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INTRINSIC ULTRACONTRACTIVITY OF
NON-SYMMETRIC DIFFUSIONS WITH
MEASURE-VALUED DRIFTS AND POTENTIALS

By Pankl Kim* AND RENMING Song'

Recently in [18], we extended the concept of intrinsic ultracon-
tractivity to non-symmetric semigroups. In this paper, we study the
intrinsic ultracontractivity of non-symmetric diffusions with measure-
valued drifts and measure-valued potentials in bounded domains.
Our process Y is a diffusion process whose generator can be for-
mally written as L 4+ p - V — v with Dirichlet boundary conditions,
where L is a uniformly elliptic second order differential operator and
w=(u',- - ,11?) is such that each component uf, i = 1,...,d, is a
signed measure belonging to the Kato class Kq,1 and v is a (non-
negative) measure belonging to the Kato class Kg,2. We show that
scale invariant parabolic and elliptic Harnack inequalities are valid
for Y.

In this paper, we prove the parabolic boundary Harnack principle
and the intrinsic ultracontractivity for the killed diffusion Y'? with
measure-valued drift and potential when D is one of the following
types of bounded domains: twisted Holder domains of order a €
(1/3,1], uniformly Holder domains of order o € (0,2) and domains
which can be locally represented as the region above the graph of a
function. This extends the results in [1] and [2]. As a consequence
of the intrinsic ultracontractivity, we get that the supremum of the
expected conditional lifetimes of Y'P is finite.

1. Introduction. In this paper, we study the intrinsic ultracontractiv-
ity of a non-symmetric diffusion process ¥ with measure-valued drift and
measure-valued potential in bounded domains D € R? for d > 3. The gen-
erator of Y can be formally written as L + y1- V — v with Dirichlet boundary
conditions, where L is a uniformly elliptic second order differential operator
and p = (', -+, u?) is such that each component p?, i = 1,...,d, is a signed
measure belonging to the Kato class Kq1 and v is a (non-negative) measure
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2

belonging to the Kato class Kq2 (see below for the definitions of K4 and
K2). The existence and uniqueness of this process Y were proved in Bass
and Chen [3]. In [15, 16, 17, 19], we have studied properties of diffusions with
measure-value drifts in bounded domains. Using results in [15, 16, 17, 19],
we will prove that, with respect to a certain reference measure, ¥ has a
dual process which is a continuous Hunt process satisfying the strong Feller
property.

The notion of intrinsic ultracontractivity, introduced in [11] for symmet-
ric semigroups, is a very important concept and has been studied exten-
sively. In [18] the concept of intrinsic ultracontractivity was extended to
non-symmetric semigroups and it was proved there that the semigroup of
the killed diffusion process in a bounded Lipschitz domain is intrinsic ul-
tracontractive if the coefficients of the generator of the diffusion process are
smooth.

In this paper, using the duality of our processes we prove that the semi-
groups of the killed diffusion Y? and its dual are intrinsic ultracontractive
if D is one of the following types of bounded domains:

(a) a twisted Holder domain of order o € (1/3,1] or

(b) a uniformly Holder domain of order a € (0,2) or

(c) a domain which can be locally represented as the region above the graph
of a function.

In fact, we first prove parabolic boundary Harnack principles for Y2 and its
dual process (see Theorem 5.6 and Corollary 5.7). Then we show that the
parabolic boundary Harnack principles imply that the semigroups of Y and
its dual are intrinsic ultracontractive. The fact that the parabolic boundary
Harnack principle implies the intrinsic ultracontractivity in the symmetric
diffusion case was used and discussed in [2] and [12]. As a consequence of
the intrinsic ultracontractivity, we have that the supremum of the expected
conditional lifetimes of Y'? is finite if D is one of the domains above.

Many results in this paper are stated for both the diffusion process ¥ and
its dual. In these cases, the proofs for the dual process are usually harder.
Once the proofs for the dual process are done, it is very easy to see that
the results for the diffusion process Y can be proved through similar and
simpler arguments. For this reason, we only present the proof for the dual
process.

The content of this paper is organized as follows. In Section 2, we present
some preliminary properties of Y and the existence of the dual process of
Y’; Section 3 contains the proof of parabolic Harnack inequalities for Y and
its dual process. In section 4, we discuss some properties of Y and its dual
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INTRINSIC ULTRACONTRACTIVITY OF NON-SYMMETRIC DIFFUSIONS 3

in twisted Holder domains, uniformly Holder domains and domains which
can be locally represented as the region above the graph of a function. In
the last section we prove the parabolic boundary Harnack principles and
show that the parabolic boundary Harnack principles imply the intrinsic
ultracontractivity of the non-symmetric semigroups. Finally, we get that
the supremum of the expected conditional lifetime is finite.

In this paper we always assume that d > 3. Throughout this paper, we
use the notations a A b := min{a,b} and a V b := max{a,b}. The distance
between x and 0D, the boundary of D, is denote by pp(x). We use the
convention f(d) = 0. In this paper we will also use the following convention:
the values of the constants r1,tg,¢; will remain the same throughout this
paper, while the values of the constants cq,cs, -+ might change from one
appearance to another. The labeling of the constants c¢1,ca,- -+ starts anew
in the statement of each result.

In this paper, we use “:=” to denote a definition, which is read as “is
defined to be”.

[43

2. Dual process for Diffusion processes with measure-valued
drifts and potentials. First we recall the definition of the Kato class
K for j = 1,2. For any function f on R? and 7 > 0, we define

M}(r) = sup / 7|f](y)dy j=1,2.

zeR4 J|z—y|<r ‘.’L’ - y‘d_j7

For any signed measure v on R%, we use v and v~ to denote its positive

and negative parts, and |v| := v 4 v~. For any signed measure v on R?
and any r > 0, we define
) v|(d
M{(r) = sup / )
zeR4 J|z—y|<r |l‘ - y‘ J

DEFINITION 2.1.  Let j = 1,2. We say that a function f on R? belongs
to the Kato class Kg; if lim,|g M]]c(r) = 0. We say that a signed Radon

measure v on RY belongs to the Kato class Kq ; if lim,. o Mlj,(r) =0.

Throughout this paper we assume that p = (p!,..., u%) and v are fixed
with each ' being a signed measure on R? belonging to K1 and v being
a (non-negative) measure on R? belonging to K 2.

We also assume that the operator L is either L or Lo where

d d
1 1
L= B E 8i(aij8j) and Lo = 9 § aijaiaj

i,j=1 hj=1
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with A(z) := (a;;(z)) being C* and uniformly elliptic. Since A(z) = (a;j(z))
is O, without loss of generality, one can assume that the matrix A(z) is
symmetric (for example, see Section 6 of [16]).

We will use X to denote the diffusion process in R% whose generator can
be formally written as L + p - V. When each ' is given by U'(z)dx for
some function U?, X is a diffusion in R? with generator L + U - V and it
is a solution to the stochastic differential equation dX; = dX? + U(X;) - dt,
where X? is a diffusion in R? with generator L. For a precise definition of a
(non-symmetric) diffusion X with drift 4 in Ky 1, we refer to Section 6 in [16]
and Section 1 in [19]. The existence and uniqueness of X were established
in [3] (see Remark 6.1 in [3]).

For any open set U, we use Tf}( to denote the first exit time of U for X,
ie., 7y =inf{t > 0: Xy ¢ U}. We define X (w) = X;(w) if t < 7f (w) and
XY (w) = 0 if t > 7if (w), where 9 is a cemetery state. The process XU is
called a killed diffusion with drift g in U. XY is a Hunt process with the
strong Feller property, i.e, for every f € L>(U), E,[f(X})] is in C(U), the
space of continuous functions in U (Proposition 2.1 [19]). Moreover, XV has
a jointly continuous density ¢V (¢, z, ) with respect to the Lebesgue measure
(Theorem 2.4 in [16]).

From Section 3 in [17] and Proposition 7.1 in [19], we know that for every
bounded domain U, there exists a positive continuous additive functional
AY of XY with Revuz measure v|y, i.e., for any z € U, t > 0 and bounded
nonnegative function f on U,

t t
u U_ U S. T 1% S.
E, /0 F(XU)dAY = /0 /U & (s,2,9) F () (dy)d

Throughout this paper, we assume that V is a bounded smooth domain in
R? and consider the transient diffusion process Y such that

E.[f(Y})] = E, [exp(—A)) f(X))] .

(See II1.3 of [4] for the construction of such a killed process.) We will use
¢ to denote the lifetime of Y. Note that the process Y might have killing
inside V, i.e., P,(Y;_ € V') might be positive.

A simple example for Y is a diffusion whose infinitesimal generator is
a second order differential operator L — b -V — ¢, where (by,---,bg) and
¢ > 0 belong to the Kato classes K, and Ky respectively. If (bq,--- ,bq)
is differentiable and L = L1, then the formal adjoint of the above operator
is L1 +b-V — (c—Vb). If one further assumes that ¢ — Vb > 0, then there is
a diffusion process with generator Ly +b-V — (¢ — Vb). We can not and do
not make such assumptions in this paper. Instead, we will introduce a new
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INTRINSIC ULTRACONTRACTIVITY OF NON-SYMMETRIC DIFFUSIONS 5

reference measure and consider a dual process with respect to this reference
measure.

Recall that, for any domain D C RY, pp(z) is the distance between z
and OD. It is shown in [17] that the process Y has a jointly continuous
and strictly positive transition density function r(¢,z,y) with respect to
the Lebesgue measure and for each T' > 0, there exist positive constants
c¢j, 1 < j <4, depending on V such that for t < T,

pv(z) pv(y) _762'12?‘2

cylz— \2
< Cgtig(]. A pV(z))(l A PV(y))efi‘l Qty )

Vit Vit

Moreover, for every smooth subset U of V, the killed process YV has a jointly
continuous and strictly positive transition density function 7Y (t,z,y) with
respect to the Lebesgue measure and for each T' > 0, there exist positive
constants ¢;,5 < j < 8, depending on U such that for ¢ < T,

(2.1) et g (1A < r(t,z,y)

< C7tig(1 A pU(w))(l A pV(y))e*M.

Vit Vit

(See Theorem 4.4(1) in [17].)

Let Cy(V) be the class of bounded continuous functions on V' vanishing
continuously near the boundary of V. We will use || - ||oc to denote the L>°-
norm in Cp(V). Using the joint continuity of r(¢,x,%) and 7Y (t,z,y) and
the estimates above, it is easy to show the following result and we omit the
proof.

PROPOSITION 2.2. Y is a doubly Feller process (a Feller process sat-
isfying the strong Feller property), i.e, for every g € Co(V), E.[g(Y?)] =
B, [g(¥i);t < ] is in Co(V) and [Eqlg(¥)] — g(x) oo — 0 ast — 0, and for
every f € L>®(V), Eg[f(Y:)] is bounded and continuous in V.

In particular, the proposition above implies that for any domain U C V/,
Y'Y is Hunt process with the strong Feller property (for example, see [7]).

We will use G(x,y) to denote the Green function of Y. For any domain
U C V, we will use Gy (x,y) to denote the Green function of YV. Thus

oo ¢
méfmwzméﬂmﬁzﬁmmey
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and

E, /0 T rYdt = B, /0 Yt = /U Gu(,y) f(y)dy.

where 777 is the first exit time of U for Y, ie., 7y = inf{t > 0:Y; ¢ U}.
We will use G (z,y) to denote the Green function of XV and GY,(z,y) the
Green function of the killed Brownian motion in V. Since Y is transient,
combining Theorem 6.2 in [15] and the result in Section 3 of [17], we have
that there exists constant ¢ = ¢(V') such that

(2.3) TGV (z,y) < Glz,y) < cGY(ay), VxV\{z=y}

Thus for every U C V,

c

(2.4) Gu(z,y) < G(z,y) < for every x,y € D

|z —yl=2

for some constant ¢ > 0.
Let

H(z) = /‘/G(y,x)dy and &(dx) := H(z)dx.

Then it is easy to check (see the proof of Proposition 2.2 in [19]) that & is
an excessive measure with respect to Y, i.e., for every Borel function f > 0,

/ f(@)E(da) > / E, [/(Y:)) £(dz).
Vv 1%

We define a new transition density function with respect to the reference
measure ¢ by

_ _r(tz,y)
r(t,.’E,y) T H(y)
Then - N
G(z,y) ::/0 T(t, 2, y)dt = P(I:Ey?i)

is the Green function of Y with respect to the reference measure £(dy).
Before we discuss properties of Y any further, let’s recall some definitions.
Recall that 74 = inf{t > 0: Y; ¢ A}.

DEFINITION 2.3. Suppose U is an open subset of V. A non-negative
Borel function u defined on U is said to be

(1) harmonic with respect to'Y in U if
(2.5) u(z) = Eg [u(Yr,)] = Ex [u(Yr); 78 < (], x € B,

for every bounded open set B with B C U;
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INTRINSIC ULTRACONTRACTIVITY OF NON-SYMMETRIC DIFFUSIONS 7

(2) superharmonic with respect to YU if
u(e) > B [u¥l)], weB,

for every bounded open set B with B C U;
(3) excessive for YU if

u(z) > E; [u¥Y)] = E; [wYV)t < (], t>0,zc€U

and
u(r) = ltiirgEx [u(YtU)] , xeU;
(4) a potential for YU if it is_excessive for YU and for every sequence
{Un}n>1 of open sets with U,, C Uy41 and U,Uy, = U,

lim E, [U(YTZ )} =0, f-aezel.
n—o00 n
A Borel function u defined on U is said to be reqular harmonic with respect
toY in U if u is harmonic with respect to Y in U and (2.5) is true for
B=U.

Since YV is a Hunt processes with the strong Feller property, it is easy
to check that u is excessive for YV if and only if f is lower-semicontinuous
in U and superharmonic with respect to Y'V. (See Theorem 4.5.3 in [10] for
the Brownian motion case, and the proof there can adapted easily to the
present case.)

Using (2.1)-(2.2) and the joint continuity of (¢, x,y) and r“ (¢, z,y), one
can easily check that Gy (x,y) is strictly positive and jointly continuous on
(U xU)\{(z,y) : * = y}. Guy(z,y) is infinite if and only if z = y (see the
proof of Theorem 2.6 in [16]). Thus by (2.3), we see that H is a strictly
positive, bounded continuous function on V. Moreover, using the estimates
for GY,(z,y), one can check that there exists a constant ¢ = ¢(V) such that

(26) ctpv(e) < H(z) < cpy(x).

(See Lemma 6.4 in [19] and its proof.) Now using the above properties and
(2.4), we see that Y is a transient diffusion with its Green function G(z,v)
with respect to £ satisfying the conditions in [9] and [23] (see (A1)-(A4) in
[19]). In fact, one can follow the arguments in [19] and check that all the
results in Sections 2-3 of [19] are true for Y. In particular, using the same
arguments in the proofs of Theorems 2.4-2.5 in [19], it is easy to check that
the conditions (i)-(vii) and (70)-(71) in [20] (also see Remark on page 391
in [21]) are satisfied. Thus with respect to the reference measure £, Y has a
nice dual process. For more detail arguments, we refer our readers to [19].

“(
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THEOREMA2.4. There exists a continuous transient Hunt process Y in
V' such that Y is a strong dual of Y with respect to the measure &, that is,
the density of the semigroup {P;}i>0 of Y is r(t,x,y) :=7(t,y,z) and thus

/fﬁmamwxum:i/go»éﬂmxuw for all f,g € LA(V,€)
1% 1%

We will use Z to denote the lifetime of Y. Note that Y also might have
killing inside V/, i.e., P,E(?Z_ € V) might be positive.

By Theorem 2 and Remark 2 after it in [25], for any domain U C V, YV
and YU are duals of each other with respect to £. For any domain U C V/,

we define U
r(t,y, ) H(y)

i H(z)

ta,y) =
Since H is strictly positive and continuous, by the joint continuity of U (¢, z, y)
(see Section 4 of [17] and the references therein) 7V (¢, z,y) is jointly contin-
uous on U x U. Thus ?U(t, x,y) is the transition density of YV with respect
to the Lebesgue measure and

(2.7) éwWy:@ﬂﬂf@

is the Green function for YU with respect to the Lebesgue measure so that
for every nonnegative Borel function f,

/:Uf(?t) dt

where 7 == inf{t > 0: Y; ¢ U}.

We will use {@g, A > 0} to denote the resolvent of YV with respect to
¢. Following the argument in Proposition 3.4 in [19], one can check that yv
has the strong Feller property. We include the proof here for the reader’s
convenience.

E,

:/&mwmwy
U

PropoSITION 2.5. For any U C V, YU has the strong Feller property
in the resolvent sense; that is, for every bounded Borel function f on D and
A >0, GY f(z) is bounded continuous function on U.

PROOF. By the resolvent equation GU = ég + )\ég@U, it is enough to
show the strong Feller property for Gg . Fix a bounded Borel function f on U
and a sequence {yn }n>1 converges to y in U. Let M := ||fH||1_ 1) < oo. We
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INTRINSIC ULTRACONTRACTIVITY OF NON-SYMMETRIC DIFFUSIONS 9

assume {yy }n>1 C K for a compact subset K of U. Let A := inf,cx H(y). By
(2.6), we know that A is strictly positive. Note that there exists a constant
c1 such that for every 6 > 0

dz dx 9
i3 T i | Sad.
B(y,) [T — Yl B(yn,25) 1T — Ynl

Thus by (2.4), there exist a constant cp such that for every 6 > 0 and y,
with y, € B(y, 3) C B(y,20) € K,

Gy (z,y)H (z)f(x) v(z,yn)H(2)f(z)
/B(y 5) H(y) ot /B(y, 5) H (yn)

< M / GU<377y)d=T+/ (z,yn)d
A\ JB(ye) B(yn,za

coM / dz / )
= T a3 T I D) *Clché
A < Be) 1T —y[*? Blyn,20) [T — yn!d 2 A

Given ¢, choose § small enough such that 1 Fc1eoM 5% < £ 5. Then

5 5 Gu(z,y)  Gu(@,yn)

GO f(y) = GG flyn)) < M - — ’

G0 F(y) = Co Flun) N\B(ys) | H(Y) H (yn)
Note that Gy (z,yn)/H (y,) converges to Gy(x,y)/H(y) for every x # y
and that {Gy(x,yn)/H (yn)} are uniformly bounded on z € U \ B(y,0) and
yn € B(y, %) So the first term on the right hand side of the inequality above
goes to zero as n — oo by the bounded convergence theorem. O

€
d —.
x+2

Applying the results in [23] and [24], we have the following.

PROPOSITION 2.6. Suppose D C V. Any function which is harmonic
forY (Y respectively) in D is continuous. For each y, ¥ — Gp(z,y) is
excessive for Y and harmonic for Y in D\ {y}, and x — Gp(z,y) is
excessive for YL and harmonic for Y in D \ {y}. Moreover, for every open
subset U of D, we have
(2.8) R ~
Ex[GD(YQ%,y)] = Gp(x,y) and Em[GD(Yfg,y)] =Gp(x,y), (z,y) € DxU

where Ty = inf{t > 0: Y2 € U} and Ty := inf{t > 0: YL € U}. In
particular, for every y € D and €>0, Gp(-,y) is reqular harmonic with

respect to YP in D\ B(y,e) and Gp(-,y) is reqular harmonic with respect
toYP in D\ B(y,e).
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By Theorem 3.7 in [16], there exist constants r1 = ri(d,u) > 0 and
¢ = c(d, ) > 1 depending on p only via the rate at which max;<;<q4 Miz(r)
goes to zero such that for r <7, w € R%, z,y € B(w, ),

(29) Cil GOB(wJ‘) <x7 y) S G)Bg(wﬂ‘) (x7 y) S CGOB(w,'r) (x7 y)

Thus there exists a positive constant ¢ independent of r < ry such that for
every z,y,z € B(w,r) and w € R?

Gg(wﬂ') ('r’ y)G)Bg(wjr) (y7 z)

Gg(w,r) (.%', Z)

(2.10) < clle =y +ly - 2779,
For any z € B(w,r), let (P;,Xf(w’r)) be the Gg(w T)(-,z)—transform of

(P, XtB (w’T)), that is, for any nonnegative Borel function f,

B(w,r
G)Bg(w,r)(Xt ( ), Z)

GX

Fx)
B(w,r) (.CC, Z) '

B; (77" = B,

Recall that A" is the positive continuous additive functionals of XV with
Revuz measures v|y. (2.10) implies that there exists a positive constant
c1 < oo such that for every r € (0,71], w € R% and z, 2 € B(w,r),

(2.11) EZ [AZX ] < v(dy) < c1.

B(w,r) |

/ Gg(w,r) (.%', y)Gg(w,r) (y7 Z)
B(w,r) Gg(w,r) (.%', Z)

Hence by Jensen’s inequality, for =,z € B(w,r) we have

EZ {exp <—AY§<w’T>>] > exp (—Efc [AZgWTJ> > e > 0.

Combining the identity

GBwr)(T,2) = Gg(wyr)(x,z) E: [exp <—AVX ﬂ , z,z € B(w,r),

7—B(w,'r)
(Lemma 3.5 (1) of [5]) with (2.9), we arrive at the following result.

PROPOSITION 2.7.  There exist positive constants ¢ and 1 := ri(d, pu,v)
such that for all r € (0,7r1] and B(w,r) € V, we have

CilG%(w’rp)(l"y) < GB(w,T)(xuy) < CG%(w’r)(‘T,y), T,y € B(qu)'
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INTRINSIC ULTRACONTRACTIVITY OF NON-SYMMETRIC DIFFUSIONS 11

In the remainder of this paper, we will always assume D is a bounded
domain with D C V. Let 1 := 4dist(9V, D) and V := {z € V; py(2) > 1 }.
We fix D, V and = throughout this paper. For any subdomain U C V and
any subset A of U, we define

(2.12)  CapV(A) := sup{n(A):n is a measure supported on A
with [ GYe.g)n(dy) < 1),
U

The next lemma is a non-symmetric version of Lemma 2.1 in [2] for small
balls. For any set A, we define A? := z+7A = {w € R?: w = z+ra, a € A},
A, =AY and A® = Az

LEMMA 2.8.  There exists ¢ = ¢(V, d, > 0 such that for any compact

1,v)
subset K of B(0,1), r € (0,r1], B(z,7) C V and compact set A C K,, we
have for any x € B(z,1),

e <ylgff< Ghon (@ —2)/r, y)> CapP®7(A) < Py (Ta: < 7p(zr)

< er?™ (SHP G ((x = 2)/r, y)) Cap”(7)(4)
yeK
and

eIt <;2£ oy (& — )/, y)) Cap?O7(4) < Pe (Ta- < 7o)

< cr?™d <sg£ Gz —2)/m, y)) CapP©7)(4).
Yy

PROOF. For B(z,r) C V and U C B(z,7), define
(2.13) Capg(z’r)(U) := sup{n(U) : n is a measure supported on U

with /B ( )@B(w)(a:,y)n(dy) <1}

From (2.6), (2.7) and Proposition 2.7, we see that there is a constant ¢ > 0
such that for every r < ry and B(z,r) C V, we have

(2.14) ¢! Cap " (U) < CapPEN(U) < cCapl ™" (U), U C B(z,7).

Note that Y B and YBE) are Hunt processes with the strong Feller
property and they are in the strong duality with respect to £ (Propositions
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2.4 and 2.5). Since A is a compact subset of B(z,r), there exist capacitary
measures p4- for A* with respect to Y2(7") and fig- for A* with respect to

YB(Er) such that Capg(z’r)(Az) = pa=(A?%) = lia=(A?). (For example, see
V1.4 of [4] and sections 5.1-5.2 of [10] for details.)
Using Proposition 2.7 and (2.6), we have for every x € B(z,r),

| Csenteinta = [ el TG )

2 Cl_1 Az G%(z,r)(x7y)ﬁz42(dy)
>t (i (o)) fae(4)
(2.15) = o (r;g G%@,r)(x,y)) Capy ™" (47)

for some constant ¢; > 0. Applying (2.14) to the above equation and using
the scaling property of Brownian motion, we get that for every x € B(z,r),

(2.16) <yiergz G (@, y)> CapZ(4%)

> e (inf G (@ - 2)/r) ) CapPOa),
yeK ’

On the other hand, by (2.8) we have for every x € B(z,r),
/A éB(z,r) (x7 y)ﬁAz (dy)
. ~ S B(z,r) ~
= /Az E; |:GB(z,7‘) (YfA 7y):| KAz (dy)

z

< < sup | Gy (w,y)pas (dy)) P, (f 4z < ?B(z,r)>
wGAZ Az
(2.17) < P, (fAz < ?B(z,r))

for some constant ¢z > 0. In the last inequality above, we have used (2.6)
and (2.13).
Combining (2.15)-(2.17), we have for every x € B(z,r),

P (Tae < Fnen) = cr® ™ inf Gy (o = 2)/rmn) ) Can®07) ()
for some constant ¢z > 0. Thus we have shown the first inequality in (2).
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INTRINSIC ULTRACONTRACTIVITY OF NON-SYMMETRIC DIFFUSIONS 13

By Corollary 1 to Theorem 2 in [9], the function z — P, (T4- < TB(zr))

is a potential for YyB (27) | thus there exists a Radon measure D; on A% such
that

P, (TAZ < ?B(z,r)) = /A G\B(z,r) (IL"y)/V\l (dy)7 T e B(Zv T)'

Hence, by (2.6) and (2.13), we have

~ R B

P, (TAz < TB(Z’T)> < ¢y (su}g) GB(zr) (y,x)) Cap?(z’r)(AZ), x € B(z,r)
yeKF

for some constant ¢4 > 0. Now applying Proposition 2.7 and (2.14) to the

right hand side above and using the scaling property of Brownian motion,

we get the desired assertion. ]

Note that the result in Lemma 2.1 in [2] (with Typ(. ,y instead of 7, )
may not be valid for our processes. This is because our processes might have
killing inside V' and so Typ(. ) may be different from 7p; ).

LEMMA 2.9. There exists ¢ > 0 such that for every r < ry and B(z,r) C

v,
(2.18) E.[T500] V E:[Faim] < cr’.
PROOF. By Proposition 2.7 and (2.6), the lemma is clear, in fact,
GB(Z T) (ya Z)H(y)
E.[Tg(.r :/ ’ dygc/ GY%. . (2,y)dy < c17?
[ B )] B(z,r) H(Z) B(z,r) Bz )< )
for some constants ¢, c; > 0. ]

Using the above lemma and the Markov property, we can easily get the
following result.

LEMMA 2.10. Suppose r < 11, B(z,7) CV and U C D. Then
P.(tv < TB(zr) > c1, (P.(7v < TB(zr)) > C1 respectively) , Vz
for some c; > 0 implies
E.[y] < cor?, (E:[7] < cor? respectively) , Vz

for some cg > 0.

PROOF. Using (2.18) and the Markov property, the lemma can be proved
using an argument similar to the one in the proof of Lemma 3.3 in [2] (with
v and Tg(, ) instead of the hitting times there). We omit the proof. O
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3. Parabolic and Elliptic Harnack Inequalities. In this section we

shall prove a small time parabolic Harnack inequality for Y and Y. We will
get a scale invariant version of the elliptic Harnack inequality as a corollary.
These Harnack inequalities will be used later to prove the main results of
this paper.
_ Recall that D is a bounded domain with DCV,y= %dist(@V, D) and
V={2€V;py(2) >} In [17], we proved a uniform Gaussian estimates
for the density (with respect to the Lebesgue measure) of Y2 when D is a
bounded smooth domain. We recall here part of the result from [17]: there
exist positive constants tg, t1, ¢; and cp such that for every R < vy, t < R%*t;
and (z,y) € B(z,R) x B(z,R),

PB(=R)(Y)
Vit

whenever B(z, R) C V (see Theorem 4.4(2) in [17]). In the remainder of this
paper, to and t; will always stand for the constants above.

With the density estimates (3.1) in hand, one can follow the ideas in [13]
(see also [15, 27]) to prove the parabolic Harnack inequality. For this reason,
the proofs of this section will be a little sketchy.

z col|lz— \2
31) PRt ay) > et i (1A PR (Y), _al—v’

LEMMA 3.1.  For each 0 < d,u < 1, there exists € = e(d,d,u,t;) > 0
such that

9

3.2 rBEoR) ¢ g ) AFBE R (g gy > — =

or all x,y € B(xg, Cv, < Vitg and (1 —u)R“t; <t < Rt
for all B(x9,0R) C V, R <ty and R? R?

PROOF. Fix 0 < §,u < 1 and B(xg,6R) C V. Let Bgr := B(xg, R) and
assume that R < vty and t < R%t;. By (2.6) and (3.1), there exist ¢; and
co such that

TBR(t’y’x)}J(y)
H(x)
PBR(@/))(lA pBR(y))e,%'

Vi Vit

If |z — 20| < 6R, |y — z0| < 6R and (1 —u)R*; <t < R?ty, then

(3.3)  7BR(t,x,y)

d
> etT2(1A

PBr (y)

Vit

pBR(y)> > (1 - 5)2 and 62|x - y|2 < 202(52

(1A Vi t ot - (—-u)ty

(1A
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INTRINSIC ULTRACONTRACTIVITY OF NON-SYMMETRIC DIFFUSIONS 15

So the right-hand side of (3.3) is bounded below by

1—0)2 _ 202 _d_q (1= §)26¢ _ 200 c

R%t *%( aT-wi = 2 T wh =
Al = e T eatt pasr T T BO,9)
where c3 depends only on d. O

We define space-time processes Z5 := (Ts,Ys) and 25 = (Ts,f/s), where
Ts = To — s. The law of the space-time processes Z; (and Zs) starting from
(t,x) will be denoted as Py .

DEFINITION 3.2.  For any (t,z) € [0,00) x V', u > 0 and bounded subdo-
main U of V, we say that a non-negative continuous function g defined on
[t,t+u] x U is parabolic for'Y in [t,t +u] x U if for any [s1,s2] C (t,t+ u
and B(y,d) C B(y,0) C D we have

(34) 9(572) = Esvz [g(ZT(sl,SQ]XB(y,(S)); ZT(sl,SQ]XB(y,(S) € (0700) X V I

for every (s,z) € (s1,82] X B(y,8) where Ty, s,)xB(y,5) = in/f\{s >0:27Zs ¢
(s1,82] x B(y,d)}. The definition of parabolic functions for'Y is similar.

LEMMA 3.3.  Suppose that U is a subdomain of V. For each T > 0 and
yeU, (t,x) — rU(t,z,y) and (t,z) — 7V (t,z,y) are parabolic in (0,T] x U
for'Y andY respectively.

PROOF. See the proof of Lemma 4.5 in [6]. O

COROLLARY 3.4. Suppose that U is a subdomain of V. For each T > 0
and y € U and any nonnegative bounded function f on U, the functions

o(ta) = B, [f(¥V)] = /U U (¢, 2,9) f(y)dy

and

i) = B [17)] = [ 7 ()
are parabolic in (0,T] x U for Y and Y respectively.

PROOF. The continuity of § follows from the the continuity of 7¥. (3.4)
follows from Lemma 3.3 and Fubini’s theorem. 0

imsart-aop ver. 2007/09/18 file: iundmdpr_final.tex date: November 26, 2007



16

For s > 0, R > 0 and B(xz,R) C V and we define the oscillation of a
function g on (s — t1 R?,s) x B(z, R) by

Osc(g; s, z, R)
= SHP{\9(8173&’1) — g(s2,22)| : 51,80 € (s —t1R?,8), 1,29 € B(»’UaR)}~

LEMMA 3.5. For any 0 < § < 1, there exists 0 < p < 1 such that for
all s € (—00,00), 0 < R < \/ty, B(zo,R) C V and function g which is
parabolic for Y (Y, respectively) in (s — t; R?, s] X B(xo, R) and continuous
in [s — t1 R?, s] x B(zo, R)

Osc(g; s, 9, 0R) < pOsc(g; s, xo, R).

Proor. Fix s > 0,0 < R < Vto and B(zg,R) C V, and consider a
function g which is parabolic for Y in (s —t; R?, 5] x B(xg, R) and continuous
in [s — t1R?, s] x B(zo, R). Without loss of generality, we may assume that

i t2)=0 and ta)=1.
(t,x)e[sfhnﬁ}%,r}e]xB(xo,R)g( SU) an (t,x)e[sftf%g,};]xB(mo,R)g( 33)

Since Y is a Hunt process, it is easy to see that Z% is a Hunt process
for any bounded open subset Q of [0,00) x V. So g and 1 — g are excessive

with respect to the process obtained by killing Z upon exiting from (s —
t1R2%,5) x B(xg, R). First, we assume that ¢ satisfies

| B(x0,6R)|

1
/ g(s — = (8% + 0 R?, y)dy >
B(x0,0R) 2

By Lemma 3.1, we have that for (t,z) € (s — 6%t1 R%,s) x B(wo,6R),

g(t, )
> Et,x |:g(Zt+%(52+1)t1R2,s) : Zt+%(62+1)t1R27S S (t]_R2 — S, S) X B(CCO7 5R)]
N 1 1
> / qB(xO’R) (t+ 5(52 + l)th2 —s,x,9)9(s — 5(52 + 1)t1R2,y)dy
B(z0,0R)

€ |B(xo,6R)| €

|B(xo,0R)| 2 2
Therefore Osc(g; s, z9,0R) < 1 —e.
If
1 B 0R
/ g(s = 5(8* + Dt R y)dy < M,
B(x0,0R) 2 2
we consider 1 — g and use the same argument as above. O
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INTRINSIC ULTRACONTRACTIVITY OF NON-SYMMETRIC DIFFUSIONS 17
The above lemma implies the Holder continuity of parabolic functions.

THEOREM 3.6. For any 0 < § < 1, there exist ¢ > 0 and § € (0,1) such
that for all s € (—00,00), 0 < R < V/ty, B(z0, R) C V and function g which
18 parabolic for Y (17, respectively) in [s—t1 R?, s] x B(zo, R) and continuous
in [s — t1R?, s] x B(xg, R) we have

‘81 — 82|2 + ]a:1 — x2| A
l9(s1,71) —g(s2,2)| < CHgHLoo([s_thz,s}XB(IO,R)) R

for any (s1,21), (s2,22) € [s — t10°R?, 5] x B(wo,0R).
PROOF. See Theorem 5.3 in [13]. O

Using Lemmas 3.1 and 3.5, the proof of the next theorem is almost iden-
tical to that of Theorem 5.4 in [13]. So we omit the proof.

THEOREM 3.7. Forany0<a<f<1and0<§ <1, there exists ¢ > 0
such that for all s € (—00,00), 0 < R < /ty, B(xg, R) C V and function
g which is parabolic for' Y (?, respectively) in (s — t1 R%, s] x B(xo, R) and
continuous in (s —t1R?, s] x B(xg, R)

g(ta y) < Cg(S,.TJ()), (t7y) € [5 - ﬁt1R273 - at1R2] X B((L‘méR)

Now the parabolic Harnack inequality is an easy corollary of the theorem
above.

THEOREM 3.8 (Parabolic Harnack inequality). For any 0 < ag < 1 <
g < fo < 1 and 0 < § < 1, there exist ¢ > 0 and such that for all
0 < R < vty, B(xzo, R) C V and function g which is parabolic for Y (}7,
respectively) in [0,t1 R?) x B(zg, R) and continuous in [0, R?] x B(zq, R)

sup g(t,y) <c inf g(t,y),
(t,y)eB1 (t,y)€DB2

where B; = {(t,y) € [a;t1 R?, Bit1 R?] x B(z0,0R)}.

The scale invariant Harnack inequality is an easy corollary of the parabolic
Harnack inequality.

THEOREM 3.9 (Scale invariant Harnack inequality). FEwvery harmonic
function for Y (Y, respectively) is Holder continuous. There exists ¢ =

imsart-aop ver. 2007/09/18 file: iundmdpr_final.tex date: November 26, 2007



18

c¢(D,V) > 0 such that for every harmonic function f for'Y (17, respec-
tively) in B(zop, R) with B(zp, R) C V', we have

sup <c inf .
yEB(z0,R/2) f(y y€B(20,1}/2) f(y)

PRrOOF. By Proposition 2.6, any harmonic function f for Y in B(zo,7)
is parabolic in (0,7 x B(zp,r) with respect to Y for any T > 0. Thus f is
Holder continuous by Theorem 3.6 and the Harnack inequality above is true
for small R by Theorem 3.8. When R is large and B(zp, R) C V, we use a
Harnack chain argument and the fact that V' is bounded. 0

4. Analysis on various rough domains. In this section, we recall
the definitions of various rough domains from [1, 2] and prove the main
lemma (Lemma 4.7). We will use the probabilistic methods used in [2]. For
this reason, we follow the notations and the definitions from [2]. Unlike [2],
we do not have the scaling property here and Lemma 2.8 works only for
small balls. Moreover, our processes Y and Y may have killing inside V.
All these make our argument more complicated than that of [2]. For the
reader’s convenience, we will spell out some of proofs, especially the parts
where things are more complicated.

A bounded domain D is said to be a Hélder domain of order 5 € (0,1]
if the boundary of D is locally the graph of a function ¢ which is Holder
continuous of order 3, i.e., |¢(z) — #(2)| < ¢|x — 2|%. The concept of twisted
Holder domains, which is a natural generalization of the concept of Holder
domains, was introduced in [2]. Twisted Holder domains have canals no
longer and no thiner than Hélder domains, but do not have local represen-
tation of their boundaries as graphs of functions. For a rectifiable Jordan
arc v and x,y € v, we denote the length of the piece of v between z and y
by [(7v(x,y)). Recall the capacity defined in (2.12).

DEFINITION 4.1. A bounded domain D C R is called a twisted Hélder
domain of order o € (0,1], if there exist positive constants ci,--- ,c5, a
point zg € D and a continuous function 6 : D — (0,00) with the following
properties.

(1) 6(x) < pp(x)* for all z € D;
(2) for every x € D, there exists a rectifiable Jordan arc v connecting x
and zg in D such that

6(y) = ca(l(v(z,y)) +6(x)),  for ally € v;
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INTRINSIC ULTRACONTRACTIVITY OF NON-SYMMETRIC DIFFUSIONS 19

(3)

CapB@239)(B(z, e5a) N F(a)®)
CapP®2¢39)(B(x, c3a))

> ¢y forallx e F(a), a<cs

where F(a) ={y € D :6(y) < a}.

One interesting fact is that the class of John domains (see page 422 of
[2] for the definition) and the class of twisted Holder domains of order 1 are
identical (Proposition 3.2 of [2]). The boundary of a twisted Holder domain
can be highly nonrectifiable and, in general, no regularity of its boundary
can be inferred. We refer [2] for some elementary results on twisted Holder
domains.

Under some regularity assumption on the boundary of D, Bafnuelos con-
sidered in [1] another natural generalization of Hélder domains. Let kp(z,y)
be the quasi-hyperbolic distance:

d
kp(x,y) = inf/ >

7 Jy pD(2)

where the infimum is taken over all rectifiable curves joining x to y in D.
The following definition is taken from [1].

DEFINITION 4.2. A bounded domain D C R is called a uniformly
Hoélder domain of order a > 0 if there exist positive constants ci,--- ,cs
and a point z1 € D with the following properties.

(1) kp(x,z1) < c1pp(z)~* 4 co for all x € D;
(2) for every @Q € 0D and r > 0,

CapP@2)(B(Q,r) N D) > ezr2.

The class of uniformly Hoélder domains is slightly more general than that
of uniformly regular twisted LP-domains defined in [2].

LEMMA 4.3. (1) If D is a twisted Hélder domain of order a € (0,1],
there exist c1 > 0, a1 > 0 and by > 0 such that for every a < aq,

sup Py(TF(a)CﬁB(yﬂbl) < TB(y,Qabl)) > (1.
y€EF (a)

and

sup Py(TF(a)CﬁB(yﬂbl) < ?B(y,Qabl)) > (1.
yEF (a)
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(2) If D is a uniformly Hélder domain of order a > 0, there exist co > 0
and as > 0 such that for every r < as,

sup  Py(Tr@rnpe < TB(Q2r) > C2-
yeB(Q. ¥ )ND

and

sup  Py(T@Q,npe < TrQ2r) > C2-
yeB(Q,%)ND

ProOF. Note that Cap®@?")(B(z,r)) > cr¢2. Thus, to prove (i), we
only need to use Lemma 2.8 and Definition 4.1 (3) with K = B(0,1/2) and
A* = 9F(a) N B(z,aby) C B(z,aby).

To prove (ii), we use Lemma 2.8 and Definition 4.2 (2) with K = B(0,2/3)
and A* = B(z,2r/3)N 0D C B(z,2r/3). O

DEFINITION 4.4.  We say that a bounded domain D C R® can be locally
represented as the region above the graph of a function if there exist a pos-
itive constant ag, a finite family of orthonormal coordinate systems CS;’s,
positive bj’s and functions

fj:Rd_lﬁ(_ooaOL jzlv"'amo

such that

mo
D=|J{z= (21, ,wg-1,2q) =: (F,2q) in CS; : |E| < bj, [;(&) < zq < ao}.
j=1

LEMMA 4.5.  Suppose that D is a bounded domain which can be locally
represented as the region above the graph of a function. Assume that a < rq
and that y € D is in {x = (&,24) in CS; : |Z| < bj, f;(Z) < xq < ag} for

some j=1,--- ,mg. If U and M are subsets of R® that can be written as
U = {(:i‘,xd) m CSji |:'i—,7]|<a, |$d_yd|<a}7
M = {(:E,xd) in CSj: |:Ef3]|<%7 xd:a+yd},

then there exists a constant c; > 0 independent of a, y and CS; such that

( inf P.(Ty = TU)> A\ ( inf Pz(fM = ?U)> > cq.

|£—3|<5,Ta=Ya |2—9|<5,Ta=Ya
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PROOF. By our Harnack inequality (Theorem 3.9), it is enough to show
that R
Py(TM < TU) A Py(TM < ?U) >C

for some ¢; > 0 independent of @ and C'S;. Fix the coordinate systems C'Sj.
Let B; := B(y,a) and

By = B((§,ya+0a/2),a/V?2),
My = {@wa)i 15—l < G, 20 =5 +va)
My, = {(a: xd) |x—y|<Z,xd:a+yd}.

Note that Be N {z4 = a+ yq} = M. Thus

Py(TM = ?U)

Y]

Ey |:P?A (fj\/[2 < ?BQ);T\Ml < ?BI:|

Ty
> P,(Ty, <7s) ( inf P, (T, < ?BQ)) .
z€M;

Now applying Lemma 2.8 to both factors on the right hand side the equation
above, we arrive at our desired conclusion. ]

For a bounded domain which can be locally represented as the region
above the graph of a function, we put

1 1

For any k < 0 and y € D such that
Yy € {ZE = (i‘,l‘d) in CSJ : |i’| < bj,fj(i‘) <xg < 0}

for some j = 1,--- ,myg, we let lé’k(y) be the smallest integer greater than
10|%|®(ao/2 — ya)/b; and define

b
(41 D]k :{.T m CS ~‘<4|k]|e7fj(fl~:)<xd<a0},
(4.2) Djk =<z in CS;: gﬂ<bij |zg — ya| < bi
A[k|® Ak|®
b. b
MIF(y i< —2 g, = I gk
(4.3) {x inCS;:|2—-9| < Tk Tqg = Yd + TRKS (W) ¢

where ag, bj, C'S; and f; are the quantities from Definition 4.4.
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LEMMA 4.6. Suppose that D is a bounded domain which can be locally
represented as the region above the graph of a function. There exists py €
(0,1) such that if p € [po,1) and

k< by &
_'__1£?2§m (10T1> ’

then for any j=1,---,mg,

Py(Top < Tp(yp,k-0)) < 1-p

<Py(fap < TByb;k-©) S1—p respectively)
for every y € {(Z,xq) in CS; : |Z] < bj, f;(Z) < xq < 0} implies

8(ap — yd)’k(a)

Py(TMj,k(y) < TD{,k(y)) > exp <—61 b,

~ R 8(ap — k|® .
(Py(TMj,k(y) < TD{,k(y)) > exp <—61 W) Tespectwely>

for some ¢1 = c1(po) > 0 independent of j, f; and y.
ProoOF. Fix j and k satisfying the assumption of the lemma. We also fix

an y € {(#,14) in CSj : |Z| < bj, f;(Z) < x4 < 0}. Let a := b;1071k|7® <
r1 and

5)
D, = {a:inC’Sj:]5:—3]|<7a,(yd—a)\/fj(i)<xd<yd+al}, 1>1,
~ )
D = {xincsj:ya}—gjy<§,yd—a<xd<yd+a1}, 1>1,
)
W, = {minCSj:]55—;&]<§,yd+a(l—5)§xd<yd+al}, >4,

Vi={zinCSj: z€ D}, |2 —g| <a,yg+a(l —2) <zqg<yg+al}, 1>3,

) 5
By :={z in CSj; |z — (g,a(l — 5))| < Ea
and 2B;:={zin CS}; |z — (g,a(l — g))| <ba}, 1>4.

b l=4,

Note that V; C Biy1 € Wiiq C 2By (see Figure 1). Since Py(TaD <

TB(yb;lk|-©)) < 1 — p, we have
(4.4) P,(Ty, < 7p,) < Py(Top, <7p,) < (1-p).
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Thus by Lemma 2.8,

. 3 R _
CW&ww<c1Qgﬁ&mwa—yw0 a2 (1-p) < eza®2 (1-p)

for some constants ¢y, cy > 0 and where

(4.5) K :={|% <1/10, —1/5 < 24 < 3/5 }.

By the translation invariance of Cap and the definition of V;,
CapB“rl V) < ¢ a2 (1 —p).
Since Wy C 2B;,1, by Lemma 2.8, for y; :=y + (0, (I — 3)a),
P, (Ty; < Twy,,) < Py (Tv < 72m,,,)
d

_ 3
< cza’ sup G 0,1)((0,

—2),w) | Cap?Pe (1)
wE%K
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where K is defined in (4.5). But, by the definition of Cap, Cap??+1(V}) <
Cap®i+1(V}). Therefore

P, (Tv, < Tw,,,) < caa® 9CapP+1 (V) < es5(1 - p).
Applying the Harnack inequality (Theorem 3.9), we get

(46) Px(fvz < ?Wl+1) < 66(1 _p)a |j - Zj‘ < Td = Yd + a(l - 3)

a
21

Using our Lemma 4.5 and (4.6) instead of Lemma 2.3 and (2.5) of [2], the
remaining part of the proof is similar to the proof of Lemma 2.4 on page
414 starting from the line 3 in [2] (after rescaling) with

D = {zinCSj: |Z—§|<a,yqs—a<uzg<yq+al},

M = {zinCS;: |2—-9|< %, xq = yq + al}.
However, due to the possible killing inside the domain in our case, things
are more delicate. We include the details of the remaining part of the proof

for the reader’s convenience.
Let 6 be the usual shift operator for Markov processes and define

l
A= () {#on, = T Typ,_, 002, >7p,} -
m=1
Note that by the strong Markov property applied at T M s

4
Py ( ﬂ {/T\/ﬁm = TMm’ T8§m71 © eme > /T\D4}>

m=1

Thus by Lemma 4.5 and the strong Markov property applied at fM

m)

m =
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1,---4, we get
4
(4.7) P, ﬂ {Tf)m =TMn> Typ, , © Hme > Tm}
m=1
4
2 C7 IIEI}\gl P:E ﬂ {Tﬁm = TM"”’ TaDmfl © 67/:1\/[771, > D4}
m=2
N { 9Do > TA4}>
4
— ¢ inf E, |Ps {#5,, = T T, O, > Tp, |
7:1:€M1 ¢ Y%:J)VIQ nQ?) " Hr S0 i D4
N {Taf)o >Tp Top, > Tf)4}) Th, = TMQ}
>

vV
o

4
4 - - . ~
7x16I}\54 Px ﬂ {TaDm—l = TD4}

_ 4 5 _ 4
= 071161}\54Px ﬂ {Tc‘?Dm_l >O} = cy.
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we have
4
Py ( ﬂ {Tﬁm = TMW’ Taﬁm—l © Qme = TD4}>
m=1
4
=Fy ( ﬂ {?Dm =Th,,, Taﬁm,1 o Hme > ?D4} N {?D4 < T8D4}>
m=1
4
TPy ( N {75, = Dot Top,,_, ©0,,,, > 75, 1 {7, > Tam})
m=1
3
<Py ( m {?ﬁm =Tm,,, Ta[)mil o Qme > 7/:154} N {/T\D4 = TM4}>
m=1

+P, <?D4 > f8D4>

3
=t ( ﬂ {?Dm = Tt Taﬁm—l © Qme = ?b4} M {?D4 - TM4}>

m=1
+ Py (7/'\[)4 > T\BD4)
= Py(A1) + Py (7p, > Top,) < Py(As) +1-p.

In the last inequality above, we have used (4.4). Let p > 1—c%/2 and combine
the inequality above with (4.7), we have

(4.8) P,(A) > Py(A3) > Py(A1) > c7/2.

We claim that there exist cg and pg, which will be chosen later, such that
for every p > po

(4.9) Py(Al—H) > Cg Py(Al), l > 2.

We will prove this claim by induction. By (4.8), we know that the claim is
valid for [ = 2,3. First, we note that, by Lemma 4.5 and the strong Markov
property applied at Ty, ,, we get

Py (AHI : {Tﬁlw = Tatio Tabl ° 0T\Ml+l - TjoQ})

:Ey

Pi}’fD <TDl+2 = TMl+2’ TBDL > Tﬁl+2) : Al+1
Myt

> mell\I}If_H P, (Tf)HQ = TMH—2’ T8f)l > TD1+2> Py (Al—i-l) > C7Py (Al+1) .
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On the other hand,
Py <Al+1 N {Tbl+2 = TMH—Q’ Taﬁl © 9T1\Jl+l > Tﬁl+2 })
=Py (AH_I : {TDZH = Thiys = TDiya Taél © 9TM;+1 Z TDiss })

+P, <A1+1 N {TD1+2 #+ TMl+27 Thips = TMl+27 T(?Dl o 0T\ML+1 > TPiys })

+1
= Py ﬂ {TDm = TMm7 Tabm—l © efjwm > TDZ+1}
m=1

: {TDZH - TMZH = "Dy Taf)z © QTMZH = "Diya }>

N {TDL =T, T3D1_1 OHTMZ > TPry T = T,y

Tabl © 0TA11+1 > TDZ+2’ Dy < TDZ+2 = TM1+2}>
< Py (Ai2) + Py <Al—1 n {Tvm 007, < TWia o0, }) :

which is less than equal to Py (A;12)+c6(1—p)Py(A;—1) by (4.6). Combining
the two inequalities above, we get by induction

P, (A42)

\Y

crPy (A1) — (1 — p)Py (A1)
crPy (A1) — co(1 = p)eg Py (Arp1)
= (c7—cp(1— p)c§22)Py(Al+1).

v
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Choose cg < c#/2 small then choose py < 1 large so that for every p € [po, 1),
c7 —co(1 —p)c2 > cs.

Thus the claim (4.9) is valid. Recall that ly := lg’k(y) is the smallest integer
greater than (ag/2 — yq)/a. From (4.8) and (4.9), we conclude that

Py(Tijk(y) < ?D{k(y)) 2 Py(?Dlo = TMlO) > Py(Alo)

4 o k S
> 0Py (Ag) > %Céo_2 > exp <—098(a0 by I >
j

for some positive constant cg. ]

For any positive function A which is harmonic in D for either Y or }A’, we
let Sy, := {x € D: h(z) <21}

LEMMA 4.7. Suppose that D is one of the following types of bounded
domains:

(a) a twisted Holder domain of order a € (1/3,1] or

(b) a uniformly Hélder domain of order o € (0,2) or

(¢) a domain which can be locally represented as the region above the graph
of a function.

Then for any positive bounded function h which is harmonic in D forY (IA/,
respectively), there exist ¢ > 0 and 3 > 0 such that
(4.10)

sup B, [7s,] < clk|7*7F (sup E.[7s,] < clk|717F, respectz'vely).
xzeD z€eD

PROOF. Note that, by (2.4) and (2.6), we have

5 Gp(y,z)H(y)

Gpley) = “PGEE < cfr =y,

which implies that

sup B, (7] < supElfp] < er sup [ [o =yl 2y < o
xzeD zeD xeD JD
Thus, we only need to show (4.10) for negative k with |k| large.
(i) Assume D is twisted Holder domain of order o € (1/3,1). Recall
that zp is the point from the Definition 4.1 (2). By Lemma 3.1 in [2], there
exists ¢; = ¢1(D) > 0 such that for every x € D there exists a sequence of
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open balls contained in D, with centers z' = z,2%,---,2F = 2 and radii

a; < dist(z7,0D), such that |27 — 27+ < (ajAaji1)/2 and k < c16(z) 1/,
Thus, by the Harnack inequality (Theorem 3.9), there exists co = c2(z0) > 0
such that

(4.11) h(z) > exp(—cad(ax) ).
If 2 € Sk, from (4.11) we have
2H1 > h(z) > exp(—cad(z)'7Y),
which implies that there exists c3 > 0 such that
§(z) < eglk| Ta.

Therefore S C F(a) with a < 03|k\_%. We consider negative k with |k|
large enough such that

@ e __a+l
cslk| T < a;  and  2csbi|k|TTe < |k 409

where a; and by are the constant in Lemma 4.3. Note that the above is
always possible because i(oH— 1) < a. For those k, we apply Lemma 4.3 and
get

PJ: ?S'k <7 __atl
Bz, k| 4(1=e))

>P,. (7T T _ o
=7 (Tsk < TB($,203b1\k| 1_"‘))

>P T __a T __a )
= ”“’(TF<c3|k| r25) < TB(a2esbi k] T27)

> P T\ o __a T __a ) > c
= m( F(es|k|”T=a )enB(z,c3bi |k| T-9) <TB(z,QC3b1|k| a)) = ™

for some ¢4 > 0. Thus by Lemma 2.10, we have
E.[7s,] < cs|k] 20=2) = cs [k]7 7,

where = (3a—1)/(2 — 2ax) > 0.

(ii) Assume that D is a John domain (i.e., a twisted Holder domain of
order ae = 1). It is well-known that kp(z,20) < —cglnpp(z) + ¢7 for some
positive constants cg, c7 (for example, see page 185 in [1]). It is easy to see
that the shortest length of a Harnack chain connecting x and z; is compa-
rable to kp(x, zp). Thus, by our Harnack inequality (Theorem 3.9)

W) > exp(~cskp(z,21)) > copp(a)® > e 6(a),
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for some positive constants cg, g, c19. Using the above instead (4.11), we can
repeat the argument in (i) to arrive at the desired conclusion. We omit the
details.

(iii) Now we assume that D is a uniformly Holder domain of order a €
(0,2). Recall that z; is the point from the Definition 4.2. Since the shortest
length of a Harnack chain connecting x and z; is comparable to kp(z, z1),
by the Harnack inequality (Theorem 3.9) and the Definition 4.2 (1), there
exists ¢11 = c11(z1) > 0 such that

(4.12) h(z) > exp(—ckp(z,21)) > exp(—ciipp(z)™ ).
If x € Sk, from (4.12) we have
24 > h(z) > exp(—cipp(x)”*),
which implies that there exists c1o > 0 such that
pp(z) < c1z k|77

Therefore Sy, C D(a) := {z € D : pp(x) < a} with a < 012|k:\_é. For each

x € Sk, choose a point @, € dD such that
3c12 |, 1
|Qz — x| = TW o.

We consider negative k with |k| large enough such that
7 o
012|k‘\_é < az and §clg|k‘]_é < |k e

where as is the constant in Lemma 4.3 (2). Note that the above is always
possible because i(a +2) < 1. Also we note that for those negative k’s

a+2

B(Qq, 2012%\_%) C B(z,|k|” ).

For those negative k’s, we apply Lemma 4.3 and get

P.(7¢. <7 o
”C<Sk B(a, |k~ 55

op (A o=
2 Py (Tsk < TB(Qx,mwé))

>P (? <7 )
= 2 U Dl ) ' B(Qu2e12/k| " F)

=P (7/'\ <7 )
2\ " D(cralk|” #)NB(Qu,2¢12|k|~ F) B(Qa2c12/k| )

>P (T <7 ) > c
-0 DcﬂB(Qz,lekré) B(Qz,2612|k|7é) =™
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for some constant c;3 > 0. Thus by Lemma 2.10, we have
~ _at2 —_1—
E,[fs,] < cua k|20 = ciq k7P,

for some constant ¢4 > 0, where 3 =1(2 —a)/a > 0.

(iv) Finally, we assume that D is a bounded domain which can be locally
represented as the region above the graph of a function. Without loss of
generality, we may assume that maxi<;<m, fi < —¢ for some positive ¢ =
e(D) so that

mo
U{(i’,xd) in CS; : ‘:i" <b;,0 < x4 < ao}
=1

is a compact subset of D. Thus by the continuity of h, there exists kg > 0
such that h(z) > 27%0+! for 2 € K. We let

ky = ko V b here © — =~ (1 L
1:= Ko 1;12%0 E where —5 +4d—2 .

Fix j and f;, and consider y € {(Z,zq) in C'S; : |Z| < bj, fj(Z) < zq4 < 0}.
Recall that pg is the constant in Lemma 4.6.
We claim that there exists p; € (po, 1) and kg > kp such that for every
y € SpN{(Z,z4) in CS;: |Z| < bj,fj(:f) < xq <0}
and k < —ko, we have

Py <’f3D < ?B(y,bj|k\*@)) > 1—p;1.

Recall that D{’k(y), Dg’k(y) and M7*(y) are defined in (4.1)-(4.3). Sup-
pose that

P, (TaD < ?B(y7bj|k|*@)> <1l-p,

then
P, (TDCﬁB(yébjlkI*@) < /T\B(y,bj\k\*@)) <Py (TaD < ?B(yﬁbj|k|*6)> <l1l-p

Since bj|k|~® < ry, by Lemma 2.8 with K := B(0,1/2) , we have

i 7O fnf, Gy 0,)) Cop™ 04 (D 1 By B TH-072)

< Py (Toerpiy i, 1-0) < Foua-=)) < 1-p.
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Thus
(4.13) CapP@H M) (D By, BIFO/2)) < ergl1 — p)b k{420

Using the facts that DN Dé’k(y) C D°N B(y, 3bj|k|~©) and
d—2
| &

|AN B(z,r/2)
we have from (4.13) that

< c17 CapB(”)(A NB(z,1/2)), z€ Rd,

) 1 _
DN DY ()| < 1D°N By, 5b;1k~°)|
d

18 (CapB(y,bjlkl‘@) (Dc n B(y,bj\k|—@/2)))m

IN

< cig(1 — p) T2 k|79,
Choose p1 € (po, 1) and let cop := c19(1 — pl)ﬁ maxj<;<m, b} be such that
ik —do _ L ik
1D N DF"(y)| < caolk] ™ = 1P W)l

then ‘

DN DY ()] > exolk] "0 /2.
Note that, since D is bounded, D is an L%domain (a domain which can be
locally represented as the region above the graph of an L? function). Now
we can follow the proof of Lemma 2.6 (with p = d and © = r there) on the
second half of page 417 in [2] (after rescaling) to get

(4.14) (a0 = ya) /1|7 < ea kIO RO = eqy k|1 ED,
Since p; € (po, 1), by Lemma 4.6,
8(ao —y )|k!@>
bj
Using our (4.14)-(4.15) instead of (2.10)-(2.11) in [2], we can follow the
argument in the proof of Lemma 2.6 after (2.11) in [2] (after rescaling) to

conclude that y ¢ Sy if —k is sufficiently large. Thus we have proved the
claim by a contradiction. Moreover,

(4.15) Py(fMj,k(y) < ?D{’k(y)) > exp <—C22

Py (?Sk < ?B(y,bj|k|_®)) > Py (?D < ?B(y,bj|k|_9)) >1—p1, y€ Sk

Thus by Lemma 2.10, we have

-0
1 < , —20 _ ~1-8
E,[7s,] < co3 (lggéo bz) |k| coalk| )

where §=1/(4d —2) > 0. O
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5. Parabolic boundary Harnack principle and Intrinsic Ultra-
contractivity. Throughout this section, we will assume that D is one of
the following types of bounded domains:

(a) a twisted Holder domain of order v € (1/3,1] or

(b) a uniformly Holder domain of order a € (0,2) or

(c) a bounded domain which can be locally represented as the region above
the graph of a function.

Recall that ¢ is the constant from (3.1) and 75 = inf{t > 0: Y; ¢ B}.
For any ¢ > 0, we put Ds := {z € D : pp(z) < d}.

LEMMA 5.1.  There exist constants ¢, Ry > 0 and a point x1 in D such
that By = B(z1,3R1) C D\ Dip and for every R < Ry, rP(t,z,y) A
4

7P (t,x,y) > cR™? for all x,y € B(x, %R) and %thQ <t<tHR%.
PROOF. Choose Ry = R1(D) < /tg and x1 € D such that B(z1, Ry) C

D. Then we apply Lemma 3.1 with § = % and use the monotonicity of the
density to get the desired assertion. O

We fix z1, Ry and Bj in the lemma above for the remainder of this section.
Let hi(z) = Gp(z,21) and ho(z) := Gp(z,z1). by and hy are regular
harmonic for Y and ¥ in D\ By respectively. Moreover, by (2.4) and (2.6), h;
and hy are bounded by 2¥+1 for some kg = ko(R1) on D\ By. Let (P, Y,P)
and (PQ,?}D ) be the h-transform of (P,,Y;”) and (Px,ﬁD ) respectively.

LEMMA 5.2. For every s > 0, there exists a positive constant dy =
do(s) < 1Ry such that

. h S . ho 175 S 1
<;2£ P (Tp\p; < 4)> A (;2{7 P (Tp\p, < 4)> 2 5
PROOF. For k < kg, let

VP = {z € Ds: hy(x) <281, U, :={x € D\ By : ho(z) < 2¥1}.

Clearly, V2 C Uy, for § < 1Ry. For each k, by (2.4) and (2.6), we have

~ dy
sup Ez|7ys] < ¢ Sup/ _—
xzeD CE[ Vk] xzeD V,f ‘:L' - y’d 2

for some ¢ > 0. So sup,cp Ex[?vka] goes to zero as § — 0 by the uniform

integrability of |z —y|~%*2 over D. Note that D\ By is also one of the types

imsart-aop ver. 2007/09/18 file: iundmdpr_final.tex date: November 26, 2007



34

of domains we assumed at the beginning of this section. So by Lemma 4.7,

ko

sup E; [Ty, ] < oo.
k:_OOmED

Thus by the dominated convergence theorem, we have

ko
5.1 lim sup E;[7i,s] = 0.
(5.1) 310 kzooxeg 4l sz]

On the other hand, since 1 is excessive for YD , it is easy to see that
(1/h2(YP), F,) is a super-martingale with respect to P2 where F; is the
natural filtration of {EA’D } (For example, see page 83 in [14]). Thus with the
same proof, one can see that the first inequality in equation (8) on page 179
of [8] is true. Thus there exists ¢; independent of ha and ¢ such that

ko

(5.2) sup E"2 [7p,] < ¢ Z sup E, [7/:‘/5} .
zeD ke —oo TED k

Combining (5.1)-(5.2), we have that for each s > 0, there exists § > 0 such
that sup,cp EM2[Tp,] < s/8. We can now apply Chebyshev’s inequality to
get )

P2 (7p, < Z) > .

On the other hand, using (2.2), (2.4) and (2.6), it is elementary to show
that the strictly positive function Gp(z,y) is oo if and only if z = y € D,
and for every = € D, Gp(z, -) and Gp(-,z) are extended continuous in D
(see the proof in Theorem 2.6 in [16]). Thus the condition (H) in [22] holds.
Also the strict positivity of G p(z,y) and Proposition 2.6 imply that the set
W on page 5 in [22] and the set Z defined in [9] (equation (12) on page 179)
are empty. Thus by Theorem 2 in [22], for every x # z1, the lifetime Zh? of
YD is finite P"2-a.s. and

(5.3) lim Y,P =2,  Pl.as.
t1¢h2 !

Thus for x € Ds, the conditioned process YD with respect to P2 can not
be killed before hitting D \ Ds due to the continuity of Y. Therefore we

have
~ S
=P (7p, < ) >

~ S
P"(Tp\p, < - 1

7

N | =

O]
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For a parabolic function g(¢,z) in Q = (T3,T3] x D for Y (17, respec-
tively), let (P, Z$) (P{,, Z{), respectively) be the killed space-time pro-

cess (P, Z9) (P, Z9), respectively) conditioned by g. For each u > 0,
we let

Wi = Wi(u) = {(s,y) € [u/2,u] x D:2F < g(s,z) < 2k+1}

and .
Wr=Wru):= ] Wi
k=—00
LEMMA 5.3.  For every M > 0 andu > 0, there exists ky = ki(M,u, hi, ha, B1) <
—3 such that for every positive parabolic function g(t,x) in (u/2,u] x D for
Y (and Y, respectively),

g(s,x) > Mhy(z) (g(s,x) > Mha(x), respectively), (s,z) € [u/2,u]x(D\B)

implies
U

EJ . [Tr] < 3 (ng [Tyee] < %, respectz’vely), reD

where Tyr, = inf{t >0: Z, ¢ Wk} and Typn, = inf{t > 0: Zy ¢ Wk},

PrROOF. Let m; be the smallest integer greater than log, M and Uy :=
{x € D\ By : ha(w) < 251} so that Wy, C Upym, X [u/2,u] for small k. By
Lemma 4.7, we get for small n

n n

(5.4) Z sup Egy[tw,] < Z sup  Egy[m,,,, ] < oo
k=—o00 (S,y)EWk k=—00 (57y)€Uk+m1
Similar to the argument in the proof of the previous lemma, using the
estimates in [8], there exists ¢; independent of g, n and u such that
n

(55) sup Ez%,y [?W"] < ¢ Z sup Es,y[?Wk]-
yeD ke — oo (8:Y)EWK

Combining (5.4)-(5.5), we have that for small n,

sup EY . [Twn] < oc.
zeD ’

Now choose k1 = k1(u) < 0 small so that

sup B . [Tyw | <
zeD

I

O]
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The idea of the proof of the next lemma comes from the proof of Lemma
5.1 in [2]. We spell out the details for the reader’s convenience.

LEMMA 5.4. For every u € (0, 1t1R?) there exists ¢ > 0 such that for all
reD,
Px(Yu € Bl,TD > u) > CPJ;(TD > u)
and

P,(Y, € B1,7p > u) > c¢P.(7p > u).

PROOF. In this proof, for A C [0,00) x V, T4 will denote the first hitting
time of A for 25.

We fix u < %th% and let 09 = dp(u) < %Rl be the constant from Lemma
5.2 and let Dy := Ds,. Note that By C D\ Ds. Let f.(z) =¢ on D\ By and
1 on Bj. Define a parabolic function g. on (0,00) x D by

ge(t,x) == / Ptz y) f-(y)dy = E[f-(YP): Y eD], 0<e<]l.
D
Clearly,

(5.6) eP,(Tp > 1) < ge(t,x) < Pu(7p > t).

We claim that there exists ¢; > 0 independent of € such that

(5.7) ge(t,z) > crho(z), (z,t) € (D\ B1) X [u/2,u].

First, we note that, since 2u < t; R?, by Theorem 3.8 and a chain argument,
we get

(5.8)

0c(t,3) > c1g-(u/8,31) > 1 / 70 (u/8, 21, y)dy = ¢

inf
(t,z)€[u/4,u]x (D\D2) B,

for some ca > 0. Let h(t,x) := ho(x) for (t,z) € [u/4,u] x (D \ Bi). Since
h(t,z) < 2ko+1 by (5.8), we have

ge(t, ) > 2P h(t,x),  (t,y) € [u/4,u] x (D \ (DU By)).
Let Q := (0,00) x D. For (s,x) € [u/2,u] X Da,

ge(s,2) = Egp [95(29 ) To,00)x(D\D2) < U/4]

T{0,00) % (D\ D)

Y

27" h(s,2) Pl <T\(0,oo)><(D\D2) < U/4)
= 2 2_k0—1 hQ(q}) ng (f(O,oo)X(D\Dg) < u/4>

— 2R L, (2) Pl (fD\D2 < u/4) :
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which is greater than equal to 22 %0~2hy(z) by Lemma 5.2. The claim is
proved.
Now we apply Lemma 5.3 to g-(s,z) and get
(5.9) BY, [Fyn ()] < 5 weD,
Let e1 := 20171 < 1 g(s,2) := g.,(s,2) and
E:=W" = {(s,2) € [u/2,u] x D : g(s,z) < 4e1}.

By Chebyshev’s inequality, from (5.9) we get
1
(5.10) PI (?E < 3) >, zeD.
' 4 2
Let S1 be the first hitting time of 9(D x [0,00)) of Z. The conditioned
process (PY_, Z) can not be killed before time ¢. In fact,

t,xo

~

9 (79 Q(Zgl_) Q
Pt,x(Zsl— € {O} X D) = Et,m W : ZSl— S {0} x D
0,Y") o
= T ‘W : Y;D S D]
1

IO B [f“(YtD) R D} -

Thus we get
= ~ 1

(5.11) P, (Tap<g) =Pl (Fe<) 25, 2eD,

where 01 E := 0E N ((0,00) x D).
Note that by (5.6)

Pm(?u € Bla?D > u)/Px(;f\D > u) > £ Pm(?u € Bla?D > u)/g(u,:):)
(5.12) > Py (Z§_ € {0} x By).

Thus it is enough to bound P%@(Zgl_ € {0} x By). By the strong Markov
property and (5.11),

Py, (zgl_ e {0} x Bl>

= S U
> P, (28 e {0} x BiTom < )

g
Eu,m

~ ~ u
P’ (ng’l_ € {0} x Bl) : Ty < 4]

To,E

(5.13) >~ inf PY, <2§1_ e {0} x Bl) .

1
2 (s,z)ed E
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Since g = 4e1 on 01 FE by the continuity of g, for (s,z) € 4 F,

tey = /D 70 (5,2, y) for (v)dy

= P.(YP eB) 4P, (Y e D\ B)
PS’;E(ZS1 € {0} X Bl) +51P5,$(Z,91 € {O} X (D \ Bl))
< P57$(251 S {O} X Bl) +eé1.

Thus R
P, .(Zs, € {0} x By) > 3e;.

Since P? 72 €{0}x D)= 1, applying the above inequality we get
) Sl

Py, (221_ e {0} x Bl)

1 ~ ~
= B [9(28, ) 28, € {0} x B
481
1 = 3
(5.14) - —P. (ZSl e {0} x Bl> > 1>0 (s0) €k
1
Combining (5.11)-(5.14), we have finished the proof. O

Let p(t,x,y) = rP(t,z,y)/H(y). Recall that H(y) = [,, G(z,y)dz and
&(dy) = H(y)dy. For any t > 0, define

PP i) = [

D

PPt 2, y) f(y)dy = / p(t, 2, 9) ()€ (dy)

D

and

FPf(a) = [

D

?D(t,w,y)f(y)dy:/p(t,y,m)f(y)f(dy)
D

By definition, we have
[ $@PPg@tdn) = [ o) PP f(@)6(da),
D D

It is easy to check that {P,} and {P;} are both strongly continuous con-
traction semigroups in L?(D,¢(dx)). We will use L and L to denote the
L?(D, &(dz))-infinitesimal generators of { PP} and { PP} respectively.

LEMMA 5.5. (1)
Yw,z,y,z € D
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implies that for every s >t and w,x,y,z € D

p(S,y,ﬂ?) Z 1 p(tayaw) and p(s,ﬂz,y) S Cl—l p(t7w’y)
p(S7Z7 x) p(t’ Z? w) p(87 :I/‘, Z) p t7 w7 Z)
(2) .
t
p(t,y,z) > C2p( 7y7v)7 Yo.z.y.z €D
p(t, z,x) p(t, z,v)
implies that for every s >t and v,x,y,z € D
p(87x7y) 2 o p( ,’U,y) (lTLd P(S,yax) S C;l p(tayﬂ))‘
p(87 x? Z) p(t7 /U7 Z) p(87 z? x) p(t7 z’ /U)
ProoF. We give the proof of (2) only. The proof of (1) is similar.
Since
t
p(t,w,y) = co Wp(t,v, y), Vw,z,y,2€D,
we get

p(s,zy) = /D p(s — t, 2, w)p(t, w, y)E(dw)

IM S—1,T,wW w, 2 w
> B [ g~ (. 2)e(du)

t
- p( ’v7y)p(s7$72)'
p(t,v,2)

On the other hand, since

C—l p(ta Y, U)

p(tay7w) S 2 p(t,Z,’U)p(t,Z’w), Vw7$7y72€D7

we get

p(s,y,7) = /D Pt 3, w)p(s — t,w, 2)E(dw)

CQ_IM /Dp(t, 2, w)p(s - tv w, x)f(d’w)
p(t,y,v)
2mp(s, Z,T).

IA

9

O]
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THEOREM 5.6.  For eachu € (0, 3t1R}) there exists c = ¢(D,u) > 0 such
that

pt,zy) o plsvy)  pltyz) o psyv)
p(t,x,2) — p(s,v,2)  plt,z,x) — p(s,z,0)

(5.15)

for every s,t > u and v,x,y,z € D.

PROOF. Let 7y := inf{t > 0: V; ¢ D}, 7 := inf{t > 0: Y; ¢ D},
v1(z) == Py(m1 > u/3) and @a(y) = Py(me > u/3). By (2.1) with T =
%th%, there exists ¢; > 0 such that

pway) = [ pGe2) [ o)
< ot [ pGaaes) [ G

d

= cu 2p1(z)p2(y).

For the lower bound, we use Lemmas 5.1 and 5.4, and get

pway) = [ oG [ o)

d
cou 2

v

U U
[ pag@) [ p(g e g
Bl Bl
= CQU_ng(Y% € B, > u)Py(i}% € By, 7 > u)
_d
> c3u 201(x)p2(y).

for some positive constants ca and c3. Thus both inequalities in (5.15) are
true for s = t = u < 1¢;R?. Now we apply Lemma 5.5 (1)-(2) and we get
for s >w and v,z,y,z € D

CRONN = E Sy (L -
p(87 Zym) p(uyz7v) p(S,m‘,z) p(u7 ’U7 Z)

and

Gy Pe@y) o pwvy)  pea) o pwye)
p(sa Z, Z) p(u7 v, Z) p(S, Z7,fl',') p(u’ Z, U)

Thus both inequalities in (5.15) are true for s > t = u. Moreover, Combining
(5.16)-(5.17), both inequalities in (5.15) are true for ¢ = s > u too. Now
applying Lemma 5.5 (1)-(2) again, we get our conclusion. O
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By (2.6), we have proved the parabolic boundary Harnack principle for
YD,

COROLLARY 5.7. For each positive u € (0,1t1R?) there exists ¢ =
c(D,u) > 0 such that
rPta,y) _ rP(swy)  rPly,e) o rP(syw)
> ¢ , > b

for every s, t > u and w,x,y,z € D.

Since for each t > 0, p(t,x,y) is bounded in D x D, it follows from
Jentzsch’s Theorem (Theorem V.6.6 on page 337 of [26]) that the common
value \g := supRe(o (L)) = supRe(o(L)) is an eigenvalue of multiplicity
1 for both £ and EA, and that an eigenfunction ¢y of £ associated with
Ao can be chosen to be strictly positive with [|¢ol|z2(p¢z)) = 1 and an
eigenfunction vy of L associated with Ao can be chosen to be strictly positive
with |[Yoll2(p,e(de)) = 1-

DEFINITION 5.8.  The semigroups { PP} and {PP} are said to be intrin-

sic ultracontractive if, for any t > 0, there exists a constant ¢, > 0 such
that

p(t,z,y) < ¢ o) Yo(y), V(z,y) € D x D.

Now the next theorem, which is the main result of this paper, can be
proved easily from Lemma 5.4 and the continuity of ¢g and vg. But we give
the proof of that Theorem 5.6 implies the intrinsic ultracontractivity.

THEOREM 5.9.  The semigroups {PP} and {ﬁtD} are intrinsic ultracon-
tractive. Moreover, for any t > 0, there exists a constant ¢y > 0 such that

(5.18) ¢; " do(z)ho(y) < p(t,z,y) < e o) Yo(y), V(z,y) € D x D.

PROOF. Integrating both sides of (5.15) with respect to y over D for
t=s=u< %th%, we get

p(t,z, 2) p(t, w, 2)
(5.19) T ot 2, ) < [ p(t,w,y)E(dy)
and

(5.20) p(t, z ) p(t, 2, w)

Jppt,y,x)E(dy) — “ Jpp(t,y,w)é(dy)
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for all w,z,z € D. We fix 9 € D. The above (5.20) implies that for any
positive function f and z € D,

PPf(z) = / plt, 2, 2) f(2)€(dx

(/ plt,, 20)€ dy)_l / / (t, 9, D)Edy)p(t, 2, 20) f (2)E(d)

p(t, z,x0)

. potM o / / (t,y, 2)E(dy) f (2)&(dx)

btz »
= /D PP ()€ (dy).

Similarly (5.20) also implies the lower bound

PPf(z) = ¢ poz(’fo;Q(dy) | PP rwst). zep.

Using (5.19), we also get the corresponding result for ]3tD . Thus we have for
all z,w e D,

Cfl p(t,z,xo) Pyjf(z) c p(tvzaxO)
(521 [pp(t,y,z0)é(dy) = [p PP f(y)&(dy) = "L p(t, v, w0)€(dy)
and
(522) oo Phoow) _ BPfw) o p(taow)

Jo ot 20, )EY) = [ PP F)E(dy) — Jp ot w0, )E(dy)

Applying (5.21) to ¢g and a sequence of functions approaching the point
mass at w appropriately, we get that for any z,w € D,

p(t, 2z, w) 2
T do(z) < T oty w)E(dy) < ¢ ¢o(2),

which implies that

o po(z) _ plt,z,w) 1 Po(2)
(5:23) “ po(z0) = p(t, x0, ) =¢ " go(xo)’

Similarly, applying (5.22) to 1y and a sequence of functions approaching
point mass at z, we get that for any z,w € D,

—t o) _ p(t, 2 w) <o 41110(10)
U Yolwo) = plt, 2 m0) — ibo(ao)
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Thus, combining (5.23)-(5.24), we conclude that for any ¢t < %th% and any
z,w € D,

$o(2)tho(w)
do(w0)vo(z0)

p(tax(]vw) p tv Z,

( ) 8
< ¢; p(t, 0, %0
p(taxﬂaxO) p(t)x(%w) K ( )

p<t7 Z, U}) = p(t7x0)$0)

Let T := %th%. Since

p(s,2,y) = /D p(T, 2, 2)p(s — T, 2, y)E(dz)

IN

S do(x)vo(y) / do(2)bo(2)€(d2)
D

< C%CE?T ¢0($)¢0(y)7 s € (T7 2T}7

we can easily get the intrinsic ultracontractivity by induction. The fact that
intrinsic ultracontractivity implies the lower bound is proved in [18] (Propo-
sition 2.5 in [18]). O

Let
(5.25)

@)= n(@)/ [ oowPdn, via) = iu@H@)/ [ vl R

Note that 0 < [, ¥o(y)?H (y)?dy < oo because of (2.6). Since

P () = /D Pt )0 (y)¢ (dy) = /D PP (t, 2. y)do(y)dy

and

ot o() H () = H(x) /D (t, . 2) o (y)€(dy) = /D PPty )b (y) H (y)dy,

we have

(5:26) Mo(a) = [ Pa)ody. M) = [ rPlt)ul)dy
D D

We say that the common value et is an eigenvalue for (¢, z,y) and the

pair (¢,1) are the corresponding eigenfunctions if (5.26) is true and ¢ are 1)
strictly positive with [|¢[|z2(p,4p) = 1 and ||¥0]|12(p dz) = 1. So the intrinsic

ultracontractivity of {P”} and {ﬁtD } can be rephrased as follows.

COROLLARY 5.10.  For any t > 0, there exists a constant ¢, > 0 such
that

(5.27) ¢ d(@)p(y) < rP(twy) < cd(@)p(y), V(z,y) €D x D.
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PROOF. It is clear from (5.18) and (5.25). O
Applying Theorem 2.7 in [18], we have the following.

THEOREM 5.11. There exist positive constants ¢ and a such that for
every (t,x,y) € (1,00) x D x D,

rP(t, z,y)

(5.28) ‘(ekot/D%(z)T/Jo(Z)f(dz)) bo(2)00(y) H (y)

We are going to use SH™ to denote families of nonnegative superharmonic
functions of Y in D. For any h € SHT, we use P? to denote the law of the
h-conditioned diffusion process Y? and use E! to denote the expectation
with respect to P. Let ¢ be the lifetime of the h-conditioned diffusion
process Y.

The bound for the lifetime of the conditioned Y'? is proved using Theorem
5.11 in [18].

— 1 <ce

THEOREM 5.12.  (Theorem 2.8 in [18])
(1)

sup  EM¢M < oo,
reD,heSHT

(2) For any h € SH™, we have

9?3((;)) /D Yo(u)h(v)E(dy) / /D do(y)to(y)é(dy).

Hm e PR (M > 1y =

In particular,

1
Hrn +log PR > 1) = No.
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