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Abstract

Suppose that S is a subordinator with a nonzero drift and W is an independent 1-dimensional
Brownian motion. We study the subordinate Brownian motion X defined by X; = W (S;). We
give sharp bounds for the Green function of the process X killed upon exiting a bounded open
interval and prove a boundary Harnack principle. In the case when S is a stable subordinator
with a positive drift, we prove sharp bounds for the Green function of X in (0, 00), and sharp
bounds for the Poisson kernel of X in a bounded open interval.
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1 Introduction

A one-dimensional Lévy process S = (S; : t > 0) is called a subordinator if ¢ — S¢(w) is non-
negative and increasing. Suppose that W = (W, : t > 0) is a one-dimensional Brownian motion
and S = (S : t > 0) is a subordinator independent of W. The process X = (X; : ¢ > 0) defined
by X; = W, is called a subordinate Brownian motion. In this paper we will be concerned with
the case when the subordinator has a drift. This leads to a Lévy process with both a continuous
and a jumping component. A typical example is the independent sum of a Brownian motion and
a symmetric a-stable process. The difficulty in studying the potential theory of such a process
stems from the fact that the process runs on two different scales: on the small scale one expects
the continuous component to be dominant, while on the large scale the jumping component of the
process should be the dominant one. Furthermore, upon exiting an open set, the process can both
jump out of the set and exit continuously through the boundary.

The literature on the potential theory of Markov processes with both continuous and jumping
components is rather scarce. Green function estimates (for the whole space) and the Harnack
inequality for some of these processes were established in [12] and [15]. The parabolic Harnack
inequality and heat kernel estimates were studied in [17] for the independent sum of a d-dimensional
Brownian motion and a rotationally invariant a-stable process, and in [6] for much more general
diffusions with jumps. There are still a lot of open questions about subordinate Brownian motions
with both continuous and jumping components. Some of these questions are as follows: Can one
establish sharp two-sided estimates for the Green functions of these processes in open sets? Can
one prove a boundary Harnack principle for these processes?

The goal of this paper is to answer the above questions in the case of a subordinate Brownian
motion with a continuous component in the one-dimensional setting. In particular, we will be
concerned with the process X (%) the process obtained by killing X upon exiting the open interval
(0,7). The process X(©7) is called a killed subordinate Brownian motion. Our method relies on
two main ingredients: one is the fluctuation theory of one-dimensional Lévy processes (which has
already proved very useful in [10]), and the other is a comparison of the killed subordinate Brownian
motion with the subordinate killed Brownian motion where we will use some of the results obtained
in [19]. The reader is referred to Section 3 for the definition of the subordinate killed Brownian
motion and its relation with the killed subordinate Brownian motion X (%7). The results obtained
in this paper should provide a guideline for the more difficult d-dimensional case.

The paper is organized as follows: In the next section we set up notations, introduce our basic
process X - the subordinate Brownian motion with a continuous component, and give some auxiliary
results. In Section 3 we prove sharp two-sided estimates for the Green function of X killed upon
exiting a bounded open interval. Not surprisingly, the estimates are given by the Green function of
the Brownian motion killed upon exiting that interval. In Section 3 we also prove sharp two-sided
estimates for the Green function of X killed upon a bounded open set which is the union of finitely

many disjoint open intervals such that the distance between any two of them is strictly positive.



The Green function estimates are used in Section 4 to prove the boundary Harnack principle for
X. In the last section we consider the special case when X is the independent sum of a Brownian
motion and a symmetric a-stable process, and we give sharp bounds for the Green function of X
killed upon exiting (0, 00) and sharp bounds of the Poisson kernel of a bounded open interval.

Throughout the paper we use the following notations: For functions f and g, f ~ g, t — 0
(respectively ¢ — oo0) means that lim; .o f(t)/g(t) = 1 (respectively lim; . f(t)/g(t) = 1), while
f =< g means that the quotient f(t)/g(t) is bounded and bounded away from zero. The uppercase
constants C,Co,... will appear in the statements of results and will stay fixed throughout the
paper, while the lowercase constants cp,ca,... will be used in proofs (and will change from one
proof to another).

Throughout this paper, we will use dx to denote the Lebesgue measure in R. We will use “:="
to denote a definition, which is read as “is defined to be”. For a Borel set A C R, we also use |A]
to denote the Lebesgue measure of A. For a,b € R, a A b := min{a, b} and a V b := max{a,b}. We
will use 0 to denote a cemetery point and for every function f, we extend its definition to 0 by
setting f(9) = 0.

2 Setting and notation

Let S = (S;: t > 0) be a subordinator with a positive drift. Without loss of generality, we shall

assume that the drift of S is equal to 1. The Laplace exponent of S can be written as

P(A) = A+¥(),

where

() = /(O A=) pan)

The measure p in the display above satisfies f(O,oo)(l At) u(dt) < oo and is called the Lévy measure
of S. In this paper, we will exclude the trivial case of S; = t, that is the case of ¢y = 0. Let W =
(Wi : t > 0) be a 1-dimensional Brownian motion independent of S. The process X = (X;: t > 0)
defined by X; = Wg, = W(S;) is called a subordinate Brownian motion. We denote by P, the law
of X started at x € R. The process X is a one-dimensional Lévy process with the characteristic

exponent ® given by

d(0) = 4(0%) = 02 +¢(6*), 0€cR. (2.1)

The Lévy measure of X has a density j with respect to the Lebesgue measure given by
o0 2
j(z) = / (4mt) Y274 y(dt), x e R. (2.2)
0

Note that j(—z) = j(z), and that j is decreasing on (0, c0).
Let X = (X¢: t > 0) be the supremum process of X defined by X; = sup{0V X, : 0 < s < t},
and let X — X be the reflected process at the supremum. The local time at zero of X — X is



denoted by L = (L; : t > 0) and the inverse local time by L= = (L; ! : ¢+ > 0). The inverse local
time is a (possibly killed) subordinator. The (ascending) ladder height process of X is the process
H = (Hy; : t > 0) defined by H; = X(L;'). The ladder height process is again a (possibly killed)
subordinator. We denote by x the Laplace exponent of H. It follows from [7, Corollary 9.7] that

S 0 o (62 )2 22
X(A) =exp (71F/0 lg;l(i(;e))dQ) = exp <71T/0 log(6 Ali;é(g ) d6>, A>0. (23)

In the next lemma we show that the ladder height process H has a drift, and give a necessary

and sufficient condition for its Lévy measure to be finite.

Lemma 2.1 (a) It holds that
- x(V)
lim 2%
Ao A
(b) The Lévy measure of H is finite if and only if

/000 log <1 + ¢(t2)> dt < oo. (2.4)

t2

=1.

Proof. (a) Note first that the following identity is valid for A > 0:

B 1 [ log(62)\?)

Therefore

X exp{2 [ log(02)2 + 1 (62)?)) 1255

A exp{% fooo log(62)2) 11%2

— exp 1/00(10g(92)\2 + 1(6222)) — log(%\?)) 4
T Jo 1462
_ 1o B(O2)\ _df
= exp{ﬂ_/o log <1+ 02)\2 1+02
e B(O*N?) i
= exp {71‘/0 log <1 + W (1{9S1/>\} + 1{9>1/)\})w .

Since there exists a constant ¢; > 0 such that log(1 4+ z) < clx% for x > 1, we have, for any 6 < %,

$(6?2%) ¥(1) ¢
log (1 Tt ) S log {1+ e ) S 91/2)1/2°

for some ¢ > 0. Consequently,

o0

lim log <1 +

A—o0 Jo

P(020?) df
02 )2 BUSY, 1+62

Since

P(x) < / (xt A)p(dt) < :c/ (tADu(dt) = czz, forall z € (1,00),
(0,00) (0,00)



we know that

02 )2 1+921{9>1/x\} < 1+62 7

thus by the dominated convergence theorem

B(02)2) df
02)\2 Lio>1/x) 1+62

log (1 N w(92)\2)> 1 log(1 + ¢3)

lim log (1 +
0

A—00

Therefore we have shown
lim —X(A)
A—oo A
(b) By (2.6), the function y(A) — A is the Laplace exponent of the jump part of H. The Lévy
measure of H will be finite if and only if limy . (x(A) — A) < co. First note that by a change of

=1. (2.6)

variables we have

0 Y(62X2)\  df /00 Y(E2)\  dt
log (1 - log ( 1 .
/0 o8 < e )1y =), Mt e ) e

By (2.6) this integral converges to 0 as A — oco. Therefore,

. . 1 [ B(O2A2)\  do
m (A =) = AILHSOA[GXP{W/O 10g<1+ o ) 1rerf !
A B(02A2)\  do
- AILHQM/O log <1+ N2 ) 1102
B ) 1 [>® ¢(t2) A2
- /\h—>nolo7r/0 1 <1+ 2 ) e
2
Pt ’

og
(142 0

Remark 2.2 It is easy to see that, in the case when () = \*/2, the integral in (2.4) converges
if and only if 0 < a < 1.

The potential measure (or the occupation measure) of the subordinator H is the measure on
[0, 00) defined by

V(A)=E [/0 1{HteA} dt] ,

where A is a Borel subset of [0, 00).
By [1, Theorem 5, page 79] and our Lemma 2.1(a), V is absolutely continuous and has a
continuous and strictly positive density v such that v(0+) = 1. Thus

Viz) = V([0,2]) = /Oxm) dt~z asz— 0.



Lemma 2.3 Let R > 0. There exists a constant C; = C1(R) € (0,1) such that for all x € (0, R],
Cr <w(z) <O and Cix <V(x) < Clz.

Proof. Let c¢; = infoct<pv(t) > 0 and ¢y = supg4<g v(t). Since v(0+) = 1, we have that ¢; < 1.
Choose C; = C1(R) € (0,1) such that C; < ¢; < ¢ < C;'. Since V() = Jo v(t) dt, the claim

follows immediately. O

For any open set D, we use 7p to denote the first exit time from D, ie., 7p = inf{t > 0 :
X; ¢ D}. Given an open set D C R, we define X (w) = X;(w) if t < 7p(w) and XP(w) = 4 if
t > 7p(w), where 0 is a cemetery state. We now recall the definition of harmonic functions with

respect to X.
Definition 2.4 Let D be an open subset of R. A function h defined on R is said to be
(1) harmonic in D for X if
E; [|h(X:p)|] <00 and  h(x) =E; [M(X:5)], x € B,
for every open set B whose closure is a compact subset of D;
(2) regular harmonic in D for X if it is harmonic in D with respect to X and for each x € D,

h(x) = Eq [W(X7p)];

(83) invariant in D for X if for each x € D and each t > 0,

h(z) = Ey [h(X¢)];
(4) harmonic for XP if it is harmonic for X in D and vanishes outside D.

We are now going to use some results from [11]. It is assumed there that the resolvent kernels
of Lévy process are absolutely continuous with respect to the Lebesgue measure. This is true in
our case since X has transition densities. Another assumption in [11] is that 0 is regular for (0, co)
which is also satisfied here, since X is of unbounded variation. Further, since X is symmetric, the
notions of coharmonic and harmonic functions coincide. In [11, Theorem 2] it is proved that V is
invariant, hence harmonic, for X in (0,00). In particular, for 0 < e <1 < o0, let 7(,) = inf{t >
0: X; ¢ (e,7)} be the first exit time from (e,7) and let T(_, o) = inf{t > 0: X; € (00, 0]} be the
first hitting time to (—oo,0]. Then by harmonicity

V() =By [V(X(Te); Tter) < T—oo0]) » > 0. (2.7)
By letting € — 0 in (2.7) and using that V is continuous at zero and V' (0) = 0, it follows that

V(JZ) = Ex [V<X(7—(O,r)))§ T(0,r) < T(,w70}] , I > 0. (28)
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Formula (2.8) also reads

V(z) = B, [V(XONT))] = / V(y)Po(XONT,) € dy), >0, (2.9)

[r,00)

where T, = inf{t > 0 : X0 > ¢} Let ¢ = T(—c0,0) be the lifetime of X020 " Since V is
nondecreasing, it follows from (2.9) that

V(z)>V(r)P(T, < (), 0<zx<r<oo. (2.10)

We end this section by noting that the function v is also harmonic for X in (0,00). This is shown
in [11, Theorem 1].

3 Green function estimates

Let G(9°) be the Green function of X (%) the process X killed upon exiting (0,00). By using
[1, Theorem 20, p. 176] which was originally proved in [11], the following formula for G(0:>) was

shown in [10, Proposition 2.8]:

.  [Fv@ev(y+z—2)dz, x <y,
O e) = hone i oy (31)

The goal of this section is to obtain the sharp bounds for the Green function GO of X©7)

(0,00)

the process X killed upon exiting (0,7) (which is the same as X killed upon exiting (0,7)).

Note that by symmetry, for all z,y € (0,7),

GOD@,y) = GO(y,2), (3:2)
GO —zr—y) = GO(z,y). (33)

Proposition 3.1 Let R > 0. There exists a constant Cy = C3(R) > 0 such that for all r € (0, R],

GO (z,y) < Cy ””“‘”:(T‘w)y, 0<azy<r.

Proof. Assume first that 0 < z <y < r/2, and note that x(r —y) A (r — z)y = x(r —y) > zr/2.
Therefore, by Lemma 2.3

T — /\ —
GO (z,y) < GO (z,y) = /0 v(2)o(y + 2z —x)dz < Oy %z < 2072 2(r=y) " (r x)y‘ (3.4)

Now we consider the case 0 <z < r/2 <y < r and use an idea from [8]. Let 7, 2) be the exit
time of X" from (0,7/2). Note that this is the same as the exit time of X (%) from (0,r/2).



Since w — GO (w, y) is regular harmonic in (0,7/2) for X(©7) we have

GO (z,y) = E, [G(O’T) (X0 (70,02)),9); X O (70,4/2)) > 7“/2]

= E, [G(O’T) (r— X 0r) (T0,r/2)),7 — ¥); X (07) (T0,r/2)) > r/2}
20,2

IA

E, [X(O’T) (T(0,r/2)) (1 = 1); XOT(70,/2)) > 7“/2}
20,2

IN

r(r = )Py (XOD(r0,) > 1/2)

< 207%(r — y)20722

IN
[\
HQ
|
(]
—~
=
\
<
~—

Here the second line follows from (3.3), the third from the first part of the proof, and the fifth from
(2.10) and Lemma 2.3.
All other cases follow by (3.2) and (3.3). O

For z € (0,7), let 6(x) = dist(z, (0,7)¢) be the distance of the point x to the boundary of the
interval (0,7): d(z) =x for z <r/2,and §(z) =r —x for r/2 <z < r.

Remark 3.2 The upper bound in Proposition 3.1 can be written in a different way. Suppose, first,
that 0 < x <r/2 <y. Then

GO0 (a) £ HEZ0) _ 300 0,00

and since 6(x)'/25(y)/? < r, we also have

O@OW)  (5()5(y))2
Therefore,
GO (2, y) < Gy ((5@)6@»”2 A ‘W) | (3.5)

Assume now that 0 < = < y < r/2. Tt follows from (3.4) that G")(z,y) < C2z. Clearly,
x < 8(x)/25(y) /2, and also,
zy _ 6(x)d(y)

x < = .
y—z  |y—az

Hence, (3.5) is valid in this case too.

In order to obtain the lower bound for G(®") we recall the notion of a subordinate killed
Brownian motion. Let W (%) be the Brownian motion W killed upon exiting (0, r), then the process
Z01) defined by Zgo’r) = WO7)(S,) is called a subordinate killed Brownian motion. The precise



(0.7) _ the subordinate

relationship between X (%) - the killed subordinate Brownian motion, and Z
killed Brownian motion, was studied in [14, 19]. In particular, the interested reader can refer to
[14, Fig. 1] for an illustration of the relation between the subordinate killed Brownian motion and
the killed subordinate Brownian motion. Let U(%") denote the Green function of Z(0"). Tt follows
from [19, Proposition 3.1] that Z(%7) is a subprocess of X" and that G (z,y) > U (z,y)
for all z,y € (0,7). Hence, it suffices to obtain a lower bound for U©7) For this we use a slight
modification of the proof of the lower bound in [18, Theorem 5.91].

Recall that -
U (z,y) = / PO (t, 2, y)u(t) dt,
0

where p(©7) (t,x,y) is the transition density of the Brownian motion W) and w is the potential
density of the subordinator S. Since the drift of S is equal to 1, it follows from [1, Theorem 5, page

79] that the density u exists, is continuous, strictly positive and u(0+) = 1.

Proposition 3.3 Let R > 0. There exists a constant Cs = C3(R) > 0 such that for all r € (0, R],

U0 (z,9) > Cy a:(r—y)/\(r—x)y’ O<z,y<r.
r

Proof. Let r > 0 be such that < R. Since U7 is symmetric and U7 (r—z, r—y) = U0 (z, ),
we only need to consider the case 0 < z < r/2 and = <y < r. It follows from [13, Theorem 3.9] and
the scaling property that there exist ¢; > 0 and cp > 0 independent of r such that for all ¢t € (0, r?]
and all z,y € (0,7r)

2
p(OJ)(t?x)y) Z C2 <5<x)t§(y) A 1> t_1/2 exXp {_M} .

For convenience, we put A := 2r®. Let c3 = c3(R) := infy_;<op2 u(t). We consider two cases:
Case (i): |z — y|? < §(x)d(y). Then,

UOD (@) > o /A 5(90);5(9) A 1> 1112 expy {_015(9075)5(9) } u(t) dt
0
5(2)8(y) oSl
> 0263/0 t1/2 exp{—l(s(t)é(‘y)} dt
~ < (3(@)3()\ T s 0(@)d(y)
= 0263/1 <s> e = ds
= cye3(8(x)0(y)) 2 /1 sT32e7 5 ds = ¢4(8(x)8(y)) 2. (3.6)

Assume that 0 < 2 <y < r/2. Then 6(y) > §(z), and hence

U0 (2,y) 2 ea(§(@)5(y)'? = ead(@) = ea(1/r)a(r —y) = ealalr —y) A (r —2)y) /7.



Now assume that 0 < z <r/2 <y <r. Then

U a) > 6@ = et > o el =) A 6=

Case (ii): |z — y|?> > §(2)d(y). Then
A a2
U (z,q) > 62/ <5(ac)<5(y) A 1) =12 exp {_M} u(t) dt
5(2)5(y) t

(x ¢
A 2
> 02035(3:)6(34)/ 732 exp {—M} dt
6(2)o(y) t
crla—y|?/(8(x)d(y))
= cyeslz —y|Lo(x)d(y) / sT12e%ds
c1lz—y|?/A

C1
> cocslr — y]_lé(:c)d(y)/ sTHV2e7 ds
c1/2

= colz —y[7o(2)a(y) . (3.7)

Assume that 0 < z < y < r/2. Then

r —

U0 (@,y) > cor—— > cqu— > eo(a(r —y) A (r = 2)y)/r.
o

Now assume that 0 < x < r/2 <y < r. Then

U (@,y) > cole -y '8(@)o(y) > co(L/r)a(r —y) = cslalr —y) A (r — x)y)/r.

Remark 3.4 It follows from (3.6) and (3.7) that

U0 o) > Cs (602 0 ) (33)

By combining Propositions 3.1 and 3.3 with G(%7)(z, y) > U7 (z, 1) we arrive at the following

Theorem 3.5 Let R > 0. There exist a constant Cy = C4(R) > 1 such that for all v € (0, R] and
all z,y € (0,71),

o z(r—y)A(r—a)y < GO (g ) < Oy z(r—y)A(r—a)y

)

T T
o z(r —y) ;\ (r—a)y < U0 (5, y) < C4 z(r —y) ﬁ (r—a)y

Remark 3.6 From Remarks 3.2 and 3.4 it follows that

o(xz)d
GO (a,y) = (3(x)()"* n 2L
ly — |
The bounds written in this way can be generalized to some disconnected open sets (see Theorem
3.8).

10



Corollary 3.7 Let R > 0. There exist a constant Cs5 = C5(R) > 1 such that for all r € (0, R] and
all z € (0,r),
C5'0(x) < Eqlron)] < Cs6(x).

Proof. This follows immediately by integrating the bounds for G(°7) in the formula E, [To,m] =
Jo GO (@, y) dy. -

Now we assume that D C R is a bounded open set that can be written as the union of finitely
many disjoint intervals at a positive distance from each other. More precisely, let a1 < b1 < a9 <
by < -+ < ap < by, neN, ;= (aj,b), and D = Uj_11;j. Such a set D is sometimes called a
bounded C! open set in R (see [5]). For a point x € D, let §(x) := dist(x, D) be the distance of
x to the boundary of D. Further, let R := diam(D) = b, — a1, § := minj<j<,—1 dist(lj, [j+1) =
mini<j<p—1(aj+1 — b;).

Let X be the process X killed upon exiting the set D, and let G be the corresponding Green
function. Now we prove the following sharp estimates for G corresponding to the estimates in
Remark 3.6.

Theorem 3.8 There exists a constant Cg = Cg(D) such that for all x,y € D,

cy! <<5<x>6<y>>1/2 A ‘W) < GP(,y) < Cy <<5<x>5<y>>1/2 A ‘W) O 39)

ly — x| ly — x|

Proof. Assume that z and y are in two distinct components of D. Let D(x) and D(y) be the
components of D that contains x and y respectively. Then by the strong Markov property and the

Ikeda-Watanabe formula (see [9]), we have

GD(%?/) =E, [GD(XTD(m)’?J)} =E, [/OTD(Z) </D\D(x)j<‘Xs - z])GD(z,y)dz> dS] .

Since j is decreasing,

GP(y, 2)dz < GP(z,y) < () Balrp)] / GP(y,2)d=  (3.10)
D\D(z)

SR Bolrow) [

D\D(z)

By Corollary 3.7 there exists ¢; = ¢1(D) > 0 such that

c;to(x) <E, [TD(w)] < c1d(x), (3.11)

/ GP(y, 2)dz > / GPW)(y, 2)dz = Bylrpg,)] > et ()
D\D(x) D(y)

and

sup E,[7p] < sup E.[7(q, p,)] < c1 < 00.
zeD zeD

11



Moreover by (3.11), the strong Markov property, and the Tkeda-Watanabe formula we have

D —
/D\D(x)G (,2)dz < Eyrp] =By {TD(y)} Ky [EXTD@ [TD]}

TD(y) ]
/0 </D\D(y)](Xs,z) ]EZ[TD]dZ> ds]

c10(y) + c2i () By [p(y)] < e36(y).

We conclude from the last three displays and (3.10)-(3.11) that there is a constant ¢4 = ¢4(D) > 1
such that

IN

C1 5(?J) + Ey

IA

e o(x)0(y) < GP(x,y) < cad(z)d(y). (3.12)
When z and y are in two different components of D, it holds that £ < |z —y| < R. Thus, we have
established (3.9) in this case.

Now we assume that z,y are in the same component U of D. We have the inequalities (3.9) for
U. Thus

o (x)d, d(x)o
6P(1) > 6 .9) = 5 (00l ) n L) — s (32 n S,
where 6y () is the distance between z and U€. For the upper bound, we use the strong Markov
property, the Ikeda-Watanabe formula, (3.11) and (3.12), and obtain

GD(xvy) = GU(x7y)+Em [GD(XTU’y)]

C x 1/2 M " ] —2)GP (= z | ds
< a(@E@amen W) g, | [ (/D\Umxs \>G<,y>d)d]
< ¢ <(5($)5(y))1/2 A 6,(:6)5@)) +7(§) Ex[v] GP(y,2)dz

y — o D\U

c - 1/2 6(x)o(y) o S( 2Vdz
< e (a2 0 ) et [

Since, by the boundedness of D,

3w) < s (6010002 1 52,

we have

D(, c T 1/2 ()8 (y)
67w < eo (G2 1 )

Remark 3.9 In case of one-dimensional symmetric a-stable process, 0 < a < 2, and D as above,
the sharp bounds for the Green function G are given in [5]. When 1 < a < 2 they read

(a=1)/2 5 5(1')a/25(y)a/2 '

Dig,y) = (6(z
Gg (2,y) = (6(z)6(y)) v — 7]

12



4 Boundary Harnack principle

We start this section by looking at how the process X exits the interval (0,7). By the Ikeda-
Watanabe formula (see [9]), it follows that for any Borel set A C [0, 7]¢,

P (X ((0r)) € A) = / POz, 2)dz, € (0,r),
A

where P(O7)(z, 2) is the Poisson kernel for X in (0,7) given by

POz = [ GOty -y =0 (11)
0

Recall that the function j is the density of the Lévy measure of X and is given by (2.2). The
function z — PO7)(z, 2) is the density of the exit distribution of X (") starting at = € (0,7) by
jumping out of (0,7). This type of exit from an open set is well-studied. In the last section we
will give sharp bounds on P(") in the case when (\) = A*/2, a € (0,2). On the other hand, the
process X can also exit the interval (0, r) continuously. By a slight abuse of notation, for z € (0, )
and z € {0,7}, let

PO (2, 2) =P, (X(r0.)) = 2) -

Note that if ¢ = T(_q g}, then Py(T, < () =P, (X(T(Ojr)) > 7). Hence, (2.10) can be rewritten as

P, (X () > 7) < “;((5:; < 0;2%

where we have used Lemma 2.3 in the second inequality. Suppose that 0 < x < 57/6. Then

PO (z,r) <P, (X(r,) > 7) < 722 (4.2)

r

By symmetry, for r/6 <z <,
r—ux

PO (,0) < 72
We prove now the lower bound corresponding to (4.2).

Lemma 4.1 Let R > 0. There exists C7 = C7(R) > 0 such that for allr € (0, R] and all z € (0,7),
PO (z,7) > C7 2 (4.4)
r

Proof. Let Z(97) be the subordinate killed Brownian motion and let 72 . be its lifetime. From

(0,r)
the results in [19, Section 3], it follows immediately that

P, (X (7o) =7) 2 Po (200 =) =7) .

By [19, Corollary 4.4] (although it was assumed that the Lévy measure p of S is infinite there,
what was really used there was the condition that the potential measure of .S has no atoms which

is obviously satisfied in the present case),

P, (200, =) = 1) = By [u(p); W, = 1],
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where p = inf{t > 0 : W; ¢ (0,r)} and u is the potential density of the subordinator S. Let
c1 = c1(R) := infyy< ge u(t).
For every ¢t > 0 we have that tP,(p > t) < E;[p] = z(r — x)/2, hence

1
P.(W,=mr,p>t) <Py(p>1t) < 27:3(7“—1:) < 2%:17

T T 1x
Px(Wp =rp< t) :Px(Wp - T) _]P)x(Wp =Tp> t) > ; - 27“21: = 57
Therefore,
cx T
Eq [u(p); W, =r] > E; [u(p); Wp:TaPSt] > ClPx(Wp:ﬁPSt) > 9 :07;~

This concludes the proof. O

Proposition 4.2 (Harnack inequality) Let R > 0. There exists a constant Cs = Cs(R) > 0
such that for all r € (0, R) and every nonnegative function h on R which is harmonic with respect
to X in (0,3r),

h(z) < Csh(y), for all z,y € (r/2,57/2).

Proof. Let ay =r/4,a2 =1/2,a3 = 5r/4 and a4 = 11r/4. It follows from Theorem 3.5 that there
exists ¢; = ¢1(R) > 0 such that

Gl (31 y) < ;G\ (39, y), for all z1, 22 € (az,a3), y € (a1, a4),
consequently by (4.1) we have

P(‘“’a“)(xl,z) < clP(“l’“4)(x2,z), for all z1,x9 € (a2,as), z € [a1, aq]’.
It follows from (4.2)—(4.4) that there exists ca = ca(R) > 0 such that

P(al’a“)(xl,z) < czP(‘”’““)(xQ,z), for all z1,x9 € (ag,as3), z € {a1,a4}.
The conclusion of the proposition follows immediately from the last two displays. O

We are ready now to prove a boundary Harnack principle.

Theorem 4.3 (Boundary Harnack principle) Let R > 0. There exists a constant Cg = Co(R) >
0 such that for all v € (0, R), and every h : R — [0, 00) which is harmonic in (0,3r) and vanishes

continuously on (—r,0] it holds that
h(x
—— < Cy
h(y)

~—

< |8

for all x,y € (0,r/2).

14



Proof. Let x € (0,7/2). Since h is harmonic in (0,3r) and vanishes continuously on (—r,0] we

have

h@) = BmEs [h(Xr,)] = Bs [h(Xn,)]

el0
_E, [h(XT(M); Xro €[ 2r)] +E, [h(XT(M); Xy > 27"} +E, [h(XT(O,r)); Xppy < =7
=h+L+1I3. (4.5)

We estimate each term separately. By (2.10) and the Harnack inequality (Proposition 4.2), we have

I < Csh(r/2)Bo(Xry,, 2 1) < Csh(r/2) 1705 < CsCr % h(r/2) . (4.6)

In the last inequality we used Lemma 2.3. For the lower bound we use Lemma 4.1 and the Harnack

inequality (Proposition 4.2):
hiz) > I > E, [h(XT(O V)i Xogn = 7| = ) PO (2,7) = C5 ' Co h(r/2). (4.7)
’ ’ T

In order to deal with Iy and I3 we use Theorem 3.5. Since = € (0,7/2), by Theorem 3.5, we have

(0.r) wfr—yANr—x)y Lz T
¢O(ay) < O : = it ((r=y) A (5 = 1)y)
< G-y Ay) < 208 TG00 0/2).
Thus
I, = / PO (g, 2 dz—/ /Gor z,y)j(z —y)h(z) dy dz
2r
< / / GO (r/2,y)j(z — y)h ()dydz<2C4f h(r/2).
2r
Similarly,
Iy < 202§h(r/2). (4.8)
By putting together (4.5)—(4.8) we obtain
1z
—=h(r/2) < h(z) < c1—h(r/2)
clr

which completes the proof. O
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5 The case of stable subordinator

In this section we assume that ¥(A\) = A*/2, 0 < a < 2. Thus the subordinator S is the sum
of a unit drift and an «/2-stable subordinator, while X is the sum of a Brownian motion and a
symmetric a-stable process. We will use the fact that S is a special subordinator, that is, the
restriction to (0,00) of the potential measure of S has a decreasing density with respect to the
Lebesgue measure (for more details see [16] or [18]). It follows from [10, Proposition 2.1] and [16,
Corollary 2.3] that H is a special (possibly killed) subordinator. Thus the density v of the potential
measure V is decreasing, and since v(0+) = 1, it holds that v(t) < 1 for all ¢ > 0.

By applying the Tauberian theorem (Theorem 1.7.1 in [2]) and the monotone density theorem
(Theorem 1.7.2 in [2]) one easily gets that

te/2—1
v(t) ~ F(a/2)’

t— 00.

Together with v(t) ~ 1, as t — 0+, we obtain the following estimates

1, 0<t<2,
v(t) A{ /271 1/2 <t < o0. (5.1)

We recall now the Green function formula (3.1) for the process X (%:2°):
GO®) (g, y) = / v(t(ly—z+t)dt, 0<z<y<oo. (5.2)
0

The next result provides sharp bounds for the Green function G(:%°).

Theorem 5.1 Assume that ¢(\) = A+ \*/2, 0 < a < 2. Then the Green function GO of the

(0,00

killed process X0 satisfies the following sharp bounds:

(a) Forl < a<2,

GO (1,y) = (2 A2 ("2 AT), 0<z <y <oo.

(b) For a =1,
z(y=2A1), O<z<l1,
GO () =< log%j 1<z<y<2z,
$1/2y—1/2’ 1<xr<2x<y.

(¢) For0 < a <1,

z(y*/?>TAl), O<z<1,

(0,00) - 1a 1§x<y<$+1,
G (z,y) =< (y —z)* 1, I<z<z+1<y<r,
xa/an/Q—l’ 1<z<2x<y.
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Proof. The proof is straightforward, but long. It uses only the Green function formula (5.2) and
estimates (5.1) for v. It consists of analyzing several cases and subcases. We will give the complete
proof for 0 < a < 1. Cases 1-3 below work also for 1 < a < 2.
Case 1: <z <y <2

Since 0 <t<z<2v(t)=<1 Also,0<y—z<y—xz+t<y<2 hencev(y—z+1t) = 1.
Therefore, G(z,y) < [ 1-1dt = z.
Case 2: 0<z<1l<2<y.

Again, v(t) =< 1. Further, y—x+t > y—x > 1, hence v(y —z +1) < (y —x+1t)*/?>~1. Therefore,

by the mean value theorem,
r y
G(a,y) = / I-(y—z+ t)a/2_1 dt = / s/2 1 gs =< 92 1y
0 vz

where y — z < 6 < y. Further, x < 1 < y/2, hence y — x > y/2. Thus, for 6 € (y — x,y) it holds
that #*/2~1 < y®/2=1_ Therefore, G(z,y) =< zy®/> 1.
Case 3: 1 <z <2z <y.

Note that 1 + 2 < 2z < y and thus 1 < y — 2. Hence, y —x +¢ > 1 and thus v(y — z + t) <
(y — = +t)*/>~1. Further,

1 T
G(x,y):/o v(t)v(y—x+t)dt+/1 vty —z+t)dt =11 + I.

For the first integral we have

1 1 y—a+1
L = / v(t)v(y —z+t)dt < / 1-(y—a+t)*?* 1t = / sl gg < go/21
0 0 Y

—T

for some 6 € (y — z,y — x + 1). Therefore
1
L= / (B0l — 7+ 1) dt = (y — 2)°/21 = /271 (5.3)
0

since y/2 < y—x < y. For the second integral, we use that y/2 <y—zr <y—z+1l<y—z+t <y,
and hence

I, = / v(t)v(y—x+t)dt < / ta/%l(y—az—f—t)a/%l dt < / /2=y 2=1 g = (xa/2—1)ya/271.
1 1 1
(5.4)
Putting (5.3) and (5.4) together, we obtain

Gz, y) = y™/> 1 4 (222 — 1)y*/2 1 < /2021

From now on we assume that 0 < o < 1.
Case 4: 1<z <y<z+1.
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ForO0<t<lwehavey—az<y—ax+t<y—a+1<2 hence

11:/Olv(t)v(y—a:+t)dtx/011-1dt:1.
For Iy we have
Igx/xto‘/g_l(y—az+t)°‘/2_1dt</gﬁto‘/Q_lto‘/Q_ldtxl—xO‘_lxl,
1 1
and

I = 7Yy —az+6)?> 1 at > / 1271 4 )2
1

> / 1+ 14+ 0)2Tar =207 — (w+ 1)1 <1,
1

Hence G(z,y) < 1.
Case 5: 1<zr<z+1<y<2z.
For0<t<1,wehave 1l <1+t <y—ax-+t, and hence

1
L x/ 1-(y—2+ 0%t =< (y — x)?/*71
0

where we used the fact that y —z <y—az+t<y—axz+1<2(y—x).
To get the upper bound for I we use the change of variable:

I, = / ta/2—l(y . +t>a/2—1 dt — <y _ x)a—l /Z’I Sa/2—1(1 + 8)a/2—1 ds
1 1
y—x

< (y _ l,)a—l/ Sa/2—1(1 + S)a/2—1 ds = c(y _ x)a—l.
0

For the lower bound, we consider separately three cases: (i) and y —x > x/2 and = > 2, (ii)
y—x>zx/2and 1 <x <2 (iii) y —x < z/2.
In case (i), by use of y — z +t <  + x = 2z, it follows that

Ip = /x t/ 27 (y—a)*/ 2 dt > 202 1 g0/27 1 /x /271 g > 90/2-1g0/21 /x /271 gt = ezt
1 1 x/2

Since y — x > x/2, we have 2z >y >y —x > x/2, thus (y — 2)*~! < 2%~ L. Therefore in this case

we have that Iy > c(y — z)* L.

In case (ii), Is > 0. Note that for this case 1 <y —x < & < 2, hence I + I, > (y — z)*/?7! =
(y — )"

In case (iii), we have that = > 2(y — z), hence again by a change of variable

r 2(y—z)
Iy = / ta/2_1(y —x+ t)a/Q_l dt > / ta/2_1(y —x+ t)a/2—1 dt
1 1

2 2
= (’y — :L,)Clll/ Sa/271(1 + S)a/271 dS 2 (y _ x)al/ 50/2*1(1 + 8)&/271 dS
1

1
Yy—x

= cly—2)"".
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Note, further, that for y — z > 1 it holds that (y — 2)®/?~! < (y — 2)®~!. Hence, by combining
the expression for I, the upper and the lower bound for I3, we obtain that G(z,y) < (y — z)*~ L.
O

Remark 5.2 In case of a symmetric a-stable process, the sharp bounds for the Green function

G of the process killed upon exiting (0, 00) can be easily deduced from [4]. They read

GO®) (g ) = 222?71 1<a<?,

1/2 —1/2 0<x<y/2
(Ooo) - ) Yy ) _
Goaay) = {logyx, O<y/2<z<y, a=1,
- a/2 a/2fl’ 0<z<y/2,
GO (z,y) = { 7)o 0<y/2</x<y 0<a<l.

Now we recall the formula (4.1) for the Poisson kernel of X in (0,r)
PO 2) = [ GO )ity - )y, =€ ool
0

In the case of a/2-stable subordinator, it turns out that j(z —y) = c¢(a)|z —y|~17% For 0 < x <

r < zlet

POz =1 [ — g+ 2 et — ) -y,

”
It follows from the Green function estimates in Theorem 3.5 that P07 (z, z) < PO7)(z, 2).
Lemma 5.3 For z € (0,r) and z > r we have

MO (p(z—a)lm —p(z — 1) — (r —2)217%) | a e (0,1)U(1,2),

r

por) (,2) =
H( (r—a)log ) | a=1,
where k(a) = 1/(a(a —1)).
Proof. This follows by straightforward integration. O

For z € [0,7]¢, let 6(z) = dist(z, (0,7)). By combining the above lemma with P(©7)(z, z) =
PO (g, 2), one can show the following sharp bounds for the Poisson kernel. We will omit the

proof.

Theorem 5.4 Let R > 0. There exists a constant C1g = Cio(R) > 1 such that for all v € (0, R],
for all x € (0,7), and for all z ¢ [0,r] it holds that

o - fg’? ) |z —z|7® < PO(z,2) < Cyo T i(ficzz) |z —z[™*, 0<a<l,
L 8 log(5(2) O3y 2 e
Cio' Tr s ios o) < @) < Co gt ey o o=k
o) O1) (g, 2 ox) z—z|” @
o Trstneet = 7 @3 = O goysger P T<a<,
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The Poisson kernel PCSO"“) for the symmetric a-stable process was computed in [3], and it turns
out that
5(%‘)0‘/2
(14 d(2))d(2)2/2

-1

P<)(407T)(l'7z)x |Z—l’| ; VS (07T)7Z€ [O?r]c’ 0<a<2.

An interesting new feature of P(O7) is that in case 0 < o < 1 there is no singularity in §(z). This

is not surprising in view of Lemma 2.1(b) and Remark 2.2.

Acknowledgment: We thank the referee for the helpful comments on the first version of this

paper.
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