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Abstract For any o € (0,2), a truncated symmetric «-stable process is a symmetric
Lévy process in RY with a Lévy density given by c|x| ¢~ 1{jx)<1y for some constant c.
In this paper we study the potential theory of truncated symmetric stable processes
in detail. We prove a Harnack inequality for nonnegative harmonic functions of these
processes. We also establish a boundary Harnack principle for nonnegative functions
which are harmonic with respect to these processes in bounded convex domains. We
give an example of a non-convex domain for which the boundary Harnack principle
fails.
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1 Introduction

Recently there have been a lot of interests in studying discontinuous stable processes
due to their importance in theory as well as applications. Many important results have
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140 P. Kim, R. Song

been established. These results include, among other things, sharp estimates on the
Green functions and Poisson kernels [13,22], the boundary Harnack principle [4,29]
and the identification of the Martin boundary for various domains [5,14,29]. See [9]
for a survey of some of these results.

However in a lot of applications one needs to use discontinuous Markov processes
which are not stable processes. Therefore we need to extend the known results on
stable processes to other discontinuous Markov processes.

In [25,16], sharp estimates on the Green functions of killed relativistic stable pro-
cesses in bounded C! domains were established. These estimates can be used to
establish various properties of relativistic stable processes.

Another discontinuous Markov process, the censored stable process, was intro-
duced and studied in [6]. Roughly speaking, for « € (0, 2), a censored a-stable pro-
cess in an open set D C R? is a process obtained from a symmetric a-stable Lévy
process by restricting its Lévy measure to D. The censored process is repelled from
the complement of the open set D because it is prohibited to make jumps outside D.
Some potential theoretic properties of censored stable processes, such as Green func-
tion estimates, Martin boundary, and Fatou type theorem, were established recently
[11,12,21].

In this paper we study yet another type of discontinuous Markov processes which
we call truncated symmetric stable processes. For o € (0,2), a truncated symmetric
a-stable process is a symmetric Lévy process in R? whose Lévy density /(x) coincides
with the Lévy density of a symmetric a-stable process for |x| small (say, |x| < 1) and
is equal to zero for |x| large (say, |x| > 1). In other words, a truncated symmetric
a-stable process is a symmetric Lévy process in R? with a Lévy density given by
clx|~4-« 1{jx)<1y for some constant c. Truncated stable processes are very natural and
important in applications where only jumps up to a certain size are allowed. One
expects that many properties of the truncated stable processes should be similar to
those of the symmetric stable processes, but some properties are very different. For
instance, the boundary Harnack principle for symmetric stable processes is valid on
any «-fat set, while we will show that on non-convex domains the boundary Harnack
principle for truncated stable processes might fail.

In some aspects, truncated stable processes have nicer behaviors and are more
preferable than symmetric stable processes, for instance, by Theorem 25.17 of [26] we
know that truncated stable processes have finite exponential moments. However, as
we shall see later, in some other respects, truncated stable processes are much more
difficult and more delicate to study than symmetric stable processes.

The starting point of our research on truncated stable processes was our attempt
to establish a Harnack inequality for nonnegative harmonic functions of truncated
stable processes. The recent developments in Harnack inequalities for discontinuous
Markov processes were initiated in [1]. The method of [1] was extended in [28] to
cover a large class of Markov processes. Two other methods for proving the Har-
nack inequality for discontinuous Markov processes were contained in [8] and [10].
However, none of the methods above apply to truncated stable processes. This gives
another indication that truncated stable processes are pretty delicate to deal with.

Our strategy for studying truncated stable processes is as follows. First, we consider
killed truncated stable processes on small sets and show that its Green functions are
comparable to the Green functions of the corresponding killed symmetric stable pro-
cesses. Then we study Poisson kernels for truncated stable processes on small sets in
detail. Finally we prove the Harnack inequality and boundary Harnack principle for
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Potential theory of truncated stable processes 141

nonnegative harmonic functions of truncated stable processes by using properties of
its Poisson kernels and some ideas in [4,7,29].

In this paper we will always assume that d > 2. The case of d = 1 can also be con-
sidered, but some arguments need to be modified. We leave this case to the interested
reader.

In this paper, we use “:=" as a way of definition, which is read as “is defined to be”.
The letter ¢, with or without subscripts, signifies a constant whose value is unimportant
and which may change from location to location, even within a line.

2 Stable processes and truncated stable processes

Throughout this paper we assume o € (0,2) and d > 2. Recall that a symmetric
a-stable process X = (X;,Py) in R%is a Lévy process such that

E, [eig'(X’_XO)] =e " foreveryx e RY and & eR%

The Dirichlet form (€, D(€)) associated with X is given by

E,v) = / MO e, DE) = Jue L2@Y):: / @@ PIEIdE < ool
Rd

R4

where u(¢) = QQm)~4/2 fRd ety u(y)dy is the Fourier transform of u. As usual, we
define & (u,v) := E,v) + (u, V)12 (rd) for u,v € D(E). Then we have

E1(u,u) = / (E)P(1+ &)dE, ue DE). 2.1)
R4

Another expression for £ is as follows:

E(u,v) = %A(d, —a)// () — uGNOG) — vp) dxdy,

|x _y|d+a

Rd Rd

where A(d, —a) = a2"‘_1n_d/21"(d%)l“(1 - %)_1. Here I' is the Gamma function
defined by I'(A) := fooo *~le~!dt for every A > 0. By a truncated symmetric a-stable
process in RY we mean a symmetric Lévy process Y = (Y;,P,) in R? such that

E, [eié'(Y’_YO)] =eW®  foreveryx eRY and £ eRY,

with )
Y(E) = Ad. ) / _&T%f”

{lyl<1}
The Dirichlet form (Q, D(Q)) of Y is given by

2.2)

Ou,v) := / DERE)YE)E, D(Q) = jue L*RY): / (&) [y (£)dE < 00
R4 R4
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The Dirichlet form (Q, D(Q)) of Y can also be written as follows:
O v) = %A(d, _a)// ((x) —u@)(v(x) — V(y))1{|x_y|<1}dxdy

lx — y|d+e

R4 R4

(W(x) — u(y))?

|x _y|d+a 1Hx_y‘<1}dxdy < 0

D(Q) = {ue LY :/
R4 R

Similar to &1, we can also define Q1. Then we have

Q1) = [ 1)L+ p @) (23)
Rd
By the change of variable y = x/|&|, we have from (2.2)
o© = Ad—ajee [ 2
|x|d+ot

{lxl<l&1}

Since 1 — cos(% -x) behaves like |x|? for small |x|, it is easy to check that v/ (¢£) behaves

like |£|? near the origin. Also we see that as |£| goes to infinity, the integral in the
above equation goes to a positive constant. So ¥ (§) behaves like |£|* near infinity.
Therefore by the definition of D(£) and D(Q) we see that D(£) = D(Q). From now
on we will use F to stand for D(€). Using (2.1), (2.3) and the fact above, we see that
there exist positive constants ¢; and ¢z such that

c&1(w,u) < Q (u,u) < cé1(u,u), uelrF.

Therefore the capacities corresponding to the Dirichlet forms (£, F) and (Q, F) are
comparable, hence we get that a set A has zero capacity with respect to (£, F) if and
only if it has zero capacity with respect to (Q, ) and that a function u is quasi con-
tinuous with respect to the capacity of (£, F) if and only if it is quasi continuous with
respect to the capacity of (Q, F). So when we speak of quasi continuous functions or
sets of zero capacity, we do not need to specify the Dirichlet forms. For concepts and
results related to Dirichlet forms, we refer our readers to [18].

It is well known that any function u € F admits a quasi continuous version. From
now on, whenever we talk about a function u € F, we always use the quasi continuous
version.

Using the asymptotic behavior of ¢ and Proposition 28.1 in [26] we know that the
process Y has a smooth density pY(t, x,y). Since ¥ (§) behaves like |& |2 near the origin,
it follows from Corollary 37.6 of [26] that Y is recurrent when d = 2 and transient
when d > 3. By using the smoothness of the density, one can easily check that, when
d > 3, the Green function of Y

o0
GY(x,y) = /py(t,x,y)dt
0
is continuous off the set {(x,x) : x € R9}.

For any open set D, we use ‘L'g to denote the first exit time from D by the process X
and use X? to denote the process obtained by killing the symmetric a-stable process
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Potential theory of truncated stable processes 143

upon leaving D. The process X is usually called the killed symmetric a-stable process
in D. The Dirichlet form of X? is (&, FP), where

FP ={ue F:u=0 on DCexcept for aset of zero capacity}.
For any u,v e .7-"D,
1
e =3 [ [@m - uonew - vonsepdrdy + [ utveeommds

D D D

where

J(x,y) = A(d, —a)|x — y|" and  kpx) == AW, —a) / lx — y| =@t dy,
DL‘

Similarly, for any open set D, we use r[’; to denote the first exit time from D by the
process Y and use Y? to denote the process obtained by killing the process Y upon
exiting D. The Dirichlet form of YP is (9, FP). For any u,v € FD,

1
Qu,v) =3 / / @(x) — u()) () — v (x,y)dxdy + / U)K (x)dx,

D D D

where

JY(x,y) =J(, ) {x—y<1; and Kg(x) = /Jy(x,y)dy. (2.4)

De
Note that
0 < kp(x) — Kk} (x) = / J(x,y)dy < / J(x,y)dy =: B(d,«), Vx e D.
Denflx—yl=1) {lx—y|=1}
(2.5)

Using the continuity of pY, it is routine (see, for instance, the proof of Theorem 2.4
[17]) to show that Y” has a continuous and symmetric density pg (t,x,y). From this one
can easily show that the Green function Gg of YP is continuous on (D x D) \ {(x,x) :
x € D}.

3 Comparability between Green functions of stable and truncated stable
processes in small sets

In this section we take an open set D with diam(D) < %, where diam(D) stands for the

diameter of D. In this case, we have from (2.4) thatJ(x,y) = JY (x,y) forallx,y € D.So
we can regard Y as a Feynman-Kac transform of the process X with the potential
gp(x) := kp(x) — k} (x), that is, the Feynman-Kac semigroup (QP) defined by

t
OPF(x) = Ex | exp / ap(XP)ds | F(XP)
0

is the semigroup of Y. Recall that G} is the Green function of Y?. Let Gp be the
Green function of XP. Since gp is nonnegative, we see that Gp(x,y) < G}; (x,y) for
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all x,y € D. To get an upper bound for G¥, we need to assume that D is x-fat. We
first recall the definition of «-fat set from [29].

Definition 3.1 Let k € (0,1/2]. We say that an open set D in R? is «-fat if there
exists R > 0 such that for each Q € dD and r € (0,R),DNB(Q,r) contains a ball
B(A,(Q),«r). The pair (R, k) is called the characteristics of the k-fat open set D.

Note that all Lipschitz domain and all non-tangentially accessible domain (see [20]
for the definition) are «-fat. Moreover, every John domain is k-fat (see Lemma 6.3
in [24]). The boundary of a «-fat open set can be highly nonrectifiable and, in gen-
eral, no regularity of its boundary can be inferred. Bounded «-fat open set may be
disconnected.

Suppose further that D is a «-fat set. Since gp is bounded, one can use the 3G-type
estimates for symmetric stable processes in [29] to check that gp belongs to the class
Soo(XP) there, thus it follows from [15] or [16] that Gg (x,y) is continuous and there
exists a positive constant C such that

Gp(x,y) < Gg(x,y) < CGp(x,y), Vx,yeD. (3.1

But the constant C above might depend on D. For later applications, we will need the
constant C to be invariant under scaling and translation. First we consider the case of
balls.

Proposition 3.2 There exists a positive constant ry < % such that for all r € (0,r9] and
a € R we have

GB(a,r)(x7y) = Gg(a,r)(x’)’) = 2GB(a,r)(x’y)s x,y € B(a,r).

Proof Let B, := B(0,r) with r < 1. For any z € By, let (P%, X;") be the G, (-, 2)-
transform of (Py, X, ,B "), that is, for any nonnegative Borel functions f in B;,

Gp,(XPr,2)

By
20D |

ES [FXP)]| = B [

It is well known that there exists a positive constant C independent of r such that

Gp,(x,y)Gp,(y,2)

<C(x—y*+ly—z"%, V¥x,y,zeB. (32)

Gp,(x,2)
So there exists a positive constant r( such that for any r € (0,rp] and all x, z € B,
G, (x,y)Gp,(y,2) 1
B(d,«) Eitf = B(d, / - : dy < =, 3.3
(et = BED [ TG w Y T2 (9
By

where B(d, @) is the constant in (2.5). Hence by (2.5) and Khasminskii’s lemma (see,
for instance, Lemma 3.7 in [17]) we get that for r € (0,79 A %]

X
s,

EZ | exp / q(XSB’)ds <EZ [exp (B(d,a)téi)] <2.
0
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Since

X
TB,

Ggr(x, 2) = Gp,(x,2) EZ | exp /q(Xf’)ds , x,z€B(@0,r),
0

using the translation invariance property of our Green functions, we arrive at our
desired result. ]

The 3G-type estimate for symmetric stable processes on k-fat open sets was proved
in [29]. It is easy to see that the constant appearing in the 3G estimate depends only
on the characteristics of the x-fat open set and the diameter of the set. Moreover, by
the scaling and translation invariant property of X, the constant is invariant under
scaling and translation of D

Theorem 3.3 (Theorem 6.1 in [29]) For a bounded «-fat open set D in R?, there exists
a constant ¢ depending only on the characteristics («, R) of D and diam(D) such that
forx,y,z € D :==a+rD,
Gy Gy 0:2) _ - x—z|®
Gpe(x,2) T —yldely — [

(3.4)

By using (3.4) instead of (3.2) in the proof of Proposition 3.2, we immediately get
the following result.

Proposition 3.4 Assume that D is a bounded «-fat open set in R? with the character-
istics (k,R). Then there exists constant r; = r{(k,R,a,d,diam(D)) < %diam(D) such
that for allr € (0,r1] and a € R4, we have

Gpa(x,y) < thr,(x,y) <2Gpe(x,y), x,yeD}:=a+rD.

Proof We omit the details. O

4 Harnack inequality for truncated stable processes

In this section we will prove a Harnack inequality for truncated stable processes. It
is well-known (see Lemma 6 of [4]) that for any bounded Lipschitz domain D in R?
(see Sect. 5 for the definition),

Py(X;, € dD) =0, xeD. (4.1)

The process X has a Lévy system (N, H) with N(x,dy) = A(d, —a)|x — y|~ @+ dy
and H; = t (see [18]). Using this and (4.1) we know that for every bounded Lipschitz
domain D and f > 0, we have

Ex [f(Xl'D)] = /KD(-X’ Z)f(z)dz’ X € Da (42)
D°
where
Kp(x,2) = A(d, —a) / GL"dy) (43)
Dly—zrw
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Recall that for any ball B(x,r), we use ré((x " and rg(x » o denote the first exit times
from the ball B(x,r) by the processes X and Y, respectively. Using Proposition 3.2,
we can easily see that, for r < ry,

X Y X
IE()"’—B(x,r) = IEO‘L—B(x,r) = Z]EO‘EB(X,I’)'

Thus it follows from Theorem 1 of [30] that for any bounded Lipschitz domain D in
R? we have
Py(Yy, €3dD) =0, xeD. (4.4)

The process Y has a Lévy system (NY, HY) with NY (x,dy) = A(d, —a)|x — y|~ @+
Ijx—y|<1dy and HY =t (see [18]). Using this and (4.4) we have the following result.

Theorem 4.1 Suppose that D is a bounded Lipschitz domain in RY. Then there is a
Poisson kernel Kg(x, 7) defined on D x Di such that

Ex [f(Yep)] z/Kg(x,z)f(z)dz, xeD
DY
forevery f > 0on 5;, where Ei ={ye D : dist(y, D) < 1}. Moreover,
G]}_;(x,y)

K} (x,2) = Ald, —« —
bx.2) = A, —a) e
Dn{ly—zl<1}

dy, (x,z) € D x Dj.

Using the Lévy system for Y again, we know that for every bounded open subset
D and every f > 0 andx € D,

GY(x,y)

]Ex [f(Y‘[D); YID* 7+‘ YI’D] :/A(d’ —O[) W

D5 Dfly-zl<1}

dyf(z)dz. (4.5)

For notational convenience, we define

Gp(x,)
Kg(X, 7) == A(d, —a) D’BW

Dn{ly—z|<1}

dy, (x,2)eDxD]  (4.6)

even if D is not a bounded Lipschitz domain in R?, so (4.5) can be simply written as
L [Vt Yoy £ Vo] = [ Khxf e
DY

Recall that ry is the constant from Proposition 3.2 and Kp(y, ) (¥, 2) is the Poisson
kernel of B(xo,r) with respect to X. Let A(x,r,R) :={y € RY:r < ly — x| < R}.

Lemma 4.2 Suppose that xg € R4, Then forevery r < % and 7 € A(xg,r,1 —r),
KB(X(),V)(X7 Z) S Kg(xO’r)(x’ Z)’ X € B(XO:-r)' (4'7)
Ifr <ryand z € A(xg,r,0), then
Kg(xO’r) (x’ Z) S 2I<B(X(),r) (x7 Z)7 X € B(x07 r)' (4'8)
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Proof Note thatifz € A(xp,r,1—r)andy € B(xg,r),then|y—z| < |xo—y|+|xo—2| <
r+ 1 —r = 1. Thus by Theorem 4.1,

Y
GB(X()J) (xay)

Y —
KB 2) = Ald, —) ly — z|d+e

B(xo,r)

So (4.7) follows from (3.1) and (4.2).
On the other hand, if r < ¢, by Theorem 4.1

1( X — G B (x y)
x 7)) = — (xp,r) ¥
B(xo,r)( ’ ) A(d, (X) b}()il
B(X(),r)ﬂ{ly—z‘<1}

Y
GB()C()J) (x7 y)

= A(d9_a) |y—Z|d+a

B(xo,r)

for every z € A(xg, r,00) and x € B(xg, r). Thus (4.8) follows from Proposition 3.2 and
(4.2). ]

It is well-known that

P —lx—xP? 1
(Iz = x02 = 12)% |x — 2|4

KB (x,2) = ¢ (4.9)

for some constant ¢; = ¢;(d, @) > 0.

Lemma 4.3 Suppose that r < ro. Then there exists a constant ¢ = c¢(d,«) > 0 such that
forany z € A(xp,r,1 —r) and x1,x2 € B(xo, %),

C_lKB(xO,r) (x2,2) < Kg(x(),r) (x1,2) < CKB(X(),}’) (x2,2).
Proof By the previous lemma, we have for every z € A(xg,r,1 —r),
KB (4,2) < K (%,2) < 2Kpeyn(x,2),  x € B(xo,7). (4.10)

By the explicit formula for Kpy, ) (x,z) in (4.9), we see that there exists a constant
¢1 = c1(d,a) such that for x € B(xg, %) and z € A(xg,r,1—7)

T Ko (6,2) < KBon (0, 2) < ¢1KBxg.n (X, 2). (4.11)
The inequalities (4.10) and (4.11) imply the lemma. |

Lemma 4.4 Suppose that r < ro. Then there exists a constant ¢ = c(«,d) > 0 such that
forany z € A(xp,1 —r,1 +r) and x € B(xo,r) we have Kg(xoar)(x, 7) <crv

Proof Without loss of generality, we may assume xo = 0. Fixr < rp, z € A0,1 —r,
1+ r)and x € B(0,r). By (4.3) and (4.8), we have

G, (x,y)

Y
Kponx.2) = y — z[dt

B(0,r)
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for some constant ¢; = ¢;(d,«). Note that for any y € B(0,r),|y —z| > |z| — |y| =
l—r—r > % Since G (x,y) < c2lx —y|_d+°‘ for some constant ¢; = c2(d, @) (see,
for instance, [13]), we have

dy dw
Y
Kponx,2) < cie2 / W < / o jd— <cr®

B(0,r) B(0,2r)

for some constant ¢3 = c3(d, «). O

Lemma 4.5 Suppose that r < ry. Then there exists c = c(a,d) > 0 such that for any
z€Axo,1—r,1+ %r) and x € B(xp, 2),c’1r"‘ < Kg(xoyr)(x,z) <cr®.

Proof Without loss of generality, we may assume xg = 0. Fixr < rg, z € A0,1 —r,
1+ %r) and x € B(0, g) .Let B, :== B(0,r). By Lemma 4.4, we only need to prove the

lower bound. Note that forany y € B, |y —z| < |y| +|z| < 1+ %r +7r < 2.So by
Theorem 4.1 and (3.1), we have

K} (x,2) > ¢ / G, (x,y)dy > ¢; / G, (x,y)dy
B:nfly—z|<1} {ly—zl<Llyl< 2}

for some constant ¢; = c¢1(d,«). Using the Green function estimates in [13], there
exists ¢y = ¢»(d, @) such that

7
Gp,(x,y) = colx —y| 7% yeB (0, gr) .

So we have
Kj (x,2) = cic / I — y[~ e dy.
{ly—zl<Llyl< ¥}

In the above integral, we will consider the smallest possible open set to integrate on.
Let z, := (0,...,0,1 4 %). The above integral is larger than or equal to

/ lx — y| 74t dy.

{ly—zrI<Llyl<%¥

Since |y| > |z| — [y —z;| > 1+ %) — 1= for |y — z/| < 1, we have

1
x =yl < x|+ 1yl < RS [yl < 2lyl, (4.12)
and . ;
[Iy—zr|<1, |y|<§r] = [Iy—zr|<1,%<|yl<§r]- (4.13)

By a direct computation, one can show that

9r 11r r r Tr
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Potential theory of truncated stable processes 149

Putting (4.12) and (4.14) together, we get

11y

16

Kj (x,2) > cic / / yl= e dyy - dyg = c3r*

I (|01 eya 1)< 5}

for some constant ¢z = ¢3(d, ®). We have proved the lower bound. O
Combining Lemmas 4.3-4.5, we have proved the following.
Lemma 4.6 Suppose that r < ro. Then there exists a constant ¢ = ¢(d,«) > 0 such that
forany z € A(xo,r,1+ %) and x1,x2 € B(xo, ),
¢! Kpyn(x2,2) < KI};(XOJ)(XI,Z) < cKB(xy,n(x2,2).
Definition 4.7 Let D be an open subset of R%. A function u defined on RY is said to be
1. harmonic in D with respect to Y if
Ex [lu(Yep)l] <00 and  u(x) = Ex [u(Yy,)], x € B,

for every open set B whose closure is a compact subset of D;
2. regular harmonic in D with respect to Y if it is harmonic in D with respect to Y
and for each x € D,

u(x) = Ey [u(Yr,)].

We define (regular) harmonic function with respect to X similarly. The next lemma
is a preliminary version of the Harnack inequality for Y and it is an immediate
consequence of Lemma 4.3.

Lemma 4.8 Suppose that r < ry. There exists a constant ¢ = c(d, o) such that

clu(y) <ux) <cu(y), yeB (x, %)

forany nonnegative function u which is regular harmonic in B(x, r) and zero in B(x,2r)°.
Now we are ready to prove a (scale-invariant) Harnack inequality for Y.

Theorem 4.9 Suppose x1,x, € RY, r < ry are such that |x1 — x2| < Mr for some
M < % — % Then there exists a constant J > 0 depending only on d and «, such that

JIM™ 0y (xp) < u(xy) < IMTHu(xy)

for every nonnegative function u which is regular harmonic with respect to Y in
B(x1,r) U B(x2,r).
Proof Fix r < rg, x1,x2 € R? and a nonnegative regular harmonic function u in
B(x1,r) U B(x2,r) with respect to Y. Let B! = B(x;, %r),i =1,2.

We split into two cases. First we deal with the case [x; — x2| < %r. In this case we
have ¢ # B'nB?> {x1,x2}. By Theorem 4.1 we have for any y € B'nB?andi=1,2,

M(y) = ]Ey [H(Y-[B(X[J))]

;
= / K§ v, Du(z)dz + Ey [u(YrB(X,.,,)); Yipuim €A (xi, T4 5,1+ r)] :

A(xir1+%)
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By Lemma 4.6,

K 0 Du(2)dz < €1 / K}, ) (i Du(z)dz

A(xir1+5) A(xir1+3)
=1 By, [U(YTB(X,-,,))? Yipuin €A (xi,r,l + %)] ,
for some constant ¢; = ¢ (d, «). Note that by Theorem 4.1
P, (Y,B(W> €A (xi, 1+ % 1+ r), TB(xir) = TB(x,',%))
=P, (YrB(Xi,%) €A (xi, 1+ %, 1+ r)) = / Kg(xl,é)(y,z)dz =0.

A(xi1+5,14r)

Thus by the strong Markov property, we have

E, [u (Yepain)s Yegum €A (xi,l + %, 1+ r)]

= ]Ey [u (YIB(xi.r)); YfB(xi.r) € A (xi’ 1 +

r

2
. r
=B By [ Vo) Yo &4 (51 504 7) L1 (Yo )|

Fori=1,2, let

, 1+ l’), TB(xjr) =~ IB()Ci,%)il

gi(z) =E; [u(YfB(W)); YIB(_W.V” €A (xi, 1+ %, 1+ r)]

for z € A(x;, %, r), and zero otherwise. Then we have from the above argument that
r
By [u (Yepin)s Yenen € A (xi’l + 5’1 + r)] =B [gi(YIB(“”%))} '

Since, for i = 1,2, the function y > E, [gi(YTB( ) ,))] is regular harmonic on B(x;, %)
Xis gy

with respect to Y, and is zero on B(x;, r)C, we get by Lemma 4.8 that for y € BN B2,

By [0 (Ven )i Y € A (01 + 2,14 7) ]

<0 Ey, [EYTBM) [ (Vens): Yen €A (v 1+ 5,14 7)] Lago ) (¥, (Xi’%))}

= ]Exi [u (YTB(xi,r)); YTB(xi,r) €A (xi’ I+ %’ I+ r)] ’

for some constant ¢; = ¢2(d, o). Combining the two parts together, we get that
u(y) < csu(x;), ye B'nB? (4.15)

for some constant c3 = c3(d, a). Therefore c5 1u(x2) < u(xy) < cau(xy).

Now we consider the case when %r < |x1 — x| < Mr with M < % - % Since
M < }— 1 wehave |x; —xp] <1— %r, and[y—w| < |y—x2|+w—x1|+x1 —x2] < 1
for (y,w) € B(xz, %) x B(xq, %). Thus, by Proposition 3.2 and Theorem 4.1, we have
forw e B(x1, g),
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Y
Chag 32

Y _
KB(XZ’é)(xZ,W) = A(d7 —O{) |y — W|d+a dy

B(x2.5)

GB(xy,)(X2,¥)
> A(d, —a) / = z 8w|d+a dy = Kp(x,.1) X2, w).
B(xz, g)

From (4.9), we have for w € B (x1, §),

—d

v M)d+a

Y
KB(xz,é)(xz’W) > C4 > C4

lxp — w|d+a

for some constant ¢4 = c4(d,a), because |x; — w| < |x1 —x2| + |w —x1] < M +
%)r < 2Mr. For any y € B(xy, g),u is regular harmonic in B(y, %) U B(x, %). Since
[y —x1| < g, we can apply the conclusion of the first case with x, = y and r replaced
by % to get that

,
u(y) > csu(xy), yeB (xl, g) ,

for some constant ¢5 = ¢5(d, «). Therefore

) =B [ (Vg ) |2 B [# () Vrnsp €5 60 5)

> csu(xy) Py, (YTB(xz,g) eB (xl, %)) = csu(xy) / Kg(xzé)(xz,w)dw

B(x1.§)
dw > cq u(xy) M~@,

> cqcs5 u(xy) /

B(x1,5)

v M)aH-

for some constant cg = c4(d, ). We have thus proved the right hand side inequality
in the conclusion of the theorem. The inequality on the left hand side can be proved
similarly. O

The Harnack inequality above is similar to the Harnack inequality (Lemma 2) for
symmetric stable processes in [4], the difference is that we have to require that the
two balls are not too far apart. Because our process can only make jumps of size at
most 1, one can easily see that, without the assumption above, the Harnack inequality
fails.

As a consequence of the theorem above we immediately get the following
Corollary 4.10 Suppose that r < ro. There exists a constant ¢ = c¢(d,«) > 0 such that
1 K

u(y) =u(x) <cu(y), yeB (x, 2)

for any nonnegative function u which is harmonic in B(x,r).
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Using this and a standard chain argument, we can get the following:

Corollary 4.11 Suppose that D is a domain (i.e., a connected open set) in R? and K is
a compact subset of D. There exists a constant ¢ = ¢(D, K, «) > 0 such that

¢! uy) <ulx) <culy), x,yek

for any nonnegative function u which is harmonic in D

5 Boundary Harnack principle for truncated stable processes

In this section we will prove two versions of the boundary Harnack principle for trun-
cated stable processes. Throughout this section, r¢ is the constant in Proposition 3.2.

We will use A, to denote the L;-generator of Y, and C2° (RY) to denote the space
of continuous function with compact support. It is well-known that C° (R?) is in the
domain of A, and, for every ¢ € C° R,

Aud () = A(d, —) / P +y) — o) &gj(x) M1B0.s )

dy, (5.1)
Iyl<1

(see Sect. 4.1 in [27]).

For any A >0, let GY*(x, y) be the A-Green function of Y. We have (A4, — X)
GY’)‘(x,y) = —4&x(y) in the weak sense. For any bounded open subset D of R, let
Gg’A (x,y) be the A-Green function of Y. Since Gg’A (x,y) =GV *(x,y)—E [e *0 GY*
(Yzp,y)], we have, by the symmetry of A,, for any x€ D and any nonnegative
¢ € CX(RY),

/ G (x,y)(Ag — NPy = / G’ (6, )(Aa = P ()dy
D

R4

= / GV (x,y)(Ay — V¢ (y)dy — / Exle ™2 GV (Y, 1Ay — 2)p (y)dy

R4 R4

_ / GY*(2,9)(Ax — M (y)dy

R4

_ / oM / / G (z,y)(Ag — V() dyPx(Yy, € dz,7p € df)

0 D¢ Rd

— o+ / e / $(DP(Yep € dz,tp € d) = —p(x) + Exle P (Yo,
0 D¢

In particular, if ¢ (x) = 0 for x € D, we have
e 6(Yep)] = [ G (s~ D80 (5:2)
D
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Since GD (x y) increases to G (x,y)as A | O0and (A, — 1)¢ is bounded for small A,
by letting A | 0 in the equation above the dominated convergence theorem gives

B [¢(Yep)] = / GY (6,1) Aed () dly (53)
D

for any x € D satisfying ¢ (x) = 0. Take a sequence of radial functions ¢, in C2°(R%)
such that0 < ¢, < 1,

0, [yl <1/2,
o) =11, 1=|yl<m+1,
0, Iyl>m+2,

and that Zi,j |ﬁ;y},¢m| is uniformly bounded. Define ¢, ,(y) = qu(%) so that 0 <
¢m,r S 15

0, Iyl <r/2,
Smy) =11 r=lyl=rim+1),
0, Iyl>rim+2),
and
sup 1) (y)‘ < cr-
)@R";‘aylay] "

We claim that there exists a constant C > 0 such that for all » € (0, 1),

sup sup |Aa¢m,r(}’)| <Cr . (54)

m=>1yeRd

In fact, we have

Gy X +Y) = Gmr(X) — (Vo (X) - ¥) 10, (v)

|Aa¢m,r(x)| < Ald,—-a)

|y|d+o¢
{lyl<1}
Oy (X +Y) =P (X) = (Vo (X) - y)

= 'A(d’ —a) |y|d+a dy + |y|d+(x dy

{lyl<r} {r<lyl<1}

c yI* 1 —a
< Ald,—a) 2 / y|d+e dy + Wd)’ < Crr e,

{lyl=r} {r<lyl<1}

for some constant C; = Ci(d,«) > 0. When D C B(0,r) for some r € (0,1), we get,
by combining (5.3) and (5.4), that for any x € D N B(0, 5),

Py (Yr, € B(O.1)) = lim Py (Y, € AQO,r,(m+ D)) < Cr* / G} (x,y)dy.
D

We have proved the following.
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Lemma 5.1 Letr € (0,1) and D be an open subset with D C B(0,r). Then

Py (Ys, € B(O,9°) < Cr @ / Gherndy, xeDnB(0.7)
D

for some constant C = C(d,«) > 0.

Recall that rj is the constant from Proposition 3.2.

Lemma 5.2 Let D be an open set such that B(A,kr) C D C B(0,r) for somer > 0 and
k € (0,1). If r < ro, then

Py (Yep goaer € BAkD) = Cr ! / GY(x,y)dy, xeD\B(A,«r)
D

for some constant C = C(d,«) > 0.

Proof Fix apointx € D\ B(A,«r) and let B := B(A, ¥). Since G}, (x, -) is harmonic
in D\ {x} with respect to Y,

G (x, A) = / KY(A,0)GYx,y)dy > / KY(A,0) G, y)dy.

DOBe DmB(A,%)C

Since r < %, by (4.7), we have

GY(x.A) = / K5(A, )G (x, y)dy.

pnB(4.%7)"

Since % <|y—A| <2rforye B(A, %)c N D, it follows from (4.9) that

(kr)®

y
Iy — A Gp(x,y)dy

Ghwaza [
pnB(a, %)’
> czlc“r_d / Gg(x,y)dy,
DB(A,%7)
for some constants ¢; = ¢1(d,®) and ¢z = c2(d, o). Applying Theorem 4.9 we get
/ Gg (x,y)dy < c3 / Gg(x,A)dy <c4 k4 Gg (x,A),
B(A, %) B(A,%)

for some constants c3 = c3(d, @) and ¢4 = c4(d, ®). Combining these two estimates we
get that

/ G};(x,y)dy <csk ¢ r GB(x,A)
D

for some constant ¢5 = c5(d, «).
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Let Q = D\ B(A,%). Since diam(D) < 1, from (4.6) we have for z € B(A, %)

Y
KX (x,2) = A(d, —a) / |G9(x’y ) (5.5)
Q

y — Z|d+oz
Note that for any z € B(A, "T’) andy € Q271 ly —z| < |y—A| <2|y—z|. Thus we get
from (5.5) that for z € B(A, %’),

27 KgY (x, A) < KY(x,2) < 2MH9K Y (x, A). (5.6)

Using the harmonicity of Gg(-,A) in D \ {A} with respect to Y, we can split Gg(-,A)
into two parts:

Ghx,A) = E, [G};(Ym,A)]

Ey [Gg(YTQ’A) Yo €B (A’ %)]

+E,y [Gg(Ym,A) t Yo, € {%r <ly—A| < %r}]
=L+ 5.
By the monotonicity of Green functions and Proposition 3.2,
G, A) < Gl A) <2Gpon (1. A) <2G(v,A), yeBO,,  (57)

where G(-,) is the Green function of X. So using (5.6) twice and the explicit formula
for G(-, -), we have

dy

=2 ki) [ Ghoay skl [ o

B(AY]) B(A)
< 7k KE (x, A) < eg® 44 / K (x,2)dz,
B(A])

for some constants ¢; = ¢;(d,«),i = 6,7,8. On the other hand, by (5.7)

I < / Gg(o,r)(y,A)Px(Yrg edy)

(T <ly-Al<%5}

1
< — P.(Y,, €d
= (9 / |y—A|d7d X( q € y)

{7 =ly-Al=5)
Kr Kr
< ™ IR (Y e [T sy -a1= ).

for some constants ¢; = ¢;j(d,«),i = 9,10. Therefore

Gg(x,A) <k dpedp, (YIQ €B (A, %r)) .

for some constant c¢;; = c¢11(d, «). This implies that
Y —d Kr
/GD(x,y)dy <cik Py (YTD\B(A,%,) €B (A, 5)) ,
D
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for some constant c1 = c¢12(d, «). It follows immediately that

/ GY(x,y)dy < c1p k4P, (Yepsoaun € B(A,kr)).
D
o

Combining Lemmas 5.1 and 5.2 and using the translation invariant property, we
have the following:

Lemma 5.3 Let D be an open set such that B(A,xr) C D C B(Zy,r) for somer > 0
and k € (0,1). If r < ro, then

Pe (Yep € BZ0,0) < Ck B (Vep ., € BARD), xeDNB(Z, %) ,

for some constant C = C(d,«) > 0.

The next lemma is adapted from [4] (see pp. 54-55 in [4]).

Lemma 5.4 Let D be an open set and 0 < 2r < ry. For any positive function u, there is
ao € (%r, %r) such that for any a € (-2, %],z() e R% and x € D N B(zo, %r),

: o u(y)
Ey [u (Yrmmzo,a)) Y epsige) € A(zp,0,1 ar)] <Cr / i dy
A(zg,%,l—ar)
for some constant C = C(d, o).
Proof Without loss of generality, we may assume zo = 0. Note that
o ylngr
(1= fugndyda = [ [ ayi= o) fdoutay
10, A(0.0.2r) A0 %r2r) g7
10r 7%+1 _a
=q / (|)’| - ?) u(y)dy <c; / ' u(y)dy,
A0.2 2r) (0,4 2r)
for some constant ¢; = c¢y(«). Thus thereisao € (%r, %r) such that
(vl — o) Tu(y)dy < car™! / u(y)ly/'"2dy (5:8)

A(0.0.2r) A (o,%,zr)

for some constant ¢; = ¢z (). Let x € D N B(0, %r). Note that, by Theorem 4.1
Ey [u(YTDﬂB(()‘n)); YfDmB((La) € A(0,0,1 - ar)]
= Ex [4(Yeprpo0))s Yeprpos € A0,0,1—ar), tprpo.s) = TB0.0)]
= Ex [u(YTB((),g)); YTB(())U) € A(O’O-a 1 - Ilr), TDOB(O,U) = TB(O,O')]
< By [V 2y, Vo) € AO0 T =an] = [ Ko coudy.

AQ0,0,1—ar)
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Since o < 2r < ry, by (4.8) and (4.9) we have

Ex [”(onms(o,a>); Yepos00) € A0,0,1— ar)] <2 / Kp,0)(x, y)u(y)dy
A0,0,1—ar)
@ - kPHT 1

<c / + = u(y)dy
(Iyl2 —o02)3 |y — x|

A0,0,2r)  A0.2r,1—ar)

for some constant ¢3 = c3(d,«). For y € A(0,2r,1 — ar),|y|> — 0% > ﬁ|y|2 and
o2 — |x|? < cr?. So
(> = x)3

(Iyl2 —o2)3 Iy -

- < eyl
x|

for some constant c4 = c4(d, @). On the other hand, by (5.8),

©@2-—nxPH: 1 e 1
P —o2f =t V=S |ty O
A(0,0,2r) y v A0,0,2r) Y 7 Y
< csrid / (I = o)~ Tu(y)dy < cgr T34 / u(y)lyl =7 tdy
A(0,0.2r) A0, 1 2p)

for some constants ¢; = ¢;j(d,«),i = 5,6. Hence

u(y)
Ey I:M(YTDHBQO,J)); YanB(zO.a) € A(zo,0,1 - ar)] serr / |y|d+e v

A(O,%,lﬂzr)
for some constant ¢7 = c7(d, «). ]

Lemma 5.5 Let D be an open set. Assume that B(A,kr) C D N B(Q,r) for some
0<r<ropandk € (0, %]. Suppose that u > 0 is regular harmonic in D N B(Q,2r) with
respect to Y and u = 0 in (D¢ N B(Q,2r)) U B(Q,1 — r. If w is a regular harmonic
function with respect to Y in D N B(Q,r) such that

fuw, xeB(0.%) vnBN,
W= 0, xeA(Q,r,%),

then
3
u(A) > wd) > C«%u(x), xeDNB Q,Er
for some constant C = C(d,«) > 0.
Proof Without loss of generality, we may assume Q = 0 and x € D N B(0, %r). The

left hand side inequality in the conclusion of the lemma is obvious, so we only need to
prove the right hand side inequality. Since u is regular harmonic in D N B(0,2r) with
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respect to Y and # = 0 on B(0,1 — )¢, we know from Lemma 5.4 that there exists
o€ (& %) such that

6 )
) o u(y)
u(x) = Ey [u(YTDmB(O,a))’ YfDnB(O,a) € A(0,0,1 - r)] =ar |y|d+a dy
A(0.3.1-r)
for some constant ¢; = ¢1(d, @). On the other hand, by (4.7), we have that
w(A) = / K bopo.n (A yuy)dy = / K en (A5 )u(y)dy
A(0.F.1-r) A(0.3.1-r)
> / Kpaen (A, pu(y)dy
A(o,%,l—r)
(kr)® 1
—o . u(y)dy
Iy — AP — 2 Iy — Al

A(0.31-r)

r

for some constant ¢; = ¢2(d, ). Note that [y — A| < 2|y| on A(0, 37,1 —r). Hence

@ o u(y)
w(A) = c3k%r / e
A(0.3.1-r)
for some constant c¢3=c3(d,«). Therefore w(A)>cq4k® u(x) for some constant
¢4 = cq(d, ). O

The following result is a boundary Harnack principle for nonnegative functions
which are harmonic with respect to Y and vanish outside a small ball. The proof is
similar to the proof in [29] but we spell out the details for the reader’s convenience.

Theorem 5.6 Suppose that D is an open set, Q € dD,r > 0 and that B(A,«r) is a ball in
D N B(Q,r). If2r < ry, then for any nonnegative functions u,v in R? which are regular
harmonic in DN B(Q,2r) with respect to Y and vanish in (DN B(Q,2r)UB(Q,1—-r)¢,
we have

-1 d+aLA) @ —d—(xu(A) i
e S SO Ty xeDﬂB(Q,Z),

for some constant C = C(d,a) > 1.

Proof Without loss of generality we may assume that Q = 0 and u(A) = v(A). Define
u1 and uy to be regular harmonic functions in D N B(0, r) with respect to Y such that

u, r<xl<¥,
= c
MW =10 ieB (0.%) uenBO.M),

and

3r\¢ c
() [ u@, xeB(0.¥) UMD NBO.M),

0, r<lxl <3,
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andnote thatu = w1 +up. f DN{r < |y| < %} is empty, then #; = 0 and the inequality
(5.11) below holds trivially. So we assume D N {r < |y| < %} is not empty. Then by
Lemma 5.5,
_ 3r
uly) <cik *u(A), yeDNB 0’5 ,

for some constant ¢; = ¢;(d,«). For x € D N B(0, %), we have

3r
u1(x) = Ey [”(ann3<0,r)) *Yoppon €D N [r <yl < 5H

IA

3r
sup u(y) | Py (Yrms(o,r) eDn ‘r <yl < 5])
DN{r<lyl<¥}

IA

sup u(y) | Px (qumB(o,r) € B(0, r)c)
DN{r<lyl<¥}

< ek u(A) Py (Yepopo,, € BO,1)).
Now using Lemma 5.3 we get

Kr

u(x) <ok u(A) Py (Y =

“orsos(ag) B (A )) , ¥€DNB (0’ %) (59

for some constant ¢; = c2(d, «). Since 2r < ry, Corollary 4.10 implies that
Kr
u(y) > csu(A), yeB (A, ?)

for some constant ¢3 = c3(d, ). Therefore for x € D N B(0, %)

K
u(x) = Ey |:u (Yt(DmB«)J))\B(A‘%))] >c3u(A) Py (YTwnB(o,r))\B(A,%’ €B (A, ?)) (5.10)
From (5.9), the analogue of (5.10) for v and the assumption that u(A) = v(A), it
follows that for x € D N B(0, %),

H(DBO.N\B(A,

U1 (x) < a4 V(A Py (Y . €B (A, %’)) <) (5.11)
2

for some constant ¢4 = c4(d,«). Since u = 0 on B(0,1 — r)¢, we have that for x €
DN BQO,r),

up(x) = / K} s X Du(z)dz
A(o,%’,kr)
GY x,y)
= A, —«a) / / %dy u(z)dz.

A(0.31-r) \PNBON
Let

s(x) = A, —«a) / GgﬂB(O,r) (x,y)dy,

DNB(0,r)
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then we have

-1 _ uz(x) 7 s(x) <
S S/ sy =
for some constant ¢5 = c5(d, ). Applying (5.12) to u and v and Lemma 5.5 to v and
v2, we obtain for x € D N B(0, 3),

A A
up(x) < csuz(A) % <c LZE A; v2(¥) = ¢ K:i(zl)

for some constant cg = ¢4(d, ). Combining (5.11) and (5.13), we have

(5.12)

va(x) = cgk ¥ va(x), (5.13)

u@x) <crky(x), xeDNB (0, %) ,

for some constant ¢7 = c7(d, @). o

The theorem above applies to any «-fat D, but the harmonic functions there are
assumed to vanish outside a small ball. Thus the theorem above is very useful in study-
ing properties of positive functions which are harmonic with respect to Y in «-fat sets
with diameters less than 1, and not very useful in the case when the diameters of the
k-fat sets are large.

Comparing the boundary Harnack principle above with the boundary Harnack
principle for symmetric stable processes in [29], we notice that in the boundary Har-
nack principle above we assumed an extra condition that the functions vanish in
B(Q,1 — r)°. This extra condition is not purely technical. In the next section, we will
give an example of a bounded non-convex domain showing that, without this extra
condition, the boundary Harnack principle for Y fails.

In the remainder of this section, we will prove a boundary Harnack principle for
nonnegative functions which are harmonic with respect to Y in bounded convex
domains without assuming that they vanish outside small balls.

It is well-known that every convex domain is Lipschitz. Recall that a bounded
domain D is said to be Lipschitz if there exist a localization radius Ry > 0 and a con-
stant A > Osuch that forevery Q € D, there exist a Lipschitz function ¢ : R~ — R
satisfying ¢ (0) = 0, |¢po(x) — ¢ (z)| < Alx — z|, and an orthonormal coordinate sys-
temy = (y1,..-,Ya-1,Ya) = (¥,ya) such that B(Q,Ro) N D = B(Q,Ro) N{y : yq >
$o()}. The pair (R, A) is called the characteristics of the Lipschitz domain D. It is
easy to see that D is x-fat with characteristics (Ry, ko) with some kg = xo(D).

In the remainder of this section we assume D is a bounded convex domain with
the Lipschitz characteristics (Rg, A) and the «-fat characteristics (R, ko).

For every Q € D and x € B(Q,Ro) N{y : ya > oo ()}, let p(x) = x4 — po(%).
Since D is bounded Lipschitz, there exists a constant ¢ = ¢(d, A) > 1 such for every
Q e dDandx € B(Q,Rp) N{y:yq > ¢o(y)} we have

c18p(x) < p(x) < Sp(x). (5.14)
The next result is well-known (see Lemma 6.7 in [17] for the Brownian motion case).

Lemma 5.7 Let Q € dD. Assume that B(A,kr) C D N B(Q,r) for some positive
r < %Ro and ¢« € (0, %]. Then there exists ¢ = c(a,d,D) > 0 such that for every

y € B(Q, (4 — Li)r) with 8o (y) > %kr, we have

Gpannp(A,y) > c|A — y|~H.
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Proof The proof of this result is standard and we omit the details. o

Lemma 5.8 Let Q € dD. Assume that B(A,kr) C D N B(Q,r) for some 0 < r <
%(ro A Rp) and k € (0, %]. Suppose that u > 0 is regular harmonic in D N B(Q, 4r) with
respectto Y and u = 0 in D€, then
u(A) > Cr* / 12|74 u(z)dz
A(Q,r1+42r)
for some constant C = C(d,«, D) > 0.
Proof Without loss of generality, we may assume Q = 0. Let ¢ (X) := ¢o(¥) and

8(x) = 8p(x). Since u is regular harmonic in D N B(0,4r) with respect to Y and
D N B(0,r) is bounded Lipschitz, by Theorem 4.1 we have

u) = Ba [0V )] 2 [ Kbopon (A 2uidz

AQ,r1—r)
GY (A,y)
_ Ad.—a / ZD0BOn Y 4 (2)dz
/ ( ) P (2)
AO,r,1-r) DNBO,nN{|ly—z|<1}
GY (A,y)
_ Ad.—a / TonBon Y 4 de
[ - ()
AQO,r,1-r) DNB(0,r)

Since B(A,«kr) C D N B(0,r), by the monotonicity of the Green functions and (3.1),

Ghrson(A.Y) = GpnBo.n(A.y) = Gaawn(A.y), y e B(Akr).

Thus
Gpaxn(A,
u(A) = / Ad, —a) %Ely)dyu(z)dz
ly — z|9+e
AO,r,1-r) B(Axr)
= / Kpxn (A, 2u(z)dz,
AQ,r,1—r)

which is equal to

¢ / ten” ! u(z)dz
1 7
—AP2 —kn?)ilz— Al
a0L—n (Iz 1> = (kn?)2 | |

for some constant ¢; = ¢;(d, @) by (4.9). Note that |z — A| < 2|z|forz € A0,r,1—7).

Hence
u(z)
K4 |d+a

u(A) > cp%r” / (5.15)

AQ,r,1-r)
for some constant ¢ = ¢»(d,«). Now we will establish a different lower bound for

u(A). Since u is regular harmonic in D N B(0, 4r) with respect to Y and is zero outside
of D, we have
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w(A) = Ea [V epopoan)s Yepopow € A0, 1—r,1+25)]

- / K§(0,4r)ﬂD (A, Du(z)dz.

A0,1-r142r)ND

Qe 1= ‘yeDﬂB(O,(4—%x)r) 16(y) > %KI’].

Since [y —z| < |y|+|z] < 4r+1+2r < 2forz € A0,1 —r,1+42r)and y € B(0,4r),
Theorem 4.1 and (3.1) imply that

Let

Y Y
Kpoannp(A,2) = ¢3 / Ggo4nnp (A, y)dy
B(0,4r)NDN{ly—z| <1}
> c3 / Gp4nnp(A,y)dy

B(049NDN{ly—z|<1}
> c3 / Gp4nnp(A,y)dy
Qwﬂ{l)’—2|<1}

for some constant c3 = c3(d, «). By Lemma 5.7, there exists ¢4 = ca(d, o, D) such that

GBoannD(A,y) = cq|A — y|74He > ¢y 8= mdta -y e Q.
So we have
inf KX A,7) > csr 4t inf Qe N{ly—2zl <1
2€A01-r142nnp  BOANND “,2) = ¢ zeA(o,l—r,1+2r)nD| er Oy =2l < 1)l

for some constant ¢s = ¢5(d,«, D). For each z € A(0,1 — r,1 + 2r) N D, let b* be the
point on the line segment between z and the origin such that

i _(z_% s —(3_%
1b |_(3 4)r and [b° —z| = |z| (3 4)r.
Note that since D is convex and z € D, b% isin D. Let

Sy = [@,Yd)eB(O,Ro) ND: |§—b¥< 8% + %Kr<6(y><8(bz)+§r] '

_r
8(1+ A)

We claim that for every z € A(0,1 —r,14+2r)ND,S, C QrN{ly —z| < 1}.
For everyy € S,

Y — b7 <[5 — B%] + lya — bl < m +1800) — 859 + 16 () — ¢ (59|

r +3 A - 5 r +3 N rA r
< — "t —r — < —t = —.
81+4A) 8 Y 8S1+a) 8 T81+rA) 2
Thus for every z € A(0,1 —r,14+2r)N D andy € S;, we have
_ _pt z_ r I CYNA PRSI
=zl =y =b+ 16—z < S 41z = (3-5)r=lzl—2r= ;@ —w0r <1,
and

Yl < Iy = bl + Ibs| < %+(3—§)r:(%—§)r< (4-5)r
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Thus the claim is proved. Let ¢*(-) == ¢ (- + l;Z) - qb(l;Z). By the change of variable
w=y—b%,

1Sz = / / dyqdy

{15671 < gty | {Pi0 6+ dxr<ya—oG)<bi—pB0)+3r}
_ / / dwgdiv > / / dwg div.
{M}RS(]*«VH\)} {%K7<W(1—(pz(ﬂ/)<%r} {‘M<8(17~VH\)} {%r<wd—¢z(fv)<%r}

Since ¢*( ) is Lipschitz with Lipschitz constant A for z € A(0,1 —r,1 + 2r) N D, the
last quantity above is bounded below by cer for some positive constant c¢g = cg(D)
for every z € A(0,1 —r,1+2r) N D. Thus we get

: Y o
inf K (A,2) = c7r
2eA01-r1+2nnp  BOANNDI

for some constant ¢;7 = ¢7(d, «, D). Therefore

u(A) = cgr* / |2l u(z)dz = cg / |27 u(z)dz  (5.16)
A@O,1-r,1421)ND AO,1-r,142r)
for some constant cg = cg(d, o, D). (5.15) and (5.16) imply the lemma. O

The next lemma is a Carleson type estimates for truncated stable processes.
Lemma 5.9 Let Q € dD and assume that B(A,kr) C D N B(Q,r) for some 0 < r <

%(ro A Rp) and k € (0, %]. If u > 0 is regular harmonic in D N B(Q, 4r) with respect to
Y and u = 0 in D, then

u(A) > Culx), xeDNB (Q, %r)
for some constant C = C(D,d,a, k).

Proof Without loss of generality, we may assume Q = 0. Let x € D N B(0, %r). Since
u is regular harmonic in D N B(0,4r) with respect to Y, we have

3
ux) = Ey [u(YfDmB(O’g)); Yipns00) €A (0,0, 1- Er)]
3
+Ex [”(YTDmB(fm)); Yipnpoo €A (07 1- E”,l + U)i| = u1(x) + uz(x),

where o is the constant from Lemma 5.4. By Lemma 5.4, We have

w () < e / “@ gy, (5.17)

|Z|d+a
A(0.41-37)

for some constant ¢; = ¢1(d, «).
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Now we consider u, (x). We have
3
up(x) = Ex [”(YTDnB(o,a>); Yepopo0) €A (O’ 1- Er’l + U)]
< / K} 0.0, (x, 2)u(z)dz.
A(O,l—%r,l—}—a)

We know from Lemma 4.4 that K};/(o g)(x, 2) < ¢ r* for some constant ¢; = ¢(d, o).
Therefore

ur(x) < cor” / u(z)dz < c3r* / u(z) dz (5.18)

|Z|d+oz

A (0,17 %r,l+o) A (0,17 %r,1+a)

for some constant ¢3 = c3(d,«) since o € (%, %) Combining (5.17), (5.18) and
Lemma 5.8, we have proved the lemma. O

We shall follow the “box method” of [7], originally developed by Bass and Burdzy
([2] and [3]). Since we are going to use results of [7], we will closely follow their nota-
tions for the reader’s convenience. Recall that forevery Q € dD andx € B(Q, Rp)N{y :
Ya > $o()}.3p() = x4 — o). For x € B(Q.Ro) N {y : ya = $o(7)}. we define

Ag(x,ar,br) == {y :ar > 6p(x) > 0, [y — x| < br},
Vo(x,ar,br) == {y:0 > 8g(x) > —ar, |y — X| < br},

Flo= {XIAQ(QJ&) e R4\ (Ap(Q,r,3r) U Vo (Q,3r, sr))} ,
5,Q = [XTAQ<Q,r,3r) € Ap(Q,2r, 3r)] .
We start with the following simple lemma.
Lemma 5.10 For any positive constants a,b and r with ((a + b) + bA)r < Ry,
Ag(Q,ar,br) U Vg(Q,ar,br) C B(Q,((a+b) +bA)r).
Proof Fory e Ag(Q,ar,br)) UVo(Q,ar,br),

ly — QI <15 — Ol + lya — Qal < br + 180 + 160 ) — ¢ (D)
< @+byr+Aly— 0| < ((@a+b) +bA)r.

Since the above lemma implies that
Ap(Q,3r,5r) U Vo(Q,3r,5r) C B(Q,33+2M)r),
the next lemma follows from Lemma 7 and Remark 2 of [7] and the scaling property.
Lemma 5.11 Suppose Q € 0D and r < ﬁ. Ifx € Ag(Q,r,3r), then Py distribu-
tion OfXTAQ(Q’m), is absolutely continuous on R4 \ (Ag(Q,2r,4r) U Vg(Q,2r,4r)) with

respect to the d-dimensional Lebesgue measure and has a density function fé’r satisfying
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f57 @) < er* Pu(F] ) (dist(y, Ag(Q,r,3r) ™",
y € RI\ (Ag(Q,2r,4r) U Vo(Q,2r,4r)), (5.19)

where ¢ = c¢(D) is independent of Q € dD.

For any Lipschitz function ¢ : R9~1 — R with Lipschitz constant A, let

Aw:[y Ya—¥G) >0, ||

Ry Ro
> <——1.
2(4+3A) 2(4+347)

We observe that, for any Lipschitz function ¢ : R~! — R with Lipschitz constant A,
its dilation ¢, (x) := re(x/r) is also Lipschitz with the same Lipschitz constant A. For
any O € 0D, let ¢ be the function in the definition of a Lipschitz domain. For any
r>0,putn = 24+ 3A)r)/Ryp and ¥ = (¢g),. Then it is easy to see that for any
QeodDandr > 0,

Ag(Q,r,3r) = nAV.

We can show that AY < B(0, 1Rp) by the same argument in the proof of Lemma 5.10.
On the other hand, it is easy to see that AV is a i -fat open set with k1 = k1 (A, Rp)
for every Lipschitz function ¢ : R%~! — R with Lipschitz constant A. Therefore by
Proposition 3.4, there exists positive constant 7, such that for every Q € 9D and
r € (0,rp], we have

GXQ(Q,r,Br)(x’y) =< 2 GAQ(Q,I’,3r)(x’y)7 X,y € AQ(Q,I’,SV). (520)

The next theorem is a boundary Harnack principle for bounded convex domains
and it is the main result of this section. Maybe a word of caution is in order here. The
boundary Harnack principle here is a little different from the ones proved in [4] and
[29] in the sense that in the boundary Harnack principle below we require our har-
monic functions to vanish on the whole complement of the bounded convex domain.
However, this will not affect our application later since we are mainly interested in
the case when the harmonic functions are given by the Green functions of the convex
domain. Recall that D is a bounded convex domain with Lipschitz characteristics
(Rp, A) and k-fat characteristics (R, o).

Theorem 5.12 There exist constants ¢ > 1 and r3 > 0, depending on d,« and D such
that for any Q € dD,r < r3 and any nonnegative functions u,v which are regular
harmonic with respect to Y in D N B(Q,6(3 + 2A)r) and vanish in D€, we have

ux) _u®) r
@SCT}’) foranyx,yeDﬂB(Q,m)- (5.21)

Proof Without loss of generality, we may assume Q = 0. Letr3 := (roAr2 ARp)/(6(3+
2A)) and fix a r < r3. For notational convenience, we denote ¢ (X) := ¢o(X), §(x) :=
So(x), Fy = F{,O,Fz = FE’O, A(a,b) := Aog(0,a,b) and A := A(r,3r). Note that if
y € B0, ) N D, then

’

.
A =r.
1+a 21 5a

Ya— o) <ya+Alyl <
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So B(0, ﬁ) N D C A(r,r). Thus it is enough to consider x,y € A(r,r). By Lemma
5.10, AQ2r,4r) C B(0,2(342A)r). Thus by Lemma 5.9, there exists a positive constant
g =c(D,d,a)

sup u <cju(A) (5.22)
AQrdr)

where B(A,kor) € DN B(0,33 +2A)r). Let Ay := {z € D\ A : dist(z,A) < 1}. By
(5.20) and Theorem 4.1, we have

KX (x,2) <2Ka(x,2), z €Ay (5.23)
Thus,
]E)C [M(YTA) : Y‘L'A eD \ A(zrv 4}")] = / KX(X, Z)U(Z)dz
A\AQ2r4r)

< 2B, [u(Xr,) 1 Xoy € A\ AQRr,40)].
By Lemma 5.11, we have
By [u(X1y) : Xoy € A1\ AQ0,2r,4r)] < c2 7" Pi(Fy) / (dist(z, A)) " “u(z)dz
A1\A(0,2r,4r)

< 3 Py(Fy) / 12|79 u(z)dz

A1\A(0,2r,4r)

for some constants ¢; = ¢j(d,«, D),i = 2,3. In the last inequality above, we have used
the fact that for z € A1\ AQ2r,4r),

|z] < dist(z, A) +diam(A) < dist(z, A) +2(4 + 3A)r <33 + 2A) dist(z, A).
Therefore, by (5.22) and (5.23), for every x € A(r,r),

u(x) = Ex [u(Yry) 1 Yo, € AQr4n] + Ex [u(Yr,) : Yr, € D\ AQ2r,41)]
< qu(A) Py (Yo, € AQRr,4r)) +2E; [u(Xz,) : Xry € A\ AQr,41)]

< 2¢ciu(A) Py (Xry € AQRr41)) +2¢31% Pr(Fy) / 1z u(z)dz

A\AQ2r4r)
= 2ciu(A)Py(F1) +2c3 7% Py (F1) / 12|~ u(z)dz. (5.24)
A\AQr4r)
On the other hand, by Lemma 5.8,
u(A) > cqr” / 12|~ u(z)dz (5.25)

A0,§ B+20)r,143(3+24)r)
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for some constant ¢4 = c4(D,d,«). Moreover, s1nce u is harmonic with respect to Y’
in B(A, 2lcor) and B(0, 4(3 +2A)r) C B(A,1 — 2K()r) by (4.7)

u(A) > Ey |:u (YTB(A 1KO,)) : YTB(AW%W) eB (0, 2(3 + 2A)r) \ AQ2r, 4r):|

2

_ Y
S R I
B(0,3 3+2A)r)\AQr4r)
> / KB(A’%W) (A, Du(z)dz.
B(O,%(3+2A)r)\A(2r,4r)
So by (4.9),
o
(xor) 1
u(A) > cs - Su(z)dz
5 2\ 2 |z — A|
B(0.5G+200r)\aCr4n (|Z—A| ( KO’) )
> cer” / 121~ u(z)dz (5.26)

B(0,5 3+2A)r)\AQ2r,4r)

for some constant ¢; = ¢;(D,d,«),i = 5,6. Since A; C B(0,1 4+ 33 + 2A)r), by
combining (5.25) and (5.26) we get

u(A) = c7r” / 217 u(z)dz > e7r” / I~ u(z)dz
B(0,14+3@+2A)n)\AQ2r4r) A\AQr4r)
(5.27)
for some constant ¢;7 = ¢7(D, d,«). Putting (5.24) and (5.27) together, we have
u(A)
u(x) < csu(A) Pr(Fy) = cg ) V(A) P (Fy) (5.28)

for some constant cg = cg(D,d,«). By Lemma 6 in [7], we have

Po(F)) < coPo(F2) = coPy(Xey € AQRP30) = co / Ka(x,2)dz

AQ2r,3r)
Galx
o [ Ade )/| e
AQ2r3r)
< o / Ad, —) / 5 A(xldyja (529)
AQ2r,3r)

for some constant c9 = c9(D,d,«). We have used (3.1) in the last inequality above.
Foreveryz € AQ2r,3r)andy € A,y —z| < |yl + |z] <4B +2A)r <rp < 1.S0 (5.29)
is, in fact, equal to
co / KX (x,2)dz = co Py (Y, € AQ2r,30)).
AQ2r3r)
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By the Harnack inequality (Theorem 4.9),

V(A) Py (Y, € A2r,3n) < c19Ex[v(Ye,) : Yo, € AQ2r,3r)] < 10 v(x)

for some constant ¢jy = c9(D, d,«). From (5.28) and (5.30), we conclude
u(x) u(A)

— =1

v(x) v(A)

for some constant ¢;; = ¢11(D, d, o). The above argument also implies that
vy _ V(A)

U(Y) " uay

x € A(r,r)

y e A(r,r).

Therefore
u(x) . ud) _ o uQ)
v(x) v(A) = v(y)’

x,y € A(r,7).

(5.30)

(5.31)

[m}

In the remainder of this section, we fix r3 > 0 from Theorem 5.12. The following
result is analogous to Lemma 5 of [4]. We recall from Definition 3.1 that for each z €
aD andr € (0,Ry),A,(z) isapointin D N B(z,r) satistying B(A,(z),kor) C DNB(z,7).

Lemma 5.13 There exist positive constants C = C(D,d,a) and y = y(d,a) < « such
that for any Q € oD and r € (0, r3), and nonnegative function u which is harmonic with

respectto Y in D N B(Q,r) we have
u(As(Q)) = C(s/nN"u(Ar(Q)), s € (0,n).
Proof Without loss of generality, we may assume Q = 0. Fix r < r3 and let

2
Ko

—k
rg ‘= (—) r, Ak = Ark(O) and Bk = B(Ak,rk+1), k= 0,1,. ..

Note that the By’s are disjoint. So by the harmonicity of u, we have

u(Ap = ZEAk [4(Vay): Yoy, € BI] S / K} (A, Du()dz.
any's

Since r < r3, (4.7) and Corollary 4.10 imply that

/ K (A, Du(z)dz = c1u(A) / Kp, (Ag.2)dz
B By

for some constant ¢; = cy(d,«). Using the explicit formula of Kp,, one can easily

check that

Ko\ —(k—Da
/KBk (Ak,2)dz > (70) , Z€B,

B

for some constant ¢; = ¢(d, ). Therefore,

2 kOl k71 2 lO{
(—) u(Apqu(—) u(Ay)
Ko =0 K0
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for some constant c3 = c3(d, o). The remainder of the proof is same as in the proof of
Lemma 5 in [4] and so we omit it. O

The next lemma is analogous to Lemma 14 of [4].

Lemma 5.14 Suppose M := 6(3 + 2A)(1 + A). Then there exist positive constants
c1 = c(D,d,a) and ¢; = c3(D,d,a) < 1 such that for any Q € dD,r < 1fA and
nonnegative function u which is regular harmonic with respect to Y in D N B(Q, Mr)

and vanishes in D,

Ey [u(YanBk) : YrmBk e A(Q,r, 1+ M’kr)] <c c'z‘ u(x), xe€DnNBy,

where By, := B(O,M~*r),k=0,1,....

Proof Without loss of generality, we may assume Q = 0. Fix r < 1 f + and a nonneg-
ative function u which is harmonic with respect to Y in D N B(0, Mr) and vanishes in
R4\ D.

Let ry := M~*r, By := B(0,r¢) and

up(x) = Ey [”(Yrmsk) : YanBk e A0, r, 1+ rk)] , xeDnNBy.

Note that

u(Yfl)ﬁBk) : ij_)mgk € A(O» r71 + rk+1):|

= Ex I:M(Y‘L’Dmgk) : tDﬂBk+| = tDﬂBks YTDﬁBk € A(07 r, 1 + rk+l):|
< E, [u(Y,mBk) L Yepos, € AQ 1+ rk)]

Thus
U1 (X) = g (). (5.32)

Let Ay := A, (0). We have
(AR = By [V ey ) t Yepey, € AQ 11+ 1)
< B [uVep) t Ve, € AO 71410
< / K},fk (A, 2)u(z)dz + / K}glk (Ak, Du(z)dz.
AO,r,1—ry) A0, 1=rp,14ry)
For z € A(0,r,1 — ry), by (4.8) and (4.9) we get

Moy
K}g]k(Ak,Z) <2Kp, (Ax,2) = W
for some constant ¢; = c¢1(d,«). For z € A(0,1 —rg,1+r), we use Lemma 4.4 and get

Moy
<c3

Y —kao o
< R —
Kp (A2 s MM < =
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for some constant ¢; = c;j(d,«),i = 2,3. Therefore

_ dz
up(Ag) < ca M~k / u(z)mm (5.33)

AQO,r,14ry)
for some constant ¢4 = c4(d, @). From Lemma 5.8, we have

u(Ag) > cs r* / u(z)md% (5.34)

AQ,r1+r)

for some constant cs = c5(D, d, ). (5.33) and (5.34) imply that uy (Ax) <ce M~ *u(Ag)
for some constant ¢ = c¢(D,d,«). On the other hand, using Lemma 5.13, we get
u(Ag) < c1 M*"u(Ay) for some constant ¢; = c7(D,d,«). Thus, ur(Ax) < ce¢7
M=ke=vy(Ay). By (5.32) and (5.31), we have

Up(X) _ ug-1(x) _ g1 (Ak—1)

—k(a—y)
< <csg < cec7cs M
u(x) u(x) w(Ag_1)

for some constant cg = cg(D, d, «). O

Now the next theorem follows from Lemma 5.13, Theorem 5.12 and Lemma 5.14
(instead of using Lemma 5, Lemma 13 and Lemma 14 in [4], respectively) in very
much the same way as in the case of symmetric stable process proved in Lemma 16
of [4]. We omit the details.

Theorem 5.15 There exist positive constants r4, M1, C and v depending on D and o
such that for any Q € 0D,r < r4 and nonnegative functions u,v which are reg-
ular harmonic with respect to Y in D N B(Q, Myr), vanish in R4 \ D, and satisfy
u(A(Q)) =v(A(Q)) > 0, we have

u) _u(y) <C(pc—y|

v v | r

v
) . xyeDNBQ.1.
In particular, the limit impsy_., u(x)/v(x) exists for every w € 9D N B(Q, ).

Using the results above and repeating the arguments in the proof of Theorem 4.1 of
[29] we can get the following result identifying the Martin boundary of any bounded
convex domain. For the definition and basic results on Martin boundary, one can see
[23] and [29].

Theorem 5.16 Suppose that D is a bounded convex domain in R%. Then both the Mar-
tin boundary and the minimal Martin boundary of D with respect to Y coincide with

the Euclidean boundary of D.

Proof We omit the details. O

6 Counterexample

In this section, we present an example of a bounded non-convex domain on which the
boundary Harnack principle for Y fails.
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Consider the domain in R¢
D = (—100,100)% \ ((—100, 50191 % [—1/2, 0]) .

Of course there are nothing special about the numbers 100 and 50 above, they are just
two big numbers.

Suppose the boundary Harnack principle (not necessarily scale invariant) is true
for D at the origin. i.e., there exist constants Ry > 0 and M > 1 such that for any
r < R; and any nonnegative functions u, v which are regular harmonic with respect
to Y in D N B(0, Myr) and vanish in D¢, we have

u® _ c@ for any x,y € D N B(0, r), (6.1)

vx) T v(y)

where ¢ = ¢(D,r) > 0 is independent~ of harmonic functions u# and v. Choose an
r1 < Ry with Myr; < 1/2 and let A := (0, %rl). We define a function v by

v(x) =Py (YTDﬁB(O,erl) e{yeD;yq > 0}) .

By definition v is regular harmonic in D N B(0, Mry) with respect to Y and vanishes
in D€. Applying v above to (6.1), we have a Carleson type estimate at 0, i.e., there
exists constant ¢; = ¢1(D,r1) > 0 such that for any nonnegative function u which is
regular harmonic with respect to Y in D N B(0, M r;) and vanishes in D¢ we have

u(A) > cruix), xeDNB@O,r). (6.2)

We will construct a bounded positive function « which is regular in D N B(0, M r) with
respect to Y and vanishes in D¢ for which (6.2) fails.
Forn > 1, we put

C, = {()?,xd) eD; Iil < % xg<—1 +2—"r§}
Dy :={(@.ya) €D; ya>0, [x—yl <1 forsomexe Cy,}.
Note that D, D D11 D --- and N{°D,, = ¥). Moreover, it is easy to see that
D, c B(O,r;)ND, forn>3. (6.3)

In fact, for any y € D,,, we have y; € (0, 2*”r%) and |y — x| < 1 for some x € Cp,, thus
Vd—Xq4 > —Xxqg>1-— 2_”r% and

5 — %2 + [ya — xal> = |G ya) — Gyal> + 1Eya) — Gxa))? < 1.

- - - r n _ 2
Iyl < |x|+|y_x|§§+\/1_|)’d_xd|2 < g tV2 n+lp,

Since r; < 1, we get forn > 3

Hence

2
I)N)I2 +y§ < 2_”r% + (% + 2(_"+1)/2r1) < r%

For any n, let Tp, be the first hitting time of D,, by the process Y. Note that since
N*D, =0
1 n ’

Pa(zprBoO.Mr) > TD,) — 0, asn— oo.
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Choose n > 3 large so that

C
Pa(tpnBOMr) > TD,) < 51 (6.4)

and define
u(x) := Py (YanBm,erl) € C,,) .

u is a nonnegative bounded function which is regular harmonic in D N B(0, Mry) with
respect to Y and vanishes in D¢. It also vanishes continuously on dD N B(0, M1ry).
Note that by Theorem 4.1,

Pa (YTDmB«J.M]rl) € Cy, TDNBOM, 1)) = TDn) =Py (YfDmBm.erl)\D,, € Cn) =0.

Thus by the strong Markov property,
M(A) = ]PA (YTDQB(()‘M];:I) € Cn, TDQB(O,erl) > TDn)

=Eq [PYTDn (YrmB(o,erl) € Cn) 3 TDNBOM;r{) > TD,,]

C
< Pa (tpnBOMr) > TD,) ( sup u(x)) < 21( sup u(x)).
X

xeDy, €DNB(0.ry)

In the last inequality above, we have used (6.3) and (6.4). But by (6.2), u(A) > c;
SUPyepnB(0,r,) U(X), Which gives a contradiction. Thus the boundary Harnack principle
is not true for D at the origin.

By smoothing off the corners of D, we can easily construct a smooth bounded
non-convex domain on which the boundary Harnack principle fails for the truncated
stable process Y.
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referee for helpful comments on the first version of this paper.
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