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Abstract

Suppose that D is the domain in R?, d > 3, above the graph of a bounded C'»!
function T' : R¢~! — R and that p”(t,z,v) is the Dirichlet heat kernel in D. In this
paper we show that there exist positive constants C7, Co, C3 and C4 such that for all
t>0and z,y € D,
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where p(x) stands for the distance between z and 9D.
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1 Introduction

Suppose that D is a domain (i. e., a connected open set) in R¢ and that pP(t,z,y) is the
Dirichlet heat kernel for the Laplacian in D. Understanding the boundary behavior of p? is
of fundamental importance and a lot of progress has been made, see, for instance, [1], [6],
(7], [8], [9], [13], [16] and [17]. It is known that when the Dirichlet heat semigroup on D is

intrinsic ultracontractive, there is a 7' > 0 such that
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where Ej is the smallest eigenvalue of the Dirichlet Laplacian —Al|p and ¢g is the corre-
sponding eigenfunction normalized by [, #3(z)dz = 1. (For geometric conditions on D
guaranteeing the intrinsic ultracontractivity, see [1], [6], [7] and [8].) However, the estimates
above do not hold when ¢ is small. In [16], Zhang proved that, when D is a bounded C**
domain in R?%, d > 3, there exist positive constants T, C;, Cy, C3 and Cy such that for all
t € (0,7] and z,y € D,
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where p(z) stands for the distance between x and dD. In [13], it was shown that the result
above remains valid in dimensions one and two. When D is the complement of a compact
set in RY, d > 3, Grigor’yan and Saloff-Coste proved that p”(t,z,y) has upper and lower
Gaussian estimates for z and y away from the boundary. In [17], Zhang proved that, when
D is an exterior C*! domain in R¢, d > 3, there exist positive constants C;, Co, C5 and C,
such that for all ¢ € (0,00) and z,y € D,

01(% <pP(t,z,y) < 03(% (1.2)

The estimates (1.1) and (1.2) were used in [13] to establish sharp bounds on the Green

function, jump function and transition density of the subordinate killed Brownian motion
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in D, when D is either a bounded C*! domain or an exterior C*»! domain. The main
motivation for this paper is to extend the sharp estimates of [13] to other domains, such as
domains above graphs of C!! functions. To accomplish this, we need to establish explicit
upper and lower estimates for pP (¢, z,y) when D is the domain in R¢ (d > 3) above the
graph of a bounded C"! function. More precisely we will, by adapting the arguments of [16]
to the present case, show show that (1.1) is valid for all ¢ € (0,00) and z,y € D. The main

result of this paper is also valid when d = 2. To show this, one has to come up with an
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analogue in dimension two of Theorem 2.1 below and then follow the argument of Section
3. We are only going to deal with the case d > 3, we leave the case d = 2 to the interested
reader.

The rest of the paper is organized as follows. In Section 2 we give the basic definitions and
prove a simple geometric result which is essential for the argument of this paper. Section 3
contains the main result. In the last section, we apply our main result to get sharp estimates
on the density, Green function and jumping function of subordinate killed Brownian motion
in D.

After this paper was finished, the author came across the recent paper [15], in which
Varopoulos proved, among other things, that the Dirichlet heat kernel in a domain D above
the graph of a Lipschitz function satisfies for all (¢, z,y) € (0,00) X D x D the estimates:

Colz—y|?

o—yl2
CyP(t, 2)P(t,y)t =2~ 7" < pP(t,z,y) < C5P(t, 2)P(t,y)t~ 2%~ 7", (1.3)

where P(t,x) = P*(t < 7p) with 7p being the first time that Brownian motion exits the
domain D. If one knew that, when D is the domain above the graph of a bounded C%!
function,

LG < P(t,z) < cP@) 1, (t,z) € (0,00)x D (1.4)

“Vi Vi

for some 0 < ¢ < C < 00, one could immediately get the main results of this paper from
(1.3). However, (1.4) is not known. To get (1.4), one probably has to go through the main
argument of the present paper. So in this sense, the explicit estimates of this paper are new.
Also, the arguments of this paper are much more elementary.

Acknowledgment: I would like to thank Qi S. Zhang for sending me the preprint of
the paper [17] and Jang-Mei Wu for very helpful discussions leading to the proof of Lemma
2.2. T also thank Zhen-Qing Chen and Zoran Vondracek for helpful comments on the first

version of this paper.

2 Preliminaries

A bounded domain D in R?, d > 2, is said to be a bounded C'' domain if there exist positive
constants 7o and M with the following property: for every z € dD and r € (0,ro], there
exist a function ', : R¥™! — R satisfying the condition |VT,(£) — VT, (n)| < M|¢ — ] for
all £,7 € R¢"! and an orthonormal coordinate system CS, such that if y = (yy,...,%4) in
the CS, coordinates, then

B(z,r)ND = B(z,7) N{y :ya > To(y1,- ., ¥a-1)}-
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The constant 7, is called the localization constant of D and M is called the C*! constant of
D.

A domain D in RY, d > 2, is said to be an exterior domain if its complement is a compact
set. An exterior domain is said to be an exterior C1"' domain if there exist positive constants
ro and M with the following property: for every z € 9D and r € (0, ro], there exist a function
[, : R~ — R satisfying the condition |VT,(£) — VI, (n)| < M| —n| for all £,n € R¥~! and
an orthonormal coordinate system C'S, such that if y = (y1,...,y4) in the C'S, coordinates,
then

B(z,r)ND = B(z,r)N{y :ya > T.(y1,...,y4-1)}-

The following result played a very important role in [16] and [17].

Theorem 2.1 Suppose that D is a bounded C*' domain in RY (d > 3) with localization
constant vy and CY constant M. Let diam(D) be the diameter of D. Then there exists a
constant C = C(ro, M,diam(D)) > 0 such that the Green function Gp of D satisfies the

following estimates:

1(M

! L <o (PR )1
C \a:_y|2/\1> =gz = Ol ,y)SC< /\1)

|z —y? |z — y|d2

for all z,y € D. Here p(x) denotes the Euclidean distance between x and 0D. The depen-
dence of C = C(ry, M,diam(D)) on ro and diam(D) is only through the ratio diam(D)/r.

The upper bound in the theorem above is due to [10], and the lower bound is due to [18].
The form of the theorem stated above (in particular, the last assertion) is taken from [3].
Suppose that I' : R“! — R is a fixed bounded function such that

V()| <A, VEeR!

and
[VL() = VI(n)| <v[€—nl, V&ne R

for some constants A and v. For x = (z1,...,24) € R we write & = (1,...,24_1). In this

paper we will concentrate on the domain
D={xeR:z,>T(7)}
As in [2], for any © € R? and constants a,r > 0, we define
A(w,a,) = {y € D:T(§) < ya <T() + 0, 5 — 5| <r}.
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For any z € D, we use p(x) to denote the Euclidean distance between z and 0D and we

use (x) to denote the vertical distance between z and 9D:
§(z) = x4 — T'(Z).
It is easy to check that there exists k = k(A) € (0, 1] such that

ké(z) < p(z) < d(x), =z € D. (2.1)

The following geometric result will play a very important role in establishing our main

result.

Lemma 2.2 For any xz € R? (d > 2) and r > 1, there exists a bounded C"' domain D,
containing A(zx,r,7) such that (1) {y € 0D : | —%| <r} and {y e R? : |§ — &| < r,yq =
I'(§) + 7} are both contained in 0Dy ,; (2) the C1' constant of Dy, is bounded from above
by a constant depending only on T'; (8) the ratio diam(D(yy)/ro is bounded from above by
a constant depending only on I', where diam(D(w)) is the diameter of D,y and 1o 1is the

localization constant of D g ).

Proof. Without loss of generality we may and do assume that (Z,['(Z)) is at the origin of
R?. Let ¢ be a C* function on [0, 00) such that (1) ¢(s) = 1 for s € [0,1]; (2) ¢(s) = 0 for
s €[2,00); (3) 0 < ¢(s) < 1fors e (1,2). For any r > 1, define ¢,(s) = ¢(s/r). Then the
function I'v () = I'(9) - ¢-(|g|) coincides with I'(y) when |g| < r and equals 0 when |g| > 2r.
Let’s denote the following domain

{y e R+ |7 < 2r,T0(9) < ya <T:(7) +7}

by ;. We are going to enlarge €2; to get the desired domain.

Consider the following rectangle in the z1x4 plane

Q={(y1,ya) : ly1] <2.5,0 <yg <1}

By adding appropriate half-disk like regions at the right and left ends of ), we can get a
bounded C' domain V in the z1x4 plane. Put U = V' \ {(y1,v4) : |v1] < 2,0 < yg < 1},
define U, = {(ry1,7v4) : (y1,94) € U} and let y the subset of R¢ obtained by revolving
U, around the x4-axis. Then it is easy to check that the domain €2y U €2, satisfies all the

requirements of the lemma. O



3 The main results

In this section we are going to establish our main result. The argument of this section are
adapted from that [16]. From now on we assume that d > 3. In the rest of this paper
p”(t,x,y) stands for the Dirichlet heat kernel in D.

Lemma 3.1 Suppose that 6*(z) > ait and 6*(y) > ait for some a; > 1, then there exist
positive constants C7 and Cy depending only on D and a, such that for allt > 0,

1 lz —y?

02‘3” — y|2
G P T

t

).

C
) <pP(t2,y) < 5 exp

Proof. The proof of this lemma is similar to that of Lemma 2.1 of [16]. The upper bound
is trivial, so we only need to prove the lower bound. The proof is divided into three steps.
Step 1: We prove the following claim: Suppose that 6(z) > ait for some a; > 1, then

there exists a positive constant ¢ depending only on D such that

We pick a point z € D such that 6%(z)
¢(xr) =1 when z € B(z, ’“T‘/Z) and 0 < ¢(z) <

72

> ait. Let ¢ € C°(B(z, £4)) be such that
1 everywhere. Consider the function

u(e,s) = / p” (5,2,4)6(y)dy.

D

KV1

As in [12], we extend u by assigning u(z,s) = 1 when s < 0 and = € B(z, %f*), then u is a
positive solution of 2 = Au in Bz, ’“Tﬁ) X (—00,00) C D X (—00,00). Using the parabolic

Harnack inequality twice we get

u(z,0) < Culz, i)
t
pD(Z;Z,y) S CpD(ta <, Z)

for some constant C; > 0 independent of z. Hence

t t

1 = < — ) = D _
u(z,0) < Cu(r, 4) C B(z,%ﬁ)p (4,z,y)¢(y)dy
< CpD (ta 2 Z) / (b(y)dy < CZPD(t; 2, Z)t_d/Q,
B(z,54%)

for some constant C'; > 0 depending only on D. Since z is arbitrary, the claim is proven.
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Step 2: We prove the following claim: Suppose that 6(z) > ait for some a; > 1 and

|z —y|? < K?t, there there exists a positive constant ¢ depending only on D and a; such that

C
PPt ,y) > o

By Step 1, we know that there exists ¢; > 0 depending only on D such that

Consider the function u(y,s) = pP(s,z,y), which is a solution of % = Au in B(z, k(1 +
€)v/t) x (0,00) C D x (0,00). Here € > 0 is sufficiently small. By the Harnack inequality we
get
pP(t,z,y) > CZPD(; x) > %

for some constant ¢, depending only on D and a;. This completes Step 2.

Step 3: In this step, we treat the remaining case: §%(z) > ayt, 6%(y) > ait and |z —y|*> >
K2t.

By our assumption on D, we can easily see that there exists a length parameterized curve
I C D connecting x and y such that |I| = |z — y| for some \; > 1. Here A\; < \¢ which is
a constant depending on D only. Moreover [ can be chosen so that p(I(s),0D) > A/t for
all s € [0,|!|]. Here Ay is another constant depending on D only.

For A3 > 0 to be determined later, let m be the smallest positive integer satisfying

Aslz =y
K2t

and z; = Z(M) for j =0,1,...,m. Then

<m

¢ ¢ ¢
PP (t, 2, y) > /pD(—,x,yl)pD(—,yl,yz) e P (= Y1, ) Ay - A
m m m

where we integrate y; over the set

K, t
{sty - a1 < 5L,

K412 /£2
)\3\33—y|2 n Azf'

Taking A3 sufficiently large, we have

Note that




for j =0,1,...,m. This shows that p(y;) > 2\/% and hence

K, t Kk, t
el — 1] < ()12 =y s — 1l < 2=\
{yj ly; — 5] < 4(m) }ﬂD {y] ly; — x| < 4(m) }

Observe that

lyi = yierl < lwg = @il + lys — 25l + 20— gl

< |+1 m2t<)\1|x—y|+1 K2t
x._w. p— —_ e — —_— —_—

S A 2V m

S| |x—y|+1 m2t< A1 \x—y|\/ﬁ2t+1 K2t

= U v iV m S U =y T2V m
2 [k%

< 5 R

- 3V m

when )3 is sufficiently large. By step 2 there exists ¢ > 0 depending only on D such that

t c
D
P (—, Yk Yky1) >
m (L)ar2

for y1,...,ym in the region where the above integral takes place. Hence

—1 m—1

D ¢ 2
P (t,l‘,y) 2 ] (L)d/? H(16m 201td/2a

3

Il
)

for some positive constants ¢; and ¢y depending only on D and a;. Since m is comparable

to M, the above implies that, for some positive constants c3 and ¢, depending only on D
and aq,
2
D z —yl
> —
Pet 3 y) > g exp(=— )

|

The following two lemmas are the analogs of Lemma 2.2 and Lemma 2.3 of [16] respec-
tively. The difference is that the two lemmas below are valid for all ¢ while Lemma 2.2 and
Lemma 2.3 of [16] hold only for small ¢.

Lemma 3.2 If 6%(z) < ait and 6%*(y) > % for some ay > 1, then there exist positive
constants C1 and Cy depending only on D and ay such that for all t > 0,

Cip(z) Colz — y|?

p(z) |z —yf?
- < St exp(— ),

Clt(d+1)/2 ex Cgt




Proof. This proof is similar to the proof of Lemma 2.2 of [16]. The unspecified constants
appearing in this proof are independent of ¢,  and y. We prove the upper bound first.
Given z € D such that §?(z) < ait, let z = (Z,1'(2)) and z; = (Z,T'(Z) + v/2a:t). Then
|z — x| = 2ast. Put o), = (2,T(Z) + 4‘2—“?) Clearly

re—a = (—Va)Vart (3.1)
s—dl| > 4“5_ _ Jad > 3var. (3.2)

For any y € D, write u(z,s) = p”(s,2,y) and v(z) = Ga(z,x}), where Q = D, g ui7/x2 i
the bounded C'! domain constructed in Lemma 2.2 with 7 = 8/a;¢/k?. Both u and v are
positive solutions of the equation du = 1Aw in the region A(z,3.5v/ait/k,3.5v/ait/k) x
(0,00) and u(z, s) = v(z) = 0 when z € @D. By the local comparison theorem in [11], there
exists ¢; > 0 such that

that is,

%’x%pl)(%, Ty, Y)- (3.3)

D
t,x,y) <c
2 Y) IGQ(xt,:rt

By Lemma 2.2 we have that po(z) = p(z), pa(z:) = p(x) and po(z)) = p(zx}), thus by

Theorem 2.1 we have

Go(n.2)) < C pla) o rl2)

|z — a[d-1 = 7 ¢d-1)/2
C C
!
GQ(xta xt) Z |./17t — $;‘d72 Z t(d72)/2 .
Hence (2)
T
PP (t,z,y) < CEZLpP (21,21, y). (3.4)

Vi
When y € D satisfies §(y)? > 16a1t/k?,

ly—=z| > ply) - plx) > () Vait
> /161t — vait > —4x—@y

g

Hence

v

1
ly — ¢l ly —al = |z —a| > 5ly — 2| (3.5)

Y=z < |z —yl+ ]z — 2 <4z -yl (3.6)
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Thus by (3.4) and (3.5) we get

ple) (_C2Ixt—y|2) <C p(z) (_03\x—y|2)

D
p (ta T, y) < Ct(d+1)/2 t $(d+1)/2 i

Now let us prove the lower bound. Keeping the same notation as above, by the local

comparison theorem again, we have

U(J?,t) > U($t,t/2)
v(zt)
that is,

GQ(.??,.@D D 3

Gg(xt,xé)p (_al“t,y)- (3-7)

pD(t,.’L‘,y) 2 &1 2

By Theorem 2.1 we have

Go(r,zy) > C <'O(x)p($;) A 1) ! >C <M A 1) !

|z — zi? z— 3|4~ \ |z — =z} |z — 3|42
_ p(x)
|z — z3|*t
and .
Gﬂ(xtaxt) < ‘xt _ $2|d,2
enee Cpla)|a: — 23] Cpla)
plx) Ty — 2| t plx t
pD(t,fE,y) Z L ! d_tl pD(_axt:y) Z 2 pD(_axtay)’ (38)
|z — x| 2 / 2
t

1
where we used (3.1) and (3.2). Since §?(z;) = 2a;t and 6%(y) > 16a,t/x?%, Lemma 3.1 implies

_03‘55 —y|?

t c ol — y? c
D2 S 2 I L
Po(5:20Y) 2 3 exp( —) 2 a7 &p( .

)

where the last inequality is due to (3.6). Therefore

Cp(z) cslz — yf?
D
b (tviay) > Hd+1)/2 exp(_f)

Lemma 3.3 If p*(z) < ast and p*(y) < aqt for some ay > 1, then there exist positive
constants C1 and Cy depending only on D and ay such that for all t > 0,

p(x)p(y) z—y[? D Cip(z)p(y) Colz — y?
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Proof. The proof of this lemma is similar to that Lemma 2.3 of [16] and the unspecified
constants appearing in this proof are independent of ¢, x and y.. Let us keep the notations
in the proof of Lemma 3.2 except replacing a; by as. Then following the proof of the upper
bound in Lemma 3.2 we see that for all y € D,

PPt a,y) < P00 (24 1, ). (3.9)

NG p
Now let (2, s) = pP(s,2,7:) and 9(z) = Gq(z,y;), where y; and vy, are the counterparts of
x; and z} for y.
Both @ and © are positive solutions of d,u = 1 Aw in the region A(z, 3.5v/ast/k, 3.5v/ast/K) %
(0,00) and u(z,s) = v(z) = 0 when z € dD. By the local comparison theorem in [11], there
exists ¢; > 0 such that

U(~y, 2t) < CIU(~yt,4t)’
U(y) v(yt)
that is,
Ga(y,v;)

pD (Qt: Y, .Tt) S C1 pD (4t7 Y, -,L‘t)-

Gal(y, y)
Since |y — y;| and |y — y;| are comparable with \/ayt, we have as in the proof of the last

lemma ‘2

Co(y) (_02|xt—yt )
= Hd+1)/2 ¢ :

Since |z — | > |z —y| — |y — | — | — 24| > |z — y| — C'\/aot, the above implies

Cp(y) cslz —y?
D
p (Qta Y, "Et) S t(d+1)/2 eXp(_ t )
This and (3.9) yield the upper bound
Cp(z)p(y) cslz — y|?
D
p (ta €, y) < +(d+2)/2 eXp(_ n )

Now we are going to prove the lower bound. Following the proof of the lower bound in
Lemma 3.2, we get that for all y € D,
Cp(z) p,t

pD(t,.T,y)Z 1172 p (iaxtay)a

Switching the roles of x and y we get

t t Co(y) p,t

D _ .D D
p (iaxtay)_p (5;9;3&) 2 Wp (Zaxtayt)‘

11



Since §(x;)? = §(y:)? = 2ast, Lemma 3.1 implies

¢ ¢ calwr — yif? C cslz —yl?
D 4| g i 5
p (Z:xtayt) > 1d/2 eXp(—f) > Wexp(_f),

where we used the inequality |z, — w;| < |z —y| + |z — 24| + |y — w| < |z — y| + ev/t. The

last three inequalities imply the desired lower bound. O
Now here is our main result.

Theorem 3.4 There exist positive constants Cy and Cy depending only on D such that for
any t >0 and any z,y € D,

1 — yl? 2
L (PP gy a2 sy Uy < 0, < 04 (AP gy e - 2=
Ch 13 Cot t t

).
Proof. For any ¢t > 0 and a; > 1, put

Dy = {(z,y) € Dx D: p*(x) > ait, p’(y) > a1t}

Dy = (@) €D xD: f@) St fy) 2 o5}

Dy = {(5,y) € DxD:p ) > gt fy) < it}

Dy = {(z,y) € DxD:p*(z) < liczlt,PQ(y) 1ii1t},
then D x D = Dy U Dy U D3 U Dy4. The theorem follows by taking as = 12# in Lemma 3.3
and combining it with Lemmas 3.1 and 3.2. O

As a consequence of this result, we get the following sharp estimates on the Green function
Gp.

Theorem 3.5 There exists a constant C > 0 such that for all x,y € D,

1 (p(x)p(y) p(r)p(y)

1 1
A) —— < Gplz,y §C<7A1)7.
¢ \r—yP >|m—y|d—2 @ <O\ G—yp M) o=y

Proof. The upper bound follows by integrating the upper bound in the theorem above with
respect to t. The lower bounds can be obtained using an argument similar to the proof of
Theorem 4.3 in [13]. O

As a consequence of Theorem 3.5, we immediately get the following sharp estimates on

the Poisson kernel Pp.
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Theorem 3.6 There exists a constants C > 0 such that for all x € D and z € 0D,

L) oot
C\x—z\dgp( )<C|x—z|d

Another consequence of Theorem 3.5 is the following 3G theorem which is very useful in

analysis and probability (see [4] for one of the applications).

Corollary 3.7 There exists a constant C' > 0 such that

Gp(z,y)Gp(y; ?) <C (pggal)( y) + %GD(% z)) , z,y,z €D.

4 Applications to subordinate killed Brownian motion

In this section we assume « € (0,2). Let A|p be the Dirichlet Laplacian in D. The fractional
power —(—A|p)®/? of the negative Dirichlet Laplacian is a very useful object in analysis and
partial differential equations. There is a Markov process Z corresponding to —(—A|p)®/?
which can be obtained as follows: We first kill the Brownian motion X at 7p, the first exit
time of X from D, and then we subordinate the killed Brownian motion using the «/2-stable
subordinator 7;. Note that in comparison with the killed symmetric a-stable process on D
the order of killing and subordination has been reversed. For the differences between Z and
the killed symmetric a-stable process on D, please see [14].

It is well known that the Dirichlet form £ of Z is given by

(u, ) // )2 (z, y)dmy+/D 2(2) K (2)ds

where JP and KP are the jumping and killing functions of Z respectively given by
Py = [ oty (11)
0
K@) = [ (1= PP1@)viar), (42)
0
where
a/2
T - a/2)

is the Lévy measure of the o /2-stable subordinator.

v(dt) = —o/2=1 gy

13



Let P (t, z,y) be the density of Z and Gp the Green function of Z. It follows from [14]
and [13] that

rP(t,z,y) = /OoopD(s,x,y)u(t,s)ds
1
I'(a/2)

where u(t, s) is the density of the one-sided a//2-stable convolution semigroup.

GD(may) = / TD(t,JJ,y) dt =
0

/ PP (t,z, y)t**dt
0

Sharp estimates on J?, Gp and r? have been established when D is either a bounded
CY! domain or an exterior C'»! domain. In this section we deal with the case when D is the
domain above the graph of a C™! function, as specified in the previous section.

By using Theorem 3.4 and following the arguments in Section 4 of [13], we can get the

following results.
Theorem 4.1 Suppose that D s the domain specified in the previous section.

(1) There exist positive constants Cy and Co such that for all x,y € D,

0 (PPN e < ) < € (S L)

|z —yl? |z — y|dte
(2) There exist positive constants C3 and Cy such that for all x,y € D,

C3<MA1)¥<GD($,Z/)SC4<M/\1>#

|z —y? |l —yld> - —y? |z — yl|d-

Theorem 4.2 Suppose that D is the domain specified in the previous section. There exist

positive constants C1 and Cy such that

Cl( plz)p(y) A1>t_g <1+|m—y\2)“7"‘ <Pt 2.4)

12/a + |.T _ y|2 12/a
(@)p(y) o — g2\
p(z)p(y _d T—y
< L LS A a LA
_Cg<t2/a+‘x_y‘2/\1>t (1+ tm) .
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