PARABOLIC HARNACK INEQUALITY FOR THE MIXTURE OF
BROWNIAN MOTION AND STABLE PROCESS

RENMING SONG* AND ZORAN VONDRACEK**

ABSTRACT. Let X be a mixture of independent Brownian motion and symmetric stable
process. In this paper we establish sharp bounds for transition density of X, and prove
a parabolic Harnack inequality for nonnegative parabolic functions of X.

1. INTRODUCTION

Let W = (W; : t > 0) be a Brownian motion in Euclidean d-space R%, and let Y = (Y} :
t > 0) be a rotationally invariant a-stable process in R?, where 0 < o < 2. Suppose that
W and Y are independent and define the process X = (X;: ¢ > 0) by X; = W;+Y;. The
law of X started from z € R? will be denoted by P*. We will call the process X the mixture
of the Brownian motion W and the stable process Y. Although X is a Lévy process with
explicitly known generator and Lévy measure, until recently not much was known about
the Green function and transition density of this process. The main difficulty in studying
the process is the fact that it runs on two different scales. By realizing the process X as a
subordinate Brownian motion and using Tauberian theorems, the asymptotic behaviors of
the Green function of X near zero and infinity were established in [7]. These asymptotics
were used in proving an elliptic Harnack inequality for the nonnegative harmonic functions
of X. The study of elliptic Harnack inequality for purely discontinuous processes was
initiated only recently by Bass and Levin in [1] whose approach was also used in [7].

Parabolic Harnack inequality for nonnegative parabolic functions of purely discontinu-
ous symmetric Markov processes was established by Chen and Kumagai in [4] based on
the ideas developed in [2]. The processes they studied have a scaling property that was
essentially used in their argument. In a work in progress Chen and Kumagai were able to
extend the parabolic Harnack inequality to a more general class of purely discontinuous
symmetric Markov processes including sums of independent stable processes with differ-
ent scales. Their work so far does not include the process X described in the paragraph
above.
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The goal of this paper is to establish a parabolic Harnack inequality for the nonnegative
parabolic functions of the process X. In order to do this, we first establish sharp upper
and lower bounds for the transition density of X. Although our proof of these bounds is
elementary and does not extend to general Markov processes which have both a continuous
component and a discontinuous component, these bounds can serve as guidelines for the
general case.

The content of this paper is organized as follows. The upper and lower bounds on the
density of X are established in Section 2. In Section 3 we establish a lower bound for the
transition density of the process X killed upon exiting a ball, and in Section 4 we prove
the parabolic Harnack inequality.

2. BOUNDS FOR TRANSITION DENSITIES OF THE MIXTURE

Let p? (¢, z) be the transition density of W, and p{®(, z) the transition density of Y.
Then
|z[*
4t )
while it follows from [3] that there are positive constants C;,Cy such that for all £ > 0

and z € R?,

P (t,2) = (4mt) *” exp(~

(1) Cymin(t™®, t]z|747%) < p'(t, 2) < Cymin(t™®, t]z| 7).

The transition density p(t,z) of X is given by

plt3) = [ 9t~ (e y)dy.
R

The purpose of this section is to obtain sharp bounds on p(¢,z). In order to do this, we
will need to compare p® (¢, z) and p{® (¢, z).

LEmMMA 2.1. Let v > 0.

(i) There erists a positive constant ¢ > 0 such that for all z € R and all t > 0
satisfying |x| < 1 < 't, it holds that
|/*

pde < opmd/2 _2r ;
< xp( 7t)

(ii) For all x € R? and all t € (0,1), it holds that

2
e > =4/ exp(—ﬁ) .
vt

(iii) There exists a positive constant ¢ > 0 such that for all t > 0 and all |z| > 1, it
holds that

2
(2) =42 exp(—%) < ct|z|74>.
Y
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PROOF. We omit the easy proofs of (i) and (ii), and only give a proof of (iii).
For fixed z # 0, define f : (0, 00) — (0, 00) by
F() =t exp(=|z]*/ (1)) -

Then f(0+) = f(4+00) = 0. Further,
f1) = fO (= (d/2+ Dt + |z*/7).

This derivative is zero for
oo laP
(d/2+ 1)y’
positive for ¢t < ty, and negative for t > t5. Thus f attains its maximum value at ¢y, and
A . 2l (d/2+1)y
mcf =10 = (i) oo (55
= ((d/2+ 1)) exp(=d/2 = 1) |&| 7% = cla| 7.

It follows that for all ¢ > 0
= exp(—|a]*/ (1)) < tf(t) <tz = ctfa| " a|* < etz

since |z| > 1. O

REMARK 2.2. Note that the proof of (iii) shows that for |z| < 1 there does not exist a
positive constant ¢ independent of x such that (2) holds. Clearly, the reverse inequality
cannot be true either.

Now we will establish upper bounds for p(t, z).
LEMMA 2.3. There exists a positive constant ¢ such that for t > |x|*,
p(t,z) < epl(t, z).

PROOF. For all y € R, pl¥(t,y) < Cyt~¥*. For t > |z|*, we have that p®(t,z) >
C,t~%<. Hence,

pta) = [ p¥(t - 0)p ) dy
R

< Oyt e / POt —y)dy < (CofCP (8, 7).
R

LEMMA 2.4. There exists a positive constant ¢ such that for t > |z|?,

p(t,z) < cp@(t,z).
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PROOF.

pta) = [ 90— 0p ) dy
R

@tz —y)
— @ P 7Y) @ u)d
p (,x)/Rd D) (t,y) dy

1
= 0002 [ (el e ) L) dy
R4

< Pta) [ explla /(40 0.0) dy

= pP(t,z) exp(|z]*/(41)) < e/ p?)(t, ).
O

LEMMA 2.5. Let pP(t,z) := (4mt)~%? exp{—|z|?/(16t)}. There erists a positive con-
stant ¢ such that for all |z| <1 and all t < |z|?,

p(t, z) < max(p?(t,z), p'* (¢, 7)) .
PROOF.

pta) = [ 30— ppe ) dy
R

- / 1/ +[l/a 1/2 +/ +1/2 +/ /1/2
ly|<t5— o <lyl<t- ly|> 55—, ly—=z|>|z|/2 ly|> 55—, ly—=z|<|z|/2

t
2 = 2 Z7g Z73

= Il+IQ+Ig+I4.
(i) For |y| < t/*/2 and t'/? < |z| < 1, it holds that 2|y| < tY/* < t'/2 < |z|. Hence
|z —y| > |2[/2, and so exp{—|z — y[*/(4t)} < exp{~[z[*/(16t)}. Clearly, p'*)(t,y) <
Cot=%. Therefore,
L < Cy(dmt) 42 exp(—\x\Q/(16t))td/a/ dy

lyl< 5
= ¢ (4nt) Y% exp(—|z[?/(161)).

(ii) For |y| < t/2/2 we have that 2|y| < t'/? < |z|, and so again |z — y| > |z|/2. Clearly,
P (t,y) < Cyt|y|~4. Therefore,

L < Cy(4mt) 42 exp(—|x|2/(16t))/

#Slyk#

4172

- 62(47#)7(1/2 exp(—|z[*/(16t)) t/l/z rtlpde gy
t @

ty*d*a dy

2

cs(4mt)~ 2 exp(—[z[*/(168)) ¢ ((¢1/*) " — (/%))
cs(4mt) "2 exp(—|z|?/(16t)) (1 — t1~/2)
cs(4mt) =2 exp{—|z|?/(16t)} .

IN
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(iii) Similarly as in (ii),

L < Colamt)y Pesp(-laf/aon) [, e dy
9> 22, y—z[>|o|/2
< Caldrt) Pesp(-[o?/(100)t [ Iy
|y|ZtT

= culdmt) 2 exp(—[o/(160) 1 (£/2)"
< caldmt) % exp(~[af?/(161))

since t17%/2 < 1 for t < 1.
(iv) For |y — x| < |z|/2, we have |y| > |z|/2, and hence |y|~¢=* < 24+2|z|=9=_ Further,
since ¢ < |z|? < |z|® for |z| < 1, it holds that t|z|~4~* < (1/C1)p'(t,x). Thus

L < G / POtz — )ty dy
/2
ly|> )| y—z|<|z|/2
<af . PO (t,a — y)tlz| = dy
> L2 ly—|<|z|/2

< cgtlr[T0 / d P (t,x —y) dy < erpl(t, z) .
R

From the estimates above it follows that

p(t,z) < cgpP(t,x) + cp (t, z) < comax(p@ (¢, z),p'? (¢, z)) .

LEMMA 2.6. There exists a positive constant ¢ such that for all t < |z|* and |z| > 1, it

holds that
p(t,z) < cp'® (t,x).

PROOF.
pta) = [ 99— ppe ) dy
R
ol g/
z—yl<|zl/2 Jlz—y[>|z]/2,[y|>t!/ lz—y[>|z]/2,[y|<t!/=
= L+L+1I;.

(i) For |z—y| < |z|/2 we have |y| > |z|/2. Hence p® (t,y) < Caot|y|~4® < Cr2¢F¢t|z| "4 =
crotlr| =2, Also, p¥(t,2) > Cit|z|~42. Therefore,

L < ept)z|4 / PP (t,z —y)dy
le—y|<[z]/2

< eptlr|TTr < c11pl® (t,z).
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(i) For |z —y| > |z[/2 we have exp{—|z —y[2/(4t)} < exp(—|z|?/(16t)). Also, p'¥(t,y) <
Cot|y| 4. Therefore,

L < Caldmt) " exp(~ |22/ (161)) / ty = dy

lz—y| >|z| /2,y >t/

Co(dmt) 2 exp(— o/ (160))¢ / e dy

|y| >t1/

VAN

IN

cro(4mt) =% exp(—|z[?/ (168))¢(t/*)~
= cps(dnt) ™ exp(—|z >/ (16t)) < c14p'¥(t, 2),

where in the last inequality we used Lemma 2.1 (iii).
(iii) For |z —y| > |z|/2 we have exp(—|z—y|?/(4t)) < exp{—|z|?/(16t)}. Also, p'®(t,7) <
Cot=%<. Therefore,

I < Cydmt)/2exp(—|z]?/(161)) / pdlagy

y| <t/
< eys(dmt) "2 exp(—|z|?/(16t)) < c16p'(t, ),

where in the last inequality we used Lemma 2.1 (iii).
From the estimates above it follows that p(t, z) < ¢17p®) (¢, 7). O

REMARK 2.7. Suppose that ¢ < |z|* and |z| > R, where 0 < R < 1. Then p(t,z) <
cRo2p(e) (t,x), where the constant ¢ does not depend on R. This can be proved by
changing the estimates for I, and I3, by using a modification of Lemma 2.1 (iii).

Next we establish lower bounds for p(¢, z).

LEMMA 2.8. Let p(t,z) := (4nt)~42 exp(—|x|?/t). There exists a positive constant ¢
such that for all t < |z|*,

p(t,z) > cpP(t, z).



PARABOLIC HARNACK INEQUALITY FOR THE MIXTURE 7

PROOF. For |y| < |z| we have that |y — z| < 2|z|, and hence exp(—|z — y|?/(4t)) >
exp(—|z|?/t). Therefore,

p(t,z) > / P (t, 2 — y)p'(t,y) dy
B(0,/a])

Vv

(4t) 2 exp(—|[2/1) / P (t,y) dy

B(0,|[)

= (4mt)"? exp(—|z|/t) / o t4epl) (1,17 y) dy
B(0,|x

= (dmt) 2 exp(—|a]*/1) / PO, ) du

B(0,t~ 1/ |z|)

> (tnt) exp(-laf*/t) [ P, du
B(0,1)

= ¢ (4mt)" Y2 exp(—|z|?/t).

LEMMA 2.9. There exists a positive constant c such that for every x € R and every
y € B(x,|x|/2), it holds that

P9 (t,y

> c.
p@(t,z) = °

Proor. This result can be easily proved by looking at the following four cases. Case
Lt > |zt > |y|% Case 2: t < |z|*t < |y|% Case 3: t > [z|*t < |y|* and Case 4:
t < l|z|*t > |y|* We omit the details. O

LEMMA 2.10. There exists a positive constant ¢ such that for all t < |z|?,

p(t,z) > ep(t, z).
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PROOF.
pta) = [ FOO(s - v)dy
R
(a)(t )
— @ PNY) @ 0 — o) d
p0z) [ B e ) dy
> o™ (t,2) / P (1, — y) dy
B(a,|z|/2)
= () / 2 (t,y) dy
B(0,/z//2)
= @ (1) / P (1, u) du
B(0,t~1/2|a|/2)
Z clp(a)(tax)/ p(2)(1,U) dU:CQP(a)(t,CC),
B(0,1/2)
where the third line follows from Lemma 2.9. [l

LEMMA 2.11. There exists a positive constant ¢ such that for all t > 1 and all |z|* < t
we have

p(t,z) > cp(t, z).

PROOF. For |z|* < t, pl®(t,z) < Cot=¥. If |y — x| < 1/2, then |y| < |z — y| + |z| <
oM/ If |y| < ¢V, then p@(t,y) > Cyit=¥e. If 1/ < |y| < 2tY/%, then p@(t,y) >
Citly|~4 > C 274 *¢t~%/  Therefore,

p(t,z) > / Ptz —y)p'(t,y) dy
lo—y|<tl/
> gt / p(t,z —y)dy
|z—y|<t1/«
= ¢yt / PO (t,y) dy = cst=¥® / P (1,u) du
ly|<tl/e

ly|<t=1/2t1/o

> cgtTe /| - PP (1, u) du = ct™* > esp (¢, z).
y/<

LEMMA 2.12. There exists a positive constant ¢ such that for all |x|* <t <1 it holds
that

p(t,z) > cp@(t, z).
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PROOF. If [y| < t/¢, then p{® (¢, y) > C1t=¥*. Also, |z—y| < |z|+|y| < 2t/ implying
exp(—|z — y|2/(4t)) > exp(—4t**/(4t)) = exp(—t*/*"') > e}, since t¥/*"! < 1 for t < 1.
Therefore,

p(t,z) > / POtz — y)p @ (t,y) dy
ly|<tl/e

Vv

Oyt 4/ / PP (t,z —y)dy
|y| <t/

Oyt~ (4t) =421 / dy

ly| <tl/e

v

= co(dmt)"Y? > cg(4mt) Y% exp(—|x|?/(4t))
= cpP(t, 7).
O

By collecting the results from previous lemmas, we obtain the lower and upper bounds
for the transition density p(¢,z). In order to briefly state the result, we define

[ p2)(t,2), P <t<|z]*<1,
max( 2 (¢, ), p (¢, x)), t<]|z]?<1,
alt:2) =9 @ (t, x) lzle<t<1
7 '/'Ll| J— — )
\ @ (¢, 2), t>1or|z|>1,
and
[ p?)(t,2), lz|> <t < |z]* <1,
(t2) = 4 max( @, x),p 9 (t,z)), t<l|z]?<1,
EETTY 00t 0), el <t<1,
| P (L, ), t>1lor|z|>1.

THEOREM 2.13. There exists a positive constant C3 such that

C?TIQI(ta .T) S p(ta 33) S C3q2(t7 .’L')

3. LOWER BOUNDS FOR TRANSITION DENSITIES OF THE KILLED PROCESS

In this section we will establish a lower bound for the transition density of the process
X killed upon exiting a ball of radius R. Let p(¢,z,y) := p(t,y — x). We first need the
following lemma.

LEMMA 3.1. There erists a constant Cy > 0 such that for every R > 0, every v € R?
and every t > 0,
Ciyt
3 P*(1B(z.r) <t ,
(3) (TB@r) <) < 5 pa

where Tp(y gy = inf{s > 0; X; ¢ B(z,R)}.
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This result for R € (0, 1] appears as Lemma 2.1 in [8]. By a slight modification of the
proof, the result follows for R > 1 as well.

Let R > 0, B = B(0,R), and let 75 denote the first exit time of X from B. Let X%
denote the process X killed upon exiting B. The transition density of X? is given by

pB(t,.’L',y) :p(tvxay) - ’/'B(t,.T,y) ) z,y € B:

where
TB(ta z, y) =E* [p(t — 7B, XTB’y) 1(t>7‘3)] :

LEMMA 3.2. There exist constants Cs > 0 and Cg € (0,1/10) such that:
(i) For every R > 0, for all z,y € B(0,2R/3) and all 0 < t < 1 satisfying |x — y|> <
t < Cs(R* A R*) it holds that
pB (t: z, y) Z C’515_(1/2 -
(ii) For every R > 1, for all z,y € B(0,2R/3) and all t > 1 satisfying |z —y|* <t <
CsR® it holds that
pB (ta z, y) Z CSt_d/a .
(iii) For every R > 1, for all x,y € B(0,2R/3) and all t > 1 satisfying |z — y|* >t
and t < CgR® it holds that
pB(t,z,y) > CstR 4.

PROOF. We first find an upper bound for r2(¢,z,y). Suppose that 0 < R < 1. Note
that by combining Lemma 2.6 with Remark 2.7, if |y — z| > R/3 and t < |y — z|?, then
p(t,z,y) < c(R/3)*2p®)(t, z,y) < cCy(R/3)*"2t|z — y|~%*. Let x,y € B(0,2R/3) and
choose t < R?/10. Then |X,, —y| > R/3 and t < R?/10 < |X,, — y[?, so on {t > 75}

p(t — 7B, XTB7 y) < CCQ(R/3)Q_2(t - TB)‘XTB - y‘—d—a
< cCy(R/3)**(R/3)™* < g Rt

Note further that for z € B(0,2R/3) it holds that P*(15 < t) < P*(Tp@,r/3) < t) <
Cyt/(R/3)? by Lemma 3.1. Therefore, for all z,y € B(0,2R/3) and all ¢t < R?/10,

r(t,z,y) = Ep(t— 78, Xop, ) Lisrp))
< o RHPE(t > TR)
< 9 R “PtCOiR T = oo’ R4
Suppose now that R > 1. If 1 > |y — 2| > R/3 > 1/3, and t < |y — 2|, it holds
by Remark 2.7 that p(t,y,2) < ¢(1/3)*2p™(t,y,2). If 1 > |y — 2| > R/3 > 1/3, and
t > |y —z|*, then by Lemma 2.3, p(t,y, 2) < cp®(t,y, z). If |y — 2| > 1, then the estimate
p(t,y,2) < ep'®(t,y, z) follows from Theorem 2.13. Therefore, whenever |y — z| > R/3
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and for all ¢+ > 0, p(t,y,2) < ep'¥(t,y,2) < cCotly — 2|7 ¢ < cCyt(R/3)"* ¢ Let
z,y € B(0,2R/3). Then on {t > 75}

p(t — 78, Xpp,y) < cOot(R/3)™ 4 < 3R,
Again by Lemma 3.1, P*(7p < t) < P*(7g(s,r3) < t) < Cut/(R/3)*. It follows that

rP(tz,y) = Ep(t — 7B, Xrys Y) Lisra)]
< RPN (t > 1)
< 9ROt CitR™™ = cyt* R™7.
(i) Suppose first that 0 <t < 1 and R € (0,1]. For all 2,y € R? such that |z — y| < 1,

we have by Theorem 2.13 that p(t, z,y) > ¢5p® (t,y —z). Therefore, for z,y € B(0,2R/3)
and |z — y|? <t < R?/10 it follows that

p(t,z,y) > cs(dmt)~W2e™ 2/t > e 42 = o2
It follows that for z,y € B(0,2R/3) and |z — y|> <t < R?/10

pPP(tzy) = plt,a,y) —r(t,y)
_ c7t—d/2(1 . @t(d+4)/2Rfd74) > ﬁtfd/Q
Cr -2

provided that 1 — (cy/cy)t4T4/2R=4=4 > 1/2. This last condition is satisfied if

e\ 2/(d+4)

t< (—7> R® = csR?.
202
Suppose now that 0 < ¢t < 1 and R > 1. The same argument as above shows that

for z,y € B(0,2R/3) and |z — y|> < t < R®/10 it holds that p(t,z,y) > c;t~%?, and
consequently

pP(tzy) = p(t,z,y) —rP(t,z,y)
Z C7t7d/2 _ CQtQR*d*QQ

— C7t_d/2(1 — c_zt(d+4)/2R—d—2a) > %t_d/Q
cr

provided that 1 — (cy/c7)t(@*4/2R=4=2¢ > 1/2. This last condition is satisfied if

o\ 2/(@+4)
L < i ) R2+20)/(d+4) _ o p2(d+20)/(d+4) |
2

Note that o < 2(d + 2a)/(d + 4). Therefore, if t < cgR®, then t < cq R4+22)/(d+4) and
consequently p?(t,z,y) > (c;/2)t~ 2.
Choose ¢;; = min(1/10,¢g,¢9). Then we have proved that for every R > 0, for all

z,y € B(0,2R/3) and all 0 < ¢ < 1 satisfying |z — y|? <t < ¢11(R* A R*) it holds that

ﬁw%wz%fm.
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(ii) Let R > 1 and z,y € B(0,2R/3). Suppose that |z — y|* < ¢t. By Theorem 2.13,
p(t,z,y) > C3'p(t,z,y) > C3'Comin(t~*, t{z — y[~4=*) > c1pt¥*. By combining
with the upper bound for r?(¢, z,y), it follows that

pP(t,z,y) = p(t,z,y) —rP(tz,y)
> cl2t*d/a _ c4t2R*d*2a

C12 2

provided that 1 — (cs/cy2)t¥*+2R=472¢ > 1/2. This last condition is satisfied if
Co a/(d+2a)
t < (—) R* = 613Ra .
264
(iii) Let R > 1 and z,y € B(0,2R/3). Suppose that |z — y|* > ¢t. Again by Theorem
2.13, p(t, v, y) > C5'p (t,2,y) > C5 ' Comin(t ¥/, tlr —y| ) = 5 'Cotlr —y| 4 >
c1tR~%*. By combining with the upper bound for rZ(¢, z,y), it follows that

p(ta z, y) - TB(ta z, y)
Cl4tR*d*OL o C4t2R72aid

cutR4e(1 — SR
C14

Pt z,y)

v

v

C14 —d—a
> —tR
- 2
provided that 1 — (¢4/c14)tR~® > 1/2. This is satisfied if
t< CﬁRa =ci5R”.
204

We finish the proof of the lemma by choosing C5 = min(cs/2, ¢12/2, ¢14/2) and Cg =
min(c1, €13, €15). O

Let N = |2/Cg] where Cg is the constant from Lemma 3.2, and |- | denotes the smallest
integer function. The proof of the next result follows the proof of Theorem 2.7 in [5].

PROPOSITION 3.3. Let § € (0,1). There ezists a constant C; = C7(5) > 0 such that for
all0 < R < (2N/§)V, all z,y € B(0, R/2) and all 0 < t < R?> A R* it holds that

pB(t,z,y) > Cot= e o-vP/(Cr1)

PrROOF. Let R < (2N/6)Y*, x,y € B(0,R/2) and t < R?> A R®. Suppose first that
t < |z — y|? and define k = |[4N|z — y|?/(6t)]. Then k > 2N/§ > 2/(Cs6), and therefore
t/k < (Cedt)/2 < (1/2)Ce0(R% A R*) < Cs(R? A R*). Moreover,

1/a®
Cod (it p oy < C9 l(ﬁ)
2 2 o
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implying that t/k < 1. For [ =1,2,...,k — 1 let
1)
a=c+—(y—=x).
1 2 Yy

From k > 2N|z — y|?/(6t) it follows that |z — y|? < dkt/(2N). Therefore

|z =y \/Ex/kt/N_\/(S\/z
a-aal= = ST = VanV
k—1
[0 t

=1

2 -
HZN\/>— \/QN\/C};R <C’6R<

implying that for every [ = 1,2, .

" f@ -

For ¢; € B(z,/6/(2N)\/t/k) and (1 € B(z_1,/0/(2N)\/t/k), 1 =2,3,...,k — 1, we
have that [ — G| < |G — 2] + |2 — 21| + [2m1 — G| < 34V/6/(2N)/t/k < /t/E.

Therefore,

Define

Note that

t
G- Ga)* < z < Cs(R* A R%),

implying by Lemma 3.2(i) that p®(t/k, G_1,{) > Cs(t/k)~%?. Hence

o) = [ [0 (Fea) (o) (5o dde . da
> [ ( xcl) (g,@,@)---pE(%,@1,y>d<1d<2...d<k1

(o)) - (o ) ) (=) )

Cs642|B(0,1)]\"  2¢/2N2
- 9d/2 \d/2 5d/2|B(0’ 1)|
2d/2Nd/2 2d/2Nd/2
-kl
“% %%W%@W%meﬂ
9d/2 \d/2 4N|$ _ y|2
-1 142
C16 €XP < Og(055d/2|B(0, 1)‘ 5t )

_ 12
cl7t_d/2 exp (_\x yl ) .
Cl7t

AV

d/24-d/2

v

v

AV
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Assume now that ¢ > |z —y|? and define k = |[4N/§]. Then again k > 2N/§ > 2/(Cs6)
implying t/k < Cgt < Cs(R? A R*) and ¢/k < 1. The same argument as above gives the
following estimate

Cs3"/2|B(0,1)]\" _242N2
. 5 : 4/24-d/2
p(tz,y) > ( 9d/2 N d/2 ) (5d/2|B(O,1)|k !

(055d/2|B(o, 1)\)” 94/2 /2

(2N)d/2tfd/2

= 9d/2 \d/2 592 B(0, 1)
2
= Clgt_d/Q 2 Clgt_d/2 exp <—7|$ y‘ ) .
Clgt
The claim follows by taking C; = min(cy7, ¢18). O

PROPOSITION 3.4. Let 6 € (0,1). There exists a constant Cs = Cg(d) > 0 such that for
all R > (2N/8§)Y, all x,y € B(0, R/2) and all t satisfying 6R* <t < R® it holds that
pB (ta €T, y) > CStid/a .
PROOF. Let R > (2N/6)/® and 6R* < t < R®. First note that §R* > 2N, implying
t > 2N. Define k = N. Then clearly t/k = t/N > 1. Also, since N > 1/Cs, we have that
t/k < Cgt < CsR™.

Suppose that u,v € B(0,R/2). If |u —v|* < t/k, then by Lemma 3.2(ii) it follows that

—d/a
pB(t/k, u, U) 2 05 (%) 2 C5t_d/a .

If |[u—v|® > t/k, then by Lemma 3.2(iii) it follows that p®(¢t/k,u,v) > Cs(t/k)R ¢ .
But since §R® < t, we have that R < (¢/6)}/*, implying

t [t (d+a)/a sl+d/a
PP (t/k,u,v) > 05% (5) =Cs N =4 = cygt =

Hence, for any u,v € B(0, R/2) it holds that p®(t/k,u,v) > c19t~%%. Define

s-Ie (7))

Note that B(0,t'/*/k) c B(0, R/2) since t < R®. Hence

pB(t’x,y) = / / / ( )pB (E,Q,@) "'pB (é,fk—l,y) d¢y dQs . .. dCr—1
/ / ( z Cl) (%,CI,C2> "'pB (%Ckl,?/) d¢ids ... dCy 1

o () = (ron (5] (-0

_ |B(O, 1) |k—lcllc9kdk(1/a—1)—|—dt—d/a — Cgot_d/a ’

v

AV
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where ¢y depends on 6. Choose Cg = cgp. O

COROLLARY 3.5. Let § € (0,1). There exists a constant Cg = Co(6) > 0 such that for
all R >0, all z,y € B(0,R/2) and all t € (6(R*> A R*), R* A R%) it holds that

C
B 9
PROOF. Suppose first that R < 1. By Proposition 3.3,

PP (t, x,y) > Cpt~¥2emlomvl/ ()

We use that |z — y|?/t < 1/§ and t~%2 > R~ to obtain the estimate with cy =
Crexp(—1/(C70)). If 1 < R < (2N/§)Y*, then again by Proposition 3.3,

pP(t,m,y) > Crt= 2ol /(C1)

A C-a)/a
(F) = Ca2,

PP (t,2,y) > Cre™ /" R™4 = ¢y R,

Now we use the estimate

lz—yl* _ R _1
< < -
t TR~ §

and t < R* < R?, to obtain that

Finally, let R > (2N/§)*®. Then by Proposition 3.4 it holds that
p’(t,z,y) > Gt~ > CsR™*.

The proof is finished by choosing Cy = min(cy1, 20, Cs).

4. PARABOLIC HARNACK INEQUALITY

In this section we are going to prove the parabolic Harnack inequality following closely
the approach from [4]. Let us first introduce the space-time process Z; = (Tp + s, X).

The law of the space-time process starting from (¢, z) € [0,00) x R? will be denoted by
P(t:)

DEFINITION 4.1. Let (t,z) € [0,00) x R? and let 71,75 > 0. We say that a nonnegative
function ¢ : [0,00) x R? — [0, 00) is parabolic in [t,t + ri] X B(x,ry) if for any [sy, s9] C

[t,t +r1) and B(y,r) C B(y,r) C B(z,1) we have
q(s’z) = E®?) (q(ZT[sl,sz)xB(y,r)))’ V(S,Z) € [81’82) X B(y,r),

where T, o0)xByr) = Inf{t : Z; & [s1,52) x B(y,7)}.
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Fort >0,z € R* and R > 0, define
Q(t,z,R) = [t,t+ (R* A R*)] x B(z, R) .

For A C [0,00) x R¢, let 04 = inf{t > 0; Z; € A} and A, = {y € R%; (s,y) € A}.
The idea for the proof of the next result comes from [6].

LEMMA 4.2. Let 6 € (0,1]. There exists a constant C1g = C19(0) > 0 such that for all
R>0,anyz € R, anyv € B(z,R/3) and any A C Q(0, 2, R/2)N([6(R2AR%), 00) x RY),
4]

0,v
PO (54 < 7g) > Cmma

where Tp = Tg(o,z,R)-

ProoF. We are going to estimate the expected time that the space-time process Z
spends in A before exiting Q(0,z, R). Let XP®®) denote the process X killed upon
exiting the ball B(z, R) and let p?(*®) be its transition density. Then

. 00 R2AR™
E©) / 14(s, X,)ds = E0) / 1A($,XSB(z’R)) ds = / P(o,v)((s,XsB(z,R)) € A)ds
0 0 0

R2AR> R2AR>
= / PY(XBER) ¢ A,) ds-/ / pPEB (s v, y) dyds

(R2AR>)
R?AR™
A
> [ J, -l
R2/\Ra R

where the inequality follows from Corollary 3.5 by using that s € (§(R* A R*), R> A R%)
and v,y € B(z, R/2). On the other hand,

TR 0 TR
RO / 1a(s, X,)ds = / PO2)( / 1a(s, X,) ds > u) du
0 0 0
R2AR® TR
/ ]P’(O’”)(/ 1a(s,X5)ds > u)du
0 0

R2AR® TR
/ P(0) ( / 14(s,X,)ds > 0) du
0 0
< (REARYPOY (04 < 7R).

IN

The last two displays prove the lemma. ]

Define U(t, z,r) = {t} x B(z,r).

LEMMA 4.3. Let § € (0,1). There exists Cyy = C11(0) > 0 such that for all R > 0, any
zeR, (t,x) € Q(0,2,R/3), v e B(z,R/3), r < R/4 and t > §(R* A R%),

(r/3)%

PO (00 (t,3) < Touo,2m) 2 Cri—pr— R
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PROOF. Note that

PO 0y (a3 < Taer) = P(X/®™ € Bz, r/3))

B(x,r/3
— / pB(Z’R)(t, v, y) dy > Cg‘ ( Rd/ )|
B(z,r/3)
(r/3) (r/3)**
= Cu Rd > CllWa
which proves the corollary. Note that the first inequality above follows from Corollary
3.5, because v,y € B(z, R/2) and t > §(R? A R®). O

LEMMA 4.4. There exists a constant Cyy such that for anyx € R, r > 0, y € B(z,r/3)
and any bounded non-negative function h on [0,00) X R? that is supported in [0,00) x
B(z,2r)e,

(4) EC:) [h(7r, X7,)] < C1oEOY) [A(7r, X7,)]
where T, = TQ(0,0,)-

PROOF. A Lévy system (N, H) of the process X is given by N(z,dy) = %
H; =t for some positive constant c. Thus the proof of the lemma is the same as that of

and

Lemma 4.9 in [4]. The fact that our process X has a continuous component does not play
any role since the function A is supported in [0, 00) x B(z, 2r)c. O

With these lemmas observed, the next theorem can be proved in a manner similar to
that in Proposition 4.3 in [4].

THEOREM 4.5. For every 0 € (0,1/18) there exists a constant C13 = Ci3(6) > 0 such
that for all R > 0, for every z € R and every non-negative function q on [0,00) x R¢
that is parabolic and bounded on [0,4(R? A R*)] x B(z,2R),

Sup q(t,y) < Ciz  inf  ¢(0,y).
(t,¥)€EQ(6(R2AR™),z,R/3) (t,9) y€B(z,R/3) 0,9)

Proor. Without loss of generality we may assume that

inf 0,y) =1/2.
yeBl(Izl,R/S)q( y)=1/

Let v € B(z, R/3) be such that ¢(0,v) < 1. For any x € R¢ and t > 0, consider Q(¢, z, )
for r < R/4 and let 7, = 7o) Suppose that C' C Q°(¢,z,7/3) := Q(¢t,z,7/3) N ([t +
S§(r2 Ar®),00) X RY) = [t + 6(r* Ar®),t + (r/3)* A (r/3)%] x B(z,7/3). Then by Lemma
4.2,

C|
Pt <71)>C |7
(oc <77) 2 Cro ré(r? A re)
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Note that there exists a constant ¢y such that cor(r? Ar®) < [Q%(t,z,7/3)| < ¢;'rd(r? A
r®). Hence, there exists a constant ¢; = ¢;(d) > 0 such that for all C C Q°(t,z,7/3)
satisfying |C|/|Q°(t, z,7/3)| > 2/3 we have

(5) P& (00 < 1) > €1
Define

c 1
(6) n=- and £=2A(Con),

where C}, is the constant from Lemma 4.4.
Suppose there is some point (¢, z) € Q(d(R* A R*), z, R/3) such that ¢(t, z) > K, where
K is a constant to be determined later. Define

o — max 3 1/(d+a) 3 1/(d+2) 3. 21/(d+2)
2T coCro€ "\ coCro€ " (C&)H@+2) | 7

where Cy and C; are constants from Lemma 4.2 and Lemma 4.3 respectively. Choose

(7) r = cyRK (@42
Then an easy computation shows that

(8) ‘QJ(O"T’T/:;)‘ > 3 /rd+2 > 2 : 3d+2
RURZAR®) = C1oéK’ RH2 ™ C €K’

Let U = {t} x B(z,7/3). Suppose that ¢ > €K on U. Let @ = Q(0, z, R). Then by
Lemma 4.3

C11(7'/3)d+2

1> q(0,v) = B [q(Zoyney)] > EKPO 0y < 70) > €K —i—

which contradicts the choice of r in the second inequality in (8). Thus, there exists at
least one point in U at which q takes a value less than K.
We next claim that

(9) ED (g(ry, Xr,) : Xy, & B(x,2r)] < 1K,
where 7, = Tg(er). If not, by Lemma 4.4, for all y € B(z,r/3),
alt,y) > E¥¢(r,,X,): X, ¢ B(w,2r)]
> CR'E*)[g(r, X,,) : X, ¢ B(z,2r)]
CnnK > ¢K.

v

But this contradicts the already proven fact that there exists at least one point in U at
which ¢ takes a value less than K. Therefore, (9) holds true.
Let A be any compact subset of

A= {(s,9) € Q(t,x,7/3); als,y) > EK}.
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Note that A C Q(0,z, R/2). By Lemma, 4.2

CiolA|

0,v . 0,v
1> q((],v) > E( )[Q(ZUA) 104 < TQ] > é-K]P)( )(UA < TQ) > gI(de(f{Z A Ra) ’

By the first inequality in (8)

1A RY(R? A R%)
<

(10) Q¥ (t,z,7/3)] = Cro |Q0(t,x,7/3)| EK

1
< -.
-3

Since (10) holds for every compact subset A of A, it holds for A in place of A.
Let C := Q°(t,z,7/3) \ A. Then by (10), |C|/|Q°(t,z,7/3)| > 2/3. Let

M= sup q(s,y).

Then

q(t,z) = E®?) [9(oc, Xo0) : 00 < 73]
+E(t,$) [q(O-C’XO'C) L Ty S O-C,XTT ¢ B(.’L‘,QT)]
+E(t’$) [Q(JC7XGC) : 1 < UCaXTr € B(.’L‘,2T)] .

The first term on the right is bounded by ¢ KP®%) (oo < 7,), the second term is according
to (9) bounded by 7K, and the third term is bounded by MP®%) (g > 7.). Therefore,

K < q(t,z) < EKPY) (00 < 7)) + nK + MPY™ (00 > 7,).

Note that by (5), P&?)(o¢ < 7,) > ¢;. Hence by use of (6),

M _1-n—&PWoc<n) 1-n—¢a  1-2c/3

— > =1+2
K> PFooezn)  © 1-a ° 1-a 70

where 5 = ¢;/6(1 — ¢;). Hence, there exists a point (t1,z,) € Q(t,z,2r) C Q(O, z,R) =
[0,3(R% A R®)] x B(z, R) such that q(t;,71) > (1 + 8)K =: K. Note that 0 < t; —t <
(2r)2 A (2r)* and |z, — z| < 2r.

Iterate the above procedure to obtain a sequence of points {(tx,xx)} in the following
way. Using above argument (with (¢;, ;) and K; instead of (¢,z) and K), there exists
(te,z2) € Q(t1,x1,2r1) such that g(ty,29) > (1 + B)K; =: K. Continue this proce-
dure to obtain a sequence of points {(tx,zx)} such that ({541, zx41) € Q(tk, Tk, 2r;) and
q(ths1, Trs1) > (1+ B)FIK) = Kiy1. We have that 0 <ty — 1 < (2r1)2 A (214)°,
|zg41 — x| < 2r,. Moreover, by (7),

ri < QRKSYD < o)1 4 ) D K-1ED R
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Note that
Y ore < K VERIRY (14 p)TH )k =
k

k

e K- R
1_(1+IB) 1/d+2)’

2 —1/(d+2) p\2 —2/(d+2)\k _ (26, K12 R)?
D)t £ e TEIREY (1 g = S

k k

«a — a — (262K_1/(d+2)R)a
D@2t < QoK VEPR)Y (14 f) ) = 1= (1+ B) 2@

k k

Therefore, we may choose K large enough so that (¢, z) € Q(0, z, R) for all k. This is a
contradiction because q(tg, z1) > (1 + 8)¥K goes to infinity as k — oo. O
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