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Abstract

Recently in [17, 18], we extended the concept of intrinsic ultracontractivity to non-
symmetric semigroups and proved that for a large class of non-symmetric diffusions Z
with measure-valued drift and potential, the semigroup of Z” (the process obtained
by killing Z upon exiting D) in a bounded domain is intrinsic ultracontractive under
very mild assumptions.

In this paper, we study the intrinsic ultracontractivity for non-symmetric discontin-
uous Lévy processes. We prove that, for a large class of non-symmetric discontinuous
Lévy processes X such that the Lebesgue measure is absolutely continuous with respect
to the Lévy measure of X, the semigroup of X in any bounded open set D is intrinsic
ultracontractive. In particular, for the non-symmetric stable process X discussed in
[25], the semigroup of X is intrinsic ultracontractive for any bounded set D. Using
the intrinsic ultracontractivity, we show that the parabolic boundary Harnack princi-
ple is true for those processes. Moreover, we get that the supremum of the expected
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conditional lifetimes in a bounded open set is finite. We also have results of the same
nature when the Lévy measure is compactly supported.
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1 Introduction

Suppose that H is a semi-bounded self-adjoint operator on L?(D) with D being an open set
in R? and that {e/*} is an irreducible positivity-preserving semigroup with integral kernel
a(t,z,y). We assume that the top of the spectrum A; of H is an eigenvalue. In this case, A\
has multiplicity one and the corresponding eigenfunction ¢, normalized by ||¢1/z2(p) = 1,
is positive almost everywhere on D. {ef!} is said to be intrinsic ultracontractive if for every
t > 0, there exists ¢; € (0,00) such that a(t,z,y) < c;¢1(x)d1(y).

The notion of the intrinsic ultracontractivity above was introduced in [11]. It is a very
important concept in both analysis and probability, and has been studied extensively. When
H is the Dirichlet Laplacian in a domain D (equivalently, the corresponding process is a
killed Brownian motion), the semigroup {e”*} is intrinsic ultracontractive for a large class
of non-smooth domains (see, for instance [1, 3]). For symmetric a-stable processes with
a € (0,2), the intrinsic ultracontractivity has been discussed in [6, 7, 20]. After obtaining
the main results of this paper, we found out from [13] that the intrinsic ultracontractivity
for some large classes of symmetric Lévy processes was studied in [12].

Very recently in [17], we extended the concept of intrinsic ultracontractivity to non-
symmetric semigroups and, by using an analytic method, we proved there that the semigroup
of a killed diffusion process in a bounded Lipschitz domain is intrinsic ultracontractive if
the coefficients of the generator of the diffusion process are smooth. In [18], by using a
probabilistic method we proved that for a non-symmetric diffusion with measure-valued
drift and potential belonging to appropriate Kato classes, the semigroup of the killed process
in a bounded domain is intrinsic ultracontractive when the bounded domain is one of the
following types: twisted Holder domains of order o € (1/3, 1], uniformly Holder domains of
order a € (0,2) and domains which can be locally represented as the region above the graph
of a function (see [18] for details).

In this paper, we continue our discussion of intrinsic ultracontractivity for non-symmetric
semigroups. We study the intrinsic ultracontractivity for non-symmetric discontinuous Lévy



processes under one of the following two non-overlapping assumptions on the Lévy measure:
the first case is that the Lebesgue measure is absolutely continuous with respect to the Lévy
measure and the Radon-Nikodym derivative is locally integrable away from 0 and the second
case is that the Lévy measure is compactly supported. In the first case, we show that for
any bounded open set, the semigroup of the killed process is intrinsic ultracontractive if
the transition density of the killed process is strictly positive, bounded and continuous. In
particular, the semigroup of the killed strictly a-stable process in any bounded open set is
intrinsic ultracontractive. In the second case we put some mild assumptions on both the open
set and the Lévy measure: We assume that the open set is bounded x-fat (a disconnected
analogue of John domain, for the definition see Definition 3.1) and that the Radon-Nikodym
derivative of the absolutely continuous part of Lévy measure is bounded below by a positive
constant near the origin. We show that in this case, the intrinsic ultracontractivity is true if
the transition density of the killed process is strictly positive, bounded and continuous. We
do not assume that our non-symmetric Lévy process is a purely discontinuous process. It
may contain diffusion and drift parts.

The content of this paper is organized as follows. In Section 2, we recall some preliminary
facts about non-symmetric Lévy processes. Section 3 contains the proof of the intrinsic
ultracontractivity. We also show in Section 3 that the intrinsic ultracontractivity implies the
parabolic boundary Harnack principle and that the supremum of the expected conditional
lifetimes is finite. In the last section we collect some concrete examples of non-symmetric
Lévy processes satisfying the assumptions of this paper.

In this paper we use the convention f(9) = 0. In this paper we will also use the following
convention: the values of the constants cy,co,--- might change from one appearance to
another. The labeling of the constants ¢y, co, - - - starts anew in the statement of each result.
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In this paper, we use “:=" to denote a definition, which is read as “is defined to be”.

2 Non-symmetric Lévy Processes

Let X = (X;,P,) be a Lévy process in R? with the generating triplet (A, v,~). i.e., for every
z € RY,

Eo [¢"] = exp (—52 Az +iy -z + /d(e’” —1—iz- x1{|x<1}(x))y(dx))
R

where A is a symmetric nonnegative definite d x d matrix, v € R?, and v is a measure on
RY satisfying

V({0}) =0 and /Rd(\x]Q/\l)l/(dx)<oo. (2.1)

v is called the drift of X and v is called the Lévy measure of X.



—X is also a Lévy process and it is the dual of X. For this reason we sometimes use X
to denote this process. From the above definition, it is clear that Xisa Lévy process in RY
with the generating triplet (A, v(—dz), —7).

Let

Pf(a) =B, f(X)] and  Bf(x) = B,[f(R,).

Then for any non-negative Borel functions f and g,

| Pi@gte)s = [ f)Pal)ds
R4 R4
Throughout this paper, we assume the following.

(A1) The Lévy measure v satisfies either (a) or (b) below:

(a) The Lebesgue measure in R? is absolutely continuous with respect to v. i.e., there
exists a non-negative Borel function L(z) such that for any Borel set B,

B| = /BL(x)y(dx). (2.2)

Moreover, we assume that L is locally integrable on R\ {0} with respect to the
Lebesgue measure.

(b) Let M (x) be the Radon-Nikodym derivative of the absolutely continuous part of
v. We assume that there exists Ry > 0 such that

inf  M(z) > 0. 2.3
webting M) (23)

In [18], we have already discussed the case when v = 0. The second assumption in (a)
is the same as assuming that L is locally L*integrable on R¢\ {0} with respect to v. (b)
covers the case where the Lévy measures have compact supports.

Let Cy(R?) be the class of bounded continuous functions f on R* with lim,_« f(z) = 0.
We say a Markov process Y in R? has the Feller property if for every g € Co(R%), E,[g(Y;)]
is in Co(R%) and limy o E.[g(Y;)] = g(x). Any Lévy process in R? has the Feller property
(for example, see [4, 22]).

For any open set U, we use 7y to denote the first exit time of U for X, i.e., 7y := inf{t > 0 :
X; ¢ U}. Given an open set U C R?, we define XY (w) = X;(w) if t < 7y(w) and XY (w) = 9
if t > 7y(w), where 9 is a cemetery state. The process XV is called a killed process in U.
We use 7y to denote the first exit time of U for X. ie., 7y := inf{t > 0: X, ¢ U}. We
similarly define XU,

For any ¢t > 0, define

~

PP f(a) =B [f(XP)] and BPf(z) := E.[f(X])].
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The next equality is known as Hunt’s switching identity (for example, see Theorem I1.5 in

[4]).
/Df(x)Pth(x)dx:/Dg(x)ﬁth(x)dx

For the remainder of this section, D is a fixed bounded open set in R%. The next assumption
is needed to define intrinsic ultracontractivity for non-symmetric semigroups (see [17]).

e transition density function p”(t,z,y) for exists. Moreover each t > 0,
A2) The transition density function p?(t for XP exists. M ht>0
pP(t,-,+) is continuous in D x D.

We further assume that p?(t,-,-) is bounded.

(A3) {PP} is ultracontractive. i.e., for t > 0, there exists positive constant ¢; such that

pP(t,z,y) < ¢ < 0o, (x,9) € D x D.

Remark 2.1. We do not know any necessary and sufficient conditions for (A2)-(A3) in
terms of the Lévy measure. In fact, no necessary and sufficient condition in terms of the
Lévy measure for the existence of transition density for Lévy process is known (see [22] for
some sufficient conditions).

In the remainder of this section, we discuss some elementary consequences of (A2)-(A3).
From Hunt’s switching identity and the continuity of p? (¢, z, ), we see that pP (¢, z,y) :=
pP(t,y, ) is the transition density for X. So for every ¢t > 0 and Borel set A C D,

P.(XP e A) = /pD(t,:C,y)dy and P,(XP e A) = /pD(t,y,x)dy. (2.4)
A A

If U C D, then for every t > 0, z € U and nonnegative Borel function f,

PUAe) < [ P sy < a | fody

Thus P,(XU € dy) is absolutely continuous with respect to the Lebesgue measure and for
every t > 0, z € U the density pV(¢,z,-) exists. Similarly, if U C D, P,(XU € dy) is
absolutely continuous with respect to the Lebesgue measure and for every t > 0, x € D
the density pU (¢, r,-) exists. Moreover, from Hunt’s switching identity, we see that for every
t >0,

pU(t7'T7y) :}/D\U(t7y7x)7 a.e. <x7 y) E D X D'

Note that in general we do not know whether pY(t,z,y) and pY(t,y, ) are continuous and
strictly positive.



From Lemma 48.3 in [22], it is easy to see that for any bounded open subset U, there
exists t; > 0 such that sup, g« Po(Xy, € U) < 1. Thus

0 := sup P.(1y > t;) < sup P,.(Xy, €U) < 1.
zeR4 zeR4

By the Markov property and an induction argument,

sup P.(1y > nty) < 0™
rzeR4

Thus

t
sup E,[ry] < !

up ST g <™ (2.5)

(see [8] for the details).
For any bounded open subset U C D, we will use Gy (z,y) to denote the Green function
of XY ie.,

Gy(r,y) r=/ pU(t,z,y)dt, (z,y) €U x U.
0
By (2.5),
E,[7v] = / Guy(z,y)dy < oo, xze€U
U

and Gy (z,-) is well-defined a.e. U.
Also (2.5) implies that for every open set U C D and A C U° with dist(A,U) > 0, we
have

P. (X, € 4) = [ Gulauty = Ay (2.6)

(for example, see [14]).
Similarly the Green function Gy (x,y) of XY is defined as

Golw) = [ (tyo)it, (5.9)€UxU
0
which is well-defined a.e. U. For every A C U° with dist(A,U) > 0, we have
P, (J?TU € A) = / Glu(w, y)v(A — y)dy. (2.7)
U

Clearly,

~

Gu(z,y) = Gu(y,z), ae. (x,y) €U xU.



3 Intrinsic Ultracontractivity for Non-symmetric Lévy
Processes

In this section, we first recall the definition of the intrinsic ultracontractivity for non-
symmetric semigroups from [17] and then prove that the intrinsic ultracontractivity is true
if the killed non-symmetric Lévy process X satisfies (A1)-(A3) in the previous section and
(A4)-(Ab5) below. We will use some ideas from [20].

Many results in this section are stated for both X and its dual XD, Since the proofs
for the two processes are similar, we only present the proofs for X7,

The following definition is taken from [24].

Definition 3.1. Let k € (0,1/2]. We say that an open set D in R® is x-fat if there exists
R > 0 such that for each @Q € 0D and r € (0, R], DN B(Q,r) contains a ball B(A,(Q), kr)
for some A,.(Q) € D. The pair (R, k) is called the characteristics of the k-fat open set D.

Note that every Lipschitz domain and every non-tangentially accessible domain (see [15]
for the definition of non-tangentially accessible domains) are k-fat. Moreover, every John
domain is k-fat (see Lemma 6.3 in [21]). The boundary of a k-fat open set can be highly
nonrectifiable and, in general, no regularity of its boundary can be inferred. Bounded x-fat
open sets may be disconnected.

Depending on whether (Al)(a) or (A1)(b) is valid, our assumptions on the open set D
are different. In both cases, we will need to define some subsets By, C; and B, of D. The
following assumptions on D will always be in force in the reminder of this section.

(A4)(a) If v satisfies (Al)(a), we assume that D is an arbitrary bounded open set. Choose
a point o in D and ry € (0,00) such that B(xg,2ro) C B(xg,2r9) € D. We put

By = B(x07r0/2)7 C = B<x07r0) and By := B(.ﬁEo,ZTo)-

(A4)(b) If v satisfies (A1)(b), then we assume that D is a bounded k-fat open set with the
characteristics (R, k). Without loss of generality, we assume R < %Ro where Ry is the
constant in (Al)(b). Let p(x) be the distance of a point x to the boundary of D, i.e.,
p(x) = dist(z,dD). Define

By = {xe€D:p(x)> Rr/2},
C1 = {xeD:px)> Rr/4},
By = {zxe€D:p(x)> Rr/8}.

The distinction between (A4)(a) and (A4)(b) will be made only in the proof of Lemma 3.2
below.



Define
ny = inf{t >0: X; ¢ U} and 7y :=inf{t >0: X; ¢ U}.

Note that ny < 7y and ny < 7. Moreover, ny(w) = 7y(w) and Ny (w) = Ty (w) if Xo(w) € U
and Xo(w) € U respectively.

Lemma 3.2. If (A1)-(A4) are true, then there exists a constant ¢ > 0 such that for every
xr € RY \ C1,

P, (Xm)\c1 € C’1> > cE, [UD\CJ and P, <)?ﬁD\Cl € C'l) > cE, [ﬁD\Cl] )

Proof. If z € R\ D, P,(np\c;, = 0) = 1. Thus E,[np\¢,] = 0 and the assertions of the
lemma are trivial in this case. Now we assume z € D \ C}.

(1) First we deal with the case that v satisfies (Al)(a). If w € By and y € D \ C}, then
lw—y| > |y — x| — |w — x| > 19/2 and |w — y| < 2diam(D). So the set

A= J - B

yeD\C1q

is a relatively compact subset of R?\ {0}. By (A1), for every y € D\ C; we have

[Bo| = [y — Bo| < /Aly—Bo(Z)L(Z)V(dZ) < (W(y — Bo))*II1aLl 20

We know from our assumption (Al)(a) that

||1AL||%2(V) = /ALQ(Z)I/(CZZ) = /AL(z)dz < 00.

Therefore from (2.6), we have

P, (Xpp, €C1) 2P <7mqe&)
_ G |BO|2
= D\C’1(m)y) z)dy > G, (T,y) 75—y
D\C4 D\C1 || 1aL H L2(v)
| Bol? | Bol”
=-——>5—E;, |T0\¢,| = ——5—E: |\ | -
||1AL||%2(V) |: \ 1:| HlALH%Q(V) |: \ 1]

(2) Now we deal with the case that v satisfies (A1)(b). For each y € D\ C}, choose a point
Qy € 0D such that p(y) = |y — Q| < kR/4. Since D is s-fat, there exists a point
A, € D such that B(A,,xR) C DN B(Q,, R). It is easy to see that
1
B(Ay,élﬁ?R) C BoﬂB(Qy,R) C BgﬂB(y, Ro) (31)
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In fact, if |w — Ay| < KR, then p(w) > p(A,) — |w — Ay| > kR — kR = ikR. If
lw—Qy| < R, then |y —w| < |y — Qy| + |w—Qy| < R+ rR/4 < 2R < Ry. Thus by
(3.1) and (A1)(2), we have for every y € D \ C4

v(y — By) > M(y — z)dz > / My — z)dz

Bo B(Ay,3KR)

1
Z ( inf )M(w)) ’B(O,EKZR)‘ =: Cl(R,Ro,li,d) > 0.

weB(0,Ro

Now by (2.6), we get
P, (Xyp, €C1) 2 Py (Xr, € By)

= GD\01 (z,y)v(y — Bo)dy > c1 E, [TD\Cl] =akE, [77D\6’1] .
D\C

O

Let 6 be the usual shift operator for Markov processes, and we define stopping times .5,
and T,, recursively by

Sy =0, T, :=S,+np\¢,00s, and S,y :=T,+np,00p,, n=>1L

Similarly we define fn and §n for X.

Lemma 3.3. If (A1)-(A4) are true, then there exists a constant ¢ > 0 such that for every
reD

P,(X7, € Ch) > ¢E,[T, — S,] and P,(X; €C)) > cE,[T, - 5,
Proof. Since T,, = S, + np\¢, © 0s,, by the strong Markov property,
P,(Xs €Cy) =P, <X5n+,7D\Clogsn c Cl> — E, [Px, (mpo, €C1)].

Applying Lemma 3.2 to the equation above, we get

P:p (XTn € Cl) > CE:L" [EXSTL [nD\CJ] = CEx[nD\Cl o GSn] = CEx [Tn - Sn] .

Lemma 3.4. For every x € D,

n—oo n—oo n—oo n—oo

P$<lim S, = lim TnZTD) _ P$(1im 5 = lim :fn:?D) ~ 1



Proof. Recall that P,(7p < c0) = 1, Clearly S,, < 7p, Let S :=lim,,_.o S,, < 7p. we define
a subprocess Z of XP by letting Z;(w) = X;(w) if t < S(w) and Z;(w) = 9 if t > S(w). By
Corollary II1.3.16 in [5], Z is a Hunt process. Thus by the quasi-left continuity,

Px(S<TD) :Pm(S<TD, D <OO) = Px(ZS, GD, D <OO)
= P,(lim Zg, € D,S,, < Sp41, 7p <) < P (Zs €D, S <o0)=0.

O
By the separation property for Feller processes, there exists ¢y such that
Py (rp, >1) > = and  inf Py(Ry, > 1) > -
ylén C1 T32 - 2 an ylén C1 TB2 - 2
for any ¢ <ty (see Exercise 2 on page 73 of [9]).
Thus we have
t t
inf E,[75,] > to 1nf P,(t5, > to) > 2 and inf E y[TB,] > to 1nf P,(Ts, > to) > 2
yeC 2 yeCy 2
(3.2)

Lemma 3.5. If (A1)-(A4) are true, then there exists ¢ > 0 such that

/ Gp(z,y)dy > c/ Gp(z,y)dy, xe€D
By D\ B>

and

/ Gp(z,y)dy > c/ Gp(z,y)dy, € D.
BQ D\BQ

Proof. Note that, since XP € B, for T, <t < S,,1, we have by Lemma 3.4,

Bo L/ O

(e}

i Tn n+1
= E, | (/ 15,(XP) dt+/ 15,(XP) dt)]
_n:]_ n n
Sn+1
( / 15,(XP) dt ]

= Ex Z(Sn+l_Tn>

v
F
g
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By the strong Markov property and (3.2),
E. [ = Tol = Ba |Exp [l T <7 2 2P (Xp, €C)

which is larger than ¢,E,[T,, — S,] for some constant ¢; > 0 by Lemma 3.3.
Therefore by Lemma 3.4 and Fubini’s theorem, for x € D,

/ Gp(r,y)dy > a1 ZE:c[Tn =0 ZE [/ IRa Xt)dt}
Bs _
Tn n+1
Z / Ip\g,(X)dt| = e, E Z / 1o\ 5, (X1) dt+z / L\, (X,)dt

=B, [/ 1D\Bg(Xt)dt} = Cl/ GD<5U7y)dy-
0 D\B

The other inequality in the lemma can proved in exactly the same way. 4

>C].

The next proposition is elementary and should be well-known. But we could not find
any reference for this. We include a proof here for completeness.

Proposition 3.6. For any open set D with finite Lebesque measure, {PP} and {PP} are
both strongly continuous contraction semigroups in L*(D,dz).

Proof. The contraction property follows easily from the duality and Holder’s inequality. So
we only prove the strong continuity.
Recall that for any open subset U of R? and any x € U, we have
ImP,(rpy <t) = P(1y =0) = 0. (3.3)

t—0

We first consider f in C.(D), the class of continuous functions on D with compact supports.
Fix z € D. Given € > 0, choose § > 0 such that |f(y) — f(x)| < &/2 for y € B(z,0) C D.
Then for x € D,

PP f(w) = f(z)]

< / PPt 2, 9) | F () — F@)|dy + |F(@)[Po(rp < 1)
D
< ( / +f )pD<t,x,y>|f<y>—f<x>rdy+||fuoom<mgt)
Dn{|z—y|<d} D{|z—y|>6}
< 2+ 2Pl XP 2] 2 ) + | fllwPulrp < )
< S 4 2 flleePe(TBs) <)+ [|fleoPul(rp < £).

2
11



Applying (3.3) to both P, (755 < t) and P,(7p < t), we get that PP f converges point-
wise to f. Since ||PPfllec < ||fllec and D has finite Lebesgue measure, by the bounded
convergence theorem, PP f also converges to f in L?(D).

Now we assume f € L?(D). Given ¢ > 0, choose g € C.(D) with | f — g||12(py < €/4. By
the contraction property of PP,

IPPf = fllezpy < NPP(f = 92y + 1P g = gllr2o) + I1f = 9ll2p)

£
< 2f =gl + 1P g = gll2py < 5 T 1P g = gl 12)-

Thus PP f converges to f in L*(D). O

Our last assumption below will be used to define the intrinsic ultracontractivity for non-
symmetric semigroups (see [17]).

(A5) The transition density function p”(t,z,y) for X/ is strictly positive in D x D.

Remark 3.7. Even if the Lévy process has a smooth and strictly positive transition density,
it is non-trivial to show (A5) (see [2, 10] for the case of killed Brownian motions in a domain,
6] for the case of killed symmetric stable processes in a domain and [25] for the case of killed
non-symmetric stable processes in a domain). If the Lévy measure v satisfies (Al)(b), the
distance between connected components of D shouldn’t be too far away, otherwise p?(t, z, y)
will be zero there. In Section 4, we will show that for a large class of non-symmetric Lévy
processes, (Ab) is true.

In the remainder of this section we always assume that (A1)-(A5) are in force.

We use Ap and Ap to denote the L? generators of { PP} and { PP} respectively. Since for
each t > 0, p?(t, z,y) is bounded in D x D by (A3), {PP} and {PP} are compact operators
in L2(D,dz). Moreover pP(t,z,y) is strictly positive in D x D by (A5). Thus it follows
from Jentzsch’s Theorem (Theorem V.6.6 on page 337 of [23]) and the strong continuity
of {PP} and {PP} that the common value Ay := sup Re(c(Ap)) = supRe(a(Ap)) < 0 is
an eigenvalue of multiplicity 1 for both Ap and ED, and that an eigenfunction ¢q of Ap
associated with Ag can be chosen to be strictly positive a.e. with ||¢o|/z2(py = 1 and an
eigenfunction vy of A\D associated with Ay can be chosen to be strictly positive a.e. with
%0/ 22(py = 1. Thus for a.e. (z,y) € D x D,

Mon(o) = [ Pt =5 o) = [ Gole (s B4
) = [ Pty =5 ) = [ Gol i 69

12



Proposition 3.8. ¢o(x) and o(z) are strictly positive and continuous in D. Thus (3.4)
and (8.5) are true for every (x,y) € D x D.

Proof. By (3.4),
bo(x) = e / (L, 2, 2)o(2)dz
D

Since pP(1,x,2) is bounded continuous and D is a bounded open set, the right hand side
of the above equation is continuous by using the dominated convergence theorem and the
fact ||@ollr2(py = 1. Similarly, e~ [, p"(1,y, 2)1o(z)dz is continuous. Thus there exist
continuous versions of ¢ and vy, and (3.4)- (3.5) are true for every (z,y) € D x D. Now the
strict positivity of ¢g and 1)y follow from the strict positivity of p”(1,-,) and (3.4)-(3.5). O

Definition 3.9. The semigroups {PP} and {PP} are said to be intrinsic ultracontractive
if, for any t > 0, there exists a constant ¢; > 0 such that

PP (t,2,y) < cdo(@)o(y), V(z,y) € D x D.

For results on intrinsic ultracontractivity for general non-symmetric semigroups, we refer
our readers to Section 2 of [17].

We will show that the semigroup of any killed non-symmetric Lévy process X P satisfying
(A1)-(Ab) is intrinsic ultracontractive.

Lemma 3.10. There exists a constant ¢ > 0 such that
E.[7p] < coo(z) and E,[Tp] < cho(y) V(x,y) € D x D. (3.6)

Proof. By Lemma 3.5, there exists a constant ¢; > 0 such that

E.[mp] = / Gp(m,z)dz+/ Gp(z,z)dz < Cl/ Gp(z,2)dz.
Bs D\ B2

Bo

Thus by Proposition 3.8, we have

/32 Gp(@,2)dz < o /32 Gp(z,z)¢o(2)dz
< CQ/DGD(x,z)gbO(Z)dZ = —Z@)

for some positive constant c¢y. In the last equality above, we have used (3.4).

Using Lemma 3.5, Proposition 3.8 and (3.5), the second inequality in (3.6) can be proved
similarly. a
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Theorem 3.11. The semigroups {PP} and {PPY} are intrinsic ultracontractive. Moreover,
for any t > 0, there exists a constant ¢; > 0 such that

ci ' do(x)oly) < pP(ta,y) < cgola)oly), V(z,y) € Dx D. (3.7)

Proof. By (A3) and the semigroup property, there exists ¢;(¢) > 0 such that
°(t.z.) / o >/ P (g wlp (5w, )dud
x = —, Z,W —w wdz

p ) 7y 37 37 ) p 37 Y y
t

S D / pD(_7w7y)dw
D D 3

= (1) PI(TD > t/3)P,(Tp > t/3).

By applying Chebyshev’s inequality we get

c1(t)
Ot2

pD (tv Z, y) < E, [TD] Ey [?D]

Thus the intrinsic ultracontractivity is proved by Lemma 3.10.

The fact that intrinsic ultracontractivity implies the lower bound is proved in [17] (Propo-
sition 2.4 in [17]). O

The following lower bound of Gp(x,y) is an easy corollary of Lemma 3.10 and Theorem
3.11.

Corollary 3.12. There exist constants ¢; > 0,7 = 1,2 such that

c1 B [1p] Ey[Tp] < cago(x)tho(y) < Gpl(z,y), (z,y) € D x D. (3.8)

Moreover, there exists constant cg > 0 such that

;' Eufmp] < ¢o(x) < c3Eu[rp] and ;' E [7p] < vo(x) < 3 E.[To), Vz € D.

Applying Theorem 2.4 in [17], we have the following.

Theorem 3.13. There exist positive constants ¢ and v such that
D
—Xot p (t,x,y) ‘ —vt
e Oo(2) zdz)——l <ce ™, t,x,y) € (1,00) x D x D. (3.9
(e [y oneraciee) £ (o) € oo &

We recall the following simple lemma from [18].
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Lemma 3.14. (Lemma 5.5 in [18])
(1)

D t D
p”(t, 2, y) > o P (t, ,y)7 Yo.2.y.2 € D
pP(t, x,2) pP(t,v,2)
implies that for every s > t,
p (S,y,ﬂ?) chp (,y,'l)) and p (S,Jf,y) Scl_lp (7,073/)7 V’U,Qf,y,ZGD.
(2) , ;
t t
p (’y7'r) Zc2p (’y) 7 V/U,.rjy7ZED
pP(t, z,x) pP(t,z,v)
implies that for every s > t,
p (571:73/) 262]) (7U7y) and p (Saer) ch_lp (7yav>7 Vv,x,y,zED.

The parabolic boundary Harnack principle is an easy corollary of Theorem 3.11.

Corollary 3.15. For each positive u there exists ¢ = ¢(D,u) > 0 such that
D t D

( 7y7'I> 2 Cp (87y?v) (310)
D(thvx) pD(S,Z,U>

pP(t,z,y) - pP(s,v,y) p
C b
pP(t,x,2) = pP(s,v,2)" p

for every s,t > u and v,x,y,z € D.

Proof. By Theorem 3.11, both inequalities in (3.10) are true for s = t = u. Now we apply
Lemma 3.14 (1)-(2) and we get for s > u,

D D D D
b (s,y,x) Z Cp (U,y,@)j p (S,l’,y) S C—lp (U,’U,y)’ ‘v’v,x,y,z c D (311)
pD(S,Z,ZL') pD(U,,Z,’U) pD(S,ZL',Z) pD(U,U,Z)
and
D D D D
p (Saxvy) Z Cp <u7v7y)’ p (Saywr) S Cil p (u,y,v), \V//U,.flf7y,2 c D (312)
pD(S,$,Z) pD(’LL,U,Z) pD(Sasz) pD(U,Z7U)

Thus both inequalities in (3.10) are true for s > ¢ = u. Moreover, Combining (3.11)-(3.12),
both inequalities in (3.10) are true for ¢ = s > u too. Now applying Lemma 3.14 (1)-(2)
again, we get our conclusion. O

A Borel function h defined on D is said to be superharmonic with respect to X if

hz) > E, [R(XP)], =zeB,

15



for every bounded open set B with B C D. We use SH* to denote families of nonnegative
superharmonic functions of X?. For any h € SH*, we use P" to denote the law of the
h-conditioned process X and use E! to denote the expectation with respect to P". i.e.,

WXP)
h(z)

Let ¢" be the lifetime of the h-conditioned process X7.

The bound for the lifetime of the conditioned X® can be proved using Theorem 3.13. It
is proved in [17] for second order elliptic operators with smooth coefficients. Since the proof
is similar, we omit the proof here.

B 502)] = B, [ M) )]

Theorem 3.16. (Theorem 3.8 in [17])

(1)
sup  EM[¢" < 0.
reDheSH+

(2) For any h € SH*, we have

i;)((chv)) /D ¢o(y)h(y)dy/ /D Po(y)to(y)dy.

liTm e P (M > 1) =
tToo

In particular,

1
PTm ~log P (" > t) = X

4 Examples

In this section we collect some examples of Lévy processes X and open sets D so that XP
satisfies the assumptions (A1)-(A5).

Example 4.1. We first recall the definition of non-symmetric strictly a-stable processes.
Let a € (0,2) and d > 2. The process X is said to be strictly a-stable if (X, Po)i>o is equal

to (a'/*Xy, Py)s>o in distribution. Since a € (0,2), A = 0 and there is a finite measure 7 on
the unit sphere S = {z € R%: |x| = 1}. such that

v(U) = /S/Ooo Ly (rz)r~ 1 dry(dz)

for every Borel set U in R%. The measure 7 is called the spherical part of the Lévy measure
v. A strictly a-stable process X can be described using its characteristic function as follows:
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(i) for a € (0,1), a Lévy process X in R? is strictly a-stable if and only if

B ] = exp ([ n(ae) [ (ere - netelar).

(i) for o = 1, a Lévy process X in R is strictly a-stable if and only if

Eo [e” %] = exp (/S n(d§) /m(ei”'g —1—irz-&ly(r)r2dr +iz - ’y)
0

for some v € R% and [ &n(d€) = 0;

(iii) for o € (1,2), a Lévy process X in R? is strictly a-stable if and only if
E, [eiz'Xl} = exp (/ n(df)/ ("¢ — 1 —irz- 5)7”(”0‘)(17“) .
S 0

Suppose that X = (X, P,) is a strictly a-stable process with the spherical part 7 of its
Lévy measure satisfying the following assumption: there exist ¢ : S — (0,00) and kK > 0
such that p

w = d—n and K < p(2) <K' VzeS, (4.1)
o
where o is the surface measure on S. Thus the Lévy measure v has a density f(z) =

o(z/|z|)|x|~(@F*) with respect to the d-dimensional Lebesgue measure, and
k|7 < flr) < kT o)) r € R% (4.2)

Thus it is easy to see that (A1)(a) is true with L(x) = |z|¥t*p(x/|z|)~ .
The process X has a jointly continuous and strictly positive transition density function
p(t,z,y) = p(t,x — y) and there exists ¢ > 0 such that

p(t.o,y) < ct™=,  V(t,z,y) € (0,00) x R? x R (4.3)
(see (2.6) in [25]). Moreover, for any v > 0, there exists ¢ > 0 such that
p(t,z,y) < ct, |z —y| >, t>0. (4.4)

(see (2.5) in [25]). Using the facts above, one can follow routine arguments (see, for instance,
the proof of Theorem 2.4 in [10]) to show that, for every open subset D, the killed process X
has a transition density p” (¢, z, y) such that, for any ¢t > 0, p? (¢, z, y) is jointly continuous on
DxD. It follows from Theorem 3.2 in [25] that pP (¢, z, y) is strictly positive on (0, 00) x D x D
when D is connected. Now we are going to show that pP(¢,x,y) is strictly positive on
(0,00) x D x D when D is not connected. It is enough to show that for any two connected
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components Dy and Dy of D, pP(t, x,y) strictly positive on (0,00) x Dy x D. Fix (t,z,y) €
(0,00) x Dy x Dy and choose open balls B(z,2¢) C Dy and B(y, 2¢) C D,. By the semigroup
property and the strict positivity and the continuity of p?®29) we have

PPt x,y)

/D PP(t/2,2, 2)pP(t/2, 2. y)dy

> / pP(t/2, 7, 2)pPW2)(t/2, 2, y)dy
B(y,e)

> o) / PP(t/2, 2, 2)dy
B(y.e)

= c¢(t,e)P, (Xf/)2 € B(y,s)) .

By the strong Markov property, we have

P, (Xt/2 € B(y,¢))

AV,

v

< inf
2€B(y,e/2)

Py (70,12 > 1/2)

P, (XD B(y,g/Q))

(/DA B ©

> et )Py (X, € B:2/2).

Now, by using the Lévy system and (4.2),

v

v

PI(X(?/Z)/\TB(Z’S) € B(y75/2)>
(t/2)ATB(a,e) Cs
E, / / O uds
0 B(y,e/2) |X _u|d+
1
C4E t/2 /\TB z,€) / —du
R N80 f Tyl
C5tP ( xa)>t/2) y,€/2||l'— | e
5 tPo (T > t/2) |B(0,6/2)] |z —y| =4

P, (X" hits B(y,e/2) by time ¢/2 and stays in B(y, ) until ¢/2)

P. (Tawe) > t/2)) P, (X" hits B(y,e/2) by time ¢/2.)

>0

for some positive constants cs, ¢4 and ¢s. Therefore we get that pP (¢, z,y) is strictly positive
everywhere on (0,00) X D; X Dy. Thus in this case (A2), (A3) and (A5) are valid for any
bounded open subset D as well.

Example 4.2. Assume that X is a non-symmetric strictly a-stable processes from the

previous example and we will use the notations from the previous example. A Lévy process

Y in R? is called truncated (non-symmetric) strictly a-stable process if

18



(i) when a € (0,1),

E, [eiz'yl] = exp </S n(d§) /Ol(em'5 — 1)7’(1+°‘)d7‘> :

(ii) when a =1,

1
E [¢”™] = exp (/Sn(df)/o (e — 1 —irz - &)r 2dr +iz - ”y)

for some v € R% and [ &n(d€) = 0;

(iii) when o € (1,2),

1
E, [eiz'yl] = exp (/ n(df)/ (e — 1 —irz- £)r(1+a)dr) .
s 0
We also assume that n satisfies (4.1). Then the Lévy density g(z) for Y is

9(x) = o(x/|z])|z]" (4.5)

and (A1)(b) is satisfied. In the case when Y is rotationally invariant, it has been studied
recently by the authors [16]. (4.1) implies that the characteristic function of Y; is integrable.
Thus the process Y has a bounded and continuous density q(¢,x,y) (cf. [22]). Let

h(z) = f(x) = g(z) = o(z/|z])la] "y, (4.6)

Note that A := fRd h(z)dx < co. Thus we can write X; = Y; + Z; where Z; is a compound
Poisson process with the Lévy density h(x), independent of Y;. Let

T := inf{t >0: Z, #0}.

T is an exponential random variable with intensity A\. Moreover, Y; = X, for ¢t < T and
{t <78, t<T}={t<7h,t<T} where 75 = inf{t > 0: X; ¢ D} and 7 := inf{t >
0:Y, ¢ D}. Thus, since Y and T are independent, for every open subsets U and D with
U C D we have

PYPcU|Yo=2)P(T>t) = PY,eU t<th,t<T|Yy=1)
= P(X,ceUt<tp, t<T|Xy=u1) (4.7)
< P(XP eU t<1y|Xo=un).

One can find a similar argument for symmetric Lévy processes in the proof of Lemma 2.5 in
[13].
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From (4.8) with D = R%, we have
q(t,z,y) < Mp(t,z,y), V(t,z,y) € (0,00) x R x RY. (4.9)
Combining (4.3), (4.4) and (4.9), we get
q(t,z,y) < ceMta, Y(t,z,y) € (0,00) x RY x R? (4.10)

and
q(t,z,y) < cte, |z —y| >, t>0. (4.11)

Using the facts above, one can follow routine arguments (see, for instance, the proof of
Theorem 2.4 in [10]) to show that, for every open subset D, the killed process Y? has a
transition density ¢”(t,z,y) such that, for any ¢t > 0, ¢”(¢,z,y) is jointly continuous on
D x D.

Due to our assumption on the Lévy measure of Y, ¢ (¢, 2, y) may not be strictly positive
without further assumption on the open set D. Now we are going to show that, when D is a
bounded roughly connected open set, ¢ (¢, z,y) is strictly positive on (0,00) x D x D. Thus
in this case, (A2), (A3) and (Ab) are satisfied.

Definition 4.3. We say that an open set D in R? is roughly connected if for every x,y € D,
there exist distinct connected components Uy --- Uy, of D such that x € Uy, y € U, and
dist(Ug, Ugs1) < 1 for 1 <k <m — 1.

Proposition 4.4. For every bounded roughly connected open set D, the transition density
function qP(t, z,y) for Y in D is strictly positive in (t,z,y) € (0,00) x D x D.

Proof. We prove the proposition in several steps.

(1) We first assume that diam(D) < 1. Fix t > 0. We recall from (4.7) that for every
non-empty open set U C D

P, (Y, €U) = "PP(Xyp €U t)2 <1, t/2<T|Xo=1).

Note that by (4.6), we know Z; makes jumps with sizes great than or equal to 1 only.
Thus, since diam(D) < 1, {t/2 < 75, t/2 < T} = {t/2 < 755 }, which implies that

/ qP(t)2,2,y)dy = ch(Y;t]/j2 el) = eM/QPJ;(Xt[/)2 el)>0.
U
Thus for each z € D, ¢”(t/2,2,y) > 0 for a.e. y € D. Similarly,
/ G (t)2,2,y)dx = Py(?;% el) = eAt/zPy()/(\'f/)Q eU)>0.
U
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Thus, for each y € D, ¢P(t/2,x2,y) > 0 for a.e. € D. Therefore the semigroup
property implies that

¢°(t,a,y) = / q”(t/2,2,2) 4" (t/2,2,y) dz
D
is strictly positive for (z,y) € D x D in this case.

(2) Now we assume that D is connected. If x,y € DN B(xg,r) where o € D and r < 1/2,
then by (1)
qP(t,x,y) > ¢PPBEOD (¢ 2 ) > 0. (4.12)

Thus by the semigroup property and (4.12), for y € B(x,1/2),
Pltry) = [ /202250 ds
D
> / q?(t)2,2,2)q°(t/2,2,y)dz > 0. (4.13)
DNB(z,1/2)

Using this and a simple chain argument one can easily show that ¢”(¢,z,y) is strictly
positive on (0,00) X D x D in this case.

(3) Finally we deal with the general case that D is a roughly connected open set. Fix
x,y € D. There exist distinct connected components Uy,---,U,, of D and ¢ > 0
such that = € Uy, y € U, and dist(Uy,Ugs1) < 1 —4e for 1 < k < m — 1. Choose
points x},x2 € Uy and 41,07 < ¢ where 1 < k < m such that z = x}, y = 22

m?

|2 — z},q| <1—2¢ and
Viekt1 = B(2},07) U B(x} 41, 0p41) C Up U U1,
for 1 <k <m—1. Let t,, :=t/(2m — 1). Now by the semigroup property,
t x,y)
/ / (ts 21, 91)0" (b U7 Y2) - @7 (s Y Y1)

X q7 (s Vs Y1) - @ oy Y15 Ui )07 (ks Y, T )y s - - - dyry

2/ qD(tm,wi,y%)/ qD(tm,yf,yé)---/ 0" (tm, Ut v2)
Uy Vi2 Ux

X / qD(tmayl%ayl}H—l)/ qD(tmaygn—lay}n)
Vi, k1 Vin—1,m

X / 0" (tm, Y T2 ) Ay dys -+ Ay 1 dyy,,

m

which is strictly positive in D x D by (1)-(2).

21



O

The result above will be used in [19] to study the Martin boundary of truncated symmetric
stable processes.

Example 4.5. Suppose that X is a strictly a-stable process in R? satisfying all the assump-
tions in Example 4.1, that B is a Brownian motion in R? and that X and B are independent.
Then the process Z defined by Z; = B, + X; is also a Lévy process and it obviously satisfies
(Al)(a). The transition density ¢(t,z,y) of Z is given by the convolution of the transition
densities of B and X. Using this, the explicit formula for the transition density of B, and
(4.3) and (4.4) for the transition density of X, we can easily show that there exists ¢ > 0
such that

q(t,z,y) < ct™a,  VY(t,z,y) € (0,00) x RY x R% (4.14)

Moreover, for any v > 0, there exists ¢ > 0 such that
q(t,z,y) < ct, |z —y| >, t>0. (4.15)

Using the facts above, one can follow routine arguments (see, for instance, the proof of
Theorem 2.4 in [10]) to show that, for every open subset D, the killed process Z? has
a transition density ¢”(¢,z,y) such that, for any t > 0, ¢”(¢,z,y) is jointly continuous on
D x D. Tt follows from the lemma below that ¢ (¢, z,y) is strictly positive on (0, 00) x D x D.
Thus for any bounded open subset D, ZP satisfied (A2), (A3) and (A5).

Lemma 4.6. Suppose that Z is the process in Example 4.5 and that q(t, z,y) is the transition
density of Z. Then for any bounded open set D in R?, the transition density ¢°(t,z,y) of
ZP is strictly positive on (0,00) x D x D.

Proof. For any bounded domain V' and bounded open set U, let pY (¢, z,) and pY(t, z,y)
be the density of the killed Brownian motion B" and the killed strictly a-stable process XV
respectively. Note that the above densities are strictly positive.
Without loss of generality we assume By = 0. For x € D, let §, be a positive constant
with B(z,25,) C D. We will show that for every B(xg,e) C D, P,(ZP € B(xg,¢)) > 0.
Choose § = §(xg,z,e) < J, such that B(zg,e) C B(xg,e +0) C D and let U :=
B(zg,e) U B(x,0;). Then

P, (7P € B(zo,e)) = P, (Bi+ X, € B(xo,e), 75 > t)
> P, (Bi+ X; € B(zo, ), Tg(o,a) >t, 1 > )

= / / ps V(@ 4y, 2)pr 0 (1,0, y)dzdy,
B(0,6) (z0,€)
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which is strictly positive. This implies that, for ¢ < oo and x € D, ¢”(t,x,-) is strictly
positive almost everywhere on D. By working with the dual process we get that for t < co
and y € D, ¢qP(t,-,y) is strictly positive almost everywhere on D. Combining these with the
semigroup property we get that ¢ (¢, z,y) is strictly positive everywhere on (0,00) x D x D.
O

Example 4.7. Suppose that Y is a truncated strictly a-stable process in R? satisfying all
the assumptions in Example 4.2, that B is a Brownian motion in R? and that Y and B
are independent. Then the process Z defined by Z; = B; + Y} is also a Lévy process and it
obviously satisfies (A1)(b). The transition density k(¢, z,y) of Z is given by the convolution
of the transition densities of B and Y. Using this, the explicit formula for the transition
density of B, and (4.10) and (4.11) for the transition density of Y, we can easily show that
there exist ¢ > 0 and A > 0 such that

k(t,z,y) < ceM ¢, Y(t,x,y) € (0,00) x R x RY. (4.16)
Moreover, for any v > 0, there exist ¢ > 0 and A > 0 such that
k(t,z,y) < cteM, |z —y| >, t>0. (4.17)

Using the facts above, one can follow routine arguments (see, for instance, the proof of
Theorem 2.4 in [10]) to show that, for every open subset D, the killed process ZP has a
transition density ZP (¢, z,y) such that, for any ¢t > 0, kP (¢, z,y) is jointly continuous on
D x D. Tt follows from the lemma below that for every bounded roughly connected open
set D, kP(t,x,y) is strictly positive on (0,00) x D x D. Thus for any bounded roughly
connected open subset D, ZP satisfied (A2), (A3) and (A5).

Lemma 4.8. Suppose that Z is the process in Example 4.7 and that k(t,z,y) is the transition
density of Z. Then for any bounded roughly connected open set D in R?, the transition
density kP (t,x,y) of ZP is strictly positive on (0,00) X D x D.

Proof. For any bounded domain V' and bounded open set U, let p} (¢, z,y) and pY (¢, z, y) be
the density of the killed Brownian motion BY and the killed truncated a-stable process YV
respectively. Note that if diam(U) < 1, the above densities are strictly positive (Proposition
4.4). Thus through the same argument in the proof of Lemma 4.6, we have that for every
open subset D with diam(D) < 1, kP(t,z,y) is strictly positive. Now following the step
(2)-(3) in the proof of Proposition 4.4, we conclude that for any bounded roughly connected
open set D, kP (t,z,y) is strictly positive on (0,00) x D x D. O

We list here more examples of Lévy processes X and open sets D so that X P satisfies the
assumptions (A1)-(Ab5) without giving proofs. One can prove them easily using arguments
similar to those in the previous examples and induction.
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If XU j=1,... n, are independent strictly aj-stable processes satisfying the assump-
tions of Example 4.1. Then the process X defined by X; = Xt(l) + - -—I—Xt(n) is a Lévy process
satisfying (A1)(a). For any bounded open subset of R¢, the killed process X? satisfies (A2),
(A3) and (A5). Similarly, if X j = 1,... n, are independent truncated strictly a;-stable
processes all satisfying the assumptions of Example 4.1. Then the process X defined by
X; = Xt(l) +-o 4 Xt(n) is a Lévy process satisfying (A1)(b). For any bounded roughly con-
nected open subset of R, the killed process X satisfies (A2), (A3) and (A5). Of course,
one can combine the examples above with Brownian motion to get more examples.
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