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Suppose that d > 2 and « € (1,2). Let D be a bounded C** open
set in R? and b an R%-valued function on R% whose components are in
a certain Kato class of the rotationally symmetric a-stable process.
In this paper, we derive sharp two-sided heat kernel estimates for
£° = A%? 4.V in D with zero exterior condition. We also obtain
the boundary Harnack principle for £° in D with explicit decay rate.

1. Introduction. Throughout this paper we assume d > 2, a € (1,2)
and that X is a (rotationally) symmetric a-stable process on R%. The in-
finitesimal generator of X is A%/? := —(—A)*2. We will use B(z,r) to
denote the open ball centered at z € R? with radius r > 0.

DEFINITION 1.1.  For a function f on R%, we define for r > 0,

My = s [0

veRd JB(ar) [T —yldti=e

A function f on R is said to belong to the Kato class Kgo—1 if lim, g My (r)=
0.

Since 1 < a < 2, using Holder’s inequality, it is easy to see that for every
p>d/(a—1), L%®°(R% dx)+ LP(RY; dr) C K4 1. Throughout this paper we
will assume that b = (b, --- ,b%) is an R%valued function on R? such that
b| € Kg,q—1. Define £V = A%2 4 p. V. Intuitively, the fundamental solution
pP(t, z,y) of £ and the fundamental solution p(t, x, y) of A%2, which is also
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the transition density of X, should be related by the following Duhamel’s
formula:

(1.1)  p°(t,z,y) = p(t,x,y +/ / (s,2,2)b(z) - V.p(t — s, z,y)dzds.

Applying the above formula repeatedly, one expects that p®(t,z,y) can be
expressed as an infinite series in terms of p and its derivatives. This motivates
the following definition. Define p§(t,z,y) = p(t,z,y) and for k > 1,

(1.2) b(t,z,y) / / Ph_1(s,x,2)b(2) - Vop(t — s, 2,y)dz.

The following results are shown in [6, Theorem 1, Lemma 15, Lemma 23]
and their proofs. Here and in the sequel, we use := as a way of definition.
For a,b € R, a Ab:= min{a, b} and a V b := max{a, b}.

THEOREM 1.2. (i) There exist To > 0 and ¢ > 1 depending on b only
through the rate at which M|%‘| (r) goes to zero such that >~ pZ(t, x,y)
converges locally uniformly on (0,Ty] x R? x R to a positive jointly
continuous function p°(t,x,y) and that on (0,Tp] x R x R,

(1.3)

t t
1 (;=djea n bV b —dfo n v
e (¢ |$—y|d+a) <) <o (1700 |x—y|d+a> |

Moreover, [ga pP(t,z,y)dy = 1 for every t € (0,Tpy] and x € R,

(ii) The function p°(t,z,y) defined in (i) can be extended uniquely to a
positive jointly continuous function on (0,00) x R x R so that for all
s,t € (0,00) and (z,y) € RT x RY, [pap(t,z,y)dy =1 and

(1.4) pb(s +t,x,y) = /]Rd pb(s,x, z)pb(t,z,y)dz.
(iii) If we define
(1.5) Pif@)= [ #(ta) o)y,

then for any f,g € CX(RY), the space of smooth functions with com-
pact supports,

tm [ NP~ f@)g@)d = [ (£°)(@) ga)da.
R

t10 Rd

Thus pb(t,z,y) is the fundamental solution of LP in distributional
sense.
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Here and in the rest of this paper, the meaning of the phrase “depending
on b only via the rate at which M, ﬁ;‘ (r) goes to zero” is that the statement

is true for any R%valued function b on R? with

M|%| (r) < My (r) forallr>0.
Note that the Green function G(z, ) of X is ¢/|z—y|9~ and so |V G (z,y)| <
c/|x — y|*~*F1. This indicates that Ky -1 is the right class of functions for

gradient perturbations of fractional Laplacian. The same phenomenon hap-
pens for A+b -V, see [15].

It is easy to show (see Proposition 2.3 below) that the operators { PY;t >
0} defined by (1.5) form a Feller semigroup and so there exists a conservative
Feller process X = {X}t > 0,P,,x € R%} in R? such that P?f(z) =
E.[f(X})]. The process X’ is in general non-symmetric. We call X® an a-
stable process with drift b, since its infinitesimal generator is £°.

For any open subset D C R? we define 7% = inf{t > 0: X} ¢ D}. We
will use X*P to denote the subprocess of X in D; that is, Xf’D(w) = X} (w)
if t < 7%(w) and th’D(w) = 0 if t > 72(w), where 0 is a cemetery state.
The subprocess of X in D will be denoted by X . Throughout this paper,
we use the convention that for every function f, we extend its definition
to 0 by setting f(9) = 0. The infinitesimal generator of X is £°|p, that
is, £° on D with zero exterior condition. The process X*P has a transition
density p%(t,r,y) with respect to the Lebesgue measure. (See (3.4) below.)
The transition density pb(t,z,y) of X*P is the fundamental solution of
L% p. The transition density of X? is denoted by pp(t,z,y) and it is the
fundamental solution of £|p.

The purpose of this paper is to establish the following sharp two-sided
estimates on pl]j(t, x,y) in Theorem 1.3. To state this theorem, we first recall
that an open set D in R? is said to be a Cb! open set if there exist a
localization radius Ry > 0 and a constant Ag > 0 such that for every z €
0D, there exist a Cb!-function ¢ = ¢, : R9™! — R satisfying ¢(0) = 0,
Vp(0) = (0,...,0), Vol < Ao, |Vo(x) — Vo(2)| < Aolxr — 2|, and an
orthonormal coordinate system CS,: y = (y1, - ,Yd—1,Yd) := (¥, yq) with
its origin at z such that

B(z,Ryp)ND ={y € B(0,Ry) in CS; :yq > ¢(y)}.

The pair (Rg,Ag) is called the characteristics of the C! open set D. We
remark that in some literatures, the C1'! open set defined above is called a
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uniform C' open set as (R, Ag) is universal for every z € dD. For x € D,
let dp(x) denote the Euclidean distance between z and dD. Note that a
bounded C! open set may be disconnected.

THEOREM 1.3. Let D be a bounded C%' open subset of R% with C!
characteristics (Ro, Ao). Define

_ Sp(x)*/? o)\ (,—d/a t
fD(t,:n,y)_<1A\/IE ><1A\/IE )(t /\|x—y|d+a)'

For each T > 0, there are constants ¢c; = c1(T, Ry, Ao, d, a, diam(D),b) > 1
and ¢y = co(T,d, o, D,b) > 1 with the dependence on b only through the rate
at which M (r) goes to zero such that

(i) on (0,T) x D x D,

et otz y) < ph(t,2,y) < cfp(t,z,y);
(i) on [T,00) x D x D,

b,D _\bD o o
ey e op (2)* 26 ()2 < plh(t 2,y) < cae™ Sp(2)*25p (y) ™2,

where —\y" := sup Re(o(L|p)) < 0.

Here diam(D) denotes the diameter of D. At first glance, one might think
that the estimates in Theorem 1.3 can be obtained from the estimates for
pp(t,z,y) by using a Duhamel’s formula similar to (1.1) with p®, p and R¢
replaced by pljj, pp and D, respectively. Unfortunately such an approach
does not work for p%(t,x, y). This is because unlike the whole space case,
we do not have a good control on V.pp(s, z,y) when z is near the boundary
of D. When D = R%, p(t,z,%) is the transition density of the symmet-
ric a-stable process and there is a nice bound for V. p(t, z,y). This is the
key reason why the result in Theorem 1.2(i) can be established by using
Duhamel’s formula. Instead, we establish Theorem 1.3 by using probabilis-
tic means through the Feller process X°. More specifically, we adapt the road
map outlined in our paper [9] that establishes sharp two-sided Dirichlet heat
kernel estimates for symmetric a-stable processes in C1'! open sets. Clearly,
many new and major difficulties arise when adapting the strategy outlined
in [9] to X°. Symmetric stable processes are Lévy processes that are rota-
tionally symmetric and self-similar. The Feller process X? here is typically
non-symmetric, which is the main difficulty that we have to overcome. In
addition, X? is neither self-similar nor rotationally symmetric. Specifically,
our approach consists of the following four ingredients:
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(i) determine the Lévy system of X? that describes how the process jumps;

(ii) derive an approximate stable-scaling property of X b in bounded C!
open sets, which will be used to derive heat kernel estimates in bounded
C1:! open sets for small time ¢ € (0, 7] from that at time ¢t = 1;

(iii) establish sharp two-sided estimates with explicit boundary decay rate
on the Green functions of X and its suitable dual process in C1'! open
sets with sufficiently small diameter;

(iv) prove the intrinsic ultracontractivity of (the non-symmetric process)
X? in bounded open sets, which will give sharp two-sided Dirichlet
heat kernel estimates for large time.

In step (ii), we choose a large ball E centered at the origin so that our
bounded C1! open set D is contained in %E. Then we derive heat kernel
estimates in D at time ¢ = 1 carefully so that the constants depend on the
quantity M defined in (6.5), not on the diameter of D directly. Note that
the constant M has the correct scaling property, while the diameter of D
does not. In fact, the constant ¢; in Theorem 1.3 depends on the diameter
of D only through M.

We also establish the boundary Harnack inequality for X? and its suitable
dual process in C! open sets with explicit boundary decay rate (Theorem
6.2). However we like to point out that Theorem 6.2 is not used in the proof
of Theorem 1.3.

By integrating the two-sided heat kernel estimates in Theorem 1.3 with
respect to t, one can easily get the following estimates on the Green function

GY(z,y) = [5° P (t,, y)dt.

COROLLARY 1.4. Let D be a bounded CY' open set in R%. Then there
is a constant ¢ = ¢(D,d, a,b) > 1 with the dependence on b only through the
rate at which M (r) goes to zero such that on D x D,

o 1 (1 A 5D(33)a/25D(y)a/2>

|z — yld—

/2 a/2
< GY(z,y) < ﬁ (1 A ép(x)**p(y) ) .
-y

The above result was obtained independently as the main result in [7].
Clearly the heat kernel p%, (¢, ,y) contains much more information than the
Green function G%,(z,y). The estimates on p%, (¢, z,y) are not studied in [7].

The sharp two-sided estimates for pp(t, z,y), corresponding to the case
b = 0 in Theorem 1.3, were first established in [9]. Theorem 1.3 indicates
that short time Dirichlet heat kernel estimates for the fractional Laplacian
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in bounded C™! open sets are stable under gradient perturbations. Such
stability should hold for much more general open sets.

We say that an open set D is k-fat if there exists an R1 > 0 such that for
every x € D and r € (0, R;], there is some y such that B(y, kr) C B(z,r)ND.
The pair (R1, k) is called the characteristics of the x-fat open set D.

CONJECTURE 1.5. Let T > 0 and D be a bounded rk-fat open subset of
R?. Then there is a constant ¢; > 1 depending only on T, D, a and b with
the dependence on b only through the rate at which M|‘l))‘| (r) goes to zero such
that

cl_lpD(t7$>y) < pb(tvxay) < ClpD(tvxay) fO’f’ te (07T] and T,y c D

and
¢ Gplz,y) < Gh(z,y) < e1Gplz,y) forz,y € D.

In the remainder of this paper, the constants C7,Cs, Cs, C4 will be fixed
throughout this paper. The lower case constants cg,c1,c2,... can change
from one appearance to another. The dependence of the constants on the
dimension d and the stability index a will not be always mentioned explicitly.
We will use dz to denote the Lebesgue measure in R?. For a Borel set
A C R? we also use |A| to denote its Lebesgue measure. The space of
continuous functions on R? will be denoted as C(RY), while Cy(R?) and
Coo(R?) denote the space of bounded continuous functions on R? and the
space of continuous functions on R? that vanish at infinity, respectively. For
two non-negative functions f and g, the notation f =< g means that there are
positive constants ¢; and ¢z so that ¢1g(x) < f(x) < cag(z) in the common
domain of definition for f and g.

2. Feller property and Lévy system. Recall that d > 2 and a €
(1,2). A (rotationally) symmetric a-stable process X = {X;,t > 0,P,,z €
R4} in R? is a Lévy process such that

E, [eis'(xt_Xo)} = et for every z € R? and ¢ € R?.

The infinitesimal generator of this process X is the fractional Laplacian
A2 which is a prototype of nonlocal operators. The fractional Laplacian
can be written in the form

(2.1) Aa/QU(SE) = lim (u(y) — u(x)) A(d, —a)

=10 J{yerd: [y—a|>c} |z — yl|dte ™

where A(d, —a) := a2a*17ffd/2r(d+7a)r(l -5
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We will use p(t, x,y) to denote the transition density of X (or equivalently
the heat kernel of the fractional Laplacian A%/ 2). It is well-known (see, e.g.,
[2, 12]) that

t

— 4—d/
p(t,x,y) <t QAW

on (0,00) x R% x R4,
The next two lemmas will be used later.

LEMMA 2.1.  If f is a function belonging to Kg o—1, then for any compact

subset K of R%,
sup/ %dy < 0
zeRd JK |33—y|

Proof. This follows immediately from the fact that d —a <d+ 1 — a. We
omit the details. O

Recall that we are assuming that b is an R%valued function on R? such
that [b] € Kga—1-

LEMMA 2.2. If f is a function belonging to K4 n—1, then

hm Sup/ PP\ f|(z)

—0 peRd

Proof. By (1.3),

hm sup/ PP\ f|(z)

zC€R4

' /()] _d
<cy lim su / 3/ _ WAL gt /a/ du | ds.
' t—0 meﬂg‘i 0 ( B(:v7sl/0¢)C ’y — Zl;‘|d+a y B(le/a) ‘f(y)‘ Yy

So it suffices to show that the right hand side is zero. Clearly, for any s <1,
we have

22 / d < 51/0( d+1—0& su / ‘f(y)‘
ey [ < e [
Applying [35, Lemma 1.1], we get

(2.3)

|f(y)| 1/ayd+1—a/ 1/a\—(d+a) 1/a— 2
su MIN g < eo(s ) s
me]:é)d A(x751/a)c |y — x|d+o¢ Y 2( ) ( )
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Now the conclusion follows immediately from (2.2)—(2.3). O

By the semigroup property of p’(t,z,y) and (1.3), there are constants
c1,c2 > 1 such that on (0,00) x R? x R?,
(2.4)

t
cfle_@t (t_d/a A ) < pb(t,m, y) < cre? (t_d/a A > .

|x_y|d+a |$_y|d+a

PROPOSITION 2.3.  The family of operators {PP;t > 0} defined by (1.5)
forms a Feller semigroup. Moreover, it satisfies the strong Feller property;
that is, for eacht > 0, Ptb f maps bounded measurable functions to continuous
functions.

Proof. Since p®(t,z,vy) is continuous, by the bounded convergence theorem,
P} enjoys the strong Feller property. Moreover, for every f € Cu(R?) and
t >0,

. b < I cot —d/a t =

and so PPf € Coo(R?). By (2.4), we have

sup sup ]P’x(|Xf — X8| > 0)
t<to xcRd

t
c1€°21 sup sup / (t_d/o‘ A d+) dy
t<to peR? J {yeR%:|z—y| >3} |z —y|*te

cat a1 d/a t
— 200 - -
= c3e Sup/é r (t A Td+a> dr

t<to

to [ -1 1
c2l0 -
< eye /&O_l/au (1 A ud+a> du

for some ¢3 = c3(d) > 0 and ¢4 = c4(d) > 0. Thus

(2.5) lim sup sup P,(|X? — X¢| > 6) = 0.
tol0t<ty zcRrd

IN

For every f € Cy(R?%), z € R and £ > 0, there is a 6 > 0 so that |f(y) —
f(x)| < e for every y € B(x,d). Therefore we have by (2.5),

tim [P () ~ f@)] =t | [ " (t.2,0)(7 () ~ F(@))dy

)

< lim Pt 2, y)|f(y) — fx)|dy
t10 J{yeRd:|y—z|<5}

Hlim 2| flloo Ba(1 X7 — 2] 2 6) < =,
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Therefore for every f € Cy(R?) and x € RY, limy o PP f(z) = f(z). This
completes the proof of the proposition. |

We will need the next result, which is an extension of Theorem 1.2(iii).

PROPOSITION 2.4.  For any f € C°(R?) and g € C(R?), we have

e/ 7571(Ptbf(ﬂv)—f(f'«“))g(%)dfﬂ=/ (L f)(@)g(x)da.

t]0 R4

Proof. This proposition can be proved by following the proof of [6, Theo-
rem 1], with some obvious modifications. Indeed, one can follow the same
argument of the proof of [6, Theorem 1] until the second display on [6, p.
195] with f € C°(R?) and g € Cso(RY). Let € > 0 and use the same nota-
tions as in [6, p. 195] except that K := {z : dist(z, K1) < 1} and we ignore
Ks. Since h(z,y) = Vf(y)g(z) is still uniformly continuous, there exists a
9 > 0 such that for all z,y, z with |x — z| < § and |y — z| < §, we have that
\h(az y) — h(z, z)| < e. Thus the third display on [6, p. 195] can be modified

s / b(=) - VS ()g(2)dz]
p(t —s,z,2)p(s, 2,9)
S/ / / / ds|b(2)[|h(z,y) — h(z, z)|dzdydz
Rd JR JRL JO t
t
SQHh”/ / (/ p(t—s,:c,z)dx)/ MdSw(Z)]dydz
K1 \JR? 0 t
t _
+2Hh”/ // /p(t S’x’Z)p(s’z’y)ds!b(z)\dxdydz
(B(#,0)xB(2,6))c JO t
T e L
(2,0)x B(z,0) t

The remainder of the proof is the same as that of the proof of [6, Theorem
1]. O

The Feller process X possesses a Lévy system (see [33]), which describes
how X? jumps. Intuitively, since the infinitesimal generator of X is £, X
should satisfy

dXP = dX; +b(X}])dt.

So X’ should have the same Lévy system as that of X, as the drift does
not contribute to the jumps. This is indeed true and we are going to give a
rigorous proof.
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It is well known that the symmetric stable process X has Lévy intensity

function
J(z,y) = A(d, —a)|z — y| 74+,

The Lévy intensity function gives rise to a Lévy system (N, H) for X, where
N(z,dy) = J(z,y)dy and H; = t, which describes the jumps of the process
X: for any € R? and any non-negative measurable function f on Ry x
R? x R? vanishing on {(s,z,y) € Ry x R* x R? : 2 = ¢} and stopping time
T (with respect to the filtration of X),

E, [Z;ﬂs,xs_,xs)] —E, [ [ ([, 56X 06 ) ds] .

(See, for example, [12, Proof of Lemma 4.7] and [13, Appendix A].)
We first show that X? is a solution to the martingale problem of L.

THEOREM 2.5.  For every x € R? and every f € C°(RY),

f t
M = f(XD) — F(xD) - /0 COF(X?)ds

1$ a martingale under Py.

Proof. Define the adjoint operator Ptb’* of P? with respect to the Lebesgue
measure by

P f(z) = /dp”(t,y,w)f(y)dy-
R

It follows immediately from (1.3) and the continuity of p®(t,z,%) that, for
any g € Cx(R%) and s > 0, both P’g and P’*g are in Cy(R?). Thus, for
any f,g € C°(RY) and s > 0, by applying Proposition 2.4 with h = PY*g
and (1.4), we get that

lim | 7Y (P f(x) — PO f(2)g(x)de

t]0 JRd

= lim [ 7P f(z) — f(2))P*g(z)da
tl0 JRd

= / Ebf(x)Pf’*g(x)d:E = E, [Ebf(Xg)} g(x)dx
R4 R4

which implies that

@6 [ (i) - f@dr = [ B ] [ @nxas] g
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Using the strong Feller property of Ptb, Lemmas 2.1 and 2.2, we can easily
see that the function

v BOA(@) — f(0) ~ B | [ £050s] = = ]

is continuous, and thus is identically zero on R? by (2.6). It follows that for
any f € C®(R?%) and z € R%, M7 is a martingale with respect to P,. O

Theorem 2.5 in particular implies that X? = (X', ..., X% is a semi-
martingale. By Ito’s formula, we have that, for any f € C>°(R9),

d t ]
Q1) O - 1) = X [ X )axt + on () + 34D,
=1

where
d .
(2.8) ns(f) = FIX2) = F(X0) = Do, (X ) (x5 — X2
=1
and
d . .
(29) Al = Y [ a0 (X)X, (X)),

i,j=1

Now suppose that A and B are two bounded closed sets having a positive
distance from each other. Let f € C°(RY) with f =0 on A and f = 1 on
B. Then we know that Nj := J31a(XP)dM{ is a martingale. Combining
Theorem 2.5 and (2.7)—-(2.9) with (2.1), we get that

N = A [ 1axh (a0 A0 s

s<t

= St - [ 10 [ f) 0y

s<t 0

By taking a sequence of functions f, € CZ° (RY) with f, =0on A4, f, =1
on B and f, | 1p, we get that, for any z € R¢,

S A - [ 1406 [ I )y

s<t
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is a martingale with respect to PP;.. Thus,

o [ 1a(X2)1p(X))

s<t

_E, [/ /Rd 1a(X") 15y )J(Xf,y)dyds].

Using this and a routine measure theoretic argument, we get

=m0 10 v

for any non-negative measurable function f on R?xR¢ vanishing on {(z,y) €
R? x R? : 2 = y}. Finally following the same arguments as in [12, Lemma
4.7] and [13, Appendix A], we get

Zf(Xb Xb

s<t

THEOREM 2.6. X° has the same Lévy system (N, H) as X, that is, for
any € R and any non-negative measurable function f on Ry x RY x R?
vanishing on {(s,z,y) € Ry x R* x R? : x = y} and stopping time T (with
respect to the filtration of X?),

(2.10)
Zstb ] l/ (/stb )J (X ,y)dy)ds}.

s<T

For any open subset E of R?, let Ey = E U {9}, where 0 is the cemetery
point. Define for z,y € E,

NE(z,dy) := J(x,y)dy, N¥(z,0) ::/ J(z,y)dy
EC

and HF :=t. Then it follows from the theorem above that (N¥, HF) is a
Lévy system for X% that is, for any « € E, any non-negative measurable
function f on Ry x E x Ey vanishing on {(s,z,y) € Ry x Ex E: x =y}
and stopping time 7" (with respect to the filtration of X®¥),

(2.11)

x{Zf (s, X2F, X0E)| =E, [/T< : f(s,Xi”E,y)NE(Xf’E,dy)>stE]-
0 P

s<T

3. Subprocess of XP?. In this section we study some basic properties
of subprocesses of X? in open subsets. These properties will be used in later
sections.
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LEMMA 3.1. For any d > 0, we have

lim sup Pw(T]bg(z 5 <s) =0.
510 eRrd ’

Proof. By the strong Markov property of X° (see, e.g., [3, pp. 43-44]), we
have for every z € R,

(3.1) Po(Thas) < 9)

< P, (Tg(m) <s Xbe B(x,5/2)) + P, (Xg S B(:v,é/Q)c)

< E,|P Xx* —Xb>62);7'b <s

> [ Xleg(z,é) (’ s—*r%@,&) 0‘ - / B(z,0)

+P, (X2 - X > 5/2)
< 2sup sup P, (|th — X4 > 5/2) .
t<s zcRd

Now the conclusion of the lemma follows from (2.5). O

A point z on the boundary 0G of a Borel set GG is said to be a regular
boundary point with respect to X? if P,(7& = 0) = 1. A Borel set G is said
to be regular with respect to X if every point in dG is a regular boundary
point with respect to X?.

PROPOSITION 3.2.  Suppose that G is a Borel set of R and z € 0G. If
there is a cone A with vertex z such that int(A) N B(z,r) C G¢ for some
r >0, then z is a reqular boundary point of G with respect to X°.

Proof. This results follows from (1.3) and Blumenthal’s zero-one law by a
routine argument. For example, the reader can follow the argument in the
proof of [25, Proposition 2.2]. Even though [25, Proposition 2.2] is stated for
open sets, the proof there works for Borel sets. We omit the details. O

This result implies that all bounded Lipschitz open sets, and in particu-
lar, all bounded C! open sets, are regular with respect to X°. Repeating
the argument in the second part of the proof of [17, Theorem 1.23], we
immediately get the following result.
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PROPOSITION 3.3. Suppose that D is an open set in R and f is a
bounded Borel function on 0D. If z is a regular boundary point of D with
respect to X° and f is continuous at z, then

lim E, [f(XfE);le) < oo} = f(2).

D3>x—z
Let
(3.2) Kp(t.z,y) = Eu [p(t — b, XDy ,y)i 7h < ¢
and
(3.3) P (t,x,y) == p(t,x,y) — kb (t, 2, y).

Then pl(t,x,y) is the transition density of X®P. This is because by the
strong Markov property of X, for every ¢ > 0 and Borel set A C R,

(3.4) PAXP € 4) = [ ph(tay)dy.

We will use {P""} to denote the semigroup of X and £°|p to denote
the infinitesimal generator of {P"”}. Using some standard arguments (for
example, [4, 17]), we can show the following.

THEOREM 3.4. Let D be an open set in R%. The transition density
p%(t,x,y) is jointly continuous on (0,00) x D x D. For every t > 0 and
5> 0,

(3.5) Pt + s, 2,) = /D bt 2)ph (s, 2, y)dz.

If z is a reqular boundary point of D with respect to X, then for anyt > 0
and y € D, limps,—.., p% (¢, 2,y) = 0.

Proof. Note that by (2.4), there exist ¢, co > 0 such that for all ty > 0 and
6 >0,

t
(3.6) sup sup p’(t,z,y) < cre®sup sup <t_d/a A d+a>
t<to |z—y|>6 t<to |z—y|>d |l’ - y|
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We first show that k% (¢, z, ) is jointly continuous on (0,00) x D x D. For
any 0 > 0, define Dy = {z € D : dist(z, D) < ¢}. For 0 < s < r and
xz,y € Dg, define

h(s,r,z,y) = Eq [pb(r —h, X y) s <Th < fr} .
D

Note that
Egg[h(S,T, ngy)] = Ex[h(s7ra XSJ/)Q s < T[b)] +Ex[h(s,r, Xg:?J)? 5> T[b)]
= h(s,m+s,2,9) + Eg[h(s,7, X2, y); s > 7]
and

kS (t, ., y) = h(0,t, z,7)
= h(s,t,x,y)+E, {pb(t — 72 ,Xflb),y); T8 < s}
= Eu[h(s,t — s, X% y)] — Eu[h(s,t — s, X5, y); 7% < 5
+E, [pb(t — 72 ,Xﬁg,y); Tg < s} )
For all t1,ts € (0,00), by (3.6), p’(r, z,y) is bounded on (0, t3] x D¢ x Ds by
a constant c3. Consequently, h(s,r,x,y) is bounded by cs for all x,y € Ds

and s,r € (0,t2] with s < 7 A (t1/3). Thus we have from the above display
as well as (3.6) that for all ¢ € [t1,t2], s < t1/2 and z,y € Dy,

|k%(t,x, y) — Eg[h(s,t — S,Xs,y)ﬂ 2031P’x(7'g < s)

2c3 sup IP’Z(T]%(Z’(;) <s),
z€R4

<
<

which by Lemma 3.1 goes to 0 as s — 0 (uniformly in (¢, x,y) € [t1, t2] X D x
Ds). Since p®(t, x,y) is jointly continuous, it follows from the bounded con-
vergence theorem that E,[h(s,t — s, X?, y)] is jointly continuous in (s,t,y) €
[0,¢1/3] X [t1,t2] X Dgs. On the other hand, for (s,t,y) in any locally compact
subset of (0,t1/3) x [t1,t2] X Ds, Ex[h(s,t — 8, X2, y)] = [pa P(s,2,2)h(s,t —
s, 2,7)dy is equi-continuous in 2. Therefore E,[h(s,t—s, X°, y)] is jointly con-
tinuous in (s, t,x,y) € (0,t1/3) x [t1,t2] x Ds x Ds. Consequently, k% (t, x,y)
is jointly continuous in (s,t,y) € [0,¢1/3] x [t1,t2] x Ds and hence on
(0,00) x D x D. Since pb (t,x,y) is jointly continuous, we can now conclude
that pl(t,z,y) is jointly continuous on (0,00) x D x D.

By Proposition 3.3, the last assertion of the theorem can be proved using
the argument in the last paragraph of the proof of [17, Theorem 2.4]. We
omit the details. O
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The next result is a short time lower bound estimate for pll’) (t,z,y) near
the diagonal. The technique used in its proof is well-known. We give the
proof here to demonstrate that symmetry of the process is not needed.

PROPOSITION 3.5.  For any aj € (0,1), ay >0, az > 0 and R > 0, there
is a constant ¢ = ¢(d, a, a1,a2,as, R,b) > 0 with the dependence on b only
via the rate at which M|‘g| (1) goes to zero such that such that for all xy € R?
and r € (0, R],

(3.7)
p%(xo,r) (t,z,y) > et for all x,y € B(xg,a1r) and t € [agr®, azr®].

Proof. Let x := az/(2a3) and B, := B(x,r). We first show that there is a
constant ¢; € (0,1) so that (3.7) holds for all » > 0, z,y € B(zo,a17) and
t € [ker?®, epr?®).

Forr > 0,t € [keir®, eir?], and z,y € B(xzg, air), since |z —y| < 2a;7r <
2a1 (kep) "1/ and t < e;r® < R®, we have by (2.4) (3.2) and (3.3),

(3.8) plp, (t,2,y)

t— 70
ttnc - (o = ).

where the positive constants ¢; = ¢;(d, o, a1, az,a3, R,b),i = 2,3, are inde-
pendent of ¢; € (0,1]. Observe that

X0 —yl > (1 —a)r  fort-rh <t<er,
B

T
and so

t— b t — b 1+d/a
(39) 7 7 T S TBr y S Cl i t_d/()é.
X2, —ylte T (L —a)r)™e = (1 —a)®e
B

r

Note that if ¢; < ((1 —a1)/2)%, by (2.4), for t < 179,

P, (X? ¢ B(x, (1 — 2:/ b(t, 2, y)d
(X2 ¢ BaQ-ar/2) = | - Ptay)dy
t

< 03/ —dz
B(x,(1—ay)r/2)c | — y|dte

where ¢4 is independent of ¢;. Now by the same argument as in the proof of
Lemma 3.1, we have

t
< c— < 0
/rnOé

(3.10) Po (Thie1-anr <t) < 2esct.
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Consequently, we have from (3.8)—(3.10),

1+d At/
p%’r t,z,y) > <0201+ /o _ C3WP$ (Tfér < t)) 4/

14+d/a C}+d/a b df
—d/«a

= |ea Teg T il (TB@,(lfal)r) = t> t

> e (CQ _ 2640361> t=d/e,

(1 _ al)d+a

Clearly we can choose ¢; < ag A ((1 — a1)/2)® small so that pl]gr (t,z,y) >
et~ This establishes (3.7) for any zg € R, r > 0 and ¢ € [k cyr®, ¢17%].

Now for > 0 and ¢t € [agr®, asr?®], define kg = [ag/c1] + 1. Here for
a > 1, [a] denotes the largest integer that does not exceed a. Then, since
c1 < ag, t/ko € [kcrr®, e1r?®]. Using the semigroup property (3.5) ko times,
we conclude that for all z,y € B(x,a17r) and t € [aar®, agr?],

b
pB(xo,r) (t’ €z, y)

b
= DBz /Ko, x,w1) ...
/B(ww) /B(wo’r) B(ao,r) (t/ ko, ©, w1)

e 'pbB(:co,r) (t/kio, Wn—1, y)dw1 codwp—q

b
PB(xo,r tk,xaw
/B(xo’alr) /B(xo,au“) B(zo, )( / 0 1)

o 'pbB(ac(),r) (t/kov Wn—1, y)d'uﬂ e dwn—l
k
> c5(t/ko) (CS(t/ko)_d/a | B(0, 1)|(a17“)d) ’

v

-1
> et Yo,

The proof of (3.7) is now complete. O

Using the domain monotonicity of p%,, the semigroup property (3.5) and
the Lévy system of X?, the above proposition yields the following.

COROLLARY 3.6. For every open subset D C RY, plb(t,x,y) is strictly
positive.

Proof. For z € D, denote by D(z) the connected component of D that
contains z. If y € D(z), using a chaining argument and Proposition 3.5, we
have
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If y ¢ D(x), then by using the strong Markov property and the Lévy system
(2.10) of X?,

Pt z,y)

> E, [pr(t - T%(x),Xﬁb a?/)§7'1b)(x) <t, X! € D(y)}
D(x) D(x)
t
> b $,%,% / J(z,w)phy o (t — 5, w,y)dw | dzds > 0.
—Lﬁém%@< )(m)()%@( ) )
The corollary is thus proved. O

In the remainder of this section we assume that D is a bounded open
set in R%. The proof of the next lemma is standard. For example, see [24,
Lemma 6.1].

LEMMA 3.7. There exist positive constants C1 and Co depending only
on d, a, diam(D) and b with the dependence on b only through the rate at
which M, (r) goes to zero such that

o (t,z,y) < Cre™ @', (t,2,y) € (1,00) x D x D.

Proof. Put L := diam(D). By (1.3), for every z € D we have

Pt ) 2B €RND) = [ 402 )y

> / (1/\ 1 )d > / <1/\ 1 )d >0
C —_— C _ A .
=" Jravp @ — yldta )W =1 {|z|>L} |z|dte

Thus

sup/ p(b(l,x,y)dy = SupIP’x(Tf) >1) < 1.
xzeD JD xzeD

The Markov property of X then implies that there exist positive constants
co and cg such that

/ Pyt z,y)dy < coe” 3t for (t,x) € (0,00) x D.
D
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It follows from (1.3) that there exists ¢4 > 0 such that p%, (1, z,y) < p°(1,z,y) <
¢y for every (z,y) € D x D. Thus for any (¢, z,y) € (1,00) x D x D, we have

Ph(t,zy) = /Dp%(t—l,w,Z)plb(l,z,y)dz

< ¢4 /Dplb(t— 1,x,2)dz < cocye 31,

Combining the result above with (1.3) we know that there exists a positive
constant ¢; = ¢1(d, o, diam(D), b) with the dependence on b only through the
rate at which M (r) goes to zero such that for any (¢, 2,y) € (0,00)x Dx D,

b —d ¢
(3.11) ppt,z,y) < a (t * A ,x_y,dm)

Therefore the Green function GY,(z,y) = I p%(t, x,y)dt is finite and con-
tinuous off the diagonal of D x D and

3.12 GY(z,y) < cor———
( ) D( ) ‘l‘-y‘d_a

for some positive constant co = ca(d, o, diam(D), b) with the dependence on
b only through the rate at which Mg (r) goes to zero.

4. Uniform estimates on Green functions. Let

(1 5(2)0p(y) )“/2_

A ) R P

The following lemma is needed in deriving sharp bounds on the Green func-
tion GbU when U is some small Cb! open set. It can be regarded as a new
type of 3G estimates.

LEMMA 4.1.  There exists a positive constant C3 = C3(d, o) such that
forall x,y,z € D,
(4.1)

gD(Z7y) ( 1 + 1 )
,2) ———=— ,
gD(l' Z) | |/\5 ( ) > SQD(J' y) |.7} Z|d+1—a |Z y|d+1 «a
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and
|z — 2| Adp(x) |z —y| Adp(z)
gp(z,y) ( 1 1 )
< .
S Oyl nep@ \p—of@iie T o= pia

Proof. Put r(z,y) = dp(x) + dp(y) + |x — y|. Note that for a,b > 0,

ab ab
4.3 —— <aAb<2 .
(4.3) a—i—b_a ~ a-+b

Moreover for x,y € D, since

dp(x)? < dp(x)(6p(y) + |z —yl) < dp(x)dp(y) +p(2)*/2 + |z — y[*/2,

one has
5p(x)? < 26p(x)dp(y) + |z — yl*.

It follows from these observations that

dp(x)dp(y) dp(x)op(y)
(44) e < ()

Consequently, we have

dp(x)op(y)
S @)

1 5p(2)/26p(y)*/?

(45) gD(xy y) = |IL‘ — y‘d_a (T(JL y))a
Now

gD(Zvy)
(4.6) gp(z,z) m

Al « T — d—a
< go(e ) EZUE ) Sl e (=il )

|z —yldp(z) r(z,2)*r(z,y)* \|z—2z| |z -y
r(y,2) dp(2)* " r(x,y)® < |z —y] )d‘“
2=yl @27y o=zl ]2~y
r(z,y) op(2)r(z,y) \* eyl d—a
( ) € )

z—ylr(z,z) \r(z,2)r(z,y) z—z|-|z -yl

S gD(x7y)

:gD(-’IJ,y) ’

Since r(z,y) < r(x,z) + r(z,y),

ép(z) r(z,y) < dp(2) n dp(2)

r(z,2)r(z,y) ~ r(z,2)  r(zy) < 2.
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On the other hand, since dp(y) < dp(x) + |z — yl,

ry) eyl +0p() _yle =2l + (2 =yl + 0p(a))
podlr@e) T T oyl 2= ylr(z,2)
2 2 2 2

+ < + .
r(@,z) lz—yl T e =z |2yl
Hence we deduce from (4.6) that

gp(z,y)
|z =yl A dp(2)

1 1 _ d—OL
< 2°*gD(x,y>( + )( [z~ y] )
w—2 " Je—yl) \Jg—2- 12—y
< ( )< 1 n 1 )( 1 n 1 )
C T
= DY T eyl g —zfde T eyt

< 1 !
= CZQD(:an) |l’ — z|d+1_a + |Z _ y‘d+1—a ’

where ¢; and cy are positive constants depending only on d and «. This
proves (4.1).
Now we show that (4.2) holds. Note that by (4.5),

gD(l',Z)

(@) gp(z,2) 9p(2,9)
|z —z| Adp(z) |z —y| Adp(z)
3p(x)*/25p (y)*/? | — 2| - |2 — 9|
|z — 2|dHimalz —yldtie (|l — 2| Adp(z))(|z — y| A dp(2))
 6p(»)*
r(z,z)*r(z,y)*
go(a,y) |z —y| " g
[z —y| Adp(z) | — 2|tz —yldtize
where
;.- 12=y[Adp(z) [z — 2| ]z —yl op(2)* r(z,y)”

|z =yl (le = 2 Adp(@))(lz =yl A dp(2)) r(x,2)*r(z,y)
It follows from (4.3) and the fact that |x — z| + dp(z) < r(x, z) that
|z —yldp(x)
[z —yl(|lz — yl + dp(2))
Nz =z [z —yl(lz = 2[ + 0p(2)) (|2 — y| + dp(2)) dp(2)*r(z,y)

I =

(I — 2160(2)) (|2 — 4] 60(2)) r(z, ) (7 )"
Sp(2) tr(x,y) ! o 1 1
= T8§$“1&%Z%1§5D@) l(m%zw]**m%@al>§2'
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The inequality (4.2) now follows from (4.7). O

Recall that Gp is the Green function of XP. It is known that
4
|2 =yl A dp(2)

(See [8, Corollary 3.3].) Recall also that b is an R?-valued function on R?
such that |b] € Kg 1.

ProproOSITION 4.2. If D is a bounded open set and 1pb has compact
support in D, then GbD satisfies

(49)  Ghley) = Goay)+ [ Che,2)b(:) - VoG(zy)dz.

Proof. Recall that by Theorem 2.5, for every f € C2°(R?), Mtf = f(XP) -
FXE) — JELlf(XP)ds is a martingale with respect to P,. Since 1pb has
compact support in D, in view of (3.12), (4.8) and the fact that |b| € Ky o1,
Mt{\rD is a uniformly integrable martingale.

Define D; := {z € D : dist(z, D¢) > 1/j}. Let ¢ € C°(RY) with ¢ > 1,
supp[¢] C B(0,1) and [ga ¢(x)dx = 1. For any ¢ € C.(D), define f = Gpy
and f, := ¢ * f, where ¢,(z) :¢ ¢(nzx). Clearly f, € C*(R?) and f,
converges uniformly to f = Gpv. Fix j > 1. Since EI[M({"] = Ez[Mfg]_],

and for every y € D; and sufficiently large n,

o (AP = [ 02T Cpu)y - 2z,

B(0,1/n)

we have, by Dynkin’s formula, that for sufficiently large n,
E. [fa (X2,)] = ful@)
= [, Gb, ) (825w +b0) - VSl
= [, Ghy o) (0 + (A1) + ) - 0+ (V1))
= /Dj G, (@) (=n * Y(y) +b(y) - o * (V(GDY) () dy.

Taking n — oo, we get, by (3.12), (4.8) and the fact that |b| € Kg o1,
(4.10)

E. £ (X2,,)] = 1@) = [ G, (0.) (~0(0) + bly) - V(Gpv)w) dy.
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Now using the fact that 1pb has compact support in D, taking j — oo, we
have by (3.12), (4.8) and the fact that |b] € Kg o1,

= [ Ghla.y) () +b0) - T(Gov)w) dy
Hence we have
~Gpi(x) = =Gp + Gh(b- VGpip).

This shows that for each x € D, (4.9) holds for a.e. y € D. Since GY is
continuous off the diagonal of D x D, we get that (4.9) holds for all z,y € D.
a

We will derive two-sided estimates on Green function of X° on certain
nice open sets when the diameter of such open sets are less than or equal to
some constant depending on b only through the rate at which M, ﬁ)‘| (r) goes
to zero.

PROPOSITION 4.3.  There exists a positive constant r. = r.(d, a, b) with
the dependence on b only via the rate at which Mﬁ)‘l (r) goes to zero such that
for any ball B = B(xg,7) of radius r < r, and any n > 1,

27'Gp(r,y) < G (v,y) <2Gp(w,y), =,y€ B,
where

(4.11) bn(z) = b(x)1ge(z) + b(x)1k, (z), z€R?

with K, being an increasing sequence of compact subsets of B such that
Un K, = B.

Proof. It is well known that there exists a constant ¢; = ¢;(d, a) > 1 such
that

1 55(2)35(y)\*/?
4.12 c Pl <1/\)
(4.12) U g yte T —yP

1 — (1 A 53($)5B(y)>a/2‘

|z —yl?

S GB(%CU) S c

g =
Define I7'(z, y) recursively for n > 1, k > 0 and (z,y) € B x B by
I[§(z,y) = Gplay),
Fa@y = [ F@2)b() VCalzy)de
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Iterating (4.9) gives that for each m > 2 and for every (x,y) € B x B,
(413 Gley) =3 ey +/ G (2, 2)ba(2) - Vo T2 (2, y)dz.
k=0

Using induction, Lemma 4.1, (4.8) with D = B and (4.12), we see that there
exists a positive constant ¢y (in fact, one can take cy = 2ngc:1)’ where C3

is the constant in Lemma 4.1) depending only on d and « such that for
n,k>1and (z,y) € B x B,

~ k
(4.14) (@, 9)] < exG(x,y) (e2Mfy(2r))
and

™ G (337 ) « k
(4.15) Vel (@) < e (M (20)

There exists an 71 > 0 depending on b only via the rate at which M‘Cb“‘(r)
goes to zero such that

1
1+ 2¢o

(3.12) and (4.15)—(4.16) imply that if » < 71 /2, then for n > 1 and (z,y) €
B x B,

[, G5 @ 2bu2) - VT (2 )z

<[ G- EEEL s (ntgen)”

<es (f, a2 = ZT)"’( iez) ( +12 )

1
< (7 ) ()
C.
=¢4 B|$_Z|d+1a|z_y|d+1a 1+262

N . bl(2)
<cs (1+2c0) ™" | — y|~ @1~ )/< Z‘d+1 ot _Z|d+1a>d’z

|y
<cg (14 2c9)~MHY) | — y|~(dF17e),

(4.16) ca Mg (r) < for every 0 < r < 7y.

which goes to zero as m — oo. In the second inequality, we have used the
fact that b, is compactly supported in B. Thus, by (4.13), Gl]’:?(a:,y) =
> oieo 1 (z,y). Moreover, by (4.14),

o0 [e.9]

ST w)| < exGrley) Y (1+20) " < Galay)/2.
k=1 k=1



DIRICHLET HEAT KERNEL ESTIMATES FOR A%/2 + 1.V 25
It follows that for any zo € R? and B = B(xg,r) of radius r < 71 /2,
Gp(z,y)/2 < G%"(x,y) < 3Gp(z,y)/2 forallm >1and z,y € B.

This proves the theorem. O

For any bounded C'! open set D with characteristic (Ro, Ag), it is well
known (see, for instance [36, Lemma 2.2]) that there exists L = L(Rp, Ao, d) >
0 such that for every z € 9D and r < Ry, one can find a C1!' open set
U(.) with characteristic (rRo/L, AoL/r) such that DN B(z,7/2) C U, ;) C
DN B(z,r). For the remainder of this paper, given a bounded C!'! open set
D, U, always refers to the C11 open set above.

For U, ,y, we also have a result similar to Proposition 4.3.

PROPOSITION 4.4. For every C%' open set D with the characteristic
(Ro, Ao), there exists ro = ro(d, o, Ry, Ao, b) € (0,(Ro A 1)/8] with the de-
pendence on b only via the rate at which M“g‘(r) goes to zero such that for
allm>1, z€ dD and r < rg, we have

(417) 2_1GU(Z7T) (x,y) < Gl[)]n(zm) ('Iay) < 2G"U(Z,,«) (l‘ay)a T,y € U(z,'r)7
where

(4.18) bu(z) = b(z) 1y

(z,r

)(x) +b(x)1k, (x), x€ R?

with Ky, being an increasing sequence of compact subsets of U, ;) such that
Un Ky = U(z,r)'

Proof. It is well known, (see [23], for instance) that, for any bounded C1:!
open set U, there exists ¢; = ¢1(Ryp, Ag, diam(U)) > 1 such that

-1 v (z)ou(y)
(4.19) q‘x_M¢a< \w—w2>
< Gu(z,y) < z —Z|d—a <1 A 5U|9(sz5yU‘(29)> ‘

It follows from this, the fact that rilU(”) is a C1! open set with character-
istic (Ro/L,AoL) and scaling that, for any bounded C'! open set D with
characteristics (Ro, Ao), there exists a constant co = co(Ry, Ag,d) > 1 such
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that for all z € 9D, r < Ry and 2,y € U, ),

_1 ]- (1 A 5Uv(z,'r) (x)(sU(z,r) (y) >

2 o —yld-e lz —y|?

6U(zyr) (:L‘)&U(z,'r) (y) )

1
<G < 1A
S Gl = A s ( 2=y

Now we can repeat the argument of Theorem 4.3 to complete the proof. O

Now we are going to extend Propositions 4.3-4.4 to G% and Gl(’]( )" For
the remainder of this section, we let U be either a ball B = B(xg,r) with
r < 1, where r, is the constant in Proposition 4.3 or U(z,r) (for a C*! open
set D with the characteristic (Rp, Ag)) with » < r¢ where r( is the constant
in Proposition 4.4. We also let b,, be defined by either (4.11) or (4.18) and
we will take care of the two cases simultaneously.

By [6, Lemma 13] and its proof, there exists a constant Cy > 0 such that

L, [ ot = s, 2001, 2, )ldsd < Calt 2, )N

and so

@20) [ [ ol s, 2on(a)IVaps, )l dsd < Captt, )N

where

= sup / / |b(2) — 2|74 A s_(d'H)/O‘) dsdz
Rd

weRE

which is finite and goes to zero as t — 0 by [6, Corollary 12]. We remark
that the constant Cy here is independent of ¢ and is not the same constant
Cy from [6, Lemma 13]. Moreover,

(4.21) /]Rd /tp(t —s,x, z)]b(z) — bn(2)||V2p(s, 2,y)|dsdz

< Cup(t,z,y)Np_p,

= Cyp(t,z,y) sup / / |b(z) — 2|7 A s_(d+1)/a) dsdz.
U\Kn

weR?

Now, by [6, (27)],

(422) \Pz(tv%y)‘ \ \Pzn(ta%y)‘ < (C4Nb(t))kp(tax7y)'
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Choose T7 > 0 small so that
(4.23) CaN(t) < % L< T
We will fix this constant 7% until the end of this section.
LEMMA 4.5. For all k > 1 and (t,z,y) € (0,T1] x R? x R?,

Pl (t,z,y) — ph(t,z,y)|

<kCy2~ R Vp(t, z,y) sup / / |b(2) — 2|74 A s_(d+1)/°‘) dsdz.
U\EKn

weR?

Proof. We prove the lemma by the induction. For k = 1, we have

t
Iy (t 2, y) = P (1 2,)] < /0 /de(svw,z)\vzp(t = 5,2, Y)| b= bn|(2)dzds.

Thus by (4.21), the lemma is true for k = 1.
Next we assume that the lemma holds for £ > 1. We will show that the
lemma hods for k + 1. Let

I(n,t,7,) : // D5, 2, 2)[[Vap(t — 5, 2,9)| [b — ba|()d2ds

and

II(n,t,x,y) / / |pk 5,2, 2) — pa(s, @, 2)||Vap(t — s, 2,1)||bn(2)|dzds.

Then we have
Py (t 2, y) = Phoa (b, y)| < I(ngt,a,y) + II(n,t,2,y).
By (4.21)-(4.23),
(4.24) I(n,t,z,y)
< (CaNy(t) / / (t = 5,2, 2)[b(2) — bn(2)[|Vap(s, 2, )| dsd=

= C27%p(t,z,y) sup / / |b(z) — 2|7 A s_(d+1)/a) dsdz.
U\Kn,

weRd
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On the other hand, by the induction assumption, (4.20) and (4.23),

(4.25)
II(n,t,z,y)
<kC,2-*-D (sup / / |b(2) — 2|74 A s_(d+1)/o‘> dsdz>
wERd U\Kn

/IRdA p(ijyz)’va(t—S,Z’y)|’bn(z)|dzd8
<kCa2~ "D (CaN, ()p(t, 2, y)

t
© Sup / / 1b(2)] ]w — 2|7 A s’(d+1)/°‘> dsdz.
'LUERd U\Kn

<kCy2 Fp(t,z,y) sup / / |b(z) — 2|7 A s_(d+1)/a> dsdz.
U\Kn

wERY

Combining (4.24) and (4.25), we see that the lemma holds for k + 1, and
thus by induction, the lemma holds for every k& > 1. O

THEOREM 4.6.  p°(t,x,y) converges uniformly to p®(t, z,y) on any [to, T]x
R? x R?, where 0 < tg < T < oo. Moreover,

(4.26) hm Gb”f Gy f  for every f € Cy(U).

Proof. Without of loss of generality, we may assume that 0 < ¢ty < 77/2,
where T is the constant in (4.23). We first consider the case (¢,z,y) €
[to, T1] x R% x RY. By Theorem 1.2(i) and Lemma 4.5,

sup ‘pb(tal‘ay) _pbn(ta'mvy”
(t,x,y)€lto,T1] xR xR
o0
bn,
< sup Z|pk (t’l‘ay)ipz(taxayﬂ
(t,z,y)€Elto, T1]xREIXRY 1.1
[o¢]
< (04 sup Z k2~ Vp(t, 2, y)
(t,z,y)Elto, T1]xRIXRE .1
t
cswp [ [ o) (|w — 2 A 5D/ dsd
’U}G]Rd U\Kn
<

cC'4t0 /e sup /U\K / — 77t /\sf(dﬂ)/a) dsdz,

weR4
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which goes to zero as n — oo.
If (t,x,y) € (T1,371/2] x R? x R, using the semigroup property (1.4)
with tl = T1/2,

sup |pb(ta$7y) _pbn(ta:z"?y”
(t,@,y)€
(Ty,3T /2] xR4 xR4
< sup |/ (t1,x,2)p (t—tl,z,y)dz
(t,z,y)€

(T4 ,3T} /2] xR x R4

- _/Rd pbn(tla x7z)pbn(t - tl,Z,y)dZ’

< sup / POt @, 2) [P0 (t — t1, 2, y) — P (t — t1, 2,y)|dz
(t,m,y)€ R4
(Ty,3Ty /2] xR xR

+ o e =t )~ 2 dds,
(t,x,y)e R<
(T1,3T1 /2] xR xR

which is, by (1.3), less than or equal to ¢; t;d/a times

sup / Pt = t1.2,y) = p"(t = t1, 2,y)|dz
(t:y)€(T1,3T1 /2] x R4 /R

+ sup / 1p% (t1, x, 2) — p°(t1, z, 2)|dzds.
zeRd JRY
Now, by the first case, we see that the above goes to zero as n — oo.
Iterating the above argument one can deduce that the theorem holds for
L = [to, kTp/2] for any integer k > 2. This completes the proof of the first
claim of the theorem.
First observe that by (1.3), for each fixed x € R? and for every 0 <
t1 <ty < --- < t, the distributions of {(th yoe ,Xf:),IP’x} form a tight
sequence. Next, by the same argument as that for (3.1),

P (X' ¢ B(z,r)) <p foralln>1, 0<s<tand zeR?

implies
P n— X =P, (X for all n > 1,2 € R%.
» | sup | X¢m — X[ > 2r | =Py (TB(a: ary < t) <2p foralln T €

Hence by (1.3) and the same argument leading to (2.5), we have for every
r >0,

lim sup P, (sup|XP" — X% >2r] =0.
t10 n>1,2€R s<t
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Thus it follows from the Markov property and [22, Theorem 2] (see also
[20, Corollary 3.7.4] and [1, Theorem 3]) that, for each x € RY, the laws
of {X% P,} form a tight sequence in the Skorohod space D([0,00), R%).
Combining this and Theorem 4.6 with [20, Corollary 4.8.7] we get that X°r
converges to X° weakly. It follows directly from the definition of Skorohod
topology on D([0,00),RY) (see, e.g., [20, Section 3.5]) that {t < 75} and
{t > Tg} are disjoint open subsets in D([0, 00),R%). Thus the boundary of
{t <75} in D([0,00),RY) is contained in {75, <t < Tg}. Note that, by the
strong Markov property,

Py (Tll} < 7'5) =Py (Tzl} <th+TY OGTg,XTbb € 8U>
U
=P, (0 < 7h o0, X c0U) =P, (PX% (0<rh);xb e 6U> — 0.
v T U

The last equality follows from the regularity of U; that is, PZ(TI% =0)=1

for every z € OU (see Proposition 3.2). Therefore, using the Lévy system for
Xb

Px(73§t§7g> :Px(Tg:t:T5>
P,(X} € 0U) + P, (t=1f and X!, _ # X2 )

v —
= / P(t, 2, y)dy +0 =0,
oU

IN

which implies that the boundary of {t < 75} in D([0,00),R?) is P,-null
for every z € U. For every f € Cy(U), f(Xf)].{t<le]} is a bounded function

on D([0,00),R?%) with discontinuity contained in the boundary of {t < 75}.
Thus we have (cf. Theorem 2.9.1(vi) in [19])

(4.27) Jim B, [£(X}")1 {t<T5n}] =B, [f(XD)1yery ] -
Given f € Cy(U) and ¢ > 0, choose T' > 1 large such that
2C1C5 | fllooe™ T < €

where C7 and Cy are constants in Lemma 3.7 with D = U. By the bounded
convergence theorem and Fubini’s theorem, from (4.27) we have

T T
. bn . bn
lim E, [/0 f(X; )1{t<le}n}dt] = lim E, {f(Xt )1{t<—r§}”}} dt

n—00 n—0o0 Jo

T
= E, VO f(th)l{KTg}dt].
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On the other hand, by the choice of T" and the fact that C; and Cy depending
only on d, a, diam(U) and b with the dependence on b only through the rate
at which Ml(l);\ (r) goes to zero, we have by Lemma 3.7

00 . o i

< Wl [ ([ 0l tm) + plp(tim,)ay)
< 201HfHoo/ e~Coldt < .
T
This completes the proof of (4.26). O

As immediate consequences of (4.26) and Propositions 4.3-4.4, we get the
following

THEOREM 4.7. There exists a constant r, = r.(d,a,b) > 0 with the
dependence on b only via the rate at which M|%‘| (r) goes to zero such that for
any ball B = B(xg,r) of radius r < ry,

27'Gp(x,y) < GY(z,y) < 2Gp(z,y), z,y € B.

THEOREM 4.8.  For every C*! open set D with the characteristic (R, Ag),
there exists a constant ro = ro(d, a, Ry, Ao, b) € (0, (Ro A 1)/8] with the de-
pendence on b only via the rate at which Mﬁ;‘(r) goes to zero such that for
any for any z € 0D and r < rg, we have

(4.28) 2_1GU(”> (x,y) < GbU(zyr) (x,y) < 2Gu,. ,, (z,9), z,y €Uy,
We will need the above two results later on.

5. Duality. In this section we assume that F is an arbitrary bounded
open set in R?. We will discuss some basic properties of X»¥ and its dual
process under some reference measure. The results of this section will be
used later in this paper.

By Theorem 3.4 and Corollary 3.6, X®F has a jointly continuous and
strictly positive transition density p% (t,z,y). Using the continuity of p%(t, x,Y)
and the estimate

_ t
Pt y) <t @, y) < cre? (t YN ‘x_y‘d-&-a> :

the proof of the next proposition is easy. We omit the details.
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X%E s o Hunt process and it satisfies the strong

ProPoOSITION 5.1.
= E,[f(XPF)] is bounded

Feller property, i.e, for every f € L¥(E), PF f(z) :

and continuous in E.

Define

hg(x) = /EGbE(y,:L’)dy and ¢g(dr) = hg(z)dz.

The following result says that g is a reference measure for X%

PROPOSITION 5.2. &g is an excessive measure for XYF  i.e., for every

Borel function f >0,
| t@gstn = [ B [1007)] gp(d).
E E

Moreover, hg is a strictly positive, bounded continuous function on E

Proof. By the Markov property, we have for any Borel function f > 0 and
reF,
b, b,
/E [£(XPP)| Gyl y)dy = Eq / E s [F(XPF)] ds
— [TE[reD]ds < [ r)Ghe .
Integrating with respect to x, we get by Fubini’s theorem,
b,E
LB D] ey < [ F@hsw)ds
The second claim follows from (3.12), the continuity of G% and the strict
O

positivity of p (Corollary 3.6).

We define a transition density with respect to the reference measure &g

by
Pyt z,y)
Pot, z,y) = %
Let
Gh(x,y)

—p o
Gp(z,y) == /0 Pi(t, =, y)dt = T()
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Then @%(w, y) is the Green function of X*¥ with respect to the reference
measure £g.
Before we discuss properties of 6%(:6, y), let us first recall some definitions.

DEFINITION 5.3.  Suppose that U is an open subset of E. A Borel func-
tion u on E is said to be

(i) harmonic in U with respect to X if

(5.1) u(z) = E, [u(xf;,E)} .,  z€EB,

B

for every bounded open set B with B C U;
(ii) excessive with respective to X®F if u is non-negative and for everyt > 0
andrz € B

u(z) > E, [u(XfE)] and u(zx) = ltif(r)lEx [u(XfE)} :

(iii) a potential with respect to X*F if it is excessive with respect to X*F
and for every sequence {Uy}n>1 of open sets with U, C U,y1 and
UnUn = F,

lim E, [u(Xﬁ;,E)} = 0; ¢p-a.e. x € F;

n—00 Un,

(iv) a pure potential with respect to X»F if it is a potential with respect to
X%E and

lim B, [u(X[F)] =0,  &p-aczek;
t—o0

(v) regular harmonic with respect to X»¥ in U if u is harmonic with respect
to X®F in U and (5.1) is true for B =U.

We list some properties of the Green function é%(:v, y) of X% that we
will need later.

(A1) él;_;(x,y) > 0 for all (z,y) € E x E; ébE(:L‘,y) = oo if and only if

r=y€ek.
(A2) For every x € F, @%(m, -) and 51;3( -, z) are extended continuous in
E

(A3) For every compact subset K of E, [, é%(m,y)fE(dy) < 0.
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(A3) follows from (3.12) and Proposition 5.2. Both (A1) and (A2) follow
from (3.12), Proposition 5.2, domain monotonicity of Green functions and
the lower bound in (4.12).

From (A1)-(A3), we know that the process X satisfies the condition
(R) on [18, p. 211] and the conditions (a)—-(b) of [18, Theorem 5.4]. It follows
from [18, Theorem 5.4] that X satisfies Hunt’s Hypothesis (B). Thus by
[18, Theorem 13.24] X>F has a dual process X"% which is a standard
process.

In addition, we have the following.

(A4) For each y, x — ég(x, y) is excessive with respect to X and har-
monic with respect to X»¥ in E'\ {y}. Moreover, for every open subset
U of E, we have

6:2) B |Gp(Xpf )| =Che) @y eExU

where T} = inf{t > 0 : th’E € U}. In particular, for every y € E
and € > 0, éi;( -, y) is regular harmonic in E'\ B(y, ) with respect to
XbE,

Proof of (A4). It follows from [16, Proposition 3] and [29, Theorem 2 on
p. 373] that, to prove (A4), it suffices to show that, for any x € E'\ U, the
function

is continuous on U. (See the proof of [31, Theorem 1].) Fix x € E\ U and
y € U. Put r:= 6y (y). Let y € B(y,r/4). It follows from (2.11) and (3.12)
that, for any 0 € (0, §),

—b ~
E. [GE(X;’;,y);X%}E € B(y,é)]

A d, —Q —b R
= /B(y . ( . G%w(%ll})de) Gp(z,9)dz

- ¢ / </ 1 1 dw) dz
= infﬁem hE(g) B(y,6) \/E\U ‘JJ — w‘d—oc ‘w — z‘d-&-a ‘z — @‘d—a'

Thus, for any € > 0, there is a ¢ € (0, §) such that

(5.3) E, [é%(X%f,y);X%f € B(y,é)} < i for every y € B(y,r/4).

Now we fix this 6 and let {y,, } be a sequence of points in B(y,r/4) converging
to y. Since the function (z,u) — @%(z,u) is bounded and continuous in
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(E\ B(y,0)) x B(y, g), we have by the bound convergence theorem that
there exists ng > 0 such that for all n > ny,

(5.4)
717 b,E b,E c 7b b,E b,E C
E, |Gu(X52,v) X3P € By, 0)| — By [Gr(X5F,ya); X1 € B(y, 0)°]
<=
-2
Since € > 0 is arbitrary, combining (5.3) and(5.4), the proof of (A4) is now
complete. O

THEOREM 5.4. For eachy € E, x — a%(m,y) 18 a pure potential with
respect to X% . In fact, for every sequence {Un}n>1 of open sets with U, C
Upt1 and U,U, = E, limy, Ex[ébE(XTb;,E,y)] =0 for every x £y in F.

U,

Moreover, for every x,y € E, we have lim;_, Em[é%(Xf’E, y)] = 0.

Proof. For y € E, let X®»F¥ denote the h-conditioned process obtained
from X% with h() = éle(-, y) and let EY denote the expectation for X%
starting from x € E.

Let © # y € E. Using (A1)-(A2), (A4) and the strict positivity of éﬂ’;,
and applying [30, Theorem 2|, we get that the lifetime (¥ of X»FV is
finite P¥-a.s. and

. b,E,
(5.5) tT?brv%,y X" =y  Plas.

Let { Ex, k > 1} be an increasing sequence of relatively compact open subsets
of F such that Fj, C B C E and U2, Ej, = E. Then

E, [Gz (xX%F y)} = Gy y)PY (], < (BB,

Tb
By,
By (5.5), we have limy_, Pg(r%k < ¢"Ev) = 0. Thus

. b
lim E,[Gp(X%7,y)] = 0.
k—oo Ey,

The last claim of the theorem is easy. By (3.11) and (3.12), for every
z,y € FE, we have

c dz

—b [ bE
E, [Gp(x)", )] StihE(y)/E’Z?Ada’
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which converges to zero as t goes to oo. O

We note that

[hello
[ Grtegetan) < 2= [ Gha s = hel < o

So we have
(A5) for every compact subset K of E, [} é%(x,y)fE(dx) < 0.
Using (A1)-(A5), (3.12) and Theorem 5.4 we get from [28, 29] that X*F

has a Hunt process as a dual.

THEOREM 5.5. There exists a transient Hunt process XYE in E such
that X®F is a strong dual of X®F with respect to the measure £, that is,
the density of the semigroup {PF};>0 of X*F is given by p%(t,y, ) and thus

[ s@PEg@gpn) = [ g@PE(@)plds) for all f.g € LA(E,¢p).

Proof. The existence of a dual Hunt process X is proved in [28, 29]. To
show X%F is transient, we need to show that for every compact subset K of

E, [x a%(a:,y)fE(dx) is bounded. This is just (A5) above. O

In Theorem 2.6, we have determined a Lévy system (N, H) for X° with
respect to the Lebesgue measure dx. To derive a Lévy system for XbE )
we need to consider a Lévy system for X®F with respect to the reference
measure £g(dr). One can easily check that, if

Noady) = Geleptd) o @) e ExE.
WE(QJ, 0) = / J(x,y)dy forz e E,
EC

and Ff :=t, then (NE,ﬁE) is a Lévy system for X*F with respect to the
reference measure g (dx). It follows from [21] that a Lévy system (N E HP)
for X satisfies HF =t and

N(y,dz)¢g(dy) = N (2, dy)¢p(dx).
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Therefore, using J(z,y) = J(y, z), we have for every stopping time T" with
respect to the filtration of XF,

s<T

— (XbE7y) 73
= E / </ Ho X ) e ¢ (dy)> Hy 1

_ oo J(XEE yhp(y)
= E, /O (/Eﬂs,XSE,y) h(RF) dy)ds].

56) s f(s,)?f,)??’E)]

That is,
F e ay = L),
Let
PIEI@) = [ Bh(ta ) f@)s(dy)
and

PIPf() = [ Ploltoy ) (y)én(dy).
E

For any open subset U of E, we use XUEU to denote the subprocess of
XPE in U, ie., Xf’E’U(w) = Xf’E(w) ift < ?;}’E(w) and )A(f’E’U(w) = 0 if
t > ?;}’E(w), where ?;}’E = inf{t > 0 : )A(f’E ¢ U} and O is the cemetery
state. Then by [34, Theorem 2] and Remark 2 following it, X®U and XoBEU
are dual processes with respect to 5. Now we let

pl()](ta Y, x)hE(y)

(5.7) P (t,x,y) =

By the joint continuity of p};(t,x,y) (Theorem 3.4) and the continuity and
positivity of hg (Proposition 5.2), we know that ﬁlg}E(t, -,+) is jointly contin-
uous on U x U. Thus we have the following.

THEOREM 5.6. For every open subset U, ﬁ?]’E(t,x,y) 1s strictly positive
and jointly continuous on U x U and is the transition density of X>FU with
respect to the Lebesgue measure. Moreover,

GY(y, 2)hp(y)

(5.8) Gy (ay) = =S
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1s the Green function of XUEU with respect to the Lebesgue measure so that

for every nonnegative Borel function f,

E, [ /0 Y (R dt] = /U Gi (@, y)f(y)dy.

6. Scaling property and uniform boundary Harnack principle.
In this section, we first study the scaling property of X®, which will be used
later in this paper.

For A > 0, let Y;b’)‘ = )\X?\,at. For any function f on R% we define
fA(-) = f(\-). Then we have

B, [f(7)] = [ 97Ot A ) o)y
It follows from Theorem 1.2(iii) that for any f,g € C°(R?),

lim [N E[f (V)] — f(x))g(x)da

tl0 JRd
= Bm [ A0 (B A0 ) - AT )g (0 a)de
R4
= lm /. M) THPY-ay A (2) = fA(2)) 97 (2)dz

= e [ (AP E) ) TE) o ()
_ o / (~(A)72 (=) + Ab(z) - VF(A2)) g(r2)d=
- /Rd (~(=2)°7f (@) + N (A 2) - Vi (2) ) g(a)d.

Thus {)\X)\ gt > 0} is the subprocess of XM in AD. So for any
A > 0, we have

(6.1)

p:\\;ab(/\il')(t,af:,y) = )\*dpll’)()\*at, Az, Ay fort > 0 and x,y € A\D,

(6.2) G:\\;ab()‘_l')(m,y) = XIGS (AL, A y) for z,y € AD.
Define

(6.3) ba(z) = \"%(z/)\) for z € R%
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Then we have

d i(y—1
_ 1— 1b' (A" y)dy
M) = N [
i=1 zeRd Jz—y|<r |T — Y

d .

b*(z)dz

= E sup/ 7J |(d)1_ :M“z“(/\_lr).
S serd J[E—zl<atr [T — 2]FHITe

Therefore for every A > 1 and r > 0,

In the remainder of this paper, we fix a bounded C*! open set D in R¢
with C11 characteristics (Rg, Ag) and a ball E C R? centered at the origin
so that D C %E. Define

(6.5) M := M(b,E) := sup )
z,yE%E hE(y)

which is a finite positive constant no less than 1. Note that, in view of the
scaling property (6.2), we have

(6.6) M(b,E) = M(by, AE).

Although E and D are fixed, the constants in all the results of this section
will depend only on d, «, Ry, Ag, b and M (not the diameter of D directly)
with the dependence on b only via the rate at which M ﬁ)“ (r) goes to zero. In

view of (6.4) and (6.6), the results of this section in particular hold for £
(equivalently, for X®*) and the pair (AD, AE) for every A > 1.

In the remainder of this section, we will establish a uniform boundary
Harnack principle on D for certain harmonic functions for X®¥ and XbE,
Since the arguments are mostly similar for X®¥ and XbE , we will only give
the proof for X0E,

A real-valued function v on F is said to be harmonic in an open set
U C E with respect to XYE if for every relatively compact open subset B
with B Cc U,

(6.7)
SbE SbE
E, [|u(X?bE)|} <oo and wu(x)=E, {u(X?bE)} for every x € B.
B B

A real-valued function u on F is said to be regular harmonic in an open set
U C E with respect to X®F if (6.7) is true with B = U. Clearly, a regular
harmonic function in U is harmonic in U.
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For any bounded open set U, define the Poisson kernel for X? of U as
K (z,2) = /UGZ{J(:E,y)J(y, 2)dy, (z,2) € U x (RH\ U).

When U C E, we define the Poisson kernel for XYE of U C F as

_ he(z)

By (2.11) and (5.6), we have

(6.8) Kp¥(x,z) /U Go(y, ) J(z,y)dy, (2,2) €U x (E\TU).

E, [f(Xf[;}E); Xt ¢X§5} - /ﬁ Kb (2, 2) f(2)dz

and
E, [£(R05); 45 # R4
_ " J(XPE 2)h(2)
= Ew/{) ( - f(2) hE()A(gE) dz) ds
[ Gy(y,)hp(y) J(y, 2)hp(2)
(09 = T e O gy
= - k\gE(x,z)f(z)dz.

LEMMA 6.1.  Suppose that U is a bounded C™' open set in R with U C
%E and diam(U) < 3r, where r, is the constant in Theorem 4.7. Then

(6.10) P, (XTbb edl)=0 for every x € U
U
and
(6.11) P, (X% € 0U) =0 for every x € U.
Tu

Proof. The proof is similar to that of [4, Lemma 6]. For our readers’ con-
venience, we are going to spell out the details of the proof of (6.11). Let
B, := B(z,0y(x)/3). By (5.6) we have for x € U,

. 3
P, <XE;,{”; € (CE)\ U)
B, 4

_ [ Gh(y2)he() J(y, 2)hi(2)
a /x hg(z) </(§E)\U he(y) dz) .
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Since diam(U) < 3ry, dy(z)/3 < ry, thus by Theorem 4.7, for z € U,

(6.12) P, (}?gﬁ; € (§E) \ U)

hi
q( )/ G, (2,y) (/ J(y,zmz)dy
uve ip hp(v (GE\U

> aM P, (X, € GENU),

v

where M is the constant defined in (6.5). Let V,, := B(éy(z) 'x,1/3). By
the scaling property of X,

3

(6.13) P, (XTBZ e (CE)\ U)

1,3
= Psy(@)-1a (X’ﬁsU(;c)—le € du(w) I(ZE) \ U>

_/ Gv.. (6v(x) 'z, a) (/ 0 b)db) da.
Sy (z) =1y E)\U

Let z, € OU be such that 6y (z) = |z — 2;|. Since U is OV, 6y (z) "L ((3E) \
U) D 6u(z) Y (2E\ 3E) and 6y (z) < 3r,, there exists > 0 such that, under
an appropriate coordinate system, we have z,+C C 8y ()™ ((2E)\U) where

~

C = {yz (g1, yya) €ERT: 0 <yg < (12r) \Jud + - + 93, <nyd}-
Thus there is a constant co > 0 such that

inf J(a,b)db > ca > 0 for every z e U.
€V Jou ()" ((FE)\U)
Combining this with (6.12)—(6.13),
(6.14) inf P <Xb’Ee(3E)\U>>ch1E [T ]>c >0
. e ® ;_\gf 4 = €162 w (TB(0,1/3)| = 3 .

On the other hand, since by (5.6) P, (X/\bE € 9U) =0 for every z € U, we

Bz
have
P, (X”EeaU) [P)?bE(X”EeaU) b eU
U To.E B;,;
By
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Thus inductively, IP’x()A(;L; € 0U) = limy_. oo pi(x), where

U

po(x) =P, ()A(E;E:E € 3U)

Tu
and
pr(x) = E, [pk_l(Xﬁ;g); Xﬁ;ﬁ; € U] for k > 1.
B, Ty

By (6.14),

sup pry1(z) < (1—cs)suppp(z) < (1—c3)*™ — 0.

zelU zeU
Therefore P, ()A(EQ,EE € 0U) =0 for every z € U. O

T,

U

Let z € 0D. We will say that a function u : R? — R vanishes continuously
on DN B(z,r) if u=0on D°N B(z,r) and u is continuous at every point
of 0D N B(z,r).

THEOREM 6.2 (Boundary Harnack principle). There exist positive con-
stants 1 = c1(d, v, Ro, Ao, b) and 1y = r1(d, a, Ry, Ao, b) with the dependence
on b only via the rate at which M|%| (r) goes to zero such that for all z € 9D,
r € (0,71] and all function u > 0 on RY that is positive harmonic with re-
spect to X° (or XU respectively) in DN B(z,7) and vanishes continuously
on DN B(z,r) (or D¢, respectively) we have

L:L‘) < 01M2 5D(x)a/2

) 37 z,y € DN B(z,r/4).

Proof. We only give the proof for X"F_ Recall that r, and rq are the
constants from Theorem 4.7 and Theorem 4.8 respectively. Let r1 = 7, A
ro and fix r € (0,71] throughout this proof. Recall that there exists L =
L(Ry, Ao, d) such that for every z € 0D and r < Ryp/2, one can find a
C11! open set U = U,y with C! characteristic (rRo/L, AgL/r) such that
DN B(z,r/2) C U C DN B(z,r). Without loss of generality, we assume
z=0.

Note that, by the same proof as that of [11, Lemma 4.2], every nonnegative
function u in R that is harmonic with respect to X»Z in D N B(0,r) and
vanishes continuously on D¢ is regular harmonic in D N B(0, r) with respect
to XbF.
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For all functions u > 0 on E that is positive regular harmonic for XbE
in D N B(0,r) and vanishing on D¢ by (5.6) and Lemma 6.1, we have

SUEN ObE
u(zr) =K, {u(X?’b,E);X?;,E
U

U

eD\U}

(6.15) = f(\(l}E(x, w)u(w)dw
D\U

o hE(w)
= /UGI(’](y,a:) (/D\U hp (@) J(w,y)u(w)dw) dy.

ho() W(Xr,); Xry € D\ U]

/ Guly. ( Lo J(w,wu(w)dw) .

which is positive regular harmonic for X in D N B(0,7/2) and vanishing on
D¢. Applying Theorem 4.8 to (6.15), we get

(6.16) ;"M hy(z) < u(z) < ¢cgMhy(z) for x € D.

Define

By the boundary Harnack principle for X in 1! open sets (see [14, 37]),
there is a constant ¢y > 1 that depends only on Ry, Ag, d and « so that

hy(z)
<c¢o forxz,ye DN B0,r/4).
hu(y) ©r/4)
Combining this with (6.16) and the two-sided estimates on Gy(z,y) we
arrive at the conclusion of the theorem. O

7. Small time heat kernel estimates. Our strategy is to first estab-
lish sharp two-sided estimates on p% (t,z,y) at time ¢ = 1. We then use a
scaling argument to establish estimates for ¢t < T.

We continue to fix a ball E centered at the origin and a C! open set
D C 1E with characteristics (R, Ag). Recall that M > 1 is the constant
defined in (6.5).

The next result follows from Proposition 3.5, (5.7) and (6.5)

PROPOSITION 7.1.  For all ay € (0,1), az,a3, R > 0, there is a constant
c1 = ci(d, o, a1,a9,a3, R, M,b) > 0 with the dependence on b only via the
rate at which M, (r) goes to zero such that for all open ball B(zg,r) C 3E
with r < R,

zﬁ@m (t,z,y) > 1t~ for all x,y € B(xg,a1r) and t € [agr®, asr®].
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Again, we emphasize that the constants in all the results of the remainder
of this section (except Theorem 7.8 where the constant also depends on T for
an obvious reason) will depend only on d, a, Ry, Ag, M (not the diameter of
D directly) and b with the dependence on b only through the rate at which
M, (r) goes to zero. In view of (6.3), (6.4) and (6.6), in particular all the

results of this section are applicable to £ and the pair (AD, AE) for every
A> 1.

Recall that r, and rg are the constants from Theorem 4.7 and Theorem 4.8
respectively, which depend only on d, a, Ry, Ag and b with the dependence
on b only via the rate at which M“b“‘(r) goes to zero.

LEMMA 7.2.  There is ¢ = c¢1(d, «, Ry, r, M, Ao, b) > 0 with the depen-
dence on b only via the rate at which be“‘ (r) goes to zero such that for all
zeD

(7.1) P, (rh > 1/4) < e1 (1A dp(2)*/?)
and
(7.2) P, (75" > 1/4) < e (1A dp(2)*/?).

Proof. We only give the proof of (7.2). The proof of (7.1) is similar. Recall
that there exists L = L(Ry, Ao, d) such that for every z € 9D and r < Ry,
one can find a C'! open set U,y with C1! characteristic (rRo/L, AoL/r)
such that D N B(z,7/2) C U,y C DN B(z,7). Clearly it suffices to prove
(7.2) for x € D with dp(z) < (ro Ars)/8.

Choose Q, € dD such that 6p(z) = |z — Q.| and choose a C1! open set
U = U@, (rorr)/2) With C1 characteristic ((ro A r+)Ro/(2L),2A0L /(1o A
ry)) such that D N B(Qg, (ro Ary)/4) CU C DN B(Qg, (ro A74)/2).

Note that by (5.8), (6.8) and Lemma 6.1,

P, (75" > 1/4)

IN

P, (7" > 1/4) + P, <X;EE € D)
U

IA

4R, [72F + P, (X%E e D
U 7

_ he(y) hi(z)
= 4/UG?J(y,m)hE(x)dy+/D\U/UG?J(y,x)hE(w)J(yvz)dde-
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Now using Theorem 4.8, we get
P, (757 > 1/4)
< 401M/U Gu(y,x)dy + 1M /D\U /U Gul(y,x)J(y, z)dydz
= 4c1M/UGU(:z,y)dy +e1MP, (X, € D\T)
< 025U(x)°‘/2 = 025[)(:6)0‘/2.

The last inequality is due to (4.19) and the boundary Harnack inequality
for X in C™! open sets. O

LEMMA 7.3.  Suppose that Uy, Us, U are open subsets of R* with Uy, Us C
U C %E and dist(Uy,Us) > 0. Let Uy := U\ (U1 UU3). If x € U and y € Us,
then for allt > 0,

(7.3) p(ta,y) < Pu(Xh €Us)- sup py(s,z,y)
U1 s<t,z€Us

+ (t A EI[T(Z}I]) - sup  J(u,=2),
uelUy, z€Usz

(74)  pyltye) < MP(X55 €Us)- sup  pii(s,y,2)

Uy s<t, ZEUQ
+M (t NE, [?[l}’lE]) - sup  J(u,=z)
uelUy, z€Us

and

1
5) pb > P, (7] 7ol Ci .
(7.5) pr(1/3,2,y) > 3MIPI<TU1 > 1/3) ]P’y(TU3 > 1/3) u€U11I,1£€U3 J(u, z)

Proof. The proof of (7.3) is similar to the proof of [5, Lemma 2], which is
a variation of the proof of [9, Lemma 2.2]. Hence we omit its proof. We will
present a proof for (7.4)—(7.5). Using the strong Markov property and (5.7),
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we have
Z) b,E
Py (ty,z) = (yipd (t,z,y)
_ hp(x) E AbE SbE AbE
E ; - S XS Y) T <t

hE y) z | Py ’\lbjE 3/)
h 5%
B | (¢ - P K5 ) 7P < 6. X05 € U,
hE(y) Uy v,

h .
+ E(x)Ex Pt (t =708 X5 ) 7 < t XAbE eUs| = I+1II.

hE(y) Tuy Tuy

Using (5.7) again,

h

E(Y) U1 s<t, z€Us
hg(z) _b,E b he(y)
= P, < t, X4E U sup pr(s,y,z
hE(y) ( Ul AlelE 2 s<t,zIéU2 U( Y )hE(Z)

h N
<[ sup 5(a) P, | X5, € Uy sup  py(s,y,2) | .
a,bE%E h‘E(b) Ty s<t,z€Us

On the other hand, by (5.6) and (5.7),

17

_hp() (Y[ wE NG o R
N hE(y)/o o) b, (5, ) Us I, )hE(u)pU(t Y )hE(Z)d dud

t
< | sup g (@) / ﬁgfa(s z,u) [ J(u,2)pl(t — s,y, 2)dzduds
aveip he®) | Jo Juy

Us
<M sup  J(u,z) / P ( TU > s) (/ p%](t — s,y,z)dz> ds
uelUy, z€Us Us
<M/IP TU > s)ds-  sup  J(u,z)
uelUy, zeUs

< MEANE[FT]) - sup  J(u,2).
uely, zeUs
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Now we consider the lower bound. By (2.11) and (5.7),

pi(1/3,2,y)
E, [plljf(l/?’ - 7—51)X§gl7y>;7—11}1 < 1/37X£51 € UZ’J

= /01/3 (/U1 plifl(s,x,u) (/U3 J(u, 2)p%(1/3 — s,z,y)dz) du) ds

1/3
inf  J(u, z)/ / ph(1/3 — S,z,y)IP’gC(T;}1 > s)dzds
0 Us

v

\Y

u€ely, zeUs

Y

1/3
b : b _
Py (1, > 1/3) uEU11I,1£6U3 J(u, z)/o /U3 Py, (1/3 — 5,2,y)dzds

13 hi(y)
= Prb > 1 inf / bE (1 g E
(TUl > /3) uEUllr,lzeUg J(“? Z) 0 U pU3 ( /3 5 Y, Z) hE(Z) dzds

M™'Pu(rh, > 1/3) inf  J(u,2) Py (7 > 1/3 — s)ds
0

uelUy, z€Us3

\Y

v

1 b . ~b,E
3—]\4]}”:6(7'(]1 >1/3) uGUl11,1£€U3 J(u, 2)Py(7y7,” > 1/3).

LEMMA 7.4. There is a positive constant ¢y = c1(d, o, Ry, Ao, M, b) with
the dependence on b only via the rate at which ]\4‘%‘| (r) goes to zero such that
for all x,y € D,

6)  Ph(1/2m0) <a (Lnsp@)2) (14 m>
and
@0 h2a e (18600)) (1A )

Proof. We only give the proof of (7.7). Recall that there exists L = L(Rg, Ao, d)
such that for every z € 9D and r < Ry/2, one can find a C! open set Uiz
with Ch! characteristic (rRo/L, AgL/r) such that D N B(z,7/2) C U,y C
DN B(z,r).

It follows from (2.4) that

1
b b
pp(1/2,2,y) < p’(1/2,2,y) < & <1/\ |x—y|d+a>’
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so it suffices to prove of (7.7) for y € D with dp(y) < r0/(32).
When |z — y| < rg, by the semigroup property (3.5), (1.3) and (5.7),

do/22,9) = [ phl1/4w 21/ )

/ b(1/4, z, z) F(1/4,y ,Z)Zigidz

CQM/ <1/\ |d+a)pD (1/4,y,z)dz
< MP,(75F > 1/4).

IN

IN

Applying (7.2), we get
ph(1/2,2,y) < e (1 A 5D(y)a/2)

< (1 v rd+a> (1 A 5D(y)°‘/2) (1 A ]w—zldﬂ‘) .

Finally we consider the case that |z —y| > ro (and 0p(y) < ro/(32)). Fix
y € D with dp(y) < 79/(32) and let Q@ € 9D be such that |y — Q| =
6p(y). Choose a CH1 open set Uy := Ug,,s) with Ch! characteristic
(roRo/(8L),8AoL/19) such that DN B(Q,re/(16)) C Uy, C DN B(Q,r0/8).
Let D3 :={z € D : |z —y| > |z —y|/2} and Dy := D\ (U, U D3). Note
that |z —y| > ro/2 for z € D3. So, if u € U, and z € D3, then
1 1
w22z =yl =y —ul = |z =yl =ro/4 = Slz —y| = J |z —yl.
Thus

1
(7.8) sup  J(u,z) < sup J(u,z) < cq <1 A > .
u€ly, 2€Ds (w2)ilu—z/2 Loy & — y|tte

If z € Dy, then |z — x| > |z —y| — |y — 2| > |x — y|/2. Thus by (1.3),

(7.9) sup  ph(s,z,2) < sup pU(s,a,2)
s<1/2,z€D3 s<1/2,z€ Do

1 1
< ¢ sup (1/\) < cg (1/\)
$<1/2,2€ D3 |33 - Z’d—i_a ‘LL“ - y‘d—ﬁ—a

for some cs5,c6 > 0. Applying Lemmas 7.3 with (7.8) and (7.9), we obtain,

py(1/2,2,y) < cr (1/\|$_Z|d+a> <IP> (Xb bB eD)+E [ ])
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On the other hand, by (5.8), (6.8), Lemma 6.1 and Theorem 4.8,
E, [7°] +P, (XN,E c D)

= / G ( / / hE(z) J(w, z)dwdz
u, Y D\U, hE(y)

CSM/ Gy, z,y)dz—I—CgM/ / Gy, (w,y)J (w, z)dwdz
Uy D\Uy JUy

codu, (y)*/* = cgdp(y)™/2.

IN

IN

Therefore 1
b 2
Ph(1/2,2,y) < c106p(y)* <1 A z — y‘d+a> :

(7.6) can be proved in a similar way. O

LEMMA 7.5.  There is a positive constant ¢y = c1(d, o, Ry, Ao, M, b) with
the dependence on b only via the rate at which Mﬁ)‘| (r) goes to zero such that
for all x,y € D,

(110) ph(Loy) < e (LA0()"2) (11 dn(w)) (11 m> .

Proof. Using (7.6)-(7.7), the semigroup property (3.5) and the two-sided
estimates of p(t, z,y),

b(Lay) = [ ph(1/2.2,2)0lp(1/2 2 )ds

< (ot (s
1 1
/R (1 S zld+a> (1 e yw) dz
< c(l /\5D(x)o‘/2> (1 /\5D(y)°‘/2) [de(l/2,x,z)p(1/2,z,y)dz
= ¢ (1 /\5D(x)o‘/2) p(1,z,y)
<

¢ (1A op()*?) (17 dp(y)™"2) (1 A x_z’dﬂj .
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LEMMA 7.6. Ifr > 0 then there is a constant ¢; = c1(d,c,r, M,b) > 0
with the dependence on b only via the rate at which Mﬁ)" (r) goes to zero such

that for every B(u,r), B(v,r) C 3E,

b 1
pB(u,r)UB(v,r)(1/37uvU) zc (1A lu — ,U|d+a :

Proof. If ju — v| < r/2, by Proposition 3.5

pbB(u,r)UB(v,r) (1/37 U, 7)) > ‘u_ivI‘lir/2 plfg(um) (1/3, u, U)

1
Z C]_ZCQ(]./\W_W[>.

If |lu—wv| > r/2, with Uy = B(u,r/8) and Us = B(v,r/8), we have by
(7.5)

pbB(u,r)uB(v,r) (1/33 u, U)

> %PU(T{’A > 1/3)Py(7;7 > 1/3) werE Ly T, 2)
> c/ p%(um/g)(l/?),u,z)dz/ ;5%](5” T/B)(l/?),v,z)dz
B(u,r/16) B(v,r/16) ’
(14 =)
|u _ U|d+a
>

; b : b,
¢ (zEB%Bfﬂ/lG)pB(u’r/&(1/37u’ Z)> (zeBg)l,fﬂ/lﬁ) PB(urss)(1/3, 0, Z)>

1
1IN — ).
( ’u_rv’d"'a)

Now applying Propositions 3.5 and 7.1, we conclude that

1
b
pB(u,r)uB(v,r)(1/37 u, U) >c (1 A ’U _ U‘d+o‘> :

LEMMA 7.7. There is a positive constant c; = ¢1
the dependence on b only via the rate at which Mﬁ)‘| (r

d, «, Ro, Ao, M, b) with
goes to zero such that

(
)

Ph(lz,y) > a (1 A 5D($)a/2) (1 A 5D(y)a/2) <1 A |1‘—Z|d+a> :
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Proof. Recall that rg < Ry/8 is the constant from Theorem 4.8 which
depends only on d, a, Ry, Ag and b with the dependence on b only via the
rate at which MI%\ () goes to zero. Since D is C1! with C1! characteristics
(Ro, o), there exist & = 6(Rp,Ag) € (0,79/8) and L = L(Ry,Ag) > 1 so
that for all z,y € D, there are §, € DN B(x, L) and &, € DN B(y, L) with
B(£:,20) N B(x,26) = 0, B(§,,20)NB(y,28) = ) and B(&,,85)UB(E,,85) C
D.
Note that by the semigroup property (3.5) and Lemma 7.6,

2/ / pr(l/3,x,u)p%(l/&u,v)plb(l/?),v,y)dudv

B(&y,0) /B(&z,

Z/ / Y (1/3,:c,u)pb u v (1/3,u,v)pb (1/3,v,y)dudv
e, Joie.s P B(u,8/2)UB(v,5/2) D

201/ / pr(l/3,x,u)(J(u,v) A 1)pll’)(1/3,v,y)dudv
B(&y,0) J B(£s,0)

inf (J(u,v) A1)
(u,w)€B(£x,0) x B(&y,0)

: ( / p’b(l/s,x,wdu) ( / p%(l/s,v,y)dv> :
B(&z,9) B(&y,9)

Ifle—yl>d/8, |lu—v| <21+ L)§+ |z —y| < (17+ 16L)|z — y| and we
have

(7.12) inf (J(wv) A1) > e (1 A 1) .

1
(u,0)EB(2,0) X B(£y.0) |z — y|dte

If le —y| <d/8, |u—wv] <2(2+ L) and

(7.13) inf (T, o) A1) > s > e (1 A 1) .

1
(u,0)E€B(€4,0) % B(&y,0) |z — y|dte
We claim that
(7.14) / Po(1/3,2,u)du > c5 (17 6p(x)*/2)
B(€:,0)
and

(7.15) / pl})(l/3,v,y)dv > cs (1 A 5D(y)a/2) ;
B(&y,9)
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which, combined with (7.11)—(7.13), proves the theorem.
We only give the proof of (7.15). If 6p(y) > 9, since dist(B(&y, 6), B(y,d)) >
0, by (7.5),

16 [ ph(/3vgd
B(&y,9)

! b _b,E
= s </B(£y75) Po(mBe,.9) > 1/ 3)dv> Py(TH(ys) > 1/3)

wEB(ﬁy,g)l,fzeB(y,é) T(w.y)
which is greater than or equal to some positive constant depending only on
d, o, Ry, Ao, M and b with the dependence on b only via the rate at which
M, (r) goes to zero by Propositions 3.5 and 7.1.
If 6p(y) < 0, choose a Q € OD be such that |y — Q| = dp(y) and choose
a Ch1 open set Uy := U g 45 with CH! characteristic (46Ro/L, AgL/(40))
such that

DnNB(Q,25) cU, C DNB(Q,45) C DN B(Q,60) =: V.

Then, since dist(B(&y,0),Vy) > 0, by (7.5),

[ /ey
B(&y.0)
1 b ~b,E
i ( /B o5 F (7he, ) > 1/3) dv) P, (7" > 1/3)
inf J(w,y)

weB(&y,0), z€Vy

which is greater than or equal to cg P, (?g;E > 1/3) for some positive constant
c¢ depending only on d, o, Ry, Ag, M and b with the dependence on b only
via the rate at which M|‘;| (r) goes to zero by Propositions 3.5 and 7.1.

Let B(yo,2c¢79) be aball in DN(B(Q, 60)\B(Q, 46)) where ¢7 = ¢7(Ao, d) >
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0. By the strong Markov property,

inf P ~b,FE 1/3 Xb B 5 2
(weB(Z%,wa/m (B<w075 > 1 )) < 5 € Blyo, c76/2)

Tuy
_b,E . ObE
< By |Pgus (TB()&DEE’ 51 /3),X,T\5, ? € Blyo, cr6/2)
i TUy Uy Y
< Ey ]P))’(\/b\,bEE ( > 1/3) AbE € B(y0,075/2)]
L 0, Ty
<

Py (ﬂbe > 1/375(%&? € B(ZJO,C75/2)> <P, (AbE > 1/3)
Yy

Using Propositions 7.1, we get

(7.18) P, (AbE > 1/3) > P, ()?ZFE € B(y0,675/2)> .
TUy
Now applying (5.8), (6.8) and Theorem 4.8,
(7.19) P, (Xﬁf € B(yo, C75/2>>
Uy
hi(z)
= Gy (w,y)———=J(w, z)dwdz
/B(y0767(5/2) y Uy( )hE(y) (
>

coM ™! / Gy, (w,y)J(w, z)dwdz
B(yo,c76/2) J Uy
> c106u, (¥)*? = c106p(y)*/?.

Combining (7.16)—(7.19), we have proved (7.15). O

THEOREM 7.8. There exists ¢ = c(d,a, Ry, No, T, M,b) > 0 with the
dependence on b only via the rate at which MI%I (r) goes to zero such that for
0<t<T,z,ye D,

(7.20)
. op(x)2/? p(y)~/? d/a t
(M Vi )(M Vi ><t M=y

a/2
gp%(t,x,y)§c<1/\5D(ﬁ )( \/)i )(td/a/\|x_7;|d+a).

H
v
Q
~
)
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Proof. Let D; := t~Y/2D and E, := t~Y/*E. By the scaling property in
(6.1), (7.20) is equivalent to

- a e 1
(LA dp, (2)**) (1 A b, (1)*?) <1AWJ{>

tla=1)/apl/o.
S th ( )(17$7y)

1
2 2
< el ARG, @A) (1A ).
The above holds in view of (6.3), (6.4), (6.6) and the fact that for ¢t <
T, the D;’s are Cb! open sets in R? with the same CU' characteristics
(Ro(T)~ e, Ag(T)~/*). The theorem is thus proved. O

8. Large time heat kernel estimates. Recall that we have fixed a
ball E centered at the origin and M > 1 is the constant in (6.5). Let U be
an arbitrary open set U C iE and we let

b
_bFE pU (t7 z, y)
Pt = —
pU (a 7y) hE(y) ’
which is strictly positive, bounded and continuous on (¢,z,y) € (0,00) X
U x U because pr(t,J:,y) is strictly positive, bounded and continuous on
(t,z,y) € (0,00) x U x U and hg(y) is strictly positive and continuous
on E. For each z € U, (t,y) — ﬁ%E(t,x,y) is the transition density of
(X b’U,IP’x) with respect to the reference measure g and, for each y € U,
(t,z) — plg}E(t, z,y) is the transition density of (X®®UV P,), the dual process
of X%V with respect to the reference measure &g.
Let

PP () i= [ B (e (w)én(dy)
U

and -
PEU f@) = [ A ) f)estdy).

Let E?}E and EbUE be the infinitesimal generators of the semigroups {Ptb’E’U}
and {Ptb’E’U} on L?(U,£g), respectively.

Note that, since for each t > 0, ﬁ?}E(t,x,y) is bounded in U x U, it fol-
lows from Jentzsch’s Theorem ([32, Theorem V.6.6 on page 337]) that the

common value —Ag’E’U = sup Re(a(ﬁlﬁE)) = sup Re(a(ﬁ%E)) is an eigen-
value of multiplicity 1 for both E%E and EAZ;J’E, and that an eigenfunction
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gb?]’E of E;}’E associated with )\S’E’U can be chosen to be strictly positive with
||¢27EH 12(Ugp(de)) = 1 and an eigenfunction d)lﬁE of El;]’E associated with

/\S’E’U can be chosen to be strictly positive with ||1/1[1’]’EHL2(U75E(dI)) = 1.

It is clear from the definition that, for any Borel function f,
Ptb’E’Uf(x) = Ptb’Uf(m) for every x € U and t > 0.

Thus the operators £°|;; and E?J’E have the same eigenvalues. In particular,
the eigenvalue )\S’E’U does not depend on F and so from from now on we
will denote it by Ag¥.

DEFINITION 8.1.  The semigroups {P>"*V} and {P"*YY are said to be
intrinsically ultracontractive if, for any t > 0, there exists a constant ¢; > 0
such that

ﬁlZ}E(t, :z:,y) < Ctéf)%E(l“)%l}E(y) for x,y e U.

It follows from [26, Theorem 2.5] that if { P>V} and {P/""'V} are intrin-
sically ultracontractive then for any ¢t > 0 there exists a positive constant
¢t > 1 such that

(8.1) o (o, y) > e o ()i (y)  for ,y € U.

THEOREM 8.2. For every B(xo,2r) C U there exists a constant ¢ =
e(d, a,rydiam(U), M) > 0 such that for every x € D,

Tb
(8.2) E, /0 UlB(xm(th’U)dt] > cEy 1]
and
;_\b,E
o - i
(8.3) E, [/0 1B(z0,r) (vaE»U)dtl > cE, H}E} .

Proof. The method of the proof to be given below is now well-known. (See
[10, 27]). For the reader’s convenience, we present the details here. We give
the proof of (8.3) only. The proof for (8.2) is similar. Fix a ball B(x,2r) C U
and put

By := B(xg,7/4), Ki:= B(zg,r/2) and By:= B(xq,r).
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Let {6;,t > 0} be the shift operators of XYE and we define stopping times
Sy and T}, recursively by

Sl(w) = 0’
Th(w) = Sp(w)+ ?5’6(1 0fg, (w) for Sy(w) < ?S’E
and Sp11(w) = Th(w)+ ?gQE 001, (w) for T, (w) < ?;}’E.
Clearly S, < 707, Let S = limy, 0o S, < 757, On {S < 757}, we must
~b,E

have S,, < T}, < Sp41 for every n > 0. Using the fact that P, (7;;” < o0) =1

for every € U and the quasi-left continuity of X bEU we have P, (S <

77) = 0. Therefore, for every z € U,

. . _bE\
(8.4) P, (nlLrgo Sy, = ?}Ln;o T, =Ty ) = 1.

For any x € K7, by Proposition (7.1) we have
b,E % B
E, [?B’Q | > co/ / pp, (tx,y)dtdy > c1 for every x € K.
B(zo,r/2) Jre
Now it follows from the strong Markov property that

Ey [Spi1 — Tp] = Ea [E@f,y [75l)s T < 757

> P, ()?%f’U S BO) = 1E, [PX\b,E,U (X/%%U € B())] .

Sn Tu\K,

Note that for any x € U \ Bz, by (6.9), we have

P, (}?i;,{%” € BO>

TU\K;
B G%\Kl(y,x) J(y,2)hg(z)
= oo (i) et

Y

_ G?J\Kl(ya .%') dz
o) [ =5 o () @)
= CQEQC[?II}’\EKI]

for some constant co = (v, r, diam(U), M) > 0. It follows then

(85)  Eu[Sui1 — Tyl > c1coF, [EQZ,E,U [?};@J] = c160E, [T}, — Sl
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Since )A(f’E’U € By for T,, <t < Sp+1, we have by (8.4)

Ry
U ~
E, /0 15, (XY )dt]

& In Sb,E U nl Sb,E,U

= E; |> /S 15, (X} dt+/ 15, (X7 dt
Ln=1 n
[ oo n+1 o)

> B, | ( / Xf’E’U>dt>] = E, [Zwm—m].
Ln=1 n=1

Using (8.4) and (8.5) and noting that X"**V ¢ U\ By for t € [Ty, Spy1), we
get

~b,E 00
E, V“ 15,(XPPY)dt| > creoR, lZ(Tn—Sn)]
0 n=1

n+1
> c16F, [Z( 10, (X750 dt+/ lU\BQ(XbEU)dt)]
:?bE
U
= ek, l/@ 1U\B2 (XbEU>dt]
Thus

€1 C2 ~
> —"F [Tb’E}.

;F[z},E
E 15, (XPPYYat| >
$[/0 BQ( ) T 1l4cce

THEOREM 8.3. {Ptb’E’U} and {]3tb7E’U} are intrinsically ultracontractive.

b, U ~ . . . o .
Proof. Since w%E = e Plb ’E’U@ZJ((}E, it follows that d)lﬁE is strictly positive,

bounded and continuous in U. Theorem 8.2 implies that

b,E 5
(8.6) E.[70"] < « /B2 W%E(Z)SE(M

)
G () b € bE
< Cl/U(/]lE(y)wU (Z)fE(dZ)—Wl/JU ()-

0

Similarly,

(8.7) E.[r}] < A‘;QU% ().



58 ZHEN-QING CHEN, PANKI KIM AND RENMING SONG
By the semigroup property and (1.3),
" (t 2, y)
= [ R [ A/ (3 0 e (A0 (a)
cat ™ || (/3,2 2)66(d2) [ B3, 0,9)6k(dw)

= et VP (T > 1/3) P, (7Y > 1/3)
< (9es /) VOB, [Th] By [77"].

IN

This together with (8.6)—(8.7) establishes the intrinsic ultracontractivity of
{(PPU} and {PPEUY O
Applying [26, Theorem 2.7], we obtain
THEOREM 8.4. There exist positive constants ¢ and v such that

PE Y DE
(8.8) v Py (,x,y)_l < ce M, (t,x,y) € (1,00) x U x U
oy (@) ()
U U

where M[b]’E = [y qﬁ%E(y)wf}E(y)éE(dy) <L

Now we can present the

Proof of Theorem 1.3(ii). Assume that the ball E is large enough so that

1 . bE _ AP b D b E bE _ AP 5bED b E
D C ;E. Since ¢35 = Pr7¢p” and ¢ = et P Y5, we have

from Theorem 1.3(i) that on D,

(8.9)
o @) = (Lndn@?) [ (1A600)"2) (14 =z ) S )y
= 0p(z)*/?
and
(8.10)
g ()

= (1000@)"?) [ (1700)*?) (1A e ) T2 gty

|z —y|™t /) hp(x)
= &p(x)*/2.
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Theorem 8.3 and (8.9)—(8.10) imply that
e op(2)*op () <’ (t2,y) < edp(x)*5p(y)*?
for every (t,z,y) € (0,00) x D x D, and so
er e top (@) 2o (y)*? < Pt 2.y) < creadp(a)*/?6p(y)*?

for every (t,z,y) € (0,00) x D x D.
Furthermore, by Theorem 8.4 and (8.9), there exist ¢ > 1 and 77 > 0
such that for all (¢,z,y) € [T1,00) x D x D,

b,D b,D
cyte 0 ap ()™ 20p ()2 <Dt a,y) < cae” ™ Sp(2)/25p (y)*?,

which implies that
—1_—tA>P o2 o2 b —t\bP /2 /2
cg e 0 p(x)*op(y)* T < pp(t,x,y) < cge 0 op(x)*“op(y)™/~.
If T < Ty, by Theorem 1.3(i), there is a constant co > 1 such that
¢; " p(x)*? dp(y)*? < ph(t,x,y) < c20p(x)™? dp(y)*/?

for every t € [T,T1) and x,y € D. This establishes Theorem 1.3(ii). O

REMARK 8.5. (i) Using Corollary 1.4 and the argument of the proof of
Lemma 6.1, (6.10) is, in fact, true for all bounded open set U with exterior
cone condition.

(ii) In view of Corollary 1.4, the estimate (4.8) and Lemma 4.1, we can
deduce from (4.10) by the dominated convergence theorem that Proposition
4.2 holds for general b with |b] € Kgo—1. O

Acknowledgements. The main results of this paper were presented
by the authors at the Sizth International Conference on Lévy Processes:
Theory and Applications held in Dresden, Germany from July 26 to 30, 2010
and at the 34th Stochastic Processes and their Applications conference held
in Osaka, Japan from September 6 to 10, 2010.

K. Bogdan announced at the Sizth International Conference on Lévy
Processes: Theory and Applications in Dresden that he and T. Jakubowski
have also obtained the same sharp estimates on Gll’) in bounded C'*! domains
as given in Corollary 1.4 of this paper. They have also obtained one part



60 ZHEN-QING CHEN, PANKI KIM AND RENMING SONG

(for harmonic functions of X b only) of the boundary Harnack principles
established in Theorem 6.2 of our paper. Their preprint [7] containing these
two results (Theorem 1 and Lemma 18 there) appeared in the arXiv on
September 14, 2010.

We thank the referees for their helpful comments on the first version of
this paper.

REFERENCES

[1] BILLINGSLEY, P. (1974) Conditional distributions and tightness. Ann. Probab. 2 480—
485. MR0368095

[2] BLUMENTHAL, R. M. AND GETOOR, R. K. (1960). Some theorems on stable processes.
Trans. Amer. Math. Soc. 95 263-273. MR0119247

[3] BLUMENTHAL, R. M. AND GETOOR, R. K. (1968) Markov Processes and Potential
Theory. Academic Press. MR0264757

[4] BoapaN, K. (1997). The boundary Harnack principle for the fractional Laplacian.
Studia Math. 123 43-80. MR1438304

[5] BoapaN, K., GRZYWNY, T. AND RYZNAR, M. (2010). Heat kernel estimates for the
fractional Laplacian with Dirichlet conditions. Ann. Probab. 38(5) 1901-1923.

[6] BoaDAN K. AND JAKUBOWSKI, T. (2007). Estimates of heat kernel of fractional
Laplacian perturbed by gradient operators. Commun. Math. Phys. 271 179-198.
MR2283957

[7] BoaDpAN K. AND JAKUBOWSKI, T. Estimates of the Green function for the fractional
Laplacian perturbed by gradient. Preprint, 2010. arXiv:1009.2471 [math.PR].

[8] BoapaN, K., KuLczyckl, T. AND NOWAK, A. (2002). Gradient estimates for har-
monic and g-harmonic functions of symmetric stable processes. Ill. J. Math. 46 541—
556. MR1936936

[9] CHEN, Z.-Q., KiM, P. AND SoNG, R. (2010). Heat kernel estimates for Dirichlet
fractional Laplacian. J. Fur. Math. Soc., 12 1307-1329.

[10] CHEN, Z.-Q., KiM, P. AND SonNgG, R. (2010). Two-sided heat kernel estimates for
censored stable-like processes. Probab. Theory Relat. Fields, 146 361-399. MR2574732

[11] CHEN, Z.-Q., Kim, P., SONG, R. AND VONDRACEK, Z. Boundary Harnack principle
for A+ A2, Trans. Amer. Math. Soc., to appear, 2011.

[12] CHEN, Z.-Q., AND KuMAGAI, T. (2003). Heat kernel estimates for stable-like pro-
cesses on d-sets. Stoch. Proc. Appl. 108 27-62. MR2008600

[13] CHEN, Z.-Q., AND KumaGal, T. (2008). Heat kernel estimates for jump processes
of mixed types on metric measure spaces. Probab. Theory Relat. Fields 140 277-317.
MR2357678

[14] CHEN, Z.-Q. AND SONG, R. (1998). Estimates on Green functions and Poisson kernels
of symmetric stable processes. Math. Ann., 312 465-601. MR 1654824

[15] CRANSTON, M. AND ZHAO, Z. (1987). Conditional transformation of drift formula
and potential theory for 2A+b(-)-V. Comm. Math. Phys.112(4) 613-625. MR0910581

[16] CHUNG, K. L. AND Rao, K. M. (1980). A new setting for potential theory. Ann Inst.
Fourier 30 167-198. MR0597022

[17] CHUNG, K. L. AND ZHAO, Z. (1995). From Brownian Motion to Schrédinger’s Equa-
tion. Springer, Berlin. MR1329992



DIRICHLET HEAT KERNEL ESTIMATES FOR A%/2 4+b.V 61

[18] CHUNG, K. L. AND WALSH, J. B. (2005). Markov processes, Brownian motion, and
time symmetry. Springer, New York, MR2152573

[19] DURRETT, R. (2005). Probability: Theorey and Examples. Third Edition. Thomson.

[20] ETHIER, S. N. AND KUrTZ, T. G. (1986) Markov processes. Characterization and
convergence. John Wiley & Sons, New York. MR0838085

[21] GETOOR, R. K. (1971). Duality of Lévy systems. Z. Wahrsch. Verw. Gebiete 19
257-270. MR0301805

[22] GRIGELIONIS, B. (1973). On the relative compactness of sets of probability measures
in D[0,00). Lith. Math. J. 13 576-586.
[23] JAKUBOWSKI, T. (2002). The estimates for the Green function in Lipschitz domains
for the symmetric stable processes. Probab. Math. Statist. 22 419-441. MR1991120
[24] KM, P. AND SoNG, R. (2006). Two-sided estimates on the density of Brownian
motion with singular drift. Illinois J. Math. 50 635-688. MR2247841

[25] Kim, P. AND SONG, R. (2007). Boundary Harnack principle for Brownian motions
with measure-valued drifts in bounded Lipschitz domains. Math. Ann. 339 135-174.
MR2317765

[26] KiM, P. AND SoONG, R. (2008). On dual processes of non-symmetric diffusions with
measure-valued drifts. Stochastic Process. Appl. 118 790-817. MR2411521

[27] KuLczyckl, T. (1998). Intrinsic ultracontractivity for symmetric stable processes.
Bull. Polish Acad. Sci. Math., 46 325-334. MR1643611

[28] L1ao, M. (1984) Riesz representation and duality of Markov processes. Ph.D. Dis-
sertation, Department of Mathematics, Stanford University. MR2634008

[29] L1ao, M. (1985). Riesz representation and duality of Markov processes. Lecture Notes
in Math. 1123 366-396, Springer, Berlin, MR0889495

[30] Liu, L. Q. AND ZHANG, Y. P. (1990). Representation of conditional Markov pro-
cesses. J. Math. (Wuhan) 10 1-12. MR1075304

[31] Popr-SToJaNovi¢, Z. R. (1988). CONTINUITY OF EXCESSIVE HARMONIC FUNCTIONS
FOR CERTAIN DIFFUSIONS. Proc. Amer. Math. Soc. 103 607-611. MR0943091

[32] SCHAEFER, H. H. (1974). Banach lattices and positive operators. Springer-Verlag,
New York. MR0423039

[33] SHARPE, M. (1988). General Theory of Markov Processes. Academic Press, Inc.
MR0958914

[34] SHUR, M. G. (1977). Dual Markov processes. Teor. Verojatnost. i Primenen. 22
264278, English translation: (1978) Theor. Probability Appl. 22 257-270. MR0443108

[35] Song, R. (1995). Feynman-Kac semigroups with discontinuous additive functionals.
J. Theor. Probab. 8 727-762. MR1353551

[36] SoNG, R. (2004). Estimates on the Dirichlet heat kernel of domains above the graphs
of bounded C*' functions. Glas. Mat. 39 273-286. MR2109269

[37] SonG R. AND Wu, J. (1999). Boundary Harnack principle for symmetric stable
processes. J. Funct. Anal. 168 403—-427. MR1719233

DEPARTMENT OF MATHEMATICS DEPARTMENT OF MATHEMATICAL SCIENCES
UNIVERSITY OF WASHINGTON SEOUL NATIONAL UNIVERSITY

SEATTLE, WA 98195, USA SAN56-1 SHINRIM-DONG KWANAK-GU,
E-MAIL: zchen@math.washington.edu SEOUL 151-747, REPUBLIC OF KOREA

E-MAIL: pkim@snu.ac.kr



62

ZHEN-QING CHEN, PANKI KIM AND RENMING SONG

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF ILLINOIS
URBANA, IL 61801, USA
E-MAIL: rsong@math.uiuc.edu



