Q, F, F,,, Y:, Py, x € F) defined by

X, for0§t<6,
)/t: : ~
0 fort > ¢
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is called the trace of X on F'. It is known (cf. [7, Theorem A.3.11] and [28, (65.9)]) that Y is a right process on
(F,B*(F)) with the life time Z Here, a right process on F’ is a right continuous, strong Markov process with
Yi(w) = 0 for t > ((w) and P, (limg s u(Ys) = u(Yy), Vt > 0) = 1 for any 4 € P(F) and any a-excessive
function u with respect to Y and « > 0. A [0, oo]-valued function u on F is said to be a-excessive with respect
to Y if u is B*(F)-measurable and e *'E, [u(Y;)] T u(x) ast | O forall z € F'. For recent development on trace
processes, we refer the readers to [7, 8, 9, 16, 18].

We will make the following assumptions on X and F' throughout this paper.
Al. Every semipolar set with respect to X is polar with respect to X.

A2. For every point z € F'° we have
P, (O’F < OO) > 0.

For the definitions of semipolar set and polar set and their basic properties, we refer the readers to [3] and [7].

Since P, (cr = R) = 1, the assumption A2 is simply saying that our positive continuous additive functional
A of X is not trivial.

We introduce the following notations: For U C E, let 7y := inf{t > 0 : X, ¢ U} be the exit time of X from
Uand 7y :=inf{t > 0: Y; ¢ UN F} be the exit time of Y from U N F'. The notions pertinent to the process
Y will be denoted by .

Suppose that D is an open subset of E. A nonnegative Borel function h on E is said to be harmonic in D with
respect to X if for any 2 € D and any open subset U C U C D we have

h(y) =Ey[h(Xs,) : v <], forally e U. (2.3)

Harmonic functions with respect to Y are defined in a similar fashion using the relative topology.
For any function f : F' — [0, 00), we define a function hy : E — [0, co] by

hy(@) =Es[f(Xor)], z€E.

Note that h¢(z) = f(z) on F since every point on F' is regular for F' with respect to X. The function Ay is called
the extension of f. Using the strong Markov property, it is easy to see, and is well known, that & s is harmonic in
E \ F with respect to X.

In the remainder of this section, we will prove the following theorem.

Theorem 2.1 Suppose that f is a nonnegative function on F and D is an open subset of E with D N F # (.
If the function f is harmonic in F' N D with respect to Y, then its extension hy is harmonic in D with respect to
X.

Fix an arbitrary open subset U C U C D and let
T:=inf{t>0: X, €U°NF}

be the first time the process X hits the set F’ outside of U. For simplicity, we let 7 := 7y = inf{¢t > 0: X; ¢ U},
but retain the notation 7y for the first exit time of Y from U N F. An easy, but fundamental observation, is given
in the following lemma.

Lemma 2.2 Foreveryx € U N F we have Yz, = X1 Py-a.s.

Proof. Let Z = Z(w) = {s > 0: X, € F}. Then Z¢ = U(1,_, 7;). Hence, if s € Z C Z, three cases are
possible: (1) s =7, = 7, forsomet > 0; (2) s =7, > 7, forsome ¢t > 0; (3) s = 74— < 7, forsome ¢ > 0. In
the first two cases, clearly X; = X, = Y;. We show that the third case, in which the point X of the path of X
need not be on the path of Y, happens with IP,.-probability zero for every x € U N F'. Note thatif s = 73— < 7,
the time s is a left-end point of an excursion of X away of F'. Let IV be the set of irregular points of U° N F' with
respect to X. Then NN is semi-polar with respect to X by [3, Proposition I1.3.3], hence polar with respect to X
by the assumption Al. Thus P, (X7 € N) = 0, for z € U. Consequently, if z € U N F, then P,-a.s., Xp is
a regular point for U N F'. Hence, immediately after time 7', the process X will hit U N F' again, which rules
out excursions away from F' having left-end point 7'. This proves that X = X, for some ¢ > 0, and hence
Xr =Y;, Py-as. foreveryx c UNF. O
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4 Panki Kim, Renming Song, and Zoran Vondracek: On harmonic functions for trace processes

An immediate consequence of Lemma 2.2 is that if f is harmonic in F' N U with respect to Y, then we have
f(@) = Eo[f(Ya,)] = Eo[f(X7)], foreveryz e UNF. (2.4)

Note that 7 < T, P,-a.s. for every x € U.
One simple, but important observation is that, since F' is finely closed, X,,, € F'and X7 € U° N F, P -a.s.
for every x € E. (See, for example, [7, (A.2.5)] and [28, (10,6)]).

Lemma 2.3 Suppose that f is a nonnegative function on F.
(a) Let g(x) = E[f(X7): T < (], x € E. Then g(x) = E,[g(X;) : 7 < (] foreveryxz € U.
(b) If f is harmonic in D N F with respect to Y, then
E.[f(X1);or <T])=E;[f(Xop): or <T], xz€U.

Proof. (a) First note that on {7 < T} we have X7 00, = X,1700. = Xr, Py-as. forevery z € U.
Therefore, for x € U,

Eulg(X7): 7 <T|=E,Ex, [f(X7)]: 7<T]|=E,[f(Xro0b;): 7<T]|=E;[f(Xp): 7<T].

Let N be the set of irregular points of U¢ N F' with respect to X . In the same way as in the proof of Lemma 2.2
we conclude that [V is polar with respect to X. Thus

P.(Xr € N)=0, x € U. 2.5)
On the other hand, if X is in the set of regular points of U¢ N F' with respect to X, then on {7 = T'},
9(Xr) = g(X1) = Ex,[f(Xr)] = f(X7). (2.6)

Thus, by (2.5)-(2.6), for z € U,

E.fg(X,): 7<(] = E f9(X.): 7<T <) +E[9(X,): 7=T <]
= E.l9(X,): 7 <T <)+ E[g(X) L wenmyn(Xr) s 7=T < (]
= E[f(Xr): 7<T <]+ EJ[f(X7)Lperppn(Xy) : =T < (]
= E.f(Xp): 7<T <(|+E.[f(Xp): 7=T < (]
= Eu[f(Xr): T <(]=g(x)

(b) Note that on {oF < T'} it holds that X,,,, € U. Since f is harmonic in D N F' with respect to Y, we have by
Q24 thatEx, [f(XT1)] = f(Xo,) forevery X, € U N F. Moreover, if X7 is a regular point of U¢ N F with
respect to X, Ex, [f(X7)] = f(X,). Hence, forz € U,

E$[f(XT) o < T] = Ex[f(XT 06‘01,) o < T}

= E[Ex,,[/(X1): op <T]
= E.[Ex,, [f(X7)lvuwenryn) (XT) : op < T
= E.[f(Xop)lvuquenrnn)(Xr) 1 op < T
Eu[f(Xop) : or <TJ.
O
Proof. of Theorem 2.1: Let z € U. Then
E.[f(X7)] = E f(X7r): or <T|+E[f(X7): op =T]
= Ew[f(XUF) tor < T} +Ew[f(XU'F) P o0p = T}
= E;[f(Xop)] = hy(2),
where the equality in the second line follows from Lemma 2.3 (b). By Lemma 2.3 (a) we obtain that hs(z) =
Eylh(X7): 7 <(]. O
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We say that the Harnack inequality holds for X if for any open subset D of E and any compact subset K of
D, there exists a constant C' > 0 depending only on D and K such that for nonnegative function ~ harmonic in
D with respect to X,

sup h(z) < C inf h(x).
Sup (z) < C inf h(z)
The Harnack inequality for Y is defined in the same way using the relative topology.

We say that the scale invariant Harnack inequality holds for X if there exist R > 0 and C' > 0 such that for
any zo € F, any r < R and any nonnegative function h harmonic in B(xg,r) := {x € E : p(z,20) < r} with
respect to X,

sup hiz) < C inf h(z).
z€B(xz0,r/2) ( ) xEB(z0,7/2) ( )

As an immediate consequence of Theorem 2.1, we get

Theorem 2.4 If the Harnack inequality holds for X, then the Harnack inequality also holds for Y. If the
scale invariant Harnack inequality holds for X, then the scale invariant Harnack inequality also holds for Y in
the following sense: there exist R > 0 and C' > 0 such that for any xq € F, any r < R and any nonnegative
Sunction h harmonic in B(xg,r) N F with respectto 'Y,

sup h(z) < C inf h(zx).
z€B(xo,r/2)NF ( ) z€B(xzo,m/2)NF ( )

Remark 2.5 We did not use the quasi-left continuity of X in this section. Thus one can easily see that our
main results (Theorem 2.1 and Theorem 2.4) are also true for right processes. Moreover, all results except the
second statement of Theorem 2.4 are true for right processes on a Radon space, i.e., a space that is homeomorphic
to a universally measurable subset of a compact metric space.

Remark 2.6 By the strong Markov property, under the following assumption A1’ instead of the assumption
A1, Theorem 2.1 and Theorem 2.4 are also true. We omit the details.

A1’ : For every open sets O1 C O with O§ N F # (), there exists an open subset U with O; C U C U C Oy
such that every point x € U N F' is regular point of U¢ N F' with respect to X, that is

P.(oyenr =0) =1, foreveryx € U°NF,

where openp = inf{t > 0: X; € U N F'} is the hitting time of U° N F for X.

3 Examples

The first example we give concerns subordinate Brownian motions.

Example 3.1 Suppose that Xt(l) is a Brownian motion on R% and Xt(2) is an independent diffusion on R.
Let m be the speed measure of X (®). It is well known that m is an excessive reference measure for X (2), and
X is a symmetric process with respect to m. Define a measure & on R%*! by £(dz) = dz™ x m(dz®),
= (zM, 2®?) € R where dz?) stands for the d-dimensional Lebesgue measure. Then ¢ is an excessive
reference measure for the process X; = (Xt(l)7 Xt@)) on R4 and X is symmetric with respect to £. Suppose
that 0 is regular for itself with respect to X (?), that is, starting from 0, X returns to 0 immediately with
probability 1. Let L = (L; : t > 0) be the local time of X () at 0. Then for any ¢ > 0 and = € R we have

t
IE.L[Lt]:/ p(2)(8,$,0)d87
0

where p() stands for the transition density of X (?) with respect to m. Using this, one can easily check that for
any nonnegative Borel function f on R%*! we have

1 t
lim ~ £(dz)E, [/ f(XS)dLS] = [ fW,0)dzV, forallz = (V) z?) ¢ R,
0 R4

t—0 ¢ Rd+1
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6 Panki Kim, Renming Song, and Zoran Vondracek: On harmonic functions for trace processes

that is to say, as a positive continuous additive functional of X, the Revuz measure of L is the d-dimensional
Lebesgue measure on the hyperplane H := R? x {0}. Since the support of L is clearly equal to H, we take
F = H. Let (r; : t > 0) be the right-continuous inverse of (L; : t > 0). It is well known that (7 : t > 0) is
a subordinator. The process Y defined by Y; := X (7¢) is the trace of X on H and it is a subordinate Brownian
motion.
Since X is symmetric, semi-polar sets are polar by [17, Theorem 4.1.2]. Thus F' and X satisfy the assumptions
Al and A2.
For o € (0,2), let Z; be a Bessel process of dimension 2 — «, that is a diffusion process on [0, c0) with
infinitesimal generator
1d> 1-ad
4
2 dx? 2z dx
Similar to [27, Exercise XIL.2.16], by changing the sign of each excursion of Z with probability 1/2, we obtain
a diffusion process X (2) on R whose generator on R \ {0} is given by

1 d? N l—ad
2dxz?  2|x| dx’

In this case the trace of X = (X, X (2)) on H is a symmetric a-stable process. Using results from [14] one can
check (see [5]) that the scale invariant Harnack inequality holds for X. Thus it follows from Theorem 2.4 that
the scale invariant Harnack inequality holds for the symmetric a-stable process Y.

Example 3.2 Suppose that X is a Brownian motion in R? and that D is a Lipschitz domain in R?. Let o be
the surface measure on the boundary 0D of D. Applying [17, Theorem 5.1.7] and following the argument of [17,
Example 5.2.2] we can show that there is a positive continuous additive functional L = (L; : ¢ > 0) of X with
Revuz measure o. Let (7; : ¢ > 0) be the right-continuous inverse of (L, : ¢ > 0), then the process Y defined by
Y; := X (7) is the trace of X on F' = 0D. It is easy to see that the assumptions A1 and A2 are satisfied. Since
the scale invariant Harnack inequality holds for X, it follows by Theorem 2.4 that the scale invariant Harnack
inequality also holds for Y.

Example 3.3 Suppose that d > 2 and X is a symmetric diffusion in R? whose infinitesimal generator is
Zfl j=10i(ai;j(x)0;) with (a;;(x)) being measurable and uniformly elliptic. It is well known that the transition
density p(t, z, y) satisfies the following estimates:

et~ eI <t y) < egt =2 eulr 3.0

for some positive constants c;, ¢ = 1,2, 3,4, (see [15].)
Let ;1 be a Radon measure on RY satisfying

w(B(z, 7)) <crf, forallz € RY, 0<r <1,

for some ¢ > 0 and 3 > d — 2. Then, using (3.1), one can follow the proof of [23, Proposition 2.3] line by line
to conclude that y is smooth in the strict sense (see [17, p.195] for the definition). Therefore it follows from [17,
Theorem 5.1.7] that there exists a unique positive continuous additive functional A = (A; : ¢ > 0) of X in the
strict sense with Revuz measure ;. Let F' be the support of A as in (2.2), which is also the quasi support of p
(see [17, p.168] for the definition). Then by [17, Theorem 6.2.1], the trace process Y is a Hunt process on F'.

Since the scale invariant Harnack inequality holds for X by [15], in the case when F satisfies A2, we know
by Theorem 2.4 that the scale invariant Harnack inequality also holds for Y. In particular, if F'is a closed [3-set
(.e., w(B(x,7r)) < rPforallz € Fand 0 < r < 1) and p is the restriction to F of the 3-dimensional Hausdorff
measure for some 8 > d — 2, then F is nonpolar and A2 is satisfied.

Example 3.4 Suppose that d > 3. We assume that D is a bounded domain whose boundary 0D has zero
Lebesgue measure and there exists a bounded linear extension operator 7 : W12(D) — W2(R%) such that
Tf = fae. onD for f € WH2(D). Here W12(D) is Sobolev space on D. In particular, bounded uniform
domains satisfy the above condition. (For the definition of uniform domains, see [2, Definition 1.1].)
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Let X be a symmetric reflecting diffusion in D whose infinitesimal generator is Zj =1 0i(ai;(x)0;) with
(ai;(x)) being measurable and uniformly elliptic. See [6] and [2] for the definition and properties of X. It is
well-known that the transition density p(¢, x, y) satisfies the following estimates:

clt*d/ze*”lm*yﬁ/t <p(t,z,y) < c;;tid/Qe*c“‘Z*ylz/t, forall (t,z,y) € (0,1] x D x D (3.2)

for some positive constants ¢;,z = 1,2,3,4. (See [2, p.3] and [2, (3.6)].) From the above inequality and the
semigroup property, we have

p(t,x,y) <cs, forevery (t,x,y) € (1,00) x D x D

for some c5 > 0. Using the two displays above we easily show that

oo
Gi(z,y) = / e tp(t,x,y)dt < co x,y €D (3.3)
0

=y
for some cg > 0. Let i be a Radon measure on D satisfying
w(B(z,7) <cerP, forallze D, 0<r<l1,

for some ¢ > 0 and 3 > d — 2. Then, using (3.3), one can follow the proof of [23, Proposition 2.3] line by line
and conclude that p is smooth in the strict sense. Therefore, as in Example 3.4, there exists a unique positive
continuous additive functional A = (A; : ¢ > 0) of X in the strict sense with Revuz measure y and the trace
process Y is a Hunt process on F, the support of A as in (2.2).

Since the scale invariant Harnack inequality for X follows easily from (3.2) (see [15]), in the case when F’
satisfies A2, we know by Theorem 2.4 that the scale invariant Harnack inequality also holds for Y. In particular,
if F is a closed 3-set contained in D and y is restriction to I’ of the 3-dimensional Hausdorff measure for some
(G > d — 2, then F' is nonpolar and A2 is satisfied.

Example 3.5 Let F be a closed n-set in R? with d > 2 and 0 < n < d. That is, there is a positive Borel
measure v on F such that v(B(x,r)) < r" forallz € Eand 0 < r < 1.
Fix an n-measure v on F¥ and 0 < @ < 2. Define

u(z) — u(y))?
F= {u € L*(E,v): /E><E Mu(dx)z/(dy) < oo}

L )l —up) ) o)
fwo) =z [ s (d)v(dy)

foru, v € F, where c¢(x, y) is a symmetric function on E x E that is bounded between two positive constants. It is
easy to check that (€, F) is a regular Dirichlet form on L?(E, v) and therefore there is an associated v-symmetric
Hunt process X on E starting from every point in £ except for an exceptional set that has zero capacity. The
process X is called a stable-like process on E.

We further assume that there exists ¢; > 0 such that v(B(z,r)) < ¢q r" forevery € E and r > 0. Then, it
is shown in [11] that, in fact X is a Feller process on E and it has a Holder continuous transition density function
p(t, z,y). Furthermore,

t

p(t,x,y) < (tn/a A |$_y|n+a> , forall (t,z,y) € (0,1] x E X E. (3.4)

Using this and the semigroup property we can easily show that there exists co > 0 such that
p(t,x,y) < co, foreveryt>1landz,y€ F with|z—y|<1.

Using the two displays above we can show that there exists c3 > 0 such that

Gy (z,y) = / e p(t,z,y)dt < c3 forevery z,y € E with |z —y| < 1. (3.5)
0

|z —y|n—o’
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8 Panki Kim, Renming Song, and Zoran Vondracek: On harmonic functions for trace processes

Let i be a Radon measure on E satisfying
w(B(z,r)) <crf, forallz € E, 0<r<1

for some ¢ > 0 and 3 > n — a. Using (3.5), one can follow the proof of [23, Proposition 2.3] line by line
and conclude that p is smooth in the strict sense. Therefore, as in Example 3.4, there exists a unique positive
continuous additive functional A = (A; : ¢ > 0) of X in the strict sense with Revuz measure y and the trace
process Y is a Hunt process on F', the support of A as in (2.2). Since the scale invariant Harnack inequality for
X holds (see [11]), in the case when F satisfies A2, we know by Theorem 2.4 that the scale invariant Harnack
inequality also holds for Y.

When F is the Euclidean closure of an open d-set in R¢ and ¢ is the Lebesgue measure on R?, the correspond-
ing process X is the reflected a-stable process on E studied in [4]. In this case, if F'is a closed 3-set contained in
FE and p is the restriction to F' of the 5-dimensional Hausdorff measure for some 3 > d — 2, then F’ is nonpolar
and A2 is satisfied.

Example 3.6 Let (E, p, &) be a locally compact separable metric space with metric p and a Radon measure &
having full support on E and £(E) = oo. Assume that there is a metric space G D FE, and p(-, -) can be extended
to be a metric on GG with dilation for E, i.e. there is a constant ¢; > 1 such that for every z,y € F and § > 0,
6 la, 6 'y € G with ¢ 6 p(a,y) < p(6'a, 67 y) < c1 6 p(a,y).

We assume that there exists a strictly increasing function V' : R4 — R such that V' (0) = 0 and there exist
constants ¢, > ¢; > 0 and dy > dg > 0 such that

RN\d V(R R\d
cl(—>0§ (R) < 02(—> 1, forevery 0 <r < R < o0, 3.6)
r Vir) r
and V (r) < {(B(z,r)) forevery x € E and r > 0.
Let ¢ be a strictly increasing continuous function ¢ : Ry — R, with ¢(0) = 0, ¢(1) = 1 satisfying the
following: There exist constants c; > ¢; > 0, c3 > 0 and B3 > (1 > 0 with 85 < djy such that

R\ B o(R) R\ B2
i < < e )
Cl(r) = % 702(7‘) , forevery 0 <r < R < 00, 3.7
/ ' o ds < 77’2 forevery r > 0
c , r )
o o) T o) Y

Let .J be a symmetric measurable function on E x E'\ {(z,x); « € E} such that for all (z,y) € (E x E) \
{(z,z); x € E}
1

T = G ey

For u € L?(E, ), define

£ (uyu) == /E () =~ ()P (@ )e(d)e()
and for 3 > 0,
Es(u,u) == E(u,u) + 5/ u(z)?¢(dz).
E

Let C.(E) denote the space of continuous functions with compact support in F, equipped with the uniform
topology. Define

D(E) = {f € Cu(E) : £(f, f) < o). (3.8)

81 .
(€, F) is a regular Dirichlet form on L?(E, &), where F := D(E)  (see [12]) and so there is a Hunt process
X associated with it on F, starting from quasi-every point in E (see [17]). In fact, X is a conservative process,
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has jointly continuous transition density function p(¢, , y) and so it can be refined to start from every point in F.

Furthermore,

'
p(t,z,y) =< (V(d)—l(t)) A V(p(%y))(ﬁ(ﬂ(ﬂfal/)))

(See [12].) Using the above inequality, we get

G(x,y) = /Ooop(t,x,y)dt
$(o(2.)) y o !
=@ / Vio(e ) dlp@y) " T /¢<p(w» Ve i)™

2 Q@) | olp(y)) - /‘b(gkﬂ"(’”’y” V(p(z,y))
- Vip(x,y)) Vip(x,y)) = Jorpeyy — Hp(zy))V(07(1))

dt

and, by (3.6) and (3.7),

°°/¢(2"“p(:c,y)) V(p(z,y)) "
sk p(zy))  Pp(T,y))V (6~ L(2))

0700 ¢’(2kp($7y)) V(p(x,y)) c - —(do—B2)k
S 2 ) Vb)) = 2

z,

=

Therefore

’ o(p(z,y))
Vip(z,y))

Let ;1 be a Radon measure on E. We assume there exist ¢ > 0 and 3 > d; — (31 such that

G(z,y) <c

w(B(z,r)) <erf, forallz € B,0 <r < 1.

Under this assumption, using (3.6), (3.7) and (3.9), we get for p(z,0) < 2n

/ G, y)u(dy)
B(0,n)

/ G, y)u(dy) + / G y)u(dy)
B(z,1) B(z,2n)\B(z,1)

Sole.)

cs + Cg / 1
kZO B(0,2-*N\B(0,2-+1) V(p(x,y))

cs+c1oz ¢2 - 1)u (B(0,27%)\ B(0,27%~1))

IN

IN

IN

B #(1) #(27F) V(1/2) _ e
= ¢+ 1/2 Z o) T HBO: 2O\ BO,27Y)

< CS"'CllZQ (B+B1—d1) < oQ.
On the other hand, if p(x, 0) > 2n, fB(O n) G(z,y)p(dy) < co. Thus

|| [E G-+ i ()] oo < 0,

forall (t,z,y) € (0,00) X E x E.

(3.9)

(3.10)
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where (i, (+) := p(B(0,n) N -). Therefore Cap(B(0,n)) > cu(B(0,n)) and so, using [17, Lemma 2.2.8] and
(3.10), we conclude that p is smooth in the strict sense. Therefore there exists a unique positive continuous
additive functional A = (A, : ¢ > 0) of X in the strict sense whose Revuz measure is p by [17, Theorem 5.1.7].
Let F' be the support of A as in (2.2). Then by [17, Theorem 6.2.1], the trace process Y is a Hunt process on F'.

Since the scale invariant Harnack inequality holds for X by [12], in the case when F’ satisfies A2, we know
by Theorem 2.4 that the scale invariant Harnack inequality also holds for Y.

If E = R% and ¢(r) = r°, then X is a stable-like process in R%. In this case, if x is the 3-dimensional
Hausdorff measure and F' is a closed 3-set with 3 > d — a, then F' is nonpolar and A2 is satisfied.

We can give a lot more examples of symmetric Markov processes and their traces where the (scale invariant)
Harnack inequality holds for some trace processes. For instance, we can give explicit examples of trace processes
of the subordinate Brownian motions studied in [25] and [22] satisfying the scale invariant Harnack inequality.
Now we give an example of a non-symmetric Markov process X and its traces.

Example 3.7 Let d > 3. We say that a signed Radon measure v on R? belongs to the Kato class Kg,; if
limy o SUpgega [, 1<, 17— y| =4 v|(dy) = 0, for i = 1,2. We assume that u = (u!, ..., u?) is fixed with

each p! being a signed measure on R? belonging to K ;. We also assume that the operator L is either L; or Ly
where

d d
1 1
L1 = 5 Z ai(aij(m)@-) and L2 = 5 Z aij(x)aiaj
i,j=1 i,j=1
with A := (a;;(z)) being C' and uniformly elliptic but not necessarily symmetric. Informally speaking, a

diffusion process in R¢ with drift 4 is a diffusion process in R¢ with generator L + y - V. For the precise
definition of the diffusion X with drift ;x and its property, we refer the readers to [1, 19, 20, 21]. In [19] (also see
Section 6 in [20]), it was shown that X has a density q(t, ,y) which is continuous on (0, c0) x R? x R and that
there exist positive constants ¢;, ¢ = 1, - - - , 6, such that

czle—y|? 765\.1—1/\2

clefcﬁtfgef ® - < qg(t,x,y) < C4€C5tt7%6 EL (3.11)

Thus the process X satisfies the conditions (R), (11), (1), (U1) and (Us) in Chapter 5 of [13]. It follows from [13,
Theorem 5.4] and the Corollary to [13, Theorem 5.2] that X satisfies Hunt’s Hypothesis (B) and the equilibrium
principle (F). By repeating the argument in the proof of [24, Theorem 2.5.1] we know that X satisfies the
maximum principle (M) in Chapter 5 of [13]. Thus by [13, Theorem 5.3] it follows that every semipolar set of
X is polar for X, that is, A1 is valid.

Let D be an arbitrary bounded domain and X? be the subprocess of X killed upon leaving D with the
transition density function ¢” (¢, z, y) with respect to the Lebesgue measure. Define

hp() = /D Golya)dy and Ep(dz) = hp(x)de,

where Gp(z,y) == [, ¢"(t, 2, y)dt is the Green function of X . Then & is an excessive measure with respect

to X7 [21, Proposition 2.2] and ¢ (¢, z,y)/hp(y) is the transition density function of X with respect to the
reference measure &p.

It is proved in [21] that for any measure v € K, 2, the measure hpv is a smooth measure of X D with respect
to &. Thus for any measure v in K4 2, we can construct the trace process Y of X on the support of v. For example,
if U is a Lipschitz domain with U C D and o is the surface measure of OU, then it is easy to check that o € Ky .
Thus we can talk about the trace Y of X on QU. Since the scale invariant Harnack inequality is valid for X ¥
(see [19]), the scale invariant Harnack inequality is also valid for Y.

4 Converse of Theorem 2.1

In this section, we continue to assume that X = (Q,F, F;, X3, P,,x € F) is a standard process on a locally
compact separable metric space (E, p).
Besides A1 and A2, we further assume that X satisfies the following
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A3. Every harmonic function in D with respect to X is continuous in D.

Recall that, for any function f : F' — [0, 00), the extension hy of f is hy(x) := E,[f(X,,. )], forz € E.
Theorem 4.1 Suppose that f is a nonnegative function on F. If the extension hy of f is harmonic with respect
to X in an open subset D of E/ and

P, (inf{t>0: X, e D°NF} <oo> =1 foreveryx € F, 4.1

then f is harmonic with respectto Y in D := DNF.

In the remainder of this section, we will prove Theorem 4.1. We fix an open set Din FE and put D = DNF.
We assume that f is nonnegative function on F’ such that its extension A is harmonic with respect to X in D.

We fix a bounded open set B in F' such that the closure of B in F' is contained in D, and let Bbe any bounded
open set strictly contained in D such that BN F = B. Let

So=0op=inf{t >0: X; € F}
be the first time the process X hits F/,
T:=Ts=inf{t >0: X, € B°NF} (4.2)
be the first time the process X hits the set F' outside of B and
T =75 =inf{t >0: X; € B¢}
the exit time of X from B. Note that, by (4.1)
P, (T < o) = 1forevery x € F. 4.3)

We use the notation 75 for the first exit time of Y from B = BN F. Let us inductively introduce two families of
stopping times. For n > 1 let

S, = {Tn+Szg)’00rn,, :Zi;: @.4)
g1 = { S"Jr?,:’esn’ gzig 4.5)
Note that for n > 1 we have
Spt1(w) = Sp(w) + S100g, (w), forS,(w) < co. (4.6)
Lemma 4.2 Let x € B. Then
E, [Ex,, [f(Xs,): So=T]] = E;[f(Xs,): S1=T],
E, [IEXH[f(XSO) t S <T]] = E.[f(Xs,): S1<T].

Proof. By the strong Markov property it follows that
E. [Ex,, [f(Xs,)1{s,=1}]] E. [f(Xs, 0 07,) 1{sy=1} © 0~ |
= E, [f(XT 00r,) {5900, =To6., }]
= E, [f(Xn +T00,,) 1{5006,, :Tfn}}
= E; [f(XT) Lz, +8900,, :T}]

= E. [f(X1)ls,=1}] = Ba[f(Xs,)1{s,=1}] -

The proof of the second equality is similar and uses that on {S; < T'} it holds that 77 < T', and hence Xg,06,, =
Xsg O

1.
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Lemma 4.3 Assume that hy is harmonic with respect to X in D. Then for everyn > 1 and every x € B,

f(z) =B [f(Xs,)]-
Proof. Forn =1 and x € B the result follows from the following computation:
f@) = hp(@) =Ea[hp(X7)] = Eo[Ex,, [f(Xs,)]]
= E.[Ex,, [f(Xs,): So=T]+Es[Ex, [f(Xs,): So <T]
= El‘[f(XS1) : 5 = T] + Ew[f(XS1) : 51 < T] = Ew[f(X51)] )

where the last line follows from the previous lemma. The proof for n > 2 follows by induction. By use of (4.6),
we have

Eu[f(Xs,. 1) = Ex[f(Xs, 451005, )] = Ez[f(Xs, s,)]
= E;[Exg [f(Xs)l] = Eu[f(Xs,)] = f(2).

O

Proof. of Theorem 4.1: Define S = lim,,,, S, < T and p = lim, . 7,. Note that {75 < Z} =
{T < ¢}. If S, < T < ( for every n > 1, then it holds that S; < Sy < --- < T < (. Then also
71 < T < --- < T < (. By the quasi-left continuity of X, Xg = lim,,_.oc X5, = lim, . X;, = X,. Since
Xg, € Bforalln > 1, it follows that X g € CI(B) where CI(B) is the closure of B in F'. Similarly, X, € B¢
for all n > 1, hence X, € Be. Therefore, Xg = X, € CI(B) N B¢ C CI(B) N B¢ = OB where §B denotes
the boundary of B in F'. In particular, it follows that S = T', and X1 = Y3, € 0B. Since hy is harmonic with

respect to X in D, f is continuous in D by A3. Thus by the Lebesgue dominated convergence theorem, we have
lim By [£(Xs,) : 0320{Sn < T < (}) = Balf(Va,) : M0{Sw < T <}, .7

Secondly, we have

Jim E,[f(X5,) : Uo{Su =T < ()]

Eo[f(X7) : UpZo{Sn =T < (}]
= E.lf(Yay): U o{Sn =T < (}] 4.8)
Finally, by (4.3), Lemma 4.3, (4.7) and (4.8), it follows that

f) = Jim E[f(Xs,)
= klgrolo Eo[f(Xs.) : MpZo{Sn <T <} + klingo Eo[f(Xs,) : UnZo{Sn =T < (}]

= E,[f(Ys,);75 < C].

Since B is an arbitrary bounded open set strictly contained in D, this proves that f is harmonic with respect
toY in D. 0

In fact, it is easy to see that Theorem 4.1 is also true when X is a right process on a Radon space.

Remark 4.4 Many examples of the trace processes are pure jump processes. For a large class of pure jump
processes, the following is true:

A4 : For all open sets Dy and D5 in F with CI(D;) C D, there exists an open set B in F' with C1(D;) C B C
CI(B) C Dy such that

P,(Ys, € 9B) =0 forevery z € B. 4.9)

(See [10, 29, 30].) Here and below, CI(B) denotes the closure of B in F' and OB denotes the boundary of B
in F'. For example, by [29, Corollary 4.3], the trace process we considered in Example 3.1 satisfies A4 since
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(4.9) is true for every smooth open set in R¢. Recall that T, S,, and 7, are the stopping times in (4.2), (4.4)-(4.5)
respectively. Then it is easy to see that if Y satisfies (4.1) and (4.9), then

P, (Uso{S,=T}) =1 foreveryx € B. (4.10)

In fact, suppose, on the contrary, that on a set of positive P, probability it holds that S; < So < --- < T. Then
also Ty < 75 < --- < T. Define § = lim,, oo S, < T and p = lim, oo 7. Note that {7 < (} = {T < (}.
If S, <T < ( forevery n > 1, then it holds that §; < Sy < --- < T < (. Thenalsor <o <---<T <.
By the quasi-left continuity of X, Xg = lim, .o X5, = lim,_.. X;, = X,. Since Xg, € B for all
n > 1, it follows that Xg € CI(B). Similarly, X, € B°forall n > 1, hence X, € B¢ C B°. Therefore,
Xs = X, € 0B. In particular, it follows that S = T, and X7 = Y, , € 0B. Hence, P, (Y3, € 90B) > 0, which
contradicts (4.9).

Now suppose f is a nonnegative real-valued function on F with the harmonic extension A in an open subset
D of E. Instead of A3, we assume that f is locally bounded on D := DN Fand (4.10) is true. Then we get

lim E,[f(Xs,): Sp <T]<c lim Py(S, <T)=0. (4.11)

n—oo n—0oo

Moreover, by (4.10), ({S,, = T'} : n > 0) is a sequence of events which increases to a P;-a.s. event. Therefore,
by the monotone convergence theorem we have

nlLH;OEI[f(XSn) D Sy =T] = lim E,[f(Xr): Sp =T]

= E.[f(Xr): Uplo{Sn = T}] E.[f(X7)]. (4.12)
Thus, by use of Lemma 4.3 and (4.11)-(4.12), it follows that
fla) = lim E.[f(Xs,)]
= lim E,[f(Xs,): Sp <T]+ lim E;[f(Xs,): Sp=T]
= E.[f(X7)] = Ea[f(Yz,)]

Therefore, by the strong Markov property, we can conclude that Theorem 4.1 is true for locally bounded f without
the assumption A3 if Y satisfies A4.

References

[1] R. FE Bass and Z.-Q. Chen, Brownian motion with singular drift. Ann. Probab. 31 (2003), 791-817.
[2] 1. Benjamini, Z.-Q. Chen and S. Rohde, Boundary trace of reflecting Brownian motions. Probab. Theory Related Fields
129(1) (2004), 1-17.
[3] R. M. Blumenthal and R. K. Getoor, Markov Processes and Potential Theory. Academic Press, New York, 1968.
[4] K.Bogdan, K. Burdzy and Z.-Q. Chen, Censored stable processes, Probab. Theory Related Fields, 127 (2003), 89-152.
[5] L. Caffarelli and L. Silvestre, An extension problem related to the fractional Laplacian. Comm. Partial Differential
Equations, 32 (2007), 1245-1260.
[6] Z.-Q. Chen, On reflecting diffusion processes and Skorokhod decompositions. Probab. Theory Related Fields 94(3)
(1993) 281-315.
[7]1 Z.-Q. Chen and M. Fukushima, Symmetric Markov processes, time change and boundary theory. Forthcoming book.
[8] Z.-Q. Chen, M. Fukushima and J. Ying, Traces of symmetric Markov processes and their characterizations. Ann. Probab.
34(3) (2006), 1052-1102.
[9] Z.-Q. Chen, M. Fukushima and J. Ying, Entrance law, exit system and LZvy system of time changed processes. [llinois
J. Math. 50 (2006), 269-312.
[10] Z.-Q. Chen, P. Kim and R. Song, Two-sided heat kernel estimates for censored stable-like processes. To appear in
Probab. Theory Relat. Fields.
[11] Z.-Q. Chen and T. Kumagai, Heat kernel estimates for stable-like processes on d-sets. Stochastic Process Appl. 108
(2003), 27-62.
[12] Z.-Q. Chen and T. Kumagai, Heat kernel estimates for jump processes of mixed types on metric measure spaces. Probab.
Theory Relat. Fields, 140 (2008), 277-317.

Copyright line will be provided by the publisher



14 Panki Kim, Renming Song, and Zoran Vondracek: On harmonic functions for trace processes

[13] K. L. Chung and J. B. Walsh, Markov processes, Brownian motion, and time symmetry. Second edition. Springer, New
York, 2005.

[14] E.B. Fabes, C. Kenig and R. Serapioni, The local regularity of solutions of degenerate elliptic equations. Comm. Partial
Differential Equations, 7 (1982), 77-116.

[15] E. B. Fabes and D. W. Stroock, A new proof of Moser’s parabolic Harnack inequality using the old ideas of Nash. Arch.
Rational Mech. Anal., 96(4) (1986), 327-338.

[16] M. Fukushima, P. He and J. Ying, Time changes of symmetric diffusions and Feller measures. Ann. Probab. 32(4)
(2004), 3138-3166.

[17] M. Fukushima, Y. Oshima and M. Takeda, Dirichlet forms and symmetric Markov processes. Walter de Gruyter, Berlin,
1994.

[18] P. He and J. Ying, Revuz measures under time change. Sci. China Ser. A 51(3) (2008), 321-328.

[19] P. Kim and R. Song, Two-sided estimates on the density of Brownian motion with singular drift. 1/l. J. Math., 50 (2006),
635-688.

[20] P.Kim and R. Song, Boundary Harnack principle for Brownian motions with measure-valued drifts in bounded Lipschitz
domains. Math. Ann., 339 (2007), 135-174.

[21] P. Kim and R. Song, On dual processes of non-symmetric diffusions with measure-valued drifts. Stochastic Process.
Appl., 118 (2008), 790-817.

[22] P. Kim, R. Song and Z. Vondracek, Boundary Harnack principle for subordinate Brownian motions. Stochastic Process.
Appl., 119 (2009) 1601-1631.

[23] T. Kumagai, Some remarks for stable-like jump processes on fractals. Fractals in Graz 2001, 185-196, Trends Math.,
Birkhéauser, Basel, 2003.

[24] S. C. Port and C. J. Stone, Brownian motion and classical potential theory. Academic Press, New York-London, 1978.

[25] M. Rao, R. Song and Z. Vondracek, Green function estimates and Harnack inequality for subordinate Brownian motions.
Potential Anal., 25 (2006), 1-27.

[26] D. Revuz, Mesures associées aux fonctionnelles additives de Markov. 1. Trans. Amer. Math. Soc., 148 (1970), 501-531.

[27] D. Revuz and M. Yor, Continuous martingales and Brownian motion, 3rd Edition, Springer, Berlin, 1999.

[28] M. J. Sharpe, General theory of Markov processes. Academic Press, Boston, 1988.

[29] R. Song and Z. Vondracek, On the relationship between subordinate killed and killed subordinate processes. Elect.
Commun. Probab., 13 (2008), 325-336.

[30] P. Sztonyk, On harmonic measure for Lévy processes. Probab. Math. Statist., 20 (2000), 383-390.

Copyright line will be provided by the publisher



