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1 Introduction

There are close relationships between second order elliptic differential operators and
diffusion processes. For a large class of second order elliptic differential operators £
onR¥ that satisfy the maximum principle, there is a diffusion process X on R? associ-
ated with it so that £ is the infinitesimal generator of X. A prototype is the celebrated
interplay between Laplacian 3 A on R? and Brownian motion on R?. The fundamen-
tal solution of d;u = Lu (also called the heat kernel of L) is the transition density
function p(¢, x, y) of X. Thus obtaining sharp two-sided estimates for p(¢, x, y) is a
fundamental problem in both analysis and probability theory. In fact, two-sided heat
kernel estimates for diffusions in R? have a long history and many beautiful results
have been established. See [10, 12] and the references therein. But, due to the compli-
cation near the boundary, two-sided estimates for the transition density functions of
killed diffusions in a domain D (equivalently, the Dirichlet heat kernels) have been
established only recently. See [11-13] for upper bound estimates and [21] for the lower
bound estimates of the Dirichlet heat kernels in bounded C!:! domains.

Markov processes with discontinuous sample paths constitute an important family
of stochastic processes in probability theory and they have been widely used in various
applications. One of the most important and most widely used family of discontinuous
Markov processes is the family of (rotationally) symmetric a-stable process on R?,
0 < o < 2. A (rotationally) symmetric a-stable process ¥ = {¥;, P} on R¢ is a Lévy
process such that

E, [eis'(Y’_YO)] = ¢ " forevery x € R? and £ € RY.

The infinitesimal generator of a symmetric a-stable process ¥ in R is the fractional
Laplacian A%/? := —(—A)%/?, which is a prototype of nonlocal operators. The frac-
tional Laplacian can be written in the form

Ay (x) = gf% / (u(y) — u(x))% dy foru e C°(RY),

{(yeR4: |y—x|>¢}
where

A(d = Oll—‘(d%) 1.1
( ’a)'_Zl—“nd/zF(l—%)' (1.1)

In a recent paper [5], we succeeded in establishing sharp two-sided estimates for the
heat kernel of the fractional Laplacian A%/? with zero exterior condition on D€ (or
equivalently, the transition density function of the killed -stable process) in any C!!
open set.

Another important family of discontinuous Markov processes is the family of cen-
sored a-stable-like processes studied in [3] (see Sect. 2 for the precise definition). For
any open subset D of R, a censored a-stable-like process X in D is a strong Markov
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process whose infinitesimal generator is given by

o . : Cx,y)
pu(x) = Llf[(} / (u(y) — u(x))m dy foru e CZ(D),

{yeD:ly—x|>¢}

where C(x, y) is a measurable symmetric function on D x D that is bounded between
two positive constants. When C(x, y) = A(d, «), X is called the censored «-stable
process in D.

The objective of this paper is to investigate the precise behavior of the transition
density functions pp(t, x, y) of censored «-stable-like processes. We first discuss the
intrinsic ultracontractivity of the semigroups of censored stable-like processes. Intrin-
sic ultracontractivity was introduced by Davies and Simon in [13]. It is concerned with
the “boundary” behavior of the transition density function of the semigroup when the
semigroup has discrete spectrum. The intrinsic ultracontractivity gives sharp two-sided
estimates of the transition density function for each fixed # > 0. The intrinsic ultracon-
tractivity of semigroups of killed jump processes was first considered in [8], where it
was shown that the semigroup of the killed symmetric «-stable process on a bounded
¢! domain is intrinsically ultracontractive. In [19] it was shown that the semigroup
of the killed symmetric «-stable process on any bounded open set is intrinsically
ultracontractive. In this paper, we show that, when D is an open d-set in R? with
finite Lebesgue measure and d D has positive 7-dimensional Hausdorff measure for
some r > d — o, the semigroup of a censored stable-like process in D is intrinsically
ultracontractive. In particular, fora € (1, 2), the semigroup of a censored «-stable-like
process in any bounded Lipschitz open set is intrinsically ultracontractive.

The main goal of this paper is to establish sharp two-sided estimates for the transi-
tion density functions pp (¢, x, y) (as functions of (¢, x, y)) of alarge class of censored
a-stable-like processes in every C'! open set D € R ford > 1 and « € (1,2).
A precise definition of C!'! open set in R? will be given in Sect. 3. The transition
density function pp (¢, x, y) is also the heat kernel of the operator E"b with zero bound-
ary condition on the boundary D, i.e., for any bounded continuous function f on D,
u(t, x) = fD p(t, x,y) f(y)dy is the solution to LS u = d,u, u(0,x) = f(x) on D
and u = 0 on dD. Note that in contrast to the killed symmetric «-stable processes,
a censored a-stable-like process X in a C!:! open set D withd > 1 and « € (1,2)
approaches the boundary d D in a continuous way [3, Theorem 1.1] so its infinitesimal
generator has zero Dirichlet boundary condition as opposed to zero exterior condi-
tion. This indicates that censored processes are natural and important for boundary
problems in analysis [16,17].

Now we state the main result of this paper. We assume the censored stable-like
processes under consideration enjoy the dilation invariant boundary Harnack princi-
ple (BHP) (see Sect. 3 for the precise statement). This assumption is automatically
satisfied for any censored stable process in a C!'! open set, and it is also satisfied for
censored stable-like processes in C!'! open sets when C(x, y) satisfies certain reg-
ularity conditions; see Sect. 3 for details. It is an open problem to find the minimal
condition on C(x, y) so that (BHP) holds for the corresponding censored stable-like
process in every C!:! open sets.
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Theorem 1.1 Suppose thatd > 1, « € (1,2) and D is a cl! open subset of]Rd.
Let 5p(x) be the Euclidean distance between x and D€. Suppose that the censored
stable-like process X satisfies (BHP) (see Sect. 3 for a precise definition and sufficient
conditions for it to be true).

(i) ForeveryT > 0,0n (0, T] x D x D

1/a d+a s a—1 P a—1
_ —dja t p(x) p(y)
pp(t,x,y) <t (1/\ |x—y|> (l/\—tl/a l/\—tl/a .

(1) Suppose in addition that D is bounded. For every T > 0, there exist positive
constants c1 < ¢y such that for all (¢t,x,y) € [T,00) X D x D,

c1e” M 8p ) ep (N ! < pp(tx, ) < e Ep () T ap (M) T,

where —\1 < 0 is the largest eigenvalue of L,.

Here and in the sequel, for two non-negative functions f and g, the notation f =< g
means that there are positive constants ¢ and c¢; so that c1g(x) < f(x) < c2g(x) in
the common domain of definition for f and g. Fora, b € R, a A b := min{a, b} and
a Vv b :=max{a, b}.

By integrating the above two-sided heat kernel estimates in Theorem 1.1 with
respect to £, one can easily obtain the following sharp two-sided estimate on the Green
function Gp(x, y) = fooo pp(t, x, y)dt of acensored stable-like process in a bounded
C'! open set D.

Corollary 1.2 Suppose thatd > 1, a € (1,2) and D is a bounded C"' open set in
RY. Assume that the censored stable-like process X satisfies (BHP). Then on D x D,
we have

I (1 A sp(wa(y))“‘l whend > 2
Gplx.y) = {17 P -1 -
(6o (082 A (222N ypend = 1.

Sharp two-sided estimates of the Green function are very important in understand-
ing deep potential theoretic properties of Markov processes. Such two-sided estimates
for the Green functions of symmetric stable processes were obtained in [9,19]. In [4],
sharp two-sided estimates for the Green functions of censored stable processes (i.e.
when C(x, y) is a constant) in bounded C!-! connected open sets in R? were obtained
ford > 2 and @ € (1, 2). Corollary 1.2 is a significant generalization of the Green
function estimates in [4] in that (1) C(x, y) needs not be constant, (2) the C 1'l-open
set D here does not need to be connected, and (3) d = 1 is allowed. We emphasize
here that the Green function estimates for censored stable processes obtained in [4]
will not be used in this paper.

Theorem 1.1(i) will be established through Theorems 3.5 and 4.9, which give the
upper bound and lower bound estimates, respectively. Theorem 1.1(ii) is an easy con-
sequence of Theorem 1.1(i) and the intrinsic ultracontractivity of X in a bounded C'+!
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open set D, which will be established in Sect. 2. The proofs of Theorem 1.1(ii) and
Corollary 1.2 will be given in Sect. 5.

The approach of this paper is adapted from that of [5], which deals with two-sided
sharp heat kernel estimates for symmetric a-stable processes killed upon exitinga C'!-!
open set. In [5], the following domain monotonicity for the killed symmetric stable
processes is used in a crucial way. Let Z be a symmetric a-stable process and Z2 be
the subprocess of Z killed upon leaving an open set D. If U is an open subset of D,
then ZY is a subprocess of ZP killed upon leaving U. However censored stable-like
processes do not have this kind of domain monotonicity. This lack of domain mono-
tonicity produces new difficulties, which can be seen, for example, from the proofs of
the estimate given in Lemma 4.5 of this paper and its exact analog in [5, Lemma 3.6]
for symmetric «-stable processes. The proof of [5, Lemma 3.6], which is a key step in
deriving the sharp lower bound estimate for the killed symmetric «-stable process in
a bounded C'!-open set D, is established by comparing with a suitably chosen inte-
rior ball. But such an approach breaks down even for the censored «-stable process.
We use a new probabilistic approach together with a crucial application of (BHP) to
establish the estimate in Lemma 4.5. The intrinsic ultracontractivity of the censored
a-stable-like process is also used in our proof.

Another tool that we use in this paper is the reflected stable-like process X on
D, whose subprocess killed upon leaving D is the censored stable-like process X.
The reflected a-stable-like processes have been studied in [3] and [6]. In particular,
two-sided heat kernel estimates have been obtained in [6] for reflected stable-like
processes on open d-sets (including globally Lipschitz open sets) in RY—see (2.4)
below. When D is a globally Lipschitz open set, it is proved in [3] that the censored
a-stable-like process in D coincides with the corresponding reflected «-stable-like
process if (and only if) « € (0, 1]. That is why we focus on the case of « € (1, 2) in
this paper.

The approach of this paper is mainly probabilistic. It is based on the following four
key ingredients:

(1) Lévy system of X that describes how the process jumps—see (2.3) below;
(i) the two-sided heat kernel estimates (2.4) for the reflected a-stable process X
on D obtained in [6] and a scaling property of X—see (3.2) below;
(iii) the boundary Harnack principle of X in C!'! open sets (see Sect. 3) and the
parabolic Harnack principle of X obtained in [6];
(iv) inequality (2.9) and the intrinsic ultracontractivity of X in bounded open sets—
established in Theorem 2.2 below.

Even though the intrinsic ultracontractivity gives sharp two-sided estimates of the
transition density function p(t, x, y) for each fixed ¢ > 0, the estimates are far from
sharp as a function of (¢, x, y). But the inequality (2.9), which implies the intrinsic
ultracontractivity, plays an important role in our approach.

Throughout this paper, unless otherwise specified, we assume d > 1. The Euclid-
ean distance between x and y will be denoted as |x — y|. For any open set D, §p (x) :=
dist(x, D). We will use dx to denote the Lebesgue measure in R4, Throughout this
paper, we use cy, ¢z, . . . to denote generic constants, whose exact values are not impor-
tant and can change from one appearance to another. The labeling of the constants
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c1,ca, ... starts anew in the statement of each result. The values of the constants
Mi, M3, ... will remain the same throughout this paper and the dependence of the
constant ¢ on the dimension d and the constants M, M>, ... will not be mentioned
explicitly. We will use “:=" to denote a definition, which is read as “is defined to
be”. We will use d to denote a cemetery point and for every function f, we extend its
definition to 9 by setting f(3) = 0. For a Borel set A C R?, we also use | A| to denote
the Lebesgue measure of A.

2 Censored stable-like process and intrinsic ultracontractivity

Censored a-stable-like processes in open subsets of RY were studied by Bogdan et al.
[3] (see also [18]). Fix an open set D in R4 with d > 1. Define a bilinear form & on
C°(D) by

. v) = //(u(x) HON O =V = o lﬁadx dy, u,veCX(D),
2.1
where C(x, y) is a measurable symmetric function on D x D satisfying
My =C(x,y) = M (22)

for some positive constants M and M;. Using Fatou’s lemma, it is easy to check
that the bilinear form (£, C2°(D)) is closable in L?(D, dx). Let F be the closure of
C°(D) under the Hilbert inner product &1 := & + (-, ") 2(p.4x)- As noted in [3],
(€, F) is Markovian and hence a regular symmetric Dirichlet form on L%(D, dx), and
therefore there is an associated symmetric Hunt process X = {X;,t > 0, P,, x € D}
taking values in D (cf. Theorem 3.1.1 of [14]). The process X is called a censored
a-stable-like process in D.

We fix an arbitrary symmetric measurable extension of C(-, -) onto R? x R sat-
isfying (2.2) and we still denote it by C(-, -). It is well known (see, for instance, [6])
that the bilinear form (Q, F Rd) defined by

I ca,
Qv =3 [ [ ) —unem —von ==

R4 R4

dxdy,

RY _ d (u(x) — u(y))?
Fr = ueL(R)/ e ——"dxdy<ooy,

R4 R4

is a regular symmetric Dirichlet form on L2(R% dx) and hence there is an associated
symmetric Hunt process Y = {¥;, P} on R%. The process Y is called an a-stable-like
process in R?, which is studied in [6]. Among other things, it is shown in [6] that ¥
is conservative and has a Holder continuous transition density function. The latter in
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particular implies that ¥ can be modified to start from every point x € R and the
modified process is a Feller process on R?. Note that if C(x, y) is equal to the constant
A(d, &), Y is the symmetric a-stable process on RY.

For any open subset D of R?, we use ¥ © to denote the subprocess of Y killed upon
exiting from D. The following result gives two other ways of constructing a censored
a-stable-like process.

Theorem 2.1 [3, Theorem 2.1 and Remark 2.4] The following processes have the
same distribution:

(1) the symmetric Hunt process X associated with the regular symmetric Dirichlet
form (€, F) on L*(D, dx);

(ii) the strong Markov process X obtained from the killed symmetric «-stable-like
process YP in D through the Ikeda—Nagasawa—Watanabe piecing together
procedure;

(iii) the process X obtained from YP through the Feynman—Kac transform

elo ko @P)ds iy
kp(x) = / Cx, y)
D lx — y|d+a

The Ikeda—Nagasawa—Watanabe piecing together procedure mentioned in (ii) goes
as follows. Let X; (w) = YD(a)) fort < tp(w). If Y rD_(a)) ¢ D, set X;(w) = 0 for
t>1p(w). If Yfl))_(a)) € D,let X;)(w) = TD_(a)) and glue an independent copy of
Y P starting from Y,?r (w) to X, (w). Iterating this procedure countably many times,
we obtain a process on D which is a version of the strong Markov process X; the
procedure works for every starting point in D. Because of this procedure, a censored
stable-like process is also called a resurrected stable-like process.

By (2.1), the jump function J (x, y) of the censored «-stable-like process X is given
by

C(x,y)

J(%}’)=m

forx,y € D.

It determines a Lévy system for X, which describes the jumps of the process X: for
any non-negative measurable function f on Ry x D x D, t > 0,x € D and stopping
time 7" (with respect to the filtration of X),

T

S s xe x| =B | [ [rexanicondy|as | e
D

s<T 0

(see, for example [7, Appendix A]).
Recall that an open set D C R is said to be a d-set if there exist two positive
constants cq, ¢z so that forevery x € Dand 0 <r <1,

clrd <|DNBx,r)| < czrd.
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Clearly any globally Lipschitz open set in RY is a d-set. See [3] for examples of
non-smooth open d-sets in RY.
For any open d-set D in R?, define

_ 2
Fef— Ly e L2(D) - //(”(x) YD) gy < oo

|d+oz

and

T¢: . 1 C(‘x, y)
e, =3 [ [ @) —unem —von -

D D

dxdy, u,veFe.

It is shown in [3, Remark 2.1] that the bilinear form (Eref Fref) is a regular symmet-
ric Dirichlet form on L2(D, dx). The process X on D associated with (£, Fref) is
called a reflected «-stable-like process on D. It is shown in [6, Theorem 1. 1] that X
has a Holder continuous transition density function p(¢, x, y) on (0, 00) x DxD
and for every Tp > 0, there are positive constants ci, ¢z so that for r € (0, Tp] and
x,y €D,

/e d+a /e d+a
eyt~ (1 A ) < plt,x,y) <crt™® (1 A ) .24
lx — yl lx — yl

The Haélder continuity of p(z, x, y) in particular implies that X can be refined to start
from every point x in D and the refined process is a Feller process on D. When D is an
open d-set in R?, the censored a-stable-like process X can be realized as a subprocess
of X killed upon leaving D, see [3, Remark 2.1].

In the remainder of this paper, we will fix an open d-set in R? and a symmetric
measurable function C(-, -) on D x D satisfying (2.2) and a symmetric measurable
extension of it onto R? x R¢. Unless explicitly mentioned otherwise, whenever we
speak of a censored «-stable-like process X we mean the symmetric Hunt process
associated with the Dirichlet form (£, F) above on L%(D, dx), and whenever we
speak of an a-stable-like process ¥ on R (resp. a reflected ar-stable-like process X on
D) we mean the symmetric Hunt process associated with the Dirichlet form (Q, F)
above on L2(R?, dx) (resp. (EF, F°!) above on L?(D, dx)).

We will use {P;,t > 0} to denote the transition semigroup of X. Since X is the
subprocess of X killed upon exiting D, X has a transition density function pp(z, x, y)
with respect to the Lebesgue measure on D, which is also called the heat kernel of X.
It follows from (2.4) that for every Ty > O, there is a constant ¢ > 0 so that

t
pp(t,x,y) <c (td/“ A m) on (0, To] x D x D. (2.5)

For any open set U C D, we define tyy := inf {r > 0: X, ¢ U} and we will use
XY to denote the subprocess of X killed upon exiting U. Let {PV : ¢t > 0} be the
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transition semigroup of XV and pg (¢, x, y) be the transition density function of XY
We will use Gg to denote the Green function of XY:

ee]

GY(x, y) :=/p%(r,x,y)dr.
0

When U = D, Gg(x, y) will simply be denoted by G p(x, y) and called the Green
function of X.
We now show that for any bounded open subset U of D that has the property

P.(ty <o00) =1 forevery x € U, (2.6)

the semigroup {PU, t > 0} is intrinsically ultracontractive. Note that condition (2.6)
is satisfied if

(1) D\U has positive Lebesgue measure in view of (2.4) and the strong Markov
property of X; or

(i) U = D is a bounded Lipschitz open set and « € (1, 2) in view of [3, Theorem
1.1].

The intrinsic ultracontractivity for the case U = D when D is a bounded C'-! open
set will be used to derive Theorem 1.1(ii) and the intrinsic ultracontractivity for the
case U # D will be used to derive Theorem 1.1(i).

By (2.5), we know that for any bounded open subset U of D, the semigroup {PtU , 1>
0} is a semigroup of Hilbert—Schmidt operators and hence is compact. Let —)\? <0
be the largest eigenvalue of the generator of XU and let ¢1U (x) be the positive eigen-

function of P1U corresponding to e with ||¢1U|| 2wy = 1. When D is bounded

and U = D, ki] and ¢>f] will be denoted as A1 and ¢, respectively. The semigroup
{PtU, t > 0} is said to be intrinsically ultracontractive if for any ¢t > 0 there exists a
positive constant C; > 1 such that

pYt,x,y) < Crof (0)p (v) forx,yeU. (2.7)

It follows from [13, Theorem 3.2] that if {PtU, t > 0} is intrinsically ultracontractive
then for any ¢ > O there exists a positive constant ¢, > 1 such that

Pp(t.x.y) = ¢ ¢ ()Y (») forx,y e U. 2.8)

The proof of the following result is adapted from an argument given in [20].
Theorem 2.2 Suppose that D is an open d-set in R? and U is a bounded open sub-
set of D satisfying condition (2.6). Then the semigroup {P,U, t > 0} is intrinsically

ultracontractive. Moreover, for every B(xo,2r) C U there exists a constant ¢ =
c(a, r, diam(U)) > 0 which is independent of D and depends on the function C(-, -)
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only via the constants My, M» in (2.2) such that

w

E, /IB(XO,,)(XIU)dt > cEy [ty] foreveryx € U. 2.9)
0

Proof Fix aball B(xgp, 2r) C U and put
By := B(xp,r/4), Cp:= B(xp,r/2) and B> := B(xq,r).

Let {6;,t > 0} be the time-shift operators of X and we define stopping times §,, and
T, recursively by

S1(w) =0,
Ty(@) := Sy(w) + ty\c, 005, (w) for S, (w) < Ty
and Sp41(w) := T, (w) + 18, 0 07, (@) for T, (w) < 1.

Clearly S, < ty. Let § := lim;— Sy < ty. On {S < ty}, we must have S, <

T, < Su41 for every n > 0. Using (2.6) and the quasi-left continuity of XU, we have
P.(S < ty) = 0. Therefore, for every x € U,

P, ( lim S, = lim T, = m) —1. (2.10)
n—0o0 n—0o0

We claim that there exists a constant ¢; = ¢ («, r) > 0 depending on the function
C(, -) only via the constants M| and M> in (2.2) such that

Ex[tp,] = ¢1 forevery x € C. (2.11)
In fact, for any x € Cy, we have
Eyltp,] = Ex[tB(x,r/2)] = Ex[fg(x,r/z)] > ci,

where in the second inequality above, we used Theorem 2.1 and in the third inequal-
ity above, we used [6, Proposition 4.1]. Here Y denotes the symmetric «-stable-like
process in R (corresponding to a fixed symmetric measurable extension of C(-, -) sat-
isfying (2.2)) and r};(x’r /2) the exit time from the ball B(x, r/2) by Y. Now it follows
from the strong Markov property that

Ex[See1 = Tu] = Ex [Exy [, Tn < 1| = ePo(XY, € Bo)
= |E, [ng xV Bo)] .

w\C,
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Note that for any x € U\ B>, by the Lévy system of X in (2.3), we have

P (x4, e o) = [ 65wy / (i) v

U\C,

U\Ci dz
>M G , ———)d
> M, / p y)/((dlam(U))d+a) y
U\Cy By
= 2Ex[tu\¢]
for some constant ¢y = ¢ («, r, diam(U)) > 0. It follows then
B[St = T] 2 1B [Eyy [0, ]| = 1Bl Ty = S0 2.12)

Since XV € By for T, <t < Sy41, we have

(14 Tn

00 Sp+1
E, /1Bz(x,U)dt =B | > /IBZ(X,U)dt+ / 15,(XV)dt
0 =1 \S, T,
—oo Sn+1
>E| D) 15,(XY)dt
n=1 T,

= Ex Z(Sn—H - Tn):| .
Ln=1

Using (2.12) and noting that X,U ¢ U\B, fort € [T, Sy+1), we get

(144 r oo
E, / g, (X[)dt | = c1e2By | D (T, —Sn)}
0 Ln=1
B 00 Tn Sn+l
> et | 3| [ ton i [ oG
=1, T,
=5
= c1E, / 15, (X)dt
L0
Thus
120
Cc1C2
E 1p,(XVydt | > ———F :
X / Bz( t) _1+C162 x[fU]
0
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Since qbf] — M Pqubf], it follows that ¢)f] is strictly positive and continuous in U
[19]. The above inequality implies that

Elty] < c3 / G x, ¢V (2)dz < c3 / GYx, ¢ (2)dz = :—qu{’ (x).
B U !
(2.13)

By the semigroup property and (2.5),

Ut x,y) = / pY /3. x.2) / U3, 2 w)pL(t/3, w, y)dwdz
U U

IA

o Ve [ pfssx.az [ pfss v e
U U
=cat ™ P (ty > 1/3)Py(ty > 1/3)

(964/t2) R 1y | Ey[ty]. (2.14)

IA

This together with (2.13) establishes the intrinsic ultracontractivity of X Y. O

Remark 2.3 (i) When U = D, sufficient conditions for (2.6) to hold can be found
in [3, Theorem 2.4 and Theorem 2.7]. In particular, we know from there that
if D is an open d-set in R¢ with finite Lebesgue measure and d D has positive
r-dimensional Hausdorff measure, then condition (2.6) holds when o > d —r.
In this case, by Theorem 2.2, the semigroup of the censored «-stable-like pro-
cess in D is intrinsically ultracontractive. Clearly the latter assertion holds for
any bounded Lipschitz domain D ¢ R? and & € (1, 2).

(ii) By considering D = RY, we get the intrinsic ultracontractivity of the killed
symmetric a-stable-like process Y'Y for every bounded open subset U, first
proved in [20].

3 Upper bound estimate

In this section, we establish sharp upper bound heat kernel estimates for X ina C!-!
open subset D C R?.

Recall that an open set D in R? (when d > 2) is said to be a C'"! open set if there
exist a localization radius Ry > 0 and a constant Ag > 0 such that for every z € 9D,
there exist a C''!-function ¢ = ¢, : R~ - R satisfying ¢ (0) = V¢ (0) = 0,
IVolloo < Ao, |V (x) =V (2)] < Aglx —z|, and an orthonormal coordinate system
CS.:y=01,...,Yi-1,Yya4) := (¥, yq) with its origin at z such that

B(z,ro) N D ={y € CS: : |yl <ro, ya > ¢(M}.

By a C!'! open set in R we mean an open set which can be written as the union of
disjoint intervals so that the minimum of the lengths of all these intervals is positive
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and the minimum of the distances between these intervals is positive. It is well known
that any C!-! open set D satisfies the uniform interior and exterior ball conditions:
there exists ro < Ry, that depends only on (Rp, Ag), such that (1) for any x € D
with §p (x) < rp, there is a unique z, € 9D such that |[x — z,| = §p(x) and (2) for
any z € dD and r € (0, ro] there exist two balls Bf and Bj of radius r such that
Bf ¢ D, B5 ¢ R)\D and 3B N 3B} = {z}. For simplicity, in this paper we call
the pair (rg, Ag) the characteristics of the C L1 open set D. Note that fora C L1 open
set D with characteristics (rg, Ag), for every T > 0 and every A € (0, T'], A 'Disa
ch! open set with (uniform) characteristics (ro/ T, T Ag). This trivial but important
fact will be used several times in this paper.

When D is a bounded Lipschitz open set in RY, by [3, Theorem 1.1] the censored
a-stable-like process X in D is recurrent if and only if @ < 1. In this case as well as
the case D = Rd, X is the same as the reflected «-stable-like process Y, and so the
sharp two-sided estimates (2.4) holds for the transition density function of X.

In the remainder of this section, we assume o € (1,2). In this case, every
censored a-stable-like process in a C'! open proper subset of R? is transient by
[3, Theorem 2.7 and Remark 2.4]. The following scaling property will be used several
times in the rest of this paper: If {X;, t > 0} is a censored a-stable-like process in D
with the jump function

Clx,y)

J(x,y) = m,

x,y €D,

then {X[()”), t > 0} := {A"'X;a;,t > 0} is a censored a-stable-like process in A~' D
with jump function

_ C(ax, Ay)

e forx,y e A7'D. (3.1

J(}‘)(x, y):

For any A > 0, we define
Picip(t, x,y) = A pp (A%, ax,Ay) fort>0andx,yer™'D. (3.2)

Clearly p,-1p(t, x, y) is the transition density function of the censored «-stable-like
process {X t(k), ¢ > 0} with the jump function J* (x, y). We shall denote the lifetime
of XM by ¢ ™,

A key ingredient in proving our main result is a scale invariant boundary Harnack
principle. We formulate this as an assumption and then we will discuss when it is
satisfied. Recall that a nonnegative function u# defined on D is said to be harmonic in
U c D withrespect to X if u(x) = E,[u(X,)] for every x € B and every open set
B whose closure is a compact subset of U.

The next result is proved in [3, Theorem 1.2].

Theorem 3.1 Let D be a C1'! open set in R with characteristics (ro, Ag) and X the
censored a-stable process in D. Then there exists a positive constant ¢ = c(a, Ao)
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such that for r € (0, rol, Q € 3D and any nonnegative function u in D which is har-
monic in D N B(Q, r) with respect to X and vanishes continuously on 9D N B(Q, r),
we have

ue) _ o
u(y) = Sp(y)e!

foreveryx,y € DN B(Q,r/2).

If X is the censored «-stable process in cl! open set D with characteristics (rg, Ag),
then for every T > 0 and every A € (0, T], (X", ¢ > 0} := (A"1X;0;, 1 > O} is
a censored a-stable process in A ™' D, which is a C*! open set with characteristics
(ro/T, T Ap). Thus Theorem 3.1 is applicable with the comparison constant invariant
under the domain dilation A~! D for every A < T'. To prove Theorem 1.1 for the cen-
sored o-stable-like process X, we need the following version of the boundary Harnack
principle with the comparison constant invariant under the domain dilation A ~! D for
A<T.

(BHP) : For any C"! open set D in R? with characteristics (ro, Ag) and every
T > 0, there exists a positive constant ¢ = c(a, Ao, T, C) independent of :
such that for . € (0, T], r € (0,r9/A], Q € a"ID) and any nonnegative
function u in A7LD that is harmonic in (."1D) N B(Q, r) with respect to
X,()‘) and vanishes continuously on an~IDyn B(Q, r), we have

u(x) _ Spx)*!
<c 1
u(y) Sp(y)*~

foreveryx,y € A"'D)n B(Q, r/2).

As we discussed above, censored a-stable processes have the above property. Under
some assumptions on C(x, y), censored stable-like processes also have this property.
We now present some sufficient condition for (BHP) to hold.

Assume that the (symmetric) function C(x, y) satisfies the following conditions:
there exist positive bounded functions ¥, ¥» € C (D x D) and positive constants ¢
and § < ro such that forevery x,y € {z € D : §p(z) < 8}

|x—y|d+a

Clx,y) = ¥i(x, y) — ¥a(x, y) < clx —yl (3-3)

|x_y|d+oz -
and
[C(x,y) —C(x,x)| <c|lx—y| foreveryx,ye{ze D: dp(z) >48}. (34

Here y := 2z, — y is the reflection of y with respect to 9 D; more precisely, zy € 9D
is the unique point such that 6p(y) = [y — zy|. Put

Ms = c+ sup (IVy¥1 (e, 1+ IVy¥a(x, ) (3.5)

x,yeD, |x—y|<ro

with ¢ being the constant in (3.3) and (3.4). It is proved in [15] that under the assump-
tions (3.3) and (3.4), the boundary Harnack principle holds for the censored stable-like
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process X ina C''! open set D with the characteristics (ro, Ag) and the comparison
constant depends only on «, Ag, M1, M>, M3 and d.

In particular, if C(x, y) is in C! (D x D) with bounded derivatives, the assumptions
(3.3) and (3.4) hold with v (x, y) = C(x, y) and ¥ (x, y) = 0. The reason for the
general form of (3.3) is to cover cases where the derivatives of C are not bounded. For
example, let D = RY be the upper half space and C(x, y) = A(d, @) (1 4 b= ;}Z:)
Then the conditions (3.3) and (3.4) are satisfied.

Recall the fact that for a C!-! open set D with characteristics (rg, Ag), for every
T > Oandevery A€ (0, T], A IDisacl! open set with characteristics (ro/ T, T Ag).
Thus it is easy to see that under the assumptions (3.3) and (3.4) on C(x, y), such a
censored «-stable-like process enjoys (BHP) with a comparison constant ¢ indepen-
dent of A € (0, T']. Recall that that the dependence of the constant ¢ on C will not be
shown in notation.

The next lemma and its proof are similar to [2, Lemma 6] and its proof.

Lemma 3.2 Suppose that D is a ch! open set in R? with characteristics (ro, Ag)
and X is the censored «-stable-like process in D C RY whered > 1 and o € 0, 2).
Foreveryr <ro,z€ oD andU := DN B(z,r)

P.(ty < ¢ and Xy, € 0U) =0 foreveryx € U.
Proof Let Y be the symmetric stable-like process in R? with the jump function
Jy(x,y) = Clx, lx — y| ™7 forx,y e RY.

For any open set V C R, let r",/ :=inf{r > 0 : Y, ¢ V}. By Theorem 2.1(iii), we
have for every x € D,

Y
Ty

Py(ty < ¢ and X, € 0U)=E, | exp /KD(YS)dS ;rg<rg and YTL;// e dU
0

Thus it suffices to show that Px(Yrg € dU) =0forevery x € U.
For each x € U, let B, := B(x, §y(x)/3). By the Lévy system for ¥, we have

. C(y,2)
Px(yrger)—/GY(x ) /| L e | v
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where Gg is the Green function of ¥ Bx. By the changes of variables a = y/8p(x)
and b = Z/SD(x)

P (vy eU) = / GY (x, 80 (D))

Tp,
B(Sy (x)~1x,1/3)

/ sy (oyd-e COUMadu b)), a6

la — b|d+a
Gy x)~tu)e

Let Y, =6y (x)” Ygu(x)a,, which is the symmetric stable-like process with the jump
function J(a b) := C(y (x)a, Sy (x)b)|a — b|~4~*. Since

Gy 1,13 (W5 @) = 80 ()7 G By ()w, 8y (x)a)

is the Green function of the subprocess of Y killed upon exiting B(8y (x)"'x, 1/3),
we have by (3.6)

_ ~Y —1
P (v ev) = / G st G k@)
Bou () 1x.1/3)

db | da

/ C(dy (x)a, Sy (x)b)

la — b|d+a
By x)~U)e

G’ -1
= / G sy (-1, 1/3)(5U(x) x,a)
B(Sy (x)~1x,1/3)

1
X / mdb da. (37)
Gu)~tuye

Let z, € dU be such that 6y (x) = |x — zx|. Since D is C“A,there exists n > 0 such
that, under an appropriate coordinate system, we have z,, + C C (§y (x)~1U)¢ where

C:= Iy:(yl,...,yd)eRd:O<yd<nand,/y12+...+y§1 <nyd].

Thus there is a constant ¢; > 0 such that

—1 —
/ a _b|d+adb > ¢; > 0 foreverya € B(sy(x)~'x,1/3).

Gu)~tuye
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So we deduce from (3.7)

. : . 7
;161{] Py (Yrgx € U‘) > Mic; inf E, [TB(w,l/S)] >cp > 0. (3.8)

weRd

In the second inequality above, we used [6, Proposition 4.1]. On the other hand, by
the Lévy system for Y,

P, (Yfg € 8U) =0 foreveryx € U.
So
P, (Y, €0U) =E; [IP’YI};X (Y €0U) Y,y € U} .
Inductively, we have
P, (YTY c aU) — lim pr(x),
U k— 00
where
po() =Py (Yo €0U) and  pe(x) i= B [ pioi(Yyy )i Yoy €U | fork = 1.
By (3.8),

sup pk-H(x) =< (1 — 62) sup pk(x) < (1 _ 62)k+1 = 0.
xeU xeU

Therefore
P, (Yr§ € 8U) =0 foreveryx € U.

O
The goal of the rest of this section is to prove the upper bound in Theorem 1.1(1).
[6, Theorem 1.1] and the fact that, for every A € (0, T, 2 IDisacl! open set with

characteristics (ro/T, T Ag) imply that, for every T, 71 > 0, there exists a constant
¢ =c(a,rg, T, T1) > 0 such that for every A € (0, T'],

_ t _ _
Pi-1p(t, x,y) SC(Z d/a/\m) on (0, 1] x (A ]D)X (A lD)-
3.9)

For the rest of this paper, we put r; = ro/10.
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Lemma 3.3 Suppose that « € (1,2) and that D is a C"' open set in R? with char-
acteristics (ro, Ag). For every T > 0, there is a constant ¢ = c(rg, @, Ag, T,r) > 0
such that forall . € (0,T], t € (0, T]andallx,y € A~ 'D with 8,-1p(x) <r1/(4T)
and |x —y| = 10r/T,

8,1 p ()1

p-1p(t,x,y) <c P

Proof FixT > 0,A € (0, T]andt € (0, T].Letx, y € 2~ 'Dbe suchthat ;-1 (x) <
r1/(4T) and |x — y| > 10r/T, and choose z, € d(A~!' D) such that §;-1,,(x) =
|x — zx|. Define U := (A~'D) N B(zy, r1/(2T)) and let p)Lf,ID(t,x, y) denote the
transition density function of the subprocess X*'U of X killed upon exiting U. By
the strong Markov property,

A A A
Picip(t, x,y) =, [pm) (r -0 X y) L) <1< cm] (3.10)
U

where rg“) = inf{t > 0 : Xt()“) ¢ U). Define Vi := {w € A7'D : ri/Q2T) <

|lw—zx| <3lx — y|/4}and V> := {w € A7'D : |w — z,| > 3]x — y|/4}. It follows
from (2.3), (3.10) and Lemma 3.2 that

P-1pt, x,y)
t
:/ /Pg—lp(s,x,z) / IP @ wyp;-1pli—s, w, y)duw|dz |ds
0 \U {wer= I D:jw—zy|>r1/(2T)}

t
=/ /pf_le,x,z) /JW(Z,w)pﬁD(z—s,w,y)dw dz | ds
0 U Vi

t

+/ /pg,lD(s,x,z) /J()‘)(z, w)p,-ipt —s,w,y)dw | dz | ds.
0 \U Va

=I+1I (3.11)
Note that for w € V|,

-yl 3yl

— > — — — — — > _
lw—yl>[y—x]—|w—2zx] =[x —zx| > ) 72 20

(3.12)
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By (3.9) and (3.12), there exist positive constants ¢ = c(«, rg, T) andcy = c1 (o, 19, T)
such that

t

15/ /pg,lD(s,x,z) /J(”(z,w)#dw dz | ds
0 \U Vi
t
S%/ /quD(S,X,Z) /J()‘)(Z,w)dw dz | ds
0 \U Vi
aT

=—DP (X(m € Vi and rU < t)

aT
= oy s (X <

Let n(z,) be the unit inward normal of A~ D at the point z,.. Put xo = z, + ;—‘Tn(zx).
Note that xg € (A\"'D) N B(z,,r1/(4T)) C U and 8,1 (xo) = r1/(4T). It follows
from (BHP) that there exists a constant ¢ = ¢, (rg, «, T, Ag) > 0 such that

P (x® evi) <Py (X eV Bop) 2 8,-1p ().
X 1'[(])") 1) =215 IeS) 1 8}\ ID(XO)a 1_ 20,-1p
Thus we have

8,—1p(x)*!

I§C3(TV1)W

(3.13)

for some ¢3 = ¢3(rg, o, T, Ag) > 0. On the other hand, for z € U and w € V3,

3|x—y| o 7|x—y|
— > j— j— — > - _—
|z —wl > |w—zx| — |z — 2| = 1 a2 20
Thus by the symmetry of p,—1 (¢ — s, w, y) in (w, y) and (2.9) of X**U, we have

t

115/ /pA 1p(s, %, 2) /| |d+apk ip(t —s,y,w)dw | dz | ds

0
oo
cq U
= |x_y|d+a/ /P,\le(S,x,z)dz ds
0 \U

1)
Ty

5
By /IB(xO,rl/(leT))(Xf.”)ds
0

< _
~ x _y|d+a
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for some positive constants c4 and ¢s = cs5(rg, o). Take x1 = zx + lg—lTn(zx). By
(BHP), the last expectation above is bounded by

)
8y -1p(x)2!
) A~1D
CﬁExl /IB(xo,rl/(16T))(Xs )ds m
0

for some ¢ = c(ro, o, T, Ag) > 0.

To bound the expectation in the last display, let (£*), F®) be the Dirichlet form
of X and (€W, F l(])")) be the Dirichlet form of the subprocess X*U. The transi-
tion semigroup of the subprocess X*U will be denoted as {P[)"U, t > 0}. The killing
density of this subprocess is given by

- C(Ax, Ay)
ky(x) := / mdy, x eU.

G~TDN\U

By the cl! assumption on D, there is a constant c; = ¢7(d, «, ro, T) > Oindependent
of A > 0 and x such that ky > 2¢7 > 0 on U. Then for every u € ]-"(k),

(u(x) — u(y))?

£
lx — y|d+a

—c7

1
(u, u) > ES(A)(M, u) > cg dxdy +/u(x)2dx

UxU

for some cg = c3(d, «, ro, T) > 0 independent of A, where

A (u,u) = EP(u,u) — ¢ / u(x)dx.

—c7
U

It is known (see, for instance, [6, Section 3] or [7]) that there is a constant cg > 0
independent of A such that for every u € .7-"1(} ) with lullprwy =1

242a/2 (u(x) — u(y))? )
”M”Lz(U) =< 9 dedy + [ u(x)“dx

UxU U

So we have for every u € .7:1(])”) with [lullp1 gy = 1,

242a/2

A
”u”LZ(U) S 10 8( ) (M, u)

—c7

Observe that (590)7, F, [(])‘)) is the quadratic form for the semigroup {e“”’ PI)“U, t > 0}.

Thus by [12, Theorem 2.4.6], there exists a positive constant independent of A,
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such that
e”’pg,lD(t, x,y) <ciit~ 4% foreveryt > 0.
Therefore
oV 00
E, / Vs /6y (XPds | <1+ / cive=dr |B(O, 11 /(16T))] < oo,
0 1
The proof of the lemma is now complete. O

Lemma 3.4 Let D be a C'' open set in R? with characteristics (ro, Ao). For every
T > 0, there is a constant ¢ = c(rg, Ao, T, @) > 0 such that for every A € (0, T] and
X,y € 2! D,

Prp(lxy) = e (LA L= y1707) 805000

Proof Note that for every A € (0, T], 27D isa cl! open set with characteris-
tics (ro/T, T Ao). Take x,y € A~'D. In view of (3.9), it suffices to prove the
theorem for x € A~'D with 8,-1p(x) < r1/(4T). When §,-1p(x) < r1/(4T) and
|x —y| > 10r; /T, by Lemma 3.3, there is a constant ¢ = ¢ (ro, T, @, Ag) > 0 such
that

(S}L—ID(x)a_l

| i for every r € (0, 1]. (3.14)
X =Yy

Da-1p(t, x,y) < ci

So it remains to show that when §,-1(x) <r;/(4T) and |x — y| < 10r /T,

Pi-ip(Lix,y) < e283-1p(0)* ! (3.15)

for some positive constant ¢ = c3(ro, T, a, Ag) > 0. Define U = (A"'D) N
B(x,8r1/T). Note that x,y € U and dy(x) = §,-1p(x). Let pij_]D(t,z, w) be
the transition density function of the subprocess X*'¥ of X* killed upon leaving U
and let p, -1 (¢, x, y) be the transition density function of X (), By the strong Markov
property of X and the symmetry of p,—1 (1, x, y) in x and y, we have

A A A
pi-ip(Lx.)=pY (1, x, ) +E, [wa(l—r,S), X0 0; o) <1< d”}
U

where rl(/)‘) = inf{r > 0 : XZO‘) ¢ U}. Let z, € d(A~!D) be such that |x — z,| =
8,-1p(x) and let n(z,) be unit inward normal vector of A D atz,. Put xo = 7, +
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(r1/T)n(zy). By the semigroup property, (3.9) and (2.9),

plip(x,y) =/pi’,l,)a/z,x,z)pi’,l,)(l/z,z,y)dz
U

= 1pa-1p(1/2, )l P (1 > 1/2)
=3y [f,(f)]

)
Ty

< 4, /1B(x0,r1/(4r))(X§’\))dS
0

for some positive constants ¢; = ¢;(a, 1o, T),i = 3,4. Put x; = z, + Z—lTn(zx). By
(BHP) and the last part of the proof of Lemma 3.3, the above is bounded by

s
v S (x)c(—l
A D -1
sy, / lB(xo,rl/(4T))(X§ ))ds W < cedp(x)*
0

for some positive constants ¢; = ¢;(«, ro, Ag, T) withi =5, 6.
On the other hand, X?A)) e (W"'D)\ U on {rl(}) <1 <¢WY}andso
U

*)
‘X W — X
Ty

>T7r1/T on {rL(,A) <1< {0‘)}.

Consequently by (3.14) for p;-1p(1 — r[(])"), X()(‘z), X),
U

v’

8, a—1
<Ey|ca )‘(;)D#; tl(])‘) <1<¢®
|X‘(U _x|d+(x

Ey [P)\—ID(l — 1y, XW x); rl(jk) <1< ﬂ”]

<181 p) Py (r{,“ <1< g(“) < 78,107

for some positive constant ¢c7 = c¢7(«, o, Ao, T'). This completes the proof for (3.15)
and hence the theorem. O

Theorem 3.5 Let D bea C! open set with characteristics (ro, Ao). Forevery T > 0,

there exists a positive constant ¢ = c(T, ro, o, Ag) such that for t € (0, T] and
x,y €D,
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Sp(x) a-l dp(y) ot —d/a !
pD(t,x,y)SC(lA—,l/a TN = Ta N R

(3.16)

Proof Fix T > 0.ByLemma 3.4 there exists a positive constantc; = c1(T, ro, &, Ag)
such that for every A € (0, T1/¢],

Prein(x ) < e (1A Ty = yI77) 8,100, (3.17)
Thus by (3.2) and (3.17), forevery t < T,

pot.x,y) =1t p1ap (1, ey, r]/ay)

a—1
<1 (1 Al Ve — y)r"*“) 8,1/ (f‘/“x)
B 5y (x)a—l
_ d/ ! D
=a (t A |x_y|d+ot) [—1/a
Sp()\*
< c2 pra(t,x,y) ([17 (3.18)

for some positive constant c; = c2(T, ro, o, Ag). Here pra (2, x, y) is the transition
density function of the symmetric a-stable process in R¢ and it is known [1,6] that

t
pra(t, x,y) = (t"/"‘ A

d d
_x_—y|d+a) on RJ’_ x RY x R“. (319)

By symmetry, the inequality (3.18) for pp(¢, x, y) holds with role of x and y inter-
changed. Using the Chapman—Kolmogorov’s equation and (3.18), fort < T,

ot x.y) = / po(t/2. %, ) pp(t)2. 2 y)dz

D
) a—1 S a—1
=4 ( ﬁiz)) (%) /PRd(f/Z,x,Z)de(t/Z,z,y)dz
D
Sp)\* ' (SpmM\* !
=a ( 1/ ) ( /e ) PRrd(t, X, y) (3.20)

for some positive constant ¢c; = (T, ro, o, Ag). Combining (3.19) and (3.20), we
prove the upper bound (3.16) by noting that

(1 Aa)(1 Ab) =min{l,a,b,ab} fora,b > 0.

]
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4 Lower bound estimate

The goal of this section is to prove the lower bound for the heat kernel of X. We start
with the following result for a general open d-set in R?.

Lemma 4.1 Suppose thatd > 1 and o € (0, 2). Let D be an open d-set in RY and X
the censored a-stable-like process in D. For any positive constants ¢ and a, there exists
c1 =ci(c,a, o, d) > 0 such that for every z € D and A > 0 with B(z, 2erlt/®y c D,

inf P, (T S lay > ah) > c1 > 0.
inf Py (Tpeaenire ) = el
ly—zl <erl/e

Proof LetY = {Y;,t > 0} be the symmetric a-stable-like process in R? (correspond-

ing to a fixed symmetric measurable extension of C(-, -) satisfying (2.2)). For any open
set U C R?, let t}) := inf{t > 0: ¥; ¢ U}. Then by Theorem 2.1(iii)

. . Y
inf Py (tpeoeiey >akr) = inf P, (IB(Z’%AI/Q) > ak)

yeD yeD
Iy—zlsck]/m \y—z\sdl/o‘
: Y
>
> ylenlid Py (TB(y,cxl/a) > ak) .

By [6, Proposition 4.1], there exists ¢ > 0 such that

inf PPy

1
> sk) > —,
yeRd 2

Y
(TB(y,c,\l/a/z)

Let pg (¢, x, y) be the transition density function of ¥V . Suppose a > ¢. Then by
the parabolic Harnack principle in [6, Proposition 4.3]

C1P iy ety Ehs Vs W) < PR e (@hy v, w) forw € B(y, cal/*/2)

where the constant ¢; > 0 is independent of y and . Thus

Y Y
P, (IB(},’M,/Q) > ak) = / pB(y’CA,/a)(ak, v, w)dw
B(y,cal/#)
Y
> / pB(y’dl/a)(a)\, v, w)dw
B(y,cAl/®/2)

Y
B Y| / pB(y’g)\l/a/z)(E)"a Y, w)dw
B(y,exl/e)2)
> c1/2.

This proves the lemma. O
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Proposition 4.2 Assume thatd > 1 and o € (0, 2). Let D be an open d-set in RY X
the censored o-stable-like process in D and pp(t, x, y) the transition density function
of X. Suppose (t,x,y) € (0,00) x D x D with8p(x) > t'/% > 2|x — y|. Then there
exists a positive constant ¢ = c(«, ro) such that

po(t.x,y) = et~ @1
Proof This proof is the same as that for [5, Proposition 3.3]. We reproduce it here for
reader’s convenience. Let r > 0 and x, y € D with 8p(x) > ¢'/% > 2|x — y|. By the
parabolic Harnack principle in [6, Proposition 4.3],

po(t/2,x,w) < ci pplt, x,y) forw e B(x,2tY%/3),

where the constant ¢; > 0 is independent of x, y and ¢. This together with Lemma 4.1
yields that

1
1L,X,y) 2 ————7—~ t/2, x, w)ydw
po(t, x,y) B, /2] / pp(t/2,x, w)
B(x,t1/%/2)

> C2t_d/a / pB(x’tl/a/z)(t/z,x, U))dw
B(x,t1/2/2)

= ot~/ P, (TBesiraja) > 1/2)

> 3 t—d/a’

where ¢; = ¢;(rg, @) > 0 fori =2, 3. O

Lemma 4.3 Assume thatd > 1 and o € (0, 2). Let D be an open d-set in R?, X the
censored «-stable-like process in D. Suppose that (t, x,y) € (0,00) x D x D with
Sp(X)ASp(y) = tY/% and |x —y| = 27111/, There exists a constant ¢ = ¢(a, d) > 0,
independent of t > 0 and x and y, such that

(d/a+1

—1,1/a
P, (X[GB(y,Z t )) zc—|x—y|d+""

Proof The proof is a simple modification of that of Proposition 4.11 in [7]. For reader’s
convenience, we spell out the details here.

By Lemma 4.1, starting at z € B(y, 4~!¢1/%), with probability at least ¢; =
c1(a) > 0 the process X does not move more than 6~ '#!/¢ by time 7. Thus, it is
sufficient to show for some constant ¢co = ¢ (e, d) > 0,

(d/a+1

P, (X hits the ball B(y, 4~ '#/%) by time t) > 4.2)

|x _y|d+a

for all [x — y| > 271/ and t > 0. Now with B, := B(x, 67 t1/*), B, :=
B(y, 6" 't/*yand 1, := 7, ,itfollows from Lemma4.1, there exists c3 =c3(ct, d) >0
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such that

t
Ey [t Aty] > EPX (ty = t/2) > c3t, fort > 0. “4.3)
Thus by using the Lévy system of X in (2.3),

P, (X hits the ball B(y, 4~'71/%) by time t)

> P, (X,MX € B(y, 4_1t1/o‘) and t A T, is a jumping time)
IATy
M
>E ——duds
- / X5 — uldte
0 By

1
> C4Ex [l AN 'L'X]/mdu
By

—d—
> cst[Byllx —y| 77
ta’/ot+l
Z C6—7
|x _y|d+oz

for some positive constants ¢; = c;j(«, d), i = 4,5, 6. Here in the fourth inequality,
we used (4.3). The lemma is now proved. O

Proposition 4.4 Assume thatd > 1 and o € (0, 2). Let D be an open d-set in R4, x
the censored o-stable-like processin D and pp(t, x, y) the transition density function
of X. Suppose that (t,x,y) € (0,00) x D x D with 8p(x) A8p(y) = (t/2)"/* and
[x —y| > 2-1 (t/2)1/°‘. Then there exists a constant ¢ = c(«, ro, Ag) > 0 such that

pp(t,x,y) > Cm- 4.4

Proof By the semigroup property, Proposition 4.2 and Lemma 4.3, there exist positive
constants ¢; = c¢1(«, ro, Ag) and ¢c» = ¢3(«, rg, Ag) such that

pp(t, x,y) =/pD(t/Z,x,z)pD(t/Z,z,y)dz
D
> / pp(t/2,x,2)pp(t/2,z, y)dz
B(y, 27 1(1/2)V/e)
= it ™ P, (Xip2 € BOL27 0/2)1)

t
>C)—.
|x_y|d+0t
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In the remainder of this section, we assume that D is a C1+! open subset in R9 with
characteristics (g, Ap) and X is the censored a-stable-like process in D with d > 1
and o € (1, 2). Let

Ty = (%) @.5)
=16/ - '
We will first establish the lower bound for the heat kernel of X for ¢t < Ty.
The next lemma is a key step in deriving the precise boundary decay rate for the
transition density function pp (¢, x, y).

Lemma 4.5 Suppose that (t,x) € (0, Tyl x D with $p(x) < 3tV/* < ry/4 and
k € (0,1). Let zx € dD be such that |z — x| = §p(x) and let B be a ball of radius
3tY% such that B C D and 9B N 3D = {z,}. Suppose B(xo, 2kt'/%) B\ {x}. Then
for any a > 0, there exists a constant c; = c1(k, &, ro, Ao, a) > 0 such that

a—1
%p (x)) . (4.6)

Py (Xar € Blxo,xt'/) = e ( T

Proof Let 0 < k1 < « and assume first that 274 el < Spx) < 3¢1/¢ Note
that 6p(x) A dp(xg) > 24 e/, By the convexity of the ball B, every point on
the line segment /,, , joining xo to x is at least of distance 27 %k111/% away from
the boundary of D. For a > 0, denote by k the smallest integer that is larger than
max {(36% /a)!/ @V 627 /iy, a(27/(Tk1))*}. Let xo, x1, ..., x¢ = x be (k + 1)
equally spaced points on [y, , and setr := |x; —xp|. Since et/ < |x —xo| < 6rl/e,
by our choice of k, we have

Atk <r <6tk <27tV and 6r < (at/R)MY <727 Tkt

Since the above inequalities imply that foreveryi =0, ...,k — 1,z € B(x;,r) and
w € B(Xjt+1,7)

2z —w| < 6r < (at/k)Y* <727kt < 8p(2) A Sp(w),

by Proposition 4.2 and the semigroup property,

P, (XmeB(xo,Kt”“))z / pplat, x, y)dy
B(xo.r)

> / / / pplat/k,x, yk—1)pplat/k, yr—1, yk—2)
B(xg—1,) B(xg—2.7) B(xo,r)
---pplat/k,y1,y)dydy ---dyr—1

> ok ((at/k)’d/“rd)k > ¢y > 0. 4.7)
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By taking k1 = «, this shows that (4.6) holds for every a > 0 and forevery x € D with
274crle < §p(x) < 3r1/%. So it suffices to consider the case that §p (x) < 2~ %krl/e.
We now show that there is some ap > 1 so that (4.6) holds for every a > ag and
8p(x) < 27%kt!/® For simplicity, we assume without loss of generality that xo = 0
and let B := B(xq, k1'/%). By the scaling property for censored «-stable-like pro-
cesses (see (3.2) and the line following it),

Py (X € B) = P, 10, (za e t—l/“ﬁ) =P, 0, (Za € B0, k),  (4.8)

where Z is the censored a-stable-like process in =1/ D with jumping function J i
of (3.1), and, by a slight abuse of notation, the law of Z starting fromapointz € 1~ /%D
is also denoted as P,. Let By := B(r~/%z,,«/2) N (t~'/*D). Observe that since
B(0,2x) C 1~ Y*(B\{x}) C 1~ /*(D\{x}),

k/2<|y—z| <6 forye Byandz € B(0, k). 4.9)
By the strong Markov property of Z at the first exit time 7, from By and Lemma 4.1,
P,-1/a, (Z4 € B(0, k))
> Py-1/a, (fgo <a, Zey, € BO,k/2) and |Z; — Zey | < /2
fort e [tgo, 150 + a])
> c3Pyoija, (rgo <aand Z., € B, K/2)) . (4.10)
Here, go denotes the first exit time from By by Z.

Let z; = t~ Y%, € 9(:~Y/*D) and set y; := z; + 272k n(z1), where n(z)
denotes the unit inward normal vector at z; for ~/*D. Note that t—/*D isa C!1-

open set with characteristics (Tofl/ “ro, To1 / *Ag). So by (BHP), the Lévy system of Z
and (4.9),

P, 1o, (z,B0 e B(0, K/z))

8=1/a p (™ Hx)e 1
Py, (Z B(0,k/2
Bt—l/uD(yl)a_l Vi ( By S ( K/ ))

4 a—1 5D(X) a—1
o) ()

00 B, C(t—l/"‘y,t_l/"‘z)
X/ /pBO(t,yl,y) / dz | dy | dt

|y _ Z|d+a
0 \By 0,6/2)
Sp(x) ! z
> C5 ( ll/a E)’I I:tBO] :
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It follows from Theorem 2.1(iii), and [6, Proposition 4.1],
z Y Y
Ey [fgo] > Ey, [TBO] = By [TB<y1,K/4)] =65

where Y is the a-stable-like process in 7 ~/% D with jumping function J ¢ ) of 3.1,
and so

Sp(0)\*!
P, e, (ZIB0 e B(0, K/2)) = cses () - (4.11)
The above constants ¢k, k = 4,...,6 do not depend on a. On the other hand, by

Theorem 2.2 and (BHP)

Z -1 VA
Pi1/ay (TBO > a) <a E;-ije, [‘L’Bo]

‘EBO

<a 'e7E -1/, /IB(yl,K/S)(ZS)dS
0
'L'BO

S (S
<a 1C8 ([17 Eyz /lB(yl,K/S)(Zs)ds s
0

where ys := z1 + 2%k n(z1). Now by the same argument as in last part of the proof
of Lemma 3.3, we have

(o)
Z 1 D
P, 1o, (zBO > a) <a e ( o ) , 4.12)

where constant cg does not depend on a. Define ay = 2¢9/(cs5ce). We have by (4.8)
and (4.10)—(4.12) that for a > ay,

Py (Xar € B) = & (IP’fn/ax (Z,BO € B(0, K/2)) — P, (fgo > a))

S a—1
> a@an (B2)

(4.13)

(4.7) and (4.13) show that (4.6) holds for every a > ap and for every x € D with
Sp(x) < 3tl/e,

Now we deal with the case 0 < a < ag and 8p(x) < 2 *kr!/% If §p(x) <
3(at/ap)'’®, we have from (4.6) for the case of a = ag that

P, (Xat € B(xo, Ktl/a)) > P, (Xao(at/ao) €B (XOa K(at/aO)l/a))
_ o)\ (8@
— ClO (at/ao)l/“ - Cll tl/O{ M
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If 3(at/ag)'/® < 8p(x) < 27 *kt'/* (in this case k > 3 - 2*(a/ag)'/¥), we get (4.6)
from (4.7) by taking k1 = (a/ap)'/®. The proof of the lemma is now complete. O

The next three propositions and their proofs are similar to [5, Propositions 3.7-3.9]
and their proofs, we give the details for readers’ convenience.

Proposition 4.6 Suppose that (1, x,y) € (0, To] x D x D with |x — y| < t'/% and
dp(x) < 2:1/% Then there exists a constant ¢ = («, ro, Ag) > 0 such that
aje (0N (30!
pot,x,y) > ct™/* (;17 o , (4.14)

Proof For z € 0D, let n(z) be the unit inward normal vector of 9 D at the point z. By
the assumptions,

8p(y) < |x — y| +8p(x) < 3t1/* < ro/5.

So there are unique points z, zy € 9D such that 6p(x) = |x — zx| and dp(y) =
|y - Zy|- Let

x0 = zx +4t"%n(z,) and yo =z, +41'/%n(zy).
Observe that
8p(x0) = 8p(yo) = 4r'/* and |x —xol. |y — yol € [1'/*, 4¢1/%).
Define B := B(xq, 4~ 1¢1/%) and B := B(yo, 4~ 't1/). Observe that x ¢ B(xg, 27 '¢1/%)

and y ¢ B(yg, 2~ '¢!/%). By the semigroup property,

pp(t, x,y) =/PD(t/3,x,Z) /PD(I/3,Z, w)pp(t/3, w, y)dw | dz
D D

2/PD(¢/3,X,Z) /PD(I/3,Z, w)pp(t/3, w, y)dw | dz
B B

z( inf ~pD(t/3,z,w)) /pD(t/S,x,z)dz
B

(z,w)eBxB
X /PD(I/S, w, y)dw
B
Since forz € Band w € E,

8p(2) = 8p(x0) — |xo — z| = 1%, Sp(w) = 8p(yo) — |yo — w| = 11/*
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and

|z — w| < |z — xol + Ix0 — x| + |x — y| + |y — Yol + |yo — w| < 10£'/%,

by combining Propositions 4.2 and 4.4, we have that there exists ¢c; = c1(«, ro, Ag) >
0 such that

inf _ pp(t/3,z,w) > ejp~ 4,

(z,w)eBxB

Since 8p(x) < 2¢/% < ry/8 and §p(y) < 3t'/*, we deduce from Lemma 4.5

) a—l E) a—1
po(t,x,y) = cot =/ (%) ( D(y))

tl/()l

for some positive constant ¢ = c2(«, 1o, Ao)- O

Proposition 4.7 Suppose that (t,x,y) € (0, To] x D x D with §p(x) < t'/* and
(t/2)V* < 8p(y)and|x—y| = tY%. Thenthere exists a constant c = c(«, ro, Ag) > 0
such that

t Sp(x)\* !
pp(t,x,y) = ¢ T ( Ta ) : (4.15)

Proof Recall that for z € D, n(z) is the unit inward normal vector of d D at point z.
Since 8p(x) < t'/* < /16, there is a unique z, € 3D such that §p(x) = |x — zy|.
Let zg = zy +2t'/*n(zy ). Now choose xq in B(zo, 2t'/%) and k = «(a) € (0, 1) such
that

B (xo, 2;<z1/“) CB (zO, - 2—2/“)r1/“) nB (x, (1 - 2_1_2/0‘)t1/°‘) .
Such a ball B(xg, 2kt/®) always exists because
2<(2- 2—1) v (1 - 2—2) < (2 - 2—2/“) + (1 . 2—1—2/“) .
Note that x ¢ B(xg, 2ct'/%) and

§p(@) = (t/HY* and |y —z| =271/ forevery z € B(xg, kt'/%).

On the other hand, for every z € B(x, wrl/ ),
2=yl <tz —xl+lx =yl = (1-271720) 1o x -y < 20x — ),
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Thus by the semigroup property and Proposition 4.4, there exist positive constants
¢; = ci(a, ro, Ag), i =1, 2, such that

pp(t, x,y) :/PD(I/Z’)C,Z)pD([/Zst)’)dZ
D

> / (/2. %, Dpp(t/2. 2, y)dz

B(xq,kt!/e)
t
> Cl / PD(I/Z,X,Z)WCZZ
B(xq,ktl/)
t
>cp———— t/2,x,2)dz
T / po(t/ )

B(xg,kr1/%)

t
= P, (Xt/z S B(XO,Ktl/a)) .

=@ lx — y|d+a
Applying Lemma 4.5, we arrive at the conclusion of the proposition. O
Proposition 4.8 Suppose that (t, x,y) € (0, To] x D x D with

Sp() Vp(y) = 1/ < x —y.

Then there exists a constant ¢ = c(«, ro, Ag) > 0 such that

S a—1 S a—1
po(t,x,y) > ¢ — ( D(x)) ( ﬁiz)) . (4.16)

e — ylre e

Proof As in the first paragraph of the proof of Proposition 4.6, let z, € 9D so that
|x — z¢| = 8p(x) and set xp := z, + 3t/¥n(zy). Let k := 1 — 271/% Note that
we have 8p(z) > 2(t/2)"/* and |y — z| = 8p(z) — p(y) = (t/2)!/* for every
z € B(xo, kt'/®).

On the other hand, for every z € B(xq, kt'/%),

|z — ¥ < |z — X0l + |xo — x| + [x — y| <t/ +3t1/% 4 |x — y]
< (2% +3)+ 1) [x — yl.
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Thus, by the semigroup property and Proposition 4.7, there exist positive constants
¢i = ci(a, rg, Ao), i = 1,2, such that

ot x.y) = / po(t/2. %, ) pp(t)2. 2 y)dz
D
> / po(t/2. %, D pp(t/2, 2. y)dz

B(xg,kcr1/%)

! 5p(») !
= ¢y / pp(t/2,x,2) Ty ( T dz

B(xg,ker/®)

a—1
! ((SD(”) / po(t)2, %, 2)dz

=2
v — yldta gl

B(xg,kt!/@)

t (SD(Y)

a—1
= @ (e ) P, (X,/z € B(xo,Ktl/“)) .

Applying Lemma 4.5, we arrive at the conclusion of the proposition. O
Now we are ready to prove the main result of this section.

Theorem 4.9 For every T > 0 there exists a positive constant ¢ = c(a, ro, Ao, T)
such that for all (t,x,y) € (0,T] x D x D,

Sp(x)\* ! Sp(M\*! —d/a 4
pD(t,x,y)zc(lA—tl/a ) 1/\—t1/“ t A Ix — y|d+a .

4.17)

Proof Assume first that t < Tj.

1. We first consider the case |x — y| < #!/*. We claim that in this case

B sp\* ! Sp(M\*!
pp(t,x,y) > ct d/a <1A ﬁ/a ) 1Aﬁ—/z . (4.18)

This will be proved by considering the following two possibilities.

(@) max{8p(x),8p(y), |x — y|} < r1/*: Proposition 4.6 and symmetric yield
(4.18)

(b) max{8p(x),8p(y)} = t1/* > |x — yl:
If max{8p(x),8p(y)} = t'/% > 2|x — y|, (4.18) follows from Proposi-
tion 4.2.
If min{8p (x), 8p(y)} = t"/% and [x — y| < 11/* < 2|x — y|,

—1 —1
S Y ED Sp())* 1A 0"
|x _y|a'+<x tl/e tl/e :
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If max{8p(x), 3p(y)} > 1Y% min{Sp(x), $p(y)} < /% and |x — y| <
e < 2lx — yl,

o\ (BT _ ([ 3N (| S
t1/a 11/« - A t1/a A t1/a
Thus by combining Propositions 4.4 and 4.6, we get (4.18) for the case of

max{8p(x), 8p(y)} = t'/% and [x — y| < 1'/* < 2|x —y|.
2. Now we consider the case |x — y| > /% and claim that

Sp\* T (. S\ t
pD(t,x,y)ZC(l/\ [1/a ) A /e |x — yldte )’

(4.19)

(@) min{dp(x),8p(»)} < (1/2)"/% and |x — y| > t'/%: By symmetry we can
assume 8p(x) < (t/2)'/%. Thus Combining Propositions 4.7 and 4.8, we
have (4.19) for this case.

(b) min{8p(x),8p(y)} > (1/2)"/* and |x — y| > ¢!/ In this case, clearly

Sp\ L S\ (o ()
Ih =T A= =\ T« [1/a .
Thus Proposition 4.4 yields (4.19).
We have arrived at the conclusion of Theorem 4.9 for r < Ty.

We now consider ¢t > Ty case: let

_ sp(x)\* ! 5o\ —d/a r
qp(t, x,y) 1= (1/\ 11/a ) A T )

First we observe that for any r > O and x, y € D,

qgp(t,x,y) < qp(t/2,x,y). (4.20)

Then by using the semigroup property and (4.20) twice we get, for any (¢, x, y) €
0, To]l x D x D,

pp(2t,x,y) :/PD([»va)PD(t’Z»}’)dZ
D

q/qu(t,x,z)qu(t,z,y)dz
D

Cz/c]D(t/Z,x,z)qD(t/Z,z,y)dz
D

v

v
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> o3 / po(t/2.%. ) pp(t/2. 2. y)dz
D
=c3ppt,x,y) = caqp(t,x,y) = c5qp(2t,x,y)

for some positive constants ¢;, i = 1, ..., 5. Here in the first and fourth inequalities
we used Theorem 4.9 for ¢ < Ty and in the third inequality we used Theorem 3.5. O

5 Large time heat kernel estimates and Green function estimates

In this section, we present proofs for Theorem 1.1 (ii) and Corollary 1.2. Throughout
this section, we assume that « € (1, 2) and that D is a bounded C 11 open set in R,

Proof of Theorem 1.1 (ii) By Theorem 2.2, the semigroup { P”, t > 0} is intrinsically
ultracontractive. It follows from Theorem 4.2.5 of [12] that there exists 77 > 0 such
that for all (¢, x, y) € [T1,00) X D x D,

le—)»]l‘qb ( < < i —At
5 1(X0)@1(y) < pp(t, x,y) < 5¢ P1(x)P1(y).

Since ¢ = eM P1¢1, we have from Theorem 1.1(i) that on D,

_ _ 1
w10 = (170 [ (1n8p00) (1 A W) ¢1(7)dy
D
= 8p(x)*~ L. (5.1)
Thus there exist positive constants ce, ¢7 such that for all (¢, x, y) € [T1, 00) X D x D,
—Alt a—1 a—1 -\t a—1 a—1
cee” " Op(x)* T dp(M)*T < pp(t,x,y) < cre” M p(xX)* T Sp ()T

If T < Tj, by Theorem 1.1(i), there exist positive constants cg, cg such that for
(t,x,y)el[T, T1]x D x D,

cs8p () Sp(M ! < ppt, x, y) < codp ) T op(n)* .
This gives the conclusion of Theorem 1.1(ii). O

Proof of Corollary 1.2 First note that by Theorem 1.1(i), we have

o0

/PD(L x,y) = 8p(x)* ep(y) . (5.2)
T
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Let diam(D) be the diameter of D and 7 := diam(D)“. By a change of variable
u= @, we have

T
/e d+o S a—1 S a—1
/t—d/oz I A LA p(x) 1A p(y) dt
|X _yl tl/ot tl/a
0
00

1 1/a g a—1 1/ag a—1
= / (u%_z/\u_3) LA p(x) | AL 0D0) o) du.
|x —yld—« lx—yl |x—yl

x=y|*

(5.3)

Note that

o0
1 1/0((S a—1 1/a8 a—1
FOV— — / (Lt%*z A u*S) (1 A LAY D(x)) (1 A LA D(y)) du
lx — yl “1 lx — yl lx — ¥

7 Sp@) \*~! Sp(y) \*~!
z—d/u—3(1A—) (MD—) du
lx — yl “"1 lx — yl lx — yl

1 Sp(x) \*! Sp(» \* !
= 2yl (“ |x—y|) NG —yy| ’ ©4)
while
o0
1 1/0[8 a—1 1/a8 a—1
i / (ug*2 A u*3) (1 A 4Ot D(x)) (1 A 49y D(y)) du
[x — | 1 lx — yl |x — I

a—1 a—1
= —1 = /uflfz/“ (ul/“ A —8D(x) ) (ul/“ N —SD(y) ) du
[x —yl "l [x — yl |x — yl
1 e S (x) a—1 S ( ) a—1
f—d/u_l_z/a (1/\ b ) (1/\ DLy ) du
[x — ¥l ‘“1 [x — ¥ |x — ¥

a1 Sp(x) \*! ( Sp(y) )"“1
= — 1 1A — . 5.5
2|x—y|d‘°‘( /\Ix—yl) AIx—yl ©:3)
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(i) Assume that d > 2. Observe that

1 1/a8 a—1 1/“6 a—1
— / (u%—Z A u_3) (1 AL 0D D(x)) (1 A LoD D(y)) du
|x — y|4=« lx — ¥ |x — ¥l

Jx—y|
T
1 Sp(x) \*! 5o\ [
< i (1 A ) (1 A ) /uafzdu
|x — y|4—« |x — yl |x — yl /
1 S a—1 S a—1
< 2 - (1/\ D(x)) (l/\ D(y)) . (5.6)
d—oalx—y|l¢® [x — yl |x — yl

So by (5.2)-(5.6), we have

T s}
Gp(x. ) :/pD<r,x,y)dr+/pDa,x,y)dt
0 T

a—1 a—1
= 1 (1 o Sp(x) ) (1 A Sp(y) ) 8 ()? 8 p ()2 !

T x =yl lx — yl lx — yl
o1 (lA 5p(x) )”“1 (lA 5p(y) )“‘1
|x — y|d— lx — yl lx — yl ’

In the last estimate, we used the fact that D is bounded. Since §p(x) < dp(y)+|x —y|
for every x, y € D, it is easy to see that for every r € (0, 1],

(1 A FSD(X)) (1 A r5D(y)) 1A r28p(x)8p(y)
[x — I Ix — vl Ix — yI?

< 2(1 A M) (1 A ”SD(y)). (5.7)
|x — yl |x — ¥l

1 Sp(x)8 a=l
Gplx.y) = T (l/\ p(x) D(y)) .

lx — lx =yl

Soon D x D,

(i1) Now we consider the case d = 1 < o < 2 and let

_ 8p)dp(y)
Uy \= ——.

(5.8)
lx — y|?
Clearly
42 S lx — y[* _ lx — y|*
0 = diam(D)* T
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By (5.7) and (5.8),

! —1 -1
: / ("‘g_z A M_3) LA —ul/“ép(x) ’ 1A —ul/“SD(y) ’ du
|x — yld= lx — yl lx — yl

Jx—y|*

2 a—1
_ 1 / (/=2 (1 AU /Q(SD(X)(SD()’)) du

|x—y|1’°‘ |x_y|2
eyl
! 1
1 - _ J—
— X y|1_a / w1/ 2l{uzlla()(/z}du + / ug L, 1/a1{u<u5“/2}du
vyl -
T T

1 o 2 _

(a=1)/c
ol —@=n2 (X =yI"
v 1 - — .
+a_1u0 (Wo ) T

So by (5.2)—(5.5), (5.7) and (5.8) and the last display, we have

Gp(x,y)
00 T
z/pp(t,x,y)+/pu(t,x,y)dt
T 0
a—1 a—1 1 a—1
=3p)" pWM”T + = (1 Auo)

|x — ¥

1
- v e=b/2 _
Ty (((”O )
_ (a—1)/a
+ul”! ((uo v 1)~/ _ ('x TW) ))

_ _ 1 _ —-1/2
= 8p(0)* ep(m* ! + oy (’48 1 /\“(()a / )

=8p(x)* 1sp(y)* !
1 ((SD(X)D[_ISD(}’)“_I N 3D(x)("‘_1)/23D(y)(0t—1)/2)

lx — y|l- |x — y|?e—2 lx — yle=!

+

Sp()*1sp(y)e!
Ix —yle=t

= Bp@)p(y) V2 A
In the last estimate, we used the fact that D is bounded. This proves the corollary. O
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Two-sided heat kernel estimates for censored stable-like processes 399

Remark 5.1 As in [4], estimates of the Green functions can be used to show that
the Martin boundaries and minimal Martin boundaries of a large class of censored
stable-like processes can all be identified with the Euclidean boundary 0D of D.
Sharp two-sided estimates for the Martin kernel is easy consequence of our estimates
of the Green functions.
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