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Abstract

In this paper, we establish sharp two-sided estimates for the transition densities of relativistic
stable processes (or equivalently, for the heat kernels of the operators m — (m2/ @ — A)O‘/ %) in
C11 open sets. The estimates are uniform in m € (0, M] for each fixed M > 0. Letting m | 0,
the estimates given in this paper recover the Dirichlet heat kernel estimates for —(—A)*/2 in
C1!-open sets obtained in [9]. Sharp two-sided estimates are also obtained for Green functions
of relativistic stable processes in half-space-like C'''! open sets and bounded C''! open sets.
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1 Introduction

Throughout this paper we assume that d > 1 and « € (0,2). For any m > 0, a relativistic a-stable
process X™ on R% with weight m is a Lévy process with characteristic function given by

Efexp 66 (57"~ X)) =exp (¢ (16 +?) " =) ). cerl

X0, which will be denoted by X, is simply a (rotationally) symmetric a-stable process on R
The infinitesimal generator of X is m — (mz/ @ — A)O‘/ 2. When « = 1, the infinitesimal generator
reduces to the free relativistic Hamiltonian m —+/—A + m2. Here the kinetic energy of a relativistic
particle is v —A + m? —m, instead of —A for a nonrelativistic particle. The reason to subtract the
constant m in the free Hamiltonian is to ensure that its spectrum is [0, 00) (see [6]). There exists a
huge literature on the properties of relativistic Hamiltonians (see, for example, [6, 20, 24, 29, 30]).
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Various fine properties of relativistic a-stable processes have been studied recently in [12, 15, 23,
25, 26, 28, 31].

The objective of this paper is to establish sharp two-sided estimates on the transition density
PR (t,x,y) of the subprocess of X™ in any C1! open set D C R, pj(t, z,y) is also the heat kernel
of the restriction of m — (m?® — A)®/2 in D with zero exterior condition. A precise definition of
CY! open set will be given in Section 2. Along the way, we also obtain sharp two-sided estimates
on the transition density p™ (¢, z,y) of X" in bounded time intervals; see Theorem 3.6 below.

The main result of this paper is Theorem 1.1 below. The open set D below is not necessarily
bounded or connected. In this paper, we use “:=" as a way of definition. For a,b € R, a Ab :=
min{a, b} and a V b := max{a, b}.

Theorem 1.1 Let M > 0 be a constant, D a CY' open set in R and dp(z) the distance between
z and D°.

(i) For any T > 0, there exist C; = C1(a, M, D, T) > 1 and Cy = Co(a, M, D, T) > 1 such that
for any m € (0, M] and (t,z,y) € (0,T] x D x D,
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where ¢(r) = e~ (1 4 rldta=1/2),

(ii) Suppose in addition that D is bounded. For any T > 0, there exist C3 = Cs(a, M, D, T) > 0
and Cy = Cy(a, M, D, T) > 0 such that for any m € (0, M] and (t,z,y) € [T,00) x D x D,

Cy e op ()2 bp(y)*? < Pt y) < Caem™N op(0)* 2o (y)?,
where )\‘f’m’D > 0 is the smallest eigenvalue of the restriction of (mQ/a — A)O‘/Q —m in D with

zero exterior condition.

Remark 1.2 (i) Note that the estimates in Theorem 1.1 are uniform in m € (0,M]. When
m | 0, m — (m¥* — A)*? converges to the fractional Laplacian A%/? := —(—A)*/2 in the
distributional sense and it is easy to check that X™ converges weakly to X in the Skorokhod
space D([0,00),R?). Tt follows from [16, Theorm 1.1] together with the uniform Holder
continuity result of [11, Theorem 4.14] that p7}(¢,x,y) converges pointwisely to pp(t,z,y),
the transition density function of the subprocess X” of X in D, and that, if D is bounded,

lim,, |0 Xll’m’D = )\?’D, the smallest eigenvalue of (—A)a/ 2 in D with zero exterior condition.
So letting m | 0 in Theorem 1.1 recovers the sharp two-sided estimates of pp(t,x,y) for CH!

open set D, which were obtained recently in [9].

(ii) When D is bounded, the functions ¢(m'/®|z — y|/Cy) and ¢(Com'/*|z — y|) are bounded
between two positive constants independent of m € (0, M]. Thus it follows from Theorem
1.1(i) above and Theorem 1.1(i) of [9] that, for each T' > 0, the heat kernel p;(t,z,y) is
uniformly comparable to the heat kernel pp(t,z,y) on (0,7] x D x D when D is a bounded
CU1 open set. However when D is unbounded, these two are not comparable.



(iii) In fact, the upper bound estimates in both Theorem 1.1 and Theorem 1.3 below hold for
any open set D satisfying (a weak version of) the uniform exterior ball condition in place of
the C1! condition, while the lower bound estimates in both Theorem 1.1 and Theorem 1.3
below hold for any open set D satisfying the uniform interior ball condition in place of the
C1! condition. (See the paragraph before Theorem 3.8 and the beginning of Section 4 for
the definitions of uniform exterior and interior ball conditions respectively.)

Although two-sided estimates on transition densities of jump processes in R% have been studied
by several authors in the last several years, (see [7, 8, 11, 12] and the references therein), due
to the complication near the boundary, sharp two-sided estimates on transition densities of jump
processes in open sets have only been studied very recently in [9, 10] by the authors and in [17]
by Chen and Tokle for symmetric stable processes and censored stable processes. See [4] for some
recent development of heat kernel estimates for symmetric stable processes in general open sets.

This paper is a natural continuation of our previous work [9, 10]. We point out that, although
this paper adopts the main strategy from [9], there are many new difficulties and differences between
obtaining estimates on transition densities of relativistic stable processes in open sets and those of
symmetric stable processes and censored stable processes in open sets studied [9, 10]. For example,
unlike symmetric stable processes and censored stable processes, relativistic stable processes do not
have the stable-scaling property, which is one of the main ingredients used in the approaches of
[9, 10]. As in [9, 10], the Lévy system of X", which describes how the process jumps (see (2.5)),
is the basic tool used throughout our argument as X" moves by “pure jumps”. But the Lévy
density of X™ does not have a simple form and has exponential decay at infinity as opposed to the
polynomial decay of the Lévy density of symmetric stable processes. Moreover, in this paper we
aim at obtaining sharp estimates that are uniform in m € (0, M]; that is, the comparing constants
in Theorem 1.1 are independent of m € (0, M]. This requires very careful and detailed estimates
throughout our proofs. Furthermore, unlike symmetric stable processes considered in [9], sharp
lower bound on transition densities of relativistic stable processes in R? was not available. Thus
we need to first establish sharp two-sided estimates on the transition densities of relativistic stable
processes in R? in bounded time intervals, which is done in Theorem 3.6. These estimates are
sharper than the ones established earlier in [12] for more general jump processes with exponentially
decaying jump kernels.

We overcome the above mentioned difficulties by using estimates on transition densities of
symmetric stable processes in bounded open sets, Meyer’s construction (see [1, Remarks 3.4 and
3.5]), the uniform estimates on exit times in Theorem 2.6, the uniform parabolic Harnack inequality
in Theorem 2.7, and the uniform comparison between Green functions of X" and X in small balls
(see Theorem 2.5). In particular, this uniform comparability between Green functions is used in
several places to get the boundary decay rate of p7;(¢,x,y). Our approach uses a combination of
probabilistic and analytic techniques, but it is mainly probabilistic.

When D is a bounded C'1! open set, integrating the estimates on p(t, z,y) from Theorem 1.1
over t yields sharp two-sided sharp estimates on the Green function G7(x,y) := fooo Pt z,y)dt.



To state this result, we define a function Vj on D x D by

/2 a/2
<1 A 6D(x’)x —6;/3|‘("y) ) |z — |4 when d > «,
N 1/2 1/2
Vi (x,y) = log [ 1+ Op(x) "“0p(y) when d =1 = q,
|z —y|
a/2 a/2
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Theorem 1.3 Let M > 0 be a constant and D a bounded C1'-open set in R%. Then there exist
positive constants Cs < Cg depending only on D,c«, M such that for every m € (0, M] and (z,y) €
D x D,

OBVS(xv y) < G%L(xv y) < CGV3($79)~

The proof of Theorem 1.3 is the same as that of [9, Corollary 1.2]. Theorem 1.3 extends the
Green function estimates obtained in [15, 26, 31] in the sense that the case d = 1 is allowed.
Theorem 1.3 improves the Green function estimates obtained in [15, 22, 31] in the sense that our
estimates are uniform in m € (0, M].

Following [17], we say an open set D in R? is half-space-like if there is an orthonormal coordinate
system y = (y1,--- ,yq) for R? so that H, C D C H, for some real numbers a > b. Here for a € R,
H, = {(yl, cyg) ERY: gy > a}. Although we do not yet have large time heat kernel estimates
when D is unbounded, by using the short time heat kernel estimates in Theorem 1.1(i), the two-
sided Green function estimates on the upper half space from [23] and a comparison idea from [17],
we are able to obtain sharp two-sided estimates on the Green function G5 (z,y) when D is a half-
space-like C1'! open set. To state our result, we define a function YN/B"m on D x D as follows: when
d >3,

Ey —(2-a)/(20) 5 a/2\(§ —(2—a)/(2a)§ a/2
m(2—a)/a <1 A (6p(x)+m p(x) ‘ng’,pD(y)JFm p(v) )) l — y[27d

V" (2,y) = when |z — y| > 3m~1/®,

a/2
(1 A 6D(x)5D(y)) |z — y|a—d when |z — y| < 3m—1/a;
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when d = 2,

e 1y (14 BoErm= Gy )/2) (8 (3) £m =/ 55 (3)/2)
lz—yl*
when |z — y| > 3m~ 1/,

a/2
(1 A 5D(x)5D(y)) / |$—y|a_2+m(2_a)/aln(l+m1/a(5D(x) ASp(y)))

[z—y]?

Vg’m(:v,y) =

when |z — y| < 3m~ 1/




when d =1 < a,

]
[ =yt
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a/2
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when |z —y| < 3m~

when d =1 = q,
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and when d =1 > «a,
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Theorem 1.4 Let M > 0 be a constant and D a half-space-like CY' open set in R%. Then there
exist C7 < Cs depending only on D,a and M such that for any m € (0, M] and (z,y) € D x D,

CVE™(,y) < GRB(x,y) < CsVe™ (2, ).

Any half space satisfies the assumption of the theorem above. When D is the half space
H:={z=(x1,...,2q) € R? : 24 > 0}, the two-sided estimates on G}{ were essentially obtained in
[23, Theorems 2.13 and 3.2] for d = 1 and in [23, Theorem 5.3] for d > 2. However there are some
errors in the statement of [23, Theorem 2.13] for the case of & < d = 1 and in the statement of [23,
Theorem 5.3] for the case of |x — y| < 3; see the proofs of Theorem 5.1 and 5.2 below for details,
which corrects both errors in [23].

The rest of the paper is organized as follows. In Section 2 we recall some basic facts about X™
and prove some preliminary uniform results on X, like uniform estimates on the Green function
G'g for small balls and annuli, uniform parabolic Harnack inequality, uniform Harnack principle
and uniform boundary Harnack principle. The upper bound in Theorem 1.1(i) is proved in Section
3, while the lower bound in Theorem 1.1(i) is proved in Section 4. Theorem 1.1(ii) is also proved
in Section 4. Theorem 1.4 is proved in the last section.



In the remainder of this paper, we assume that m > 0. We will use capital letters C1,Cs, ...
to denote constants in the statements of results, and their labeling will be fixed. The lower case
constants ci,ca,... will denote generic constants used in proofs, whose exact values are not im-
portant and can change from one appearance to another. The labeling of the lower case constants
starts anew in every proof. The dependence of the constant ¢ on the dimension d will not be
mentioned explicitly. We will use 0 to denote a cemetery point and for every function f, we extend
its definition to 0 by setting f(9) = 0. We will use dzx to denote the Lebesgue measure in R?. For
a Borel set A C R?, we also use |A| to denote its Lebesgue measure.

2 Relativistic stable processes and preliminary uniform estimates

The Lévy measure of the relativistic a-stable process X, defined in (1.1), has a density

I (@) = (Jel) = e [ ()2 e e ey () 2.1
= 7" (|z]) == (4mu) e due U 2)du, (2.1)

2I'(1 - %) Jo

which is continuous and radially decreasing on R?\ {0} (see [31, Lemma 2]). Here and in the rest
of this paper I' is the Gamma function defined by I'(\) := fooo t*le~tdt for every A > 0. Put
J™(xz,y) = j"(|lx —y|). Let A(d, —a) := a2a_17r_d/2f(d+TO‘)F(1 — 2)~!. Using change of variables
twice, first with u = |z|?v then with v = 1/s, we get

T™(2,y) = A(d, —a)|z — y|"p(m"/ |z — y|) (2.2)
where
d + 8] -1 o0 d+a s 2
Y(r) =27 (@) ( 5 > / s 2 leTi s ds, (2.3)
0

which is a decreasing smooth function of r? satisfying ¥ (r) < 1 and
cfle_Tr(d"'a_l)/Q < (r) < ereTpldte1)/2 on [1,00) (2.4)
for some ¢; > 1 (see [15, pp. 276-277| for details). We denote the Lévy density of X by
I(w,y) = I (x,y) = A(d, —a)|z — y|~ "+

The Lévy density gives rise to a Lévy system for X", which describes the jumps of the process
X™: for any non-negative measurable function f on Ry x R x R?, 2 € R? and stopping time T
(with respect to the filtration of X™),

T
B, | 7G5 X X0 sy | = B [/O (Rdﬂs,xgﬂ,ywm(m,y)czy) ds]. (25)

s<T

(See, for example, [11, Proof of Lemma 4.7] and [12, Appendix A]).
For r € (0,00), we define

r when d + o > 2,
&(r) == g rlta when d =1 > «, (2.6)

r’In(2) whend=1=a.



Lemma 2.1 There exists Cy = Cy(d, o) > 0 such that for all r € (0,1),
L —(r) < Co&(r).

Proof. Note that

2 2

r [e3 S 7'2 r [e3
/ gd%_ e_Z(l — e_?) ds < / Sd%_lds < Cl’l"d+a, (27)
0 0

and, by the mean-value theorem,

o0 @ S T2 o0 @ S
/ 8%71671(1 —e 5)ds < 7“2/ s 2"t ds < 2§ (r). (2.8)
r2 r2
Since
d+ o ! r? o d+a s r?
L—(r) = 9ol < > / +/ s 2 leTi(l—e 7)ds,
2 0 r2

we arrive at the conclusion of this lemma by combining (2.7)-(2.8). O

The next two inequalities, which can be seen easily from (2.4), will be used several times in this
paper. For any a > 0 and M > 0, there exist positive constants C1g and C7; depending on a and
M such that for any m € (0, M|,

jm(r) < Clem(QT)7 Vr e (O,CL) (29)
and
J™(r) < Cuj™(r +a),  Vr>a. (2.10)

We will use p™(t,x,y) = p™(t,x — y) to denote the transition density of X™ and use p(t,z,y)
to denote the transition density of X. It is well known that (cf. [11])

t

p(t,z,y) = <td/°‘ A ||d+a) on (0,00) x R? x RY. (2.11)
r—y

Here for two non-negative functions f, g, f < g means that there is a positive constant ¢y > 1 so

that c; Lf < g <¢of on their common domain of definitions. It is also known that

||
4

p(t,z) = et/ (47u) =42 e 0 e 0,(t, u)du, (2.12)
0

where 0,(t,u) is the transition density of an §-stable subordinator with the Laplace transform

e Tt follows from [34, (2.5.17)—(2.5.18)] and [2, Theorem 2.1] that
Ou(t,u) < ctu~1—/? for every t > 0,u > 0,
thus by (2.1) and (2.12), there exists L = L(«) > 0 such that

Pt x,y) < LtetJY(z,y) for all (t,z,y) € (0,00) x R? x RZ, (2.13)



From (1.1), one can easily see that X™ has the following scaling property:
p"(t,z,y) = md/o‘pl(mt,ml/ax,ml/ay), (2.14)
i.e,
{m~Y*(X}, — X}),t >0} has the same distribution as that of {XJ" — X",¢t>0}.  (2.15)
Thus it follows from (2.13) and (2.14) that
p"(t,z,y) < Lte™J™(x,y) (t,z,y) € (0,00) x R x RY (2.16)
and it follows from [31, Lemma 3] that there exists My = Ms(«) > 0 such that
Pt y) < My(me—d/2g=d/2 4 y=d/er), (2.17)

For any open set D, we use 775 to denote the first exit time from D for X™, i.e., 7/} = inf{t > 0:
X™ ¢ D} and let 7p be the first exit time from D for X. We define X" by XZ”’D(w) = X"(w) if
t <7} (w) and Xtm’D(w) =0 if t > 77 (w). We define XP similarly. X" is called the subprocess
of X™ killed upon exiting D (or, the killed relativistic stable process in D with weight m), and X P
is called the killed symmetric a-stable process in D.

It is known (see [12]) that X" has a continuous transition density p2 (¢, z,y) with respect to
the Lebesgue measure. We will use G (z,y) := [ pB(t, 2, y)dt to denote the Green function of
X™P We use pp(t,r,y) and Gp(x,y) to denote the transition density and the Green function of
XP respectively.

pj(t, z,y) also has the following scaling property:

PRt x,y) = mYpl . (mt,m! oz, m/y). (2.18)
Thus the Green function G (z,y) of X™P satisfies

GB(w,y) = m-)/oG]

ml/aD(ml/a:r;,ml/o‘y) for every x,y € D. (2.19)

Let
Tn(@,y) = J(2,y) = J™(2,y) = A(d, —a)|z —y|~ (1 = ¢(m" [z — y])).

Then
/ Jm(x,y)dy =m  for all z € RY. (2.20)
R4

(See [31, Lemma 2].) Thus X™ can be constructed from X by reducing jumps via Meyer’s con-
struction; see [1, Remarks 3.4 and 3.5]. By (3.18) of [1, Lemma 3.6], we have

ph(t,x,y) < e™pp(t,a,y),  forevery (t,2,y) € (0,00) x D x D. (2.21)
Lemma 2.2 Suppose that B = (0,2) C R and o > 1. Define

_ 6p(z)dB(y)

f(xay) - |.’IJ _ y|2 ’ \V/LL',y € B (222)



(i) If f(x,w) > 4, there exists C1a = C1a(a) > 0 such that

Gp(z,y)Gp(z,w)

< (a—1)/2 (a=1)/2 o .
G (z.w0) < C120B(y) dB(z) <Ci2, y,z€B

(ii) There exists C13 = C13(a) > 0 such that

GB(:E’ y)GB(ya Z)
Gp(x,z)

< (i3 for every x,y,z € B.

Proof. Note that (see [18, p. 187])

2= <8p(a) Adpt) it fay) > 4 (2.23)
35(x) A 0(y) > 5 (On(r) V Op(y)) i Fa,y) > 4, (2.24)
o -yl > 05(@) Vanly)  if Song) <4 (2.25)

We know from [9, Corollary 1.2] that

T af af
Gin(r.) = (3n(a)in(y)) /PO WI (226)
So when f(x,w) > 4, we have by (2.26) that
Gp(,9)Gp(z w) a1 (=172 Op(x)*/*dp(y)*"?
G (o) < (65(2)05(w)) @D/ ((53( )35(y)) A T >
X ((53(2’)5B<’w))(a1)/2 A 53(2){1/2_52(|w)a/2> . (2.27)

If f(z,w) >4, f(z,y) >4 and f(z,w) > 4, we have
GB(xuy)GB(Z,’w)
Gp(z,w)
If f(z,w) >4, f(z,y) <4 and f(z,w) > 4, we have by (2.27) that
Gp(z,y)Gp(zw) < ¢ o5 () /205 (y)*/26p(2) @ D/2
Glew) = =]
= 3 (f(x,y)20p(y) V2 6p ()2
< 2c305(y) @2 op(2) D2,

< ea(S(y)op(2)) V",

Similarly, if f(x,w) >4, f(z,y) >4 and f(z,w) <4,
( 2 ()7 ) < C4(SB(Z)(a_l)/g(SB(y)(a_l)/Q.
If f(z,w) >4, f(x,y) <4 and f(z,w) < 4, then
GB($7y)GB(Z7w) < ¢ 63(1’)1/2 5B(w)1/2
Gplew) = 7 le—yl 2wl
es(f(,y) 2 (f(2,w) 255 (y) @~ D2 5p(z) @02
46553(y)(a71)/2 6B(Z)(a71)/2'

p(y)*2op(2)>/?

IN
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The proof of (i) is now finished.
Now we prove (ii). It follows from (i) we have

GB(%, y)GB(y7 Z)
Gp(zx,z)

<cg if f(x,z) > 4. (2.28)

By symmetry we may assume f(z,y) > f(y,z) and consider the following cases separately: If

fz,2) <4 and f(z,y) > f(y,2) > 4, then by (2.24) ép(2)dp(2) > 5(35(2)dp(y) V 05(y)dp(2)).
This together with |z — z| < 2(|x — y| V |y — z|) implies that Gg(z,2) > c7(Gp(x,y) AN Gp(y, 2))

and so
GB(x,y)GB(y,z)
Gp(z,2)
If f(x,z) <4 and f(x,y) >4 > f(y,z), by (2.23)—(2.26)

GB(:E’ y)GB(ya Z)
Gp(x,z)

< ;1 (Galx,y) V Gy, 2)).

0 (y)*/? |z — 2|
0p(x)*/2 |y — 2|

w—yl N\ (ly -2+ |z -yl
C8GB(xay) <(SB(.T) +1 |y—z|

< cGp(z,y) <1 + =~ y’)

S CSGB('I’ y)

IN

ly — 2|
1) —z
< aGaa) (14 229) < G (1+3227).

If f(z,2) <4, f(r,y) <4 and f(y,z) <4, then by (2.25) and (2.26)
Gp(,y)GB(y, 2) < 01053(y) |z — 2| <o <5B(3/) L 98() >
Gp(z,2) |z —ylly — 2| =yl |y — 2]
< a3l -y +ly— 27,

Therefore, by combining with (2.28), we have

Gp (.73, y)GB(y7 Z)
Gp(z,z)

<c11, forall x,y,z€ B.

Lemma 2.3 Suppose that B = (0,2) C R and a = 1. Let f be as in (2.22) and define F(x,y) :=
log (1+ f(,)"/?) .

(i) If f(xz,w) > 4, there exists C14 > 0 such that

Gp(z,y)Gp(z,w)
Gp(z,w)

< CI4F(m,y)F(z,w), Y,z € B.

(ii) There exists C15 > 0 such that

Gp(z,y)GB(Y, 2)
Gp(z,z)

< Cis(1+ F(z,y) + F(y,2)) =9,z € B.
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Proof. (i) is an immediate consequence of [9, Corollary 1.2]. Using [9, Corollary 1.2], (ii) can be
proved by following the argument of the proof of [18, Theorem 6.24]. We omit the details. O

For r € (0, 1], we define
2724 when d + a > 2,
o(r)=141 when d =1 > «,
In(1/r) whend=1=a.

The following result will be used to prove Theorem 2.5.

Lemma 2.4 (i) If B is a ball of radius 1 in R?, then,

/ Gp(z,w)o(|lw — z|)Gp(z,w)
BxB Gp(,y)

sup dwdz < oco.

z,y€B,x#y
(ii) If d > 2 and U is an annulus of inner radius 1 and outer radius 3/2 in R?, then

/ GU($7w)J(|w_Z|)GU(Zaw)
UxU

dwdz < 0o.
GU('ra y)

sup
z,yelU,z#y

Proof. We only present the proof of (i). The proof of (ii) is similar to the proof of (i) for the case
d > a. We prove (i) by dealing with two separate cases.

Case 1: d > «a. In this case, by repeating the argument in [14, Example 2|, we know that there
exists ¢ = ¢1(d, o) > 0 such that

GB(wi)O—(‘w — ZDGB(Zaw) < 1 + 1
C
Gp(x.y) RN e e e P e R L
1 1

]z _ y|d—a’w _ Z|d+a—6 + \m _ w‘d—a‘w _ z‘d—&-cx—ﬁ

1 1
+ )
’.’L‘ _ w’d—a/Z’Z _ y|d—a/2‘w _ z‘3a/2—,8 ‘J} _ w|d—a/2‘z _ y’d—a’w _ Z’2a—ﬁ>

where 3 =2 when d > 2 and 8 =1+ a when d =1 > «. The conclusion now follows immediately.
Case 2: d =1 < a. In this case, it follows from the first part of the proof of Proposition 3.17
in [22] that

sup / Gp(z,w)o(lw - 2)Gp(2.y) , < o0,
BxB

where the f is the function defined in (2.22). The inequality

/ Gp(z,w)o(|lw — z|)Gp(z,y)
BxB

dwdz < 00
GB (I‘, y)

sup
z,y€Bx#y, f(z,y) >4

follows easily from Lemmas 2.2-2.3. O

The following result will be used later in this paper. Note that this result does not follow from
the main result in [22], since the constants in the following results are uniform in m € (0, 00) and
r € (0, Rgm~].
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Theorem 2.5 There exist positive constants Ry and Cig > 1 depending only on d and o such that

for any m € (0,00), any ball B of radius r < Rom~/?,

C;ﬁlGB(xay) < Gg(x,y) < 016GB($ay)7 T,y € B.

Moreover, in the case d > 2, there exists a constant C17 = Cy7(d,«) > 1 such that for any
m € (0,00), 7 € (0, Rom~%] and any annulus U of inner radius v and outer radius 3r/2,

CﬁlGU(way) S GZL(%ZU) S C17GU(xay)7 xz,y S U

Proof. We only present the proof for balls, the case of annuli is similar. By [9], Gg(z,y) < V5 (x,v).
Hence by (2.19), we only need to prove the theorem for m = 1. In this proof we will use B, to
denote the ball B(0,r).
Put

JH(z,y)
J(z,y)
Then it follows from (2.1)—(2.3) that there exists ¢; = ¢1(d, @) > 0 such that for any m € (0, c0) and
r € (0,00), inf; yep, F(x,y) > c1 — 1. It follows from Lemma 2.1 that there exists co = ca(d,a) > 0

F(Ji,y) = —1:¢(‘x_y‘)—1a xnyRd-

such that for any r € (0,00) and z,y € By,

|F(rz,ry)| + [ In(1 + F(ra,ry))| + (MOFF2ml 1) < ep(rlz - y)). (2.29)

B, (v) == /B

Then it follows from [15, Section 3] that

Put

(2, y)dy = Ad, —a) /B o~y (1~ p(z —y))dy, =€ B,

c c
T T

G}3T (z,y) = Gp, (x,y)IEg[KBT (18,)] for every x,y € B,

where

t t
KPr(t) =exp( ) ln(1+F(XSB_’”,XsBT))/ F(X y)J(XsBT,y)dyds+/ qp, (X77)ds).
0 JBr 0

0<s<t

Using the scaling property of Gp,., we get

sup dwdz

[ Gl i e
z,YyEBr,x#y J B X B

Gp,(z,y)lw — 2|4+
_ s / GB1 (.T, U))(64| In(14-F(rw,rz))| _ 1)GB(Z, w)
z,y€B1,x#y J B1 x By GB (JI, y) ‘w - Z‘d—’—a

dwdz, (2.30)

sup

/ GB7(l',w)’F(w,Z))’GBT(Z,’U))dde
z,y€Br,x#y J B.x B,

G, (z,y)|w — z|¢t
Gp,(z,w)|F(rw,rz))|Gp, (rz,rw)

= sup / dwdz (2.31)
xz,y€B1,x#y J B1 x By GBl (337 y)’w - z|d+a
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and

sup
z,y€Br,a#y J B

/ Gp,(z,w)GB,(w,y) g, (w)dw = r* - sup 4B, (rw)dw.

/ G31 (.T,’LU)GBl (way)
G, (r,y) zyeB1,aty J By

GBl (337 y)
(2.32)
Using (2.29)-(2.31) and Lemma 2.4, we have for r € (0, 1]

sup
x,y€Br x#Y

4 In(1+F(w,2))| _
/ Gp, (7, w)(e DICEACD < cyr
By x By

G, (2,y)lw — 2|7

and

sup / GBT(.ZU,w>|F(waz))|GBr(z’w) dwdz S csr.
B, x By

T,y€Br,x#Yy GBr (337 y) ‘w - z’d+a

By applying (2.20), the 3G inequality (Lemma 2.2(ii) and Lemma 2.3(ii) for d = 1) and (2.32), we

also have
/ GBT (x7 w)GBT (w’ y)

sup
z,y€Br,x#y J B

dw < car®.
Gp (ry) I

Now choose Ry > 0 small enough so that for r < Ry

sp / GB,« (ZE, w)(64|ln(1+F(w7z))| — 1)GBT (z,w) dwds < 1
z,y€Br,2#y J By X By G, (z,y)|w — Z’dJra -2
wp [ SnlwlPeGnu),,, ]
@y€B, x4y J By x B, G, (z,y)|w — 2|4t 8
and
sup / GBT(.%',’LU)GBT (w7y) dw < 1
Z,YyEBr,x#y J By GB?" (.’,U, y) -8

Using the three displays above, we can follow the argument in [14, Proposition 2.3] to conclude
that for all » < Ry,
sup  EY[KP(rp,)] < 294,
z,y€Br,x#£y
Now the upper bound on GlBT follows immediately. The lower bound on G};T is an easy consequence
of Jensen’s inequality, see [14, Remark 2] for details. O

In the remainder of this paper, Ry will always stand for the constant in Theorem 2.5.

Later in this paper, we will also need the following exit time estimate and parabolic Harnack
inequality that are uniform in m € (0, M]. These results are extensions of Proposition 4.9 and
Theorem 4.12 of [12], respectively.

Theorem 2.6 For any M >0, R >0, A >0 and 0 < B < 1, there exists v = v(A, B, M,R) €
(0, 1/2) such that for every m € (0, M], r € (0, R] and z € R,

Po (7hw an <77°) < B.
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Proof. Let Y™ be a symmetric pure jump process on R? with jump kernel given by

m 3" (Jx —y|) if |z —y| <1,
JO (xay) = { i
J

m(1)|x — y|_(d+°‘) if |x —y| > 1.

Note that J)"(z,y) > J™(x,y). In view of (2.1)-(2.4) and (2.20), there are constants ¢; =
¢i(M,d,a) > 0,i = 1,2, such that

Cc2 C1
o yre S < Ji(z,y) < Ty for every m € (0, M] and z,y € R? (2.33)
and
sup Jp"'(x) <M for every m € (0, M] and z,y € R%, (2.34)
z€RY
where Ji™"(z) = [ga (J§"(z,y) — J"(x,y)) dy. In view of (2.33), it follows from [11, Proposition

4.1] that for each M>0,R>0,A>0and 0< B <1, there is v = v(4, B, M, R) € (0,1) such
that for every m € (0, M], r € (0, R] and x € R%,

Po (7hiean) <77%) < B/2,

where TE{;AT) is the first time the process Y™ exits the set B(x, Ar). On the other hand, in

view of (2.34), X™ can be obtained from Y by adding new jumps according to the jump kernel

Ji(z,y) — J™(z,y) through Meyer’s construction (see [1, Remarks 3.4]). Hence we have for every
€ (0,M], r € (0, R] and = € RY,

P, <Tg‘(x,AT) < ’yr“)

< P, (7']}3/(7; Ary < ~r® and there is no new jumps added to Y™ by time W“a)
+ P, (there is at least one new jump added to Y™ by time yr®)
< B2+ (1-e =) < o (1- e M) < B,
where the last inequality is achieved by decreasing the value of v if necessary. O

We now introduce the space-time process Z!" := (V;, X*), where Vs = Vp + s. The filtration
generated by Z™ satisfying the usual condition will be denoted as {.7?3; s > 0}. The law of the
space-time process s — Z!" starting from (¢, z) will be denoted as Ptz

We say that a non-negative Borel function h(t,z) on [0, 00) x R? is parabolic with respect to the
process X™ in a relatively open subset D of [0, 00) x R? if for every relatively compact open subset
Dy of D, h(t,z) = Et2) [h(Zm(TgIn))] for every (t,z) € Dy, where TD =inf{s >0: ZI" ¢ D;}.
For each r,t > 0, we define Q(t,z,r) := [t,t + 7] x B(x,r).

Theorem 2.7 For any R > 0, and M > 0, there exists Cig > 0 such that for every m € (0, M],
0<6<1,zeRe re(0,R] and every non-negative function h on [0,00) x RY that is bounded and
parabolic on 0,7 (2r)*] x B(z,2r) with respect to X™,

sup h(t,y) < Cis inf h(0,y).
(tay)eQ(&rayZ,"") yEB(z,r)
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Proof. Since v is decreasing, we have for any |y| > 2r,

L[ gyt g du )
rt Jpon  lz—yul™ T eyl eyl oy /gy o — gl T Tyl
Thus there is a constant ¢ > 0 so that for every m > 0,
J™M(x,y) < Cd/ J™(z,y)dz for every r < v — y\‘
™ JB(x,r) 2
The conclusion of the theorem now follows from [8, Theorem 4.5]. O

Recall that an open set D in R? (when d > 2) is said to be a C1! open set if there exist a
localization radius R > 0 and a constant Ay > 0 such that for every z € 9D, there is a C*!'-function
6 = 6. : RL = R satistying 6(0) = Vo(0) = 0, [Volleo < Ao, [V(x) — Vo(2)| < Aol — 21,
and an orthonormal coordinate system y = (y1, -+ ,¥q—1,%4) ‘= (¥, yq) such that B(z, R)N D =
B(z,R)N{y :yq > ¢(y)}. By a C"! open set in R we mean an open set which can be expressed as
the union of disjoint intervals so that the minimum of the lengths of all these intervals is positive
and the minimum of the distances between these intervals is positive. Note that a C! open set
can be unbounded and disconnected. It is well known that a C™! open set D satisfies both the
uniform interior ball condition and the uniform exterior ball condition: there exists rg < R such
that for every x € D with dyp(z) < ro and y € R?\ D with dyp(y) < 79, there are z,2, € D
so that |z — z,| = ap(2), |y — 2| = dap(y) and that B(zg,r9) C D and B(yg,r9) C R\ D for
o = 2z +10(T — 22)/|x — 24| and yo = 2y + ro(y — 2y)/|y — 2y|. For simplicity, in this paper we
call the pair (rg, Ag) the characteristics of the C! open set D. Without loss of generality, we will
assume that rg < Ry, the constant in Theorem 2.5.

A real-valued function u defined on R? is said to be harmonic in an open set D C R? with
respect to X™ if for every open set B whose closure is a compact subset of D,

T

E, Du(Xngl)u <oo and wu(z)=E, [u(Xmgl)} for every x € B. (2.35)

A real-valued function u defined on R? is said to be regular harmonic in an open set D C R¢ with
respect to X™ if

T

E, Uu(X%l)ﬂ <oo and u(x)=E, [u(X’%L)} for every x € D.

Clearly, a regular harmonic function in D is harmonic in D.
The following uniform Harnack principle is a consequence of Theorem 2.7 and the scaling
property (2.15).

Theorem 2.8 (Uniform Harnack principle) There exists a constant Ci1g = Cig(a,d) > 0 such
that for any m € (0,00) and r € (0,4m=/?], zg € R and any function u which is nonnegative in
R? and harmonic in B(xg,r) with respect to X™ we have

u(z) < Crou(y) for all x,y € B(xo,7/2).

The following uniform boundary Harnack principle will be needed in the proof of Theorem 1.4.
Note that this result is not a consequence of the boundary Harnack principle in [27], since the
constant C' below is uniform in m € (0,00) and r € (0, Rym~/?].
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Theorem 2.9 (Uniform boundary Harnack principle) Suppose M € (0,00) and that D is
an open set in RY, z € D, r € (0,RoM~'/*) and that B(A,kr) C D N B(z,r). There exists
Coo = Coo(d,a, 5, M) > 0 such that for every m € (0, M], and any functions u,v > 0 on RY,
positive reqular harmonic for X™ in D N B(z,2r) and vanishing on DN B(z,2r), we have

—u(4) _ u(z) u(4)
< < Oyo——% DnNnB .
Cy U(A)_v(x)_C2OU(A)’ T € (z,7)
Proof. By using (2.1)-(2.2) and Theorem 2.5, we can easily get uniform estimates on the Poisson

kernel

Kap(@2) = [ Gy 0) " 0 )y
B(l’oﬂ’)
of B(zo,r) with respect to X™ for € (0, RoM ~/*]. In particular, for r < |z — 2| < 2RoM ~1/*,
K B(ao.r)
r € (0,RyM~1/%]. Then using the uniform estimates on K

(z,2) is comparable to Kp(g, (7, 2), the Poisson kernel of B(zo,r) with respect to X for
(zo.r) (z,z) and Theorem 2.5 we can
easily see that [32, Lemma 3.3] can be proved in the same way. Using the uniform estimates on the
Poisson kernel of B(xg,r), (2.1)—(2.2) and Theorem 2.5 we can adapt the argument in [3, 27, 32]

to get our uniform boundary Harnack principle. We omit the details. O

3 Upper bound estimate

The goal of this section is to establish the sharp upper bound for pJ;(t,z,y). Before establishing
such upper bound, we first give some preliminary lower bounds on p%; (¢, z,y) and sharp two-sided
estimates for p™ (¢, x,y), which will be used later.

Lemma 3.1 For any positive constants M, T, b and a, there exists Cy1 = Ca1(a, b, M,a,T) > 0
such that for any m € (0, M],z € R and X € (0,77,

: m
ylérlRfd P, (TB(z,Qb)\l/a) > a)\) > C91.
ly—z|<bAl/e

Proof. By Theorem 2.6, there exists ¢ = (b, a, M,T) > 0 such that for any m € (0, M] and
A€ (0,77,

inf P,(

>el) >
y€ER4

1
TB(y.bAL/ 2) =5

We may assume that € > a. Applying Theorem 2.7 at most 1 + [(a — €)(4/b)?] times, we get that
there exists ¢; = ¢1(a, M, a,T) > 0 such that for all m € (0, M],

C1 pg(%b)\l/a) (5)\7 Y, w) S pg(%b)\l/a) (a>\a Y, w) for w € B(yv b)‘l/a/Q)'
Thus for any m € (0, M],

Py (Tg(yﬁ/\l/&) > CL)\) = L(y b>\1/a) pg(y,b)\l/a) (a)\y Y, w)dw

V

> P’ o (aX, y, w)dw
/B(y,bxl/a/Q) B/ )

c P woon(aN, y, w)dw > 1 /2.
1/;(?!76)\1/&/2) B(yf)\l/ /2)( ) 1/

Y
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This proves the lemma. |

For the next four results, D is an arbitrary nonempty open set and we use the convention that
6p(-) = co when D = R?,

Proposition 3.2 Let M and T be positive constants. Suppose that (t,z,y) € (0,T] x D x D
with Sp(z) > tY* > 2|z — ylyp(m/ |z — y|)~ /@) Then there exists a positive constant Coy =
Coo(M,a,T) such that for any m € (0, M],

ph(t z,y) > Cot™ ¥, (3.1)
Proof. Let t < T and z,y € D with dp(z) > t/* > 2|z — ylp(m'/?|z — y|)~/ @+ By the

uniform parabolic Harnack inequality (Theorem 2.7), there exists ¢; = ¢1(a, M,T) > 0 such that
for any m € (0, M],

PR(t/2,z,w) < c1 pR(t,x,y) for every w € B(z, 2tY%/3).

This together with Lemma 3.1 yields that for any m € (0, M],

1
c1 |B(z, t/2)| /a2

> CQtd/a/ p oo (t/2, , w)dw
Blapi/ayg) D@t BN )

= ot P, (Tgl(m,tl/aﬂ) > t/2) > c3 t_d/o‘,

prﬁ(t,x,y) > p%(t/Q,w,w)dw

where ¢; = ¢;(T,a, M) > 0 for i = 2, 3. O

Lemma 3.3 Let M and T be positive constants. Suppose that (t,x,y) € (0,T] x D x D with
min {6p(x), Sp(y)} > tY/* and |x —y|* > 27 tp(m/ |z — y|)*/ @) Then there exists a constant
Caz = Co3(a, T, M) > 0 such that for all m € (0, M],

P, (Xtva € B(y, 2—1751/“)) > Cos t40+L ™ (1 ).
Proof. By Lemma 3.1, starting at z € B(y, 4~ 't'/®), with probability at least ¢; = ¢; (o, M, T) >
0, for any m € (0, M], the process X™ does not move more than 6~'¢'/* by time ¢. Thus, it is

sufficient to show that there exists a constant co = ca(a, M, T) > 0 such that for any m € (0, M],
t € (0,T) and (z,y) with |z — y|* > 27t (m!/ |z — y|)*/ (o),

P, (X"%D hits the ball B(y, 4~ 1Y/) by time t) > 0o 14/ M (g 4. (3.2)

Let B, := B(x, 6~ \p(ml/ ot/ o)1/ (dra)il/ey By := By, 6~ Lp(mM/ert/eyl/(dta)gt/ay and 71m .
75 . It follows from Lemma 3.1, there exists c3 = c3(a, M, T) > 0 such that for all m € (0, M],

Ey[t AT > tPy ()0 > t) > cat for t > 0. (3.3)
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By the Lévy system in (2.5),

P, (X"%D hits the ball B(y, 4~ 1Y/) by time t)

v

Py (X{Amm € By, 4~ Lyp(mt/ ot/ e/ (dre)d/ay and ¢ A 7™ is a jumping time )

w| [ [ o duds], 5.0

where in the first inequality we used the fact that ¢ (r) <1 for all » > 0.

We consider two cases separately.

(i) Suppose |z —y| < TY*. Note that |z —y| > 271t/ ¥ p(m/ T/ )1/ (d+a) NMoreover, if s < 7
and u € By,

Vv

(X5 —ul <l —y[+ |z = X + [y —u| <2z —yl.
Thus from (3.4), for any m € (0, M],

P, (Xm’D hits the ball B(y, 4~ 1Y) by time t)

> By [MT;”]/ J"@l =yl du > cat [By| " (2le —y|) = et T (2w — y))

By

for some positive constants ¢; = ¢;(«, M, T), i = 4,5. Here in the second inequality above, we used
(3.3). Therefore using (2.9), we see that the assertion of the lemma is valid for |z — y| < T/,
(ii) Suppose |z —y| > T/, In this case, if s < 7 and u € By,

X —ul < Jz—yl+ |z — X+ Ju—yl
< ’x N y’ + 371w(ml/aTl/a)l/(dJra)tl/a < ‘1’ - y‘ + 371¢(m1/aT1/a)1/(d+a)T1/a.

Thus from (3.4), for any m € (0, M],

P, (Xm’D hits the ball B(y, 4~ 11/) by time t)

v

Eq [t A 7)) /B i (\x —y|+ 3—1¢(m1/a:r1/a)1/<d+a>T1/a) du

Yy

Y

ot Byl 5" (lo =yl + 37 (/o)

> c7td/a+1 -m <‘$ y‘ +3—1w(ml/aTl/a)l/(d—&-oa)Tl/a)

for some positive constants ¢; = ¢;(a, M,T'), i = 6,7. Here in the second inequality, (3.3) is used.
Since |z — y| > TV > 3= Lyp(ml/ eV )/ ([d+a) T/ ysing (2.10), we see that the assertion of the
lemma is valid for |z — y| > T/, O

Proposition 3.4 Let M and T be positive constants. Suppose that (t,z,y) € (0,T] x D x D with
min {6p(z), p(y)} > (t/2)V* and |z — y|* > 27 L tp(m/ |z — y[)*/ (@) Then there exists a
constant Coy = Coy(a, M, T) > 0 such that for all m € (0, M],

pp(t,m,y) > CoutJ™(z,y).
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Proof. By the semigroup property, Proposition 3.2 and Lemma 3.3, there exist positive constants
c1 =c1(a, T, M) and ¢a = co(a, T, M) such that for all m € (0, M],

PRt a,y) = /D PI(t)2, 2, 2)pI (12, 2, y)d=

> pp(t/2, 2, 2)pH(t/2, 2, y)dz

/B(y, 271(t/2)1 )

cit=4/ep, (Xt”/gD € B(y, 2_1(t/2)1/a)) > e tJ" (2, y).

v

|

Combining Propositions 3.2 and 3.4, we have the following preliminary lower bound for p'; (¢, z, y).

Proposition 3.5 Let M and T be positive constants. Suppose that (t,z,y) € (0,T] x D x D with
min {6p(x), p(y)} > t'/%. Then there exists a constant Cos = Cos(c, M, T) > 0 such that for all
m € (0, M],

PRt a.y) > o (4% A LT (2, 1)).

Combining (2.16)-(2.17) with Proposition 3.5 we have the following sharp two-sided estimates
for pm(t7 x? y)'

Theorem 3.6 Let M and T be positive constants. Then there exists a constant Cog = Cag(at, M, T) >
1 such that for all m € (0, M], t € (0,T] and x,y € R?,

Oy (t*d/a/\tJm(:c,y)> < p™(t,x,y) < Cae (t*d/aAtJ’”(m,y)).

Lemma 3.7 Let M > 0 be a constant and E = {x € R? : |z| > ro}. For every T > 0, there is a
constant Co7 = Caz(ro, 0, M, T) > 0 such that for any m € (0, M],

PE(t,2,y) < Cor VEdp(@)*?j™ (| —y|/16)  forro < |z| < 5ro/4, |yl > 2ro and t < T.
Proof. Define U := {z € R?: ry < |2 < 3rg/2}. It is well-known (see, e.g., [33]) that X ¢ OU.

For ro < |x| < 5ro/4, |y| > 21 and ¢ € (0,T], it follows from the strong Markov property and (2.5)
that

PE(a,y) = Eo [P — 8 X y) 17 <t

t
= / / it (s, 2) / J™(z,w) pp(t — s,w,y)dw | dz | ds
0 U {w:|w|>3ro/2}
t
— / (/ p’r[}l(sax7 Z) (/ Jm(Z7Q,U)p%L(t—S,w,y)dw> dZ) ds
0 U {w: (3ro/4)+(yl/2)=|w|>3r0/2}
t
+/ </ pl(s,z, 2) (/ J"(z,w)ply(t — s,w,y)dw) dz) ds.
0 U {w: [w|>(3ro/4)+(|yl/2)}

= IT+1I.
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Since p < p™, we have

t
0 \/U {w: (3r0/4)+(|y]/2) > w|>3r0/2}

Since |w—y| > |y — Jw| > L (Jy| — 20) > W > 2=l for jw| < (3r/4) + (Jy|/2), by (2.16) we have
for Jw| < (3ro/4) + (|y|/2) and 0<s<t<T,

p™(t — s,w,y) < p™(t —s,2/16,y/16) < Lte™ J™(2/16,y/16).

Therefore
t
I < LtemTJm(a:/16,y/16)/ /pﬁ(s,x,z) / J"(z,w)dw | dz | ds
0 U {w: 3|z—y|/4>|w|>3rg/2}
= Ltem™ J™(2/16,y/16) P <3r0/2< X2 | < 3 — g /4 <t>
< LTeMT j™(jx — y|/16) P, (|X m | >37’0/2)

By Theorem 2.5,
P, (\X%\ > 37’0/2) - / / G (x, ) J™(y, 2)dydz
{|z|>3r0/2} JU

Cis / / Gu(x,y)J (y, 2)dyd=
{|z|>3r0/2} JU
= CiP, (‘XTU| > 37“0/2)

< dg(z) = c10%(x)

IN

for some positive constant ¢; = ¢1(M, g, ). Thus we have
I <coteMT 5p(x)/ 2™ (|2 —y|/(16)), m e (0, M] (3.5)

for some positive constant co = ca(ro, o, M).
On the other hand, for z € U and w € R? with |w| > (3rg/4) + (Jy|/2), we have

37"0 lyl o |z — y\
_ > > — > >

Thus by the symmetry of p}(t — s,w,y) in (w,y), we have that there exists ¢z = ¢3(M,rp, ) > 0
such that for any m € (0, M],

t
/ (/ Py (8,7, 2) </ J™(x/16,y/16)p% (t — s,y,w)dw> dz> ds
0 U {w: Jw|>(3ro/4)+(lyl/2)}
t
e3i™ (lx — y|/16) / (/ p?}(s,x,z)dz) ds.
0 \JUu

By (2.21), there exists c4 = ca(a,T") > 0 such that

11

IN

IN

m ms ms ou (w)a/2 —d/a S
(s, x,2) < e™py(s,z,2) < cqe T S /\m , s<T.
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The last inequality above comes from [9, Theorem 1.1]. Thus

t
/ </ pﬁ(s,x,z)dz) ds
0 U
< ¢ mT5 // g4/~ 1/2dzds—|—// d+adzds
{|21<s1/} (|2|>s1/a} |2]

< es0p(x)™ V.

This together with our estimate on I above completes the proof the lemma. O

In the remainder of this section we assume that D is an open set satisfying the following (weak
version of) uniform exterior ball condition with radius ro > 0: for every z € 9D and r € (0,79),
there is a ball B? of radius r such that B* ¢ R\ D and B* N 9D = {z}.

Theorem 3.8 Let M > 0 be a constant and D an open set satisfying the uniform exterior ball con-
dition with radius 1o < Ry. For every T > 0, there exists a positive constant Cog = Cag (T, ¢, v, M)
such that for any m € (0, M] and (t,z,y) € (0,T] x D x D,

a/2
pg@ﬁﬂy)§(58<l el ) (£ 571 = v1/16))

Proof. In view of (2.16)-(2.17), it suffices to prove the theorem for x € D with ép(x) < ro/4. By
(2.21) and [9, Theorem 1.1], there exists ¢; = ¢1(«, T, D) > 0 such that on 0,7] x D x D

ph(t,z,y) < e™pp(t,z,y) < cleMTM <t_d/°‘ A t> . (3.6)
%y) 2 Ty) 2 Vi = gt
For x,y € D, let z € 9D so that |z — z| = dp(z). Let B, C D¢ be the ball with radius ry so
that 0B, N 0D = {z}. When ép(x) < ro/4 and |z — y| > 5rg, we have dp:(y) > 2r¢ and so
by Lemma 3.7, there is a constant co = co(r9, T, M, ) > 0 such that for any m € (0, M] and
(t,z,y) € (0,T] x D x D,

Pt a,y) < By (6,y) < 2800 (@) 2V (1 — 41/16) = 2 () Vi (1 — y|/16).

(3.7)
Since there exist constants c3 and ¢4 depending only on M, « and rg such that
073<jm(|ac—y|/16)<674 for m € (0, M] and |z — y| < 5ro,
o=y = = fa -y
combining (3.6)-(3.7), we arrive at the conclusion of the theorem. O

Theorem 3.9 Let M and T be positive constants. Suppose that D is an open set satisfying
the uniform exterior ball condition with radius rq < Rgy. Then there exists a constant Cog =
Co9(T, 19, M, ) > 0 such that for all m € (0,M], t € (0,T] and z,y € D,

/2 a/2 mi/e|y —
Pt 2, y) < Cao (1 5D(\/)i )(m‘sD(\/)% )(t—d/aAt¢( |$|_y|ﬁ|a/(16))>- (3.9)
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Proof. Fix T > 0 and M > 0. By Theorem 3.8, symmetry and the semigroup property, we get
that for any m € (0, M] and (¢,z,y) € (0,T] x D x D,

PRt z,y) = /D PB(t/2, 2, 2P (12, 2, y)d=

Ip(x)*/? Ip(y)*/?
& (1/\\/%> (M\/E>

/D ((t/z)*d/a A (t/Z)Jm(a:/16,z/16)) ((t/z)*d/a A (t/2)Jm(z/16,y/16)> dz.

IN

By a change of variable,
/D ((t/z)*d/a A (t/2)Jm(a:/16,z/16)> ((t/2)*d/a A (t/2)Jm(z/16,y/16)> dz
d —d/a m, w —d/a ™ (0 w.
< (0" [ (027 A @277 @/16.0)) (/27 A (4/2)7(w.5/16)) d

Thus by Theorem 3.6 and the semigroup property, there exists a positive constant co = co(a, M, T)
such that for any m € (0, M] and (¢,z,y) € (0,7] x D x D,

dp(z)*/? dp(y)*/?
m < 1 1 e (/2 1 M (t/2 1
Pplta,y) < e ( N N /de (t/2,2/16,2)p™ (t/2, 2,y/16)dz
a/2 a/2

= ¢ (1 A 5D(5%> <1 A %%) p"(t,x/16,y/16)
5D(w)a/2 5D(y)a/2 —d/a m

< REA A R AN .

< e (1/\ 7 A <t AtT (m/16,y/16)>

This completes the proof of the theorem. O

4 Lower bound estimate

Throughout this section, the open set D is assumed to satisfy the uniform interior ball condition
with radius ro > 0 in the following sense: For every x € D with dp(x) < r¢, there is z, € dD so
that | — z;| = dp(z) and B(zg,r9) C D for z¢ := 25 + ro(x — 22) /|7 — 24| -

The goal of this section is to prove the following lower bound for p7; (¢, z,y).

Theorem 4.1 For any M > 0 and T > 0 there exists positive constant Csg = Cso(c, T, M, rp)
such that for all m € (0, M], (t,z,y) € (0,T] x D x D,

PB(t.2.5) > Cao (1 A ‘W) (1 A W) (9 ntj™(a— u))

Vi Vit
We will first establish Theorem 4.1 for small T', that is, we will first assume that
o\ ¢
<Tp = (7) . 41
t < 1o 16 (4.1)
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Lemma 4.2 Let M > 0 be a constant. Suppose that (t,x) € (0,Ty] x D with §p(z) < 3tY* < ry/4
and k € (0,1). Let z, € 0D be such that |z, — x| = dp(x) and let n(z,) = (z — 25) /|20 — x|.
Put ©1 = 2z, + 3tY/°n(z,) and B = B(xy,3tY*). Suppose that xq is a point on the line segment
connecting z, and z, + 6t/°n(z,) such that B(xo,2kt'/*) € B\ {z}. Then for any a > 0, there
exists a constant C3; = C31(M, K, ,r9,a) > 0 such that for all m € (0, M],

P, (Xg; e B(xo,ml/a)) > Oy 7125 ()22, (4.2)

Proof. Let 0 < x; < k and assume first that 2~ 4k t1/* < op(z) < 3t/ Repeating the proof of
Lemma 3.3, we get that, in this case, there exists a constant ¢; = ¢1(«, k1, M, r9,a) > 0 such that
for all m € (0, M] and ¢t < Ty,

P, (X;’Z € B(a:o,mtl/o‘)> > et g™ (2, 10).
Using the fact that |z — xo| € [2kt1/%, 6t'/°], we have
P, (X;’Z € B(xo, mltl/a)> > >0  for every m € (0, M], (4.3)

where ¢y = ca(a, k1, M, 19,a). By taking k1 = k, this shows that (4.2) holds for all @ > 0 in the
case when 24k t1/o < dp(z) < i/,

So it suffices to consider the case that dp(z) < 27*kt!/®. We now show that there is some
ap > 1 so that (4.2) holds for every a > ag and dp(z) < 2-*kt'/®. For simplicity, we assume
without loss of generality that 2o = 0 and let B := B(0, kt'/%). Let 29 = 2, + 4~ xwn(z,)t"/* and
By := B(xy,4 'kt'/®). Observe that since B(0,2xt'/*) c B\ {z},

k)26 < |y — 2| < 61/ for y € By and z € B(0, st'/%). (4.4)

By the strong Markov property of X™ at the first exit time 75 from By and Lemma 3.1, there
exists ¢3 = c3(a, k,a, M, T) > 0 such that for all m € (0, M],

P, (Xg; e B(0, mfl/a))
> P, (ng <at, X7m € B(0, 27 kt!/¥) and | X™ — ng\ < k/2for s € [15,, T8, + atl/o‘])
2
> 3Py (T]E?Q < at and XI5 € B(0, 2_1/<ct1/°‘)> : (4.5)
2

It follows from Theorem 2.5 and the explicit formula for the Poisson kernel of balls with respect
to X that there exist ¢4 = c4(a, M) > 0 and ¢5 = ¢5(a, M, k,79) > 0 such that for all m € (0, M],

m — a — « dp(z o/2
IP{,E< ™ € B(0,2 'kt )) > P, (XTB2 e B(0,2 'kt )) > ¢ < ﬁﬁj) . (46)

2

Applying Theorem 2.5 and the estimates for Gp (see, for instance, [13, (1.4)]), we get that there
exist ¢g = cg(a, M) > 0 and ¢7 = c7(a, M, k,ro) > 0 such that for all m € (0, M],

5D($)>a/2_

tl/a

P, (15, > at) < (at)_l E.[r5,] < 06(at)_1IEz[7‘32] < ale; <
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Define ag = 2¢7/(c5). We have by (4.5)—(4.6) and the display above that for a > ag and m € (0, M],

R 5 OL/Q
P,(X™ € B) > s (Px( ™ € B(0,27 k') — B, (78, > at)) > ¢ (c5/2) ( gﬁ?) . (47)
2
(4.3) and (4.7) show that (4.2) holds for every a > ag and for every z € D with §p(z) < 3t'/«.
Now we deal with the case 0 < a < ag and dp(x) < 2~ 4kt"/*. If p(z) < 3(at/ap)"/®, we have
from (4.2) for the case of a = ag that there exist cg = cg(k,, M) > 0 and cg = co(k, o, M,a) >0
such that for all m € (0, M],

Y

P, (X0 € Blao, 6t'/%)) 2 Po (X (at/aq) € Blo, slat/ag)'/))

- () "-e (8)”

If 3(at/ag)'/® < p(x) < 27*ktY/ (in this case k > 3 - 2%(a/ag)'/®), we get (4.2) from (4.3) by
taking k1 = (a/ap)'/®. The proof of the lemma is now complete. 0

Proposition 4.3 Let M > 0 be a constant. Suppose that (t,x,y) € (0,Tp] x D x D with |z —y| <
t and Sp(x) < 2t/*. Then there exists a constant Csy = Csa(a, M,79) > 0 such that for all
m € (0, M],

PB(ta,y) > Caat= Yo 5p () 25p (y)*/2. (4.8)

Proof. Note that under the assumptions of the Proposition, we have dp(y) < |z —y|+ dp(z) <
3tt/e < ro/5. So there are points z,, z, € 0D and zg, yo € D such that op(z) = |z — 2|,
5p(y) = |y — 2|, B(x0,4tY*) N OD = {z,} and dB(yo, 4t"/*) N ID = {z,}. Observe that

dp(zo) = 6p(yo) = 4t and |z — xol, |y — yo| € [tV/*, 4t/®).

By the semigroup property, with B := B(xg,4~'#"/%) and B := B(yg, 4~ 1t1/%)

PB(tayy) = /D (/3. , ) /D P(t/3, 2, w)p(t/3, w, y)dwd:

v

/B PR(t/3,2, 2) /Epz';(t/a,z,w>pg<t/3,w,y>dwdz

>t g/ [ Bt/ [ B/ e
(z,w)EBxB B B

Since for z € B and w € E, o0p(z) > dp(xo) — |zo — 2| > /e op(w) > dp(yo) — |lyo — w| >

e, |z —w| < |z = @] + |zo — @] + |z — y[ + |y — vol + lyo — w| < 1061%, and |z — w| <

W (m'/*|z — w|)t'/*, by combining Proposition 3.2 and Proposition 3.4, we have that

there exists ¢; = ¢1(a, 19, M) > 0 such that for all m € (0, M],

inf  pR(t/3,z,w) > et~V
(z,w)eBxB
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Since 6p(z) < 2t/* < ro/8 and dp(y) < 3t'/%, we have by Lemma 4.2 that there is a positive
constant ¢y = co(av, M, 1) such that for all m € (0, M],

prﬁ(t7 xZ, y) 2 Co tid/ail 6D($)a/2 5D(y)a/2

O

Proposition 4.4 Let M > 0 be a constant. Suppose that (t,z,y) € (0,Tp] x D x D with dp(z) <
(t/2)Y* < 6p(y) and |z — y|* > tYp(mV/ ¥z — y[)*/[+2) . Then there ezists a constant Cs3 =
Css(a, M, o) > 0 such that for all m € (0, M],

pp(ta,y) > Cszt'/?p(x)*>T™(x,y). (4.9)
Proof. Since dp(z) < (t/2)/* < r9/16, there are z, € D and zy € D such that dp(z) = |z — 2|

and 9Bz, 2t"/*)NAD = {z,}. Choose z( in Bz, 2¢(m1/aT01/a)1/(d+a)t1/a) and k = k(a) € (0,1)
such that

B (a?o, 2mp(m1/aT01/a)1/(d+a)t1/a)

c B («207 (2 _ 2—2/a)¢(m1/aT01/a)1/(d+a)t1/a) N B (l’, (1 _ 2—1—2/o<)w(ml/aT&/a)l/(d—Fa)tl/a) ]

Such a ball B(zo, 2mp(m1/0‘T01/0‘)1/(d+0‘)t1/a) always exists because 2 < (2 —271) + (1 -272) <
(2 =272 4 (1 — 27172/,
We consider two cases separately.
(i) Suppose |z —y| < Tol/a. Note that |z — y| > tl/a¢(m1/aT§/a)1/(d+°‘). Thus for every
z € B(xo, /{@b(ml/o‘T()l/a)l/(d+o‘)t1/o‘), we have 6p(z) > (t/4)"/* and
[y — 21 > ly — 2| — |2 — 2 > 271 (/4 op(m!/ Ty )/ )
> 27 ¢/ 4) MmO T ) A 2y — o) ),

On the other hand, for every z € B(xy, m¢(m1/“Té/a)1/(d+“)t1/o‘),
2=yl < lz—al+]z—yl < (1 - 277N )g(m! Ty 4 |z —y| < 2w —yl.

Thus by the semigroup property, Proposition 3.2 and Proposition 3.4, there exist positive constants
¢i = ci(a, M,rg), i =1,2,3, such that for all m € (0, M],

PRt z,y) = /D PB(t)2, 2, 2P (12, 2, y)d=

v

/ 1 pg(t/2,x,2)pg(t/2’zjy)dz
B(wo,ktp(ml/eTy/ *)1/ (d+a) 1 /e

ert / P (/2,2,2)T™ (2, y)dz
Bl(zo,kap(m1/aTy/ )1/ (d+a)g1/a)

B(zo,ktp(ml/eTy/*)1/ (d+a)gl/a)

cat™ @l — y) B (X757 € Blao, mp(m?/ Ty ) /(1)) )
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Applying Lemma 4.2 and (2.9), we arrive at the conclusion of the Proposition for |z — y| < TO1 /e
(ii) Suppose |z —y| > T&/a. For every z € B(xo, mp(ml/aTOl/a)l/(dJra)tl/a), we have

=yl < (1= 27t ATy M EHOT oy — 2 < T+ Jy =,
Thus for every z € B(zo, /@¢(m1/0¢T01/°‘)1/(d+06)t1/04)’ we have dp(2) > (£/4)/* and

ly— 2l > |y — ol — |2 = > T,/ — (1 — 2772y (mt/oTy/ @)V et/
> 271(t/4)l/aw(ml/aTOl/Oé)l/(d+oz) > Qfl(t/4)l/aw(ml/a’x _ yll/a>1/(d+a)

1/(d+a) 1/(d+a)
) z e /) (m oy - )

> 271t/ )y (m Ty 4 mt /ey — 2

for some ¢4 = c4(a, 79, M) > 0, where in the last inequality we used (2.4). On the other hand, for
every 2 € Blao, wib(ml/[z — y|)/(@+a)g1/e)

—1-2/« aml/a o «
lz—y| < |z—z|+|z—yl < (1-2 1-2/ )w(ml/ To/ )1/(d+ )¢/ + |z — y|
< T()l/a+|x—y|.

Thus by the semigroup property and Proposition 3.5, there exist positive constants ¢; = ¢;(«, M, r9),
i =5,6,7, such that for all m € (0, M],

ppt,x,y) > pp(t/2,2,2)J"(2,y)dz

C5t/
B(mg,m/;(ml/aTol/a)1/(d+a)t1/a)

> Cthm(|33—y|+T01/a)/ ) PR(t)2, @, 2)dz
B(:E(),Kﬂ)[)(ml/aTO/a)l/(d+a)t1/a)

= orti™(|z —y| + TP, (X;%D € Bl(xo, w(ml/a:rg/“)1/<d+a>t1/a)) .

Applying Lemma 4.2 and (2.10), we arrive at the conclusion of the proposition for |x — y| > TO1 /e,
O
Proposition 4.5 Let M > 0 be a constant. Suppose that (t,x,y) € (0,Tp] x D x D with
max {dp(2), 6p(y)} < (¢/2)"/* < |z — ylep(m!/ |z — y|) 7/,
Then there exists a constant Csy = C34(c, M, ro) > 0 such that for all m € (0, M],

Pt 2,y) = Caadp(x)**op(y)** I (z,y). (4.10)

Proof. As in the first paragraph of the proof of Proposition 4.3, choose z, € 9D and g € D so
that |z — z,| = dp(x) and dB(zo,3tY*) N ID = {z,}. Let k :== 1 — 27/ Note that for every
z € B(zg, kt'/?), we have

5p(z) > 2(t/2)Y* and |y —z| > dp(z) — dp(y) > (£/2)V* > (£/2)Y*p(m/ |y — z|)*/(d+e),
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Thus, by the semigroup property and Proposition 4.4, there exists positive constant ¢; = ¢ (o, M, D)
such that for all m € (0, M],

pp(t,z,y) > / ph(t/2,2,2)pp(t)2,2,y)dz
B(zo,kt1/ )
m 1/2 a/2 m
> cl/ ph(t/2,x,2)t = dp(y)*“J" (2, y)dz. (4.11)
B(zo,kt1/)

If |x —y| < Tol/a, for every z € B(wo, kt'/®)

2=yl < |o—yl+lzo—al+|zo— 2| < |v—y|+ 4tV

2~y ZUR e (mtfefy -y
< |lx—y|+ i t/2) % (m e — «
¢(m1/aT0/a)1/(d+a)
22+1/a
< (1+ x — .
< b

If |z —y| > Tol/O‘7 for every z € B(xo, kt'/®)

l/a
2 —y| < |z —y|+ |0 — x| + |zo — 2| < |z —y| + 4V < |z —y| + 4T,

Thus by (2.9), (2.10) and Lemma 4.2, we get from (4.11) that there exist positive constants ¢; =
¢i(a, M, D),i = 2,3, such that for all m € (0, M],

PaLay) > etV op(y) 2Tz, y) / P2, 2, 2)dz
B(zo,kt!/ @)

t/2
= ¢30p(2)*20p(y)* 2T (z, ).

= ot 6p(y)* 2T (@, y) P, (XmD € B(:Uo,/{tl/a))

a

Proof of Theorem 4.1. We first assume that t < Ty. Combining Propositions 3.2 and 3.4, we
get the conclusion of Theorem 4.1 in the case

max{dp(x), 5p(y)} =t/ > |& -yl (m"/ |z — y|) /().
Using symmetry and Proposition 4.3 we the conclusion of Theorem 4.1 in the case
max{dp(z), 5p (), |x — yl(m"/*|z — y|) "Iy <yl

Now we consider the case |z —y|y(m!/ |z —y|)~1/(d+®) > ¢1/e Using symmetry and combining
Propositions 4.4 and 4.5, we get the conclusion of Theorem 4.1 in the case min{dp(z),dp(y)} <
(t/2)V* and |z — ylyp(m/|z — y|)~1/ (@) > /e Proposition 3.4 covers the remaining case
min{dp(x),dp(y)} > (t/2)Y* and |z — yl(m/*|x — y|)~1/(¢+®) > ¢1/¢ We have thus arrived at
the conclusion of Theorem 4.1 with ¢y = 1 for ¢t < Tj.

Assume T = 2Tj. Recall that Ty = (r9/16)*. For (¢,z,y) € (To,2Tp] x D x D, let zo,yo € D be
such that max{|z — zol, |y — yo|} < ro and min{dp(zo),0p(yo)} > ro/2. Note that, if |z —y| > 4ro,
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then |z —y| —2ro < |0 —yo| < |2 —y|+ 270, so by (2.10), c5 ' J™ (20, y0) < J™(x,y) < coJ™ (%0, Yo)
for some constant ¢ = ¢(M) > 1. Thus by considering the cases |z — y| > 41 and |z — y| < 4rg, we

have ;
(/2)7 A 5™ (w0,50) = e (t*d/a AtT™(z, y)) . (4.12)

Similarly, there is a positive constant ¢y such that
(t/3)" YN (t)3) Tz, 2) > e ((75/(12))_‘1/CY A 1t2Jm(:U0,z)> , zZ€D,
/34 g wn) = e ((/02) A G ) weD. (3
By (4.12) and the lower bound estimate in Theorem 4.1 for p7} on (0,7p] x D x D, we have

Bt 2,y) = /D PB(E/3, 2, 2 ) (/3 2, )P (t/3, w, y)dzdw
><

dp(x )a/2 op(y )a/z —d/a m 5D(2)“/2
> e (1/\ 7 )(m 7 )/DXD ((t/S) A(t/3)] (x,z)) <1/\t/3 )
-ph Z, W —d/o Emw Op(w)*/? zdw
PH(t/3,2, ><<t/3) YN ST ,y>> <1A NOE dzd
>

dp ()™ Ip(y)*/? / ( dfa b )
1A LAY T £/(12))" 4 A 2 g (o,
‘s ( - D) [ (way e G
- (0% t m
pB(/3,0) (002 A ™ () ) e
for some positive constants ¢;,i = 3,4. Let Dy :={z € D : dp(z) > r9/4}. Clearly, xo,y0 € D1 and
min{dp, (20), 6, (30)} > ro/d = 4(Ty) V2 > d(t/2)1/e. (4.14)
By Theorem 3.6 and (4.13), we have
d/a toom m —d/a toom
(t/(12))" YN I (w0, 2) | PD(E/3,2,w) | (£/(12))"Y A —J™(w,y0) | dzdw
Db 12 12
Zes [ 02) 0, 20, (320" (¢ (12), w0, 0)dzdw
D1><D1
> C5 / pgbl (t/(12)7 Zo, Z)pgl (t/sa 2y w)p7Dn1 (t/(12)7 w, yO)dZdw
D1><D1
t
=c5pp, (t/2,70,y0) > c6 ((t/Q)d/a N 2Jm(«’1307y0)> > 7 (fd/a A tJm($7y))

for some positive constants ¢;,i = 5,---,7. Here Proposition 3.5 is used in the third inequality in
view of (4.14). By repeating the argument above, we have proved Theorem 4.1. O

Proof of Theorem 1.1. Theorem 1.1(i) is a combination of Theorems 3.9 and 4.1, so we only
need to prove Theorem 1.1(ii).
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Since D is bounded, the functions ¢(m!/®|z—y|/Cy) and ¢(Com/*|z—1y|) are bounded between
two positive constants independent of m € (0, M]. Thus it follows from Theorem 1.1 (i) that there
exist positive constants ¢; = ¢;(o, M, D) > 0, i = 1,2, such that for all m € (0, M],

capp(t,z,y) < ph(t,z,y) < copp(t,z,y) on (0,71]) x D x D, (4.15)

where 77 = diam(D)%. Let {)\z’m’D,k = 1,2...} be the eigenvalues of ((m* — A)*/2 —m)|p,
arranged in increasing order and repeated according to multiplicity, and let {¢’:’°"D, k=1,2,...}
be the corresponding eigenfunctions normalized to have unit L?-norm on D. It is well known that
A2 is simple and ¢7"*" can be chosen to be non-negative. It follows from [16] that the function
m — Xf"m’D is continuous on [0, M], and thus it is bounded between two positive numbers on the
interval [0, M]. Since

77D a’m‘D 9 7D
gD () = AT /D BTy, 2, y) 67D () dy,

it follows from (4.15) that there exist ¢; = ¢;(o, M, D) > 0, i = 3,4, such that

o P(e) < eIy () /D 5o ()™ 267" (y)dy. (4.16)
o7 P (@) > ey o (a) / op(y)* 267" (y)dy. (4.17)
D
Using the Sobolev embedding theorem and the simplicity of /\?’m’D, we conclude from Example 5.1

of [16] that the first eigenfunction ¢™" is continuous in L2(D;m) in m € [0, M]. Consequently,

m— /D Sp(y)* 2P (y)dy

is a continuous positive function of m € [0, M] and so it is bounded between two positive constants
over the interval [0, M]. Thus by (4.16)—(4.17), there exist positive constants ¢; = ¢;(a, M, D) > 0,
i = 5,6, such that for every m € (0, M] and x € D,

e () < 6P () < a0y *(). (4.18)

It follows from the paragraph after Theorem 2.1.1 in [19] that there exists a decreasing function
g(t) of t
0,a,D 0,a,D
po(t,z,y) <gt)py™ (x) oy (y)  (f,2,y) € (0,00) X D x D.
Thus by (4.15)—(4.18), we have for all m € (0, M],
Pt z,y) < crg()d7 P () 67" (y)  (tz,y) € (0,1] x Dx D

for some positive constant c¢;. Put

m
a,m t
Ph(t,x,y) = eM Pt ma?;D(’x;nyzD (t,z,y) € (0,00) x D x D.
¢ (@) 7 ()

Then it follows from the arguments in [19, Theorems 4.2.5 and 2.1.4] that there exists a decreasing

function g(t) of ¢ such that

amD amD) m,D_A;x,m,D)t

PB(tzy) — 1] < 32(t/3)) e F(t/3)54(t/ (24))e= X5
k=1
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Since the function m X;’m’D — )\?’m’D is continuous on [0, M] (see [16]) and positive, there exists

cs = cg(M) > 0 such that for all m € (0, M], A™P — A®™P > ¢, Consequently we have

PB(tz,y) — 1] < §2(t/3)3" (t/(24))e "

Thus there exists 7, = T5(M) > 0 such that for all m € (0, M], [p5(t,z,y) — 1| < & for t > Tp,
that is, for all m € (0, M] and ¢ > Tb,

1 )\a,m,D _Aa,m,Dt

_ D D 3 D D
3¢ @) o ) < pp(twy) < et I (@) 67 ().

Therefore, by (4.18) , we have for all m € (0, M] and ¢t > T,

—Ag Py

m, 3
S (@) b ) < Pt y) < Se T (@) ap(y) 2.
If T < T5, then by Theorem 1.1(i), there is a constant cg > 1 such that for all m € (0, M]
g op(2)25p ()% < pplt,z,y) < codp(x)/?6p(y)*/? for t € [T,T>) and z,y € D.

This establishes Theorem 1.1(ii). O

5 Green function estimates
In this section, we present the proof of Theorem 1.4.

Theorem 5.1 Let H := {(z1,--- ,24) € R : x4 > 0} be the upper half space in RY, d > 2. There
exists Css > 1 such that for all m > 0,

Cos Vi ™ (2, y) < Ghla,y) < CssVi™(x,y),  zy € H,

where 17;;7” is defined preceding Theorem 1.4.

Proof. Since by (2.19),
Gz, y) = md=)/e Gl (mM oz, m/*y) for z,y € H, (5.1)

it suffices to consider m = 1. When m = 1, this theorem is essentially established as Theorem 5.3
in [23]. However there is an error in the statement of [23, Theorem 5.3] for the case of |z —y| < 3,

a/2 a/2
where the terms <T;ﬁgf) should be replaced by (éﬁi‘@) . The error in [23, Theorem 5.3]

stems from [5, Theorem 3.2], where the same error occurred in the estimate of the 1-resolvent of

X1 in upper half space. [5, Theorem 3.2] is a corollary of [5, Lemma 3.1]. A typo occurred in
the display preceding the statement of [5, Theorem 3.2], which resulted in all these errors. That
display should be

< 46<x>6<y>+1_1> oy~ @0 @)

|z —y? |z — g lz—y> —
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d(2)d(y)

Another typo occurred in [5, (21) and (22)], where the term 0(x) A §(y) A 1 should be ‘ AL
r—=Yy

With these corrections, the desired Green function estimates can then be established as in [23,

Theorem 5.3]. O

In the next theorem, the notation f =< g means that there are positive constants c¢; and cs
depending only on « so that ci1g(x) < f(x) < cog(x) in the common domain of definition for f and

g
Theorem 5.2 Let H = (0,00) C R. Then

(i) For > 1 and z,y > 0,

( e_ml/a \x—y|

W(mfl/a Az A y)a/Q + m(27a)/a(x A y) + m(2fa)/(2a)(x A y)a/2

when | —y| >m~ YNz Ay,
G, y) = (m Y Az Ay)*t 4 mE (g A y) 4 mEm ) (g p )/

when o > 1 and |z —y| <m™Y* Az Ay,
n (2 mP AT Ay

+m(z Ay) +m 2z Ay)t?
M) e ) 4w )

when o =1 and |z —y| <m " Y* Az Ay.

(ii) For0 < a <1 and x,y > 0,

( —-1/2 —ml/o‘|x—y\
m e X
(1 P

/2
(2-a)/a (2-0)/(20) a/2
e (1) m A (A )
when |z —y| > m~1/e

G, y) <

a/2
a— x —Q)/ —Q « «
o gl (TA ) m o A g) e g

when |z —y| < m~/e

Proof. In view of (5.1), it suffices to establish the above estimates for m = 1. When m = 1, the
proof of this theorem is essentially given in [23, Theorems 2.13 and 3.2]. However there is an error in
the statement of [23, Theorem 2.13] for the case of o < d = 1, which is the same error as described
in the proof of Theorem 5.1 above. With this correction, we can get the desired estimates. O

Proof of Theorem 1.4. We will just give the proof for the case d > 2. The argument can be
adapted to give a proof for the case d = 1. To save space, we leave the details to interested readers.

In the rest of this proof, we assume d > 2. Without loss of generality, we assume M = 1 and
that Hy/y C D C H_y4, where H, := {y = (J,ya) € R? : yg > a}. In this proof, the notation
f = g means that there are positive constants c¢; and co depending only on D and « so that
c19(x) < f(x) < cag(z) in the common domain of definition for f and g.
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If D is a general Cb! open set by (4.3), (4.4), (4.6), (4.7) in [9] and our Theorem 1.1(i), we

have for |z —y| < 3m~Y/e,
1 1 5D(x)a/25D(y)a/2
ph(t,x,y)dt < —————— [ 1 A 5.2
/0 N P & —yl° 52
Now we assume that D is a half-space-like C1! open set in R?. Observe that if 6p(z) > 1, then
1 1 1 3
5 00(2) < 6p(w) = 5 < 0, (2) < 0p(w) < bu_,,(@) < Op(a) + 5 < Sople). (53)

«

(i) First assume that |z —y| > 3m~1/.
If 1 <ép(z) <dp(y), by (5.3) and Theorem 5.1, we know that there exists cg > 1 such that for
allm>0and d > 2,

o V" (xy) <G, (y) < GBlayy) < G, (2y) < V™ (a,y).
In the remainder of this proof, for each x € D, we define

xo 1= (/.f, xTq + 1). (5.4)

Since |z — y| > 3m~1/®, we have |zg — y| > 2m~ Y/,

Now we consider the case dp(xz) < 1. Choose a Q; € D such that dp(z) = |z — Q,|. Note
that xp € B(Qz,2). It is easy to see that one can choose a constant ¢4 = c4(D) and a bounded
CU1 open set U, whose Cll-characteristics depends on D but is independent of x, such that
B(Qs,2)ND CcU C B(Qu, %) N D and (U N {6u(z) > cs}) \ B(Qq, $) is nonempty. Note that
Su(z) = ép(z). Choose an z1 € (UN{6y(z) > ca})\ B(Qz, ). By Theorem 2.9 (uniform boundary
Harnack principle), Theorem 2.8 (uniform Harnack principle) and Theorem 1.3,

G} (x,x1)
Gy[}l(x(), I’l)

If op(x) <1< 0dp(y), then

GB(x,y) = GB(x0,y) = 0y () 2GB(x0,y) = 5p(x)*2CB (20, v). (5.5)

4
Op(y) <dp(e) +le -yl <1+le -yl < Jle -yl
By (5.5), Theorem 5.1 and (5.3), we have for d > 3

Gp(x,y) = 6p(2)*/* G (20,y) < 6p()*/* G | (20,y)

—(2-)/(20) —(2—a)/(2c) /2
- 6D(l,)a/2m(27a)/a (1/\ (1—|-m )(5H,1/4<y)+m (5H71/4(y) )) 1

|0 — y? o — y|?2

/2 —(2—a)/(2a) /2 —(2—a)/(2a) /2
_ G- <5D(x)a/2A<6D<x> +m 5p(2)*/2)(3p(y) +m 50 (y) >)

|z —y|?
v
|z —y|?2
< e (6p(x) +m~C=/CI6p (2)%/2)(0p(y) + m~ 2~/ 25 (y)e/2) 1
- |z —y? |z — y|d—2
= Vom(z,y),
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and
G (z,y) < op(x)**Gp(x0,y) > 5D($)a/2G7ﬁ1/4 (20, )

(1 + m‘(?—a)/(QOé)) <5H1/4 (y) + m—(Q—a)/(Qa)5H1/4 (y)oc/Q) 1

o 5D(x)a/2m(2—oz)/oz

|0 — y[? |0 — |42
=~ m@-a)/a (6p(x) +m—(2—a)/(2a)5D(I)a/2) (5p(y) +m—(2—a)/(2a)5D(y)a/2> 1
|z —yl|? |z — y|d—2

> Va’m(azjy).

Similarly, when 0p(z) < 1 < dp(y) and d = 2, we get

e, y) = mC=)o (1 4 () + m= G5 (@)2) (5p(y) + m<2a>/<2a>6a<y>a/2>> |

|z —yl?

«

Now we suppose that dp(z) < dp(y) < 1. In this case we have |zg — yo| = |z — y| > 3m~Y
Using (5.5), Theorem 2.8 (uniform Harnack principle), Theorem 2.8 (uniform Harnack principle)
and Theorem 1.3, similar to the argument before (5.5) with y instead of z, we get

GB(x,y) = dp(x)**GB(wo,y) = 6p(x)**5p(y)** G (w0, yo)- (5.6)
Thus by (5.3), (5.6) and Theorem 5.1, we have for d > 3,

G (,y) < dp(x)**5p(y)**G (20, y0) < 5D(x)a/25D(y)a/2GTIZL‘_1/4 (z0,Y0)

1+ mf(2fa)/(2a)) (1+ mf(%a)/(h)) 1
=~ n(x a/25 a/2m(2—o<)/oc(
p(@) ) |20 — yol? |20 — yold2
= 2-a)/a (0p(x) +m~ =/ C5p(2)2/2) (6p(y) +m~ =/ D5y (y)2/2) 1
|z — y|? |z — y|d—2

x ‘/\//a’m ($7 y) )
and

G (x,y) = 6p(2)*/*0p(y)* "2 G (x0, y0) > dp(x)*6p(y)** G, (x0,%0)

14+ m—(2—a)/(2a)) (1 + m—(Q—a)/(2a)) 1
=~ nlx a/2(5 a/Qm(Z—a)/a(
p(@) o) |20 — yol? |20 — yo|?—2
e (00(@) G5 () l2) (3p(y) +m - Cgp ()l 1
|z — y|? |z — y|d—2

= Vo (z,y).

Similarly, when 6p(z) < dp(y) < 1, |z — y| > 3m~/* and d = 2, we get

e, ) = mC=)o (1 L (p(@)+ m@a)/@wD(x)T/Q)(a@ (v)+ m<“>/<2a>6a<y>a/2>> |
T —y

(ii) Now assume that |z —y| < 3m~/.
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When ¢ > 1, we have by Theorem 1.1 that

PRt y) = /ngp$U/Zaadp$ﬁ-LGwp$0/2ﬂmyﬁk
mi/ele — 2|/C
= GA&x@P”ﬂA&ﬂwV“A¥DOA&ﬂdW”<1AM wldwf ”)

/o), C
PRt =1, 2,w)(1 A dp(w))*/? (1 A ¢(m|w _wmdfjj 2>> dzdw.

Therefore it follows from Theorem 5.1

/ PRt 2, y)dt
1

1/a),
< e (1A5D(l'))a/2(l/\5D(y))a/2/ (1 A5D(2))a/2 1A p(m ’iE de/CQ)
DxD |z — 2|
m @ ¢ ml/a w—y c
G (z,w) (1A p(w))*/? (1 et > |_ ij/ 2 dzduw
1/a|g — 2|/C)
< 1 (S a/2 1 (S CX/Q/ 1 ¢(m 2
< s (1 AOp(z)**(1 AN dp(y)) b A |2 — g[dto
m $(m'/*w — y|/Cy)
-G, (z,w) (1 A 0 — g dzdw. (5.7)
Observe that the following 3G inequality is valid,
|z — w|d—e 1 1
< . .
72z —wlte = @ \[g—zF T - ufe >

When d > 3, we have by Theorem 5.1 and (5.8) that

/ (1 p MYz zVCZ)) G'f (2, w) (1 p OmY o y|/02)> dzdw
DxD

|2_$|d+a |w—y|d+a

1 1 1
< c7 / <1 A > (1 A ) dzdw
DxD |z — z]dte ) |z —w|d=e lw — yldte
1 m(2_a)/a 1
LA 1 ey [ 1IN ———— ) dzd
+ c7 /DXB ( |z — Z|d+a> |z — w]d—2 {|lz—w|>3m~1/o} ( w _y|d+a> zdw
1 1 1
= LA 1A dzd
- ”Z§D< twwWM>V—wa( |w—m%Q -
1 1
(d—a)/a A d/ U S O
+cgm /D< |x—z\d+0‘> z . w — yjdta w
< 07/ 1A ! ! 1A ! dzdw + cg mld=®)/e
B DxD |z — z|®te ) |z — w]de lw — y|Tte
< c7 / 1A 1 1 1A 1 dzdw + 010|$ . y|—d+o¢‘
B DxD |z — 2|4t ) |z — w|d— Jw — y|dte
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Note that, by (2.11)

/m (1 M —1zrd+a> E —;rd-a (1 Mo —1y|d+a> dedw
B /D </D (1 "o —1zrd+a> B —iw-a dz) <1 Mo —1yrd+a> e
1 1 1 1
/D v~ wjio </D (1 A= \) (rx T P wrd—a> dz)
(14 )

1 1
< 612/ 3 <1/\ i >dw
p v —w|i [w — y|dte

< 613/ / p(t_ 1,x,w)p(1,w,y)dwdt = C13 G(Q?,y) < % (59)
1 JRrd [z —y[*=

IN

Here in the second to the last inequality of (5.9), we used the fact that

1 1 1 1
sup 1A 5o —— dz < sup IA —5 T dz < oo,
zweD JD [z — 22/ [z —wl weRd JRd 2** ) |z = wl

Thus when d > 3, by (5.2), (5.7) and (5.8),

a/2
<1 A 5D(x)5Dgy)> |z — y|*
|z -yl

1 0
< GBxy) = /0 Pt 2, y)dt + / PRt 2, y)dt
Sp(z)0 /2 LASH(@)2(1AS /2
< e <1 A I?i: 2 yD’gy)> 2=y 4 e (LA dp( ‘):2 . y(d_a p(¥))

a/2
= <1 A 5D($)5D§y)> |z — y|* 4
|z —yl

Now consider the case d = 2. If 1 < dp(z) < dp(y), by (5.3) and Theorem 5.1, we have

a/
QAﬁﬁ?Byﬁ QW—mwﬂ+mwmmmu+mN%@@wwme

Bo(ey) < GBlay) < Gf, (2.y)

a/2
= (1A IR T e a1 G o) A B(0)

X

Thus in the rest of this proof, without loss of generality, we assume that dp(z) < dp(y), dp(z) <1
and |z — y| < 3m~1/®. Observe that for z,w € D, by Theorem 5.1, when |z — w| > 3m~ 1/,

@W%@+WW%@Wﬁww%M+WW%WW3)

(ml/e|z — w|)2

m (2,0) < ey m@/* Iy (1 "
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Hence by Theorem 5.1

/ (1 p Pl ZVCQ)) H (2,0) (1 PG U ‘WC?)) dzdw
DxD

o= afF¥e [ — yPFe
< I+II+111, (5.10)
where
1/a),. 1/a|yy
PP A (VL) I Y (YL TR e3) P
DxD |z — x|t |2 — w|?~ lw — y|>T
c
_ 5.11
jz —y[> (5.11)

by the same argument as that for (5.9),

p(mM |z — 2|/ Co) (2—a)/
I = 1A Kixq «
o ( poapie )" Hleuioa

( (ml/a(sD(Z) + (ml/a5D(Z))a/2) (ml/aép(’w) + (ml/aéD(w))ah))
‘In |1+

(ml/o‘\z—w])Q

. (1 p Bl — WC?)) dzduw, (5.12)

while

p(m e —2|/Ca) \ ooy,
171 < 1 )] o
< C19 /D><D< A |z—x\2+a m {ml/|z—w|<3}

(1 + mY9(8p(2) A op(w))) <1 A ¢(m‘1;a‘_wy|_2_ﬂ/ 02)> dzdw.  (5.13)

As m € (0,1], dp(z) <1 and m'/?|z — y| < 3, we have m'/*5p(x) < 1 and
m'%6p(y) < m"*6p(x) + m'/ |z —y| < 4.

Thus we have

1/al,. _ C
(2—a)/ p(m/ |z — 2|/Cs)
IT < cyym™ ¢ a/DxD (1/\ |z — 2|2t Lim1/ajz—w|>3)

(In(1 + Jo — 2[) + In(1 + [y — w])) (1 p Bl — y'/02>> dzduw

|w _ y|2+a
< ey mB/e (sup/ (1 A 12> In(1+ |z — 2|)dz) Sup/ (1 A 12> dw
€D Jp |z — 22+ yeD JDp |w —y[>*+e
c
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and

117

IN

1/al,.
(2-a)/a p(m/ |z — z|/Cs)
Co4 M /DXD <1 A ’Z — £U|2+a 1{m1/a|z—w|§3}

In (1 + (1 +m?z — Zl) A (1 +m! y’»

[
'GA¢mﬂ|w mxm)dww

‘w _ y|2+a

(2-a)/a </D <1 A ’m_lzym) In(1+ |z — z\)dz) (/D <1 A ,w_ly‘QM) dw)

A
o
&

3

< @2-a)/a o 2T R
S S e (5.15)
Therefore by (5.7) and (5.10)-(5.15), we have
00 1 a/2 1 a/2 /2 a2 1
/ pg(t,x, y)dt < co7 ( & 6D(w) )( 21\ 5D(y) ) <ecg [ 1A (5[)(%) 5D(Z/) 2
: [ =y vyl [ =y

This together with (5.2) yields that

5D($)a/25D(y)a/2 1
Ghlz,y) <[ 1A )
Be.y) ( oyl ) lo—yP

Observe that in the case of dp(x) < 6p(y), op(z) <1 and |z — y| < 3m~1/*, we have

a/2
< W) |z —y|®2 > co90p(2)? > ¢30ln (1+ (6p(z) Adp(y))

> c3om@ /% n (1 4+ m*(0p(z) A dp(y)).

We conclude from this that G7(z,y) =< V5" (z,y). This completes the proof for the case d > 2.
As we mentioned in the beginning of this proof, the above argument can be modified to give
a proof for the case d = 1. For example, by following the arguments in parts (ii) and (iii) of the
proof of [9, Corollary 1.2], our Theorem 1.1(i) gives that for |z —y| < 3m~/,
| o gy 4 000"V RS hend =1 <0,
p b x? y X *
0 P log<1+w> when d =1 = a.

The remaining details are left to the interested reader. O
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