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Abstract

In this paper we prove the uniform boundary Harnack principle in general open sets for
harmonic functions with respect to a large class of rotationally symmetric purely discontinuous
Lévy processes.
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1 Introduction

The boundary Harnack principle for classical harmonic functions is a very deep result in potential
theory and has many important applications in probability theory and analysis.

In the late nineties Bogdan [3] established the boundary Harnack principle for harmonic func-
tions of rotationally symmetric a-stable processes, o € (0, 2), in Lipschitz domains. This was the
first time that the boundary Harnack principle was established for harmonic functions with respect
to non-local operators (or, equivalently, discontinuous Markov processes). Since then the result has
been generalized in various directions. In [17] Song and Wu extended the boundary Harnack prin-
ciple to harmonic functions with respect to rotationally symmetric stable processes in k-fat open
sets, with the constant depending on the local geometry near the boundary. The definitive result
in the case of rotationally symmetric stable processes was obtained in [4] by Bogdan, Kulczycki
and Kwasnicki who established the boundary Harnack principle in arbitrary opens sets with the
constant not depending on the open set itself. This type of result is known as the uniform boundary
Harnack principle. Note that the uniform boundary Harnack principle is not true for Brownian
motion.

In another direction, the boundary Harnack principle has been generalized to different classes

of discontinuous processes. In [8] the boundary Harnack principle was established for harmonic
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functions with respect to a wide class of purely discontinuous subordinate Brownian motions in
k-fat open sets, with an extension obtained in [10]. In [11] (see also, [6, 9]) the boundary Harnack
inequality was established for harmonic functions of subordinate Brownian motions with Gaussian
components.

The purpose of this paper is to generalize the main results from [4, 8, 10] and prove the uniform
boundary Harnack principle for harmonic functions with respect to a large class of rotationally
symmetric purely discontinuous Lévy processes in arbitrary open sets. The class of processes treated
in this paper is larger than the class of processes treated in [8, 10]. The processes considered in this
paper need not be subordinate Brownian motions. Even when restricted to subordinate Brownian
motions, the assumptions on the subordinate Brownian motions in this paper are slightly weaker
than those in [8, 10].

To be more precise, let S = (S; : t > 0) be a subordinator with Laplace exponent ¢. We assume
that ¢ is a complete Bernstein function satisfying the following upper and lower scaling conditions
(see [21)):

(H): There exist constants d1,d2 € (0,1), aj,as > 0 and Ry > 0 such that

(LSC) o) > ar X\ g(r),  A>1,7>1/R2
(USC) o) < aa\2¢(r), A >1,r>1/R%

Note that it follows from (USC) that ¢ has no drift.

Let W = (W, : t > 0) be a Brownian motion in RY, d > 1, independent of the subordinator S.
The subordinate Brownian motion Y = (Y; : ¢ > 0) is defined by Y; := Wg,. The Lévy measure of
the process Y has a density given by J(z) = j(|x|) where

j(r) = / (4mt)~ 2=/ y(dt, >0 (1.1)
0

and pu(t) is the Lévy density of S. Note that the function r — j(r) is continuous and decreasing on
(0, 00).

We will assume that X is a purely discontinuous rotationally symmetric Lévy process with Lévy
exponent ¥ (). Because of rotational symmetry, the function ¥ depends on |{| only, and by a slight
abuse of notation we write WU(§) = WU(|¢]). We further assume that the Lévy measure of X has a
density Jx. Then

E. [eig'(xﬁxo)} = e tY(ED, for every € R? and ¢ € R,

with
W(leh = [ (1= cos(é - 1) Ix )i (12)

We assume that Jx is continuous on R%\ {0} and that there is a constant v > 1 such that

v i) < Ix(y) <vi(lyl), forally € RY. (1.3)



Clearly (1.3) implies that

Yro(E]) < W(lE]) < vo(|€]7), for all € € RY. (1.4)

For a Greenian open set D C R?, we will use Kp to denote the Poisson kernel of X in D x D° (see

(4.6) below). The goal of this paper is to establish the following result:

Theorem 1.1 Let X be a purely discontinuous rotationally symmetric Lévy process with a contin-
uous Lévy density Jx satisfying (1.3) where the complete Bernstein function ¢ satisfies (H). There
exists a constant ¢ = c(¢,vy,d) > 0 such that

(i) For every zg € R?, every open set D C R?, every r € (0,1) and for any nonnegative functions
u,v in R® which are regqular harmonic in D N B (z0,7) with respect to X and vanish in DN

B(zo,1), we have

~—

<ec—=

u(y
v(y

~—

for all x,y € DN B(zo,7/2).
(ii) For every zo € R, every Greenian open set D C RY, every r € (0,1), we have

Kp(z1,y1)Kp(z2,y2) < cKp(z1,y2)Kp(z2,91)

for all z1,z9 € DN B(z0,7/2) and all y1,y2 € DN B(zg,7)°.

The proof of the above theorem uses some results developed in [10] and several ideas from [4].
In the next section we recall some necessary definitions and results from [10]. In Section 3 we prove
several results about one-dimensional symmetric Lévy processes that will be needed in the proof of
Theorem 1.1. In Section 4, we present some estimates on the Poisson kernel Kp that are essential
for the proof of Theorem 1.1. The proof of Theorem 1.1 is given in Section 5, where we also give an
approximate factorization of the Poisson kernel, see Corollary 5.6. In the last section we relate the
assumption (H) with the class OR of O-regularly varying functions and sketch the construction of
an example of a complete Bernstein function which satisfies (H) but not the assumptions in [10].

At the meeting “Foundations of Stochastic Analysis” held in Banff from September 18 to 23,
2011, M. Kwasdnicki announced that, in a forthcoming joint paper with K. Bogdan and T. Kumagai,
they have obtained a version of the boundary Harnack principle for Hunt processes in metric
measure spaces under rather general conditions.

In this paper we always assume d > 1. We use the following convention: The value of the
constant C' will remain the same throughout this paper, while ¢, ¢y, co, -+ stand for constants
whose values are unimportant and which may change from location to location. The dependence
of the lower case constants on the dimension d will not be mentioned explicitly. The labeling of
the constants ¢y, co,- - starts anew in the proof of each result. The notation f(t) < g(¢), t — 0
(respectively f(t) < g(t), t — o0o) means that the quotient f(¢)/g(t) stays bounded between two
positive constants as t — 0 (respectively t — o00).



2 Preliminaries

Suppose that S = (S; : t > 0) is a subordinator with Laplace exponent ¢, that is, S is a nonnegative
Lévy process with Sy = 0 and

E [e_wt] = e_t‘b()‘), Vi, A>0.

The function ¢ can be written in the form

B(N) = b + /000(1 — e M) p(dt) (2.1)

where b > 0 and y is a measure on (0, 00) satisfying [ (1At)u(dt) < co. bis called the drift of the
subordinator and p the Lévy measure of the subordinator. The function ¢ is a Bernstein function,
ie., it is C* and (—1)"D"¢ > 0 for all n > 0.

Note that, by using (2.1) and the elementary inequality 1 —e™% < ¢(1 —e™¥) valid for all ¢t > 1

and all y > 0, we see that the Bernstein function ¢ satisfies
O(tA) < Ap(t) for all A > 1,¢ > 0. (2.2)

In this paper we will always assume that ¢ is a complete Bernstein function, that is, the Lévy
measure p of S has a completely monotone density (), i.e., (—1)"D"u > 0 for every non-negative
integer n. For basic results on complete Bernstein functions, we refer our readers to [16]. It follows
from [10, Lemma 2.1] that there exists ¢ > 1 such that

w(t) <ep(t+1), t>1. (2.3)
The next result will be used to obtain the asymptotic behavior of u(¢) near the origin.

Proposition 2.1 ([21, Theorem 7]) Suppose that w is a completely monotone function given by

w(A) = fooo e M f(t) dt, where f is a strictly positive decreasing function. Then

elwth), > 0.

f)<(l—e)”
If, furthermore, there exist 6 € (0,1) and a,tg > 0 such that

w(Mt) < aXOw(t), A>1,t> 1/t (2.4)
then there exists ¢ = c(f,a,tp,d) > 0 such that

ft)>ct twt™), t<to.

From now on we will always assume that the Laplace exponent ¢ of S is a complete Bernstein

function satisfying (H).



Theorem 2.2 For every M > 0, there exists ¢ = ¢(M,¢) > 1 such that the Lévy density u of S

satisfies
oY) S plt) <ctT'o(t) and ¢ TTo(tT) < plt,o0) <cg(tTh), VE<M o (25)

where p(t,00) = [

. 1(s)ds is the tail of the Lévy measure fu.

Proof. Let w()) := A'¢(A) = [ e M u(t, 00) dt. The upper scaling condition (USC) implies that
w satisfies (2.4) with 6 = 1 — 2 and t; = R3. Hence by Proposition 2.1, there exists a constant
c1 > 1 such that

—1,-1, -1 1, -1 2

i tTwt) < plt,oo) <t w(tT), t<Rj,

which immediately implies
e o(t™h) < plt,o0) Scd(t™), t< R (2.6)

We proceed to prove the first inequality. Since p(t/2,00) > ftt/Q wu(s)ds > (t/2)u(t) by (2.2)
and (2.6), for all t € (0, R3],

p(t) < 2071 p(t/2,00) < 200t 7G((1/2)7H) < dert o).

Using (LSC) we get that for every A > 1
2

5(5™) = 60T 2 X o((hs) ), s< 0. (27)

Fix A\; := 21/91((cZa; ') v 1)1/91 > 1. Then, by (2.6) and (2.7), for s < (R2 A1)/,

—_

H(his,00) < c1((Ms) ™) < erag (s < cfag \T (s, 00) < Spls, 00)

by our choice of A;. Further,

A1s
(= Do) 2 [ pt) dt = (s, 50) = s, 00) = p(s,50) = (s, 50) = u(s,0).

This implies that for all ¢t < (R A 1)/\

p(t) = 2 t™ p(t, 00) 2 (7).

)\1 - 1) 201(/\1 - 1)

The case (R3A1)/A1 <t < M is clear since the functions we consider are all positive and continuous

on (0,00). The proof is now complete. O
A consequence of (2.5) and (USC) is that for any K > 0 there exists ¢ = ¢(K) > 1 such that

pt) <ep(2t),  te(0,K). (2.8)



Suppose that W = (W, : t > 0) is a Brownian motion in R? with
E[e®MWWo] — e veeRrd >0,

and that W is independent of S. The process Y = (Y; : ¢t > 0) defined by Y; = Wg, is called
a subordinate Brownian motion. It is a rotationally symmetric Lévy process with characteristic
exponent ®y (&) = ¢(|€[?), € € R Recall that the Lévy measure of Y has a density J(z) = j(|z|)
with j given by (1.1) and that r — j(r) is continuous and decreasing on (0, c0).

The following theorem establishes the asymptotic behavior of j near the origin.

Theorem 2.3 It holds that

22
il = 22 el 0 (2.9

Proof. By (2.2),
qbi)”)g(u“), O<u<w (2.10)

To obtain the upper bound in (2.9) we write
2 oo

i(r) = / (4mt)= Y2610 (1) it + / (4rt) =262 10 (1) dt = gy +
0 T

2

For r < 1, by using (2.5) in the first inequality and (2.10) in the second, we have

2 2

T . i
= Cl/ (4mt) =27 U017 dt < ey / ()42 001-1 907 gy
0 0

r

< 02r2¢(r2)/ =4/2=2=r/(40) gy 037“245(7'*2)7’*‘172 = 03r*d¢(r*2) .
0

Ty < e / 2t dt = ey / <;l / s‘d/2‘1d3> u(t) dt
r2 r2 t

= 05/ </ pu(t) dt> s~Y2 7V ds < esp(r?, 00)/ 57421 ds < cgrdp(r?)
T T ,,«2

Next,

2 2

where the last inequality follows from Theorem 2.2. The last two displays show that j(r) <
C7T_d¢(r_2), for r small. To prove the converse inequality, we also use Theorem 2.2 and get that
for r <1,

1 1/,,,2
)2 [ sy e sy ds = (am) =2 [ ) e )
0 0
1 1

0 0

1
> clor—d/ pd/2-1 =1/ (0 -2y gy — o (2
0



where the last inequality follows because 7~2t~! > =2 and ¢ is increasing. O
Using (2.3) and (2.8), we can easily show (see [10, Proposition 3.5] or [14, Lemma 4.2]) that
(1) For any M > 0, there exists ¢ = ¢(M, ¢) > 0 such that

j(r) < cj(2r), Vr e (0,M). (2.11)

(2) There exists ¢ = ¢(¢) > 0 such that

jr) <cj(r+1), Vr > 1. (2.12)

3 Some results on symmetric Lévy process in R

In this section we assume that d = 1 and denote the process X by Z. That is, (Z;, P,) is a purely

discontinuous symmetric Lévy process in R such that
E. [eig'(zt_z(’)} = 10D, for every x € R and 0 € R.

We assume that (1.4) holds with a complete Bernstein function ¢ satisfying (H), that is, y~1¢(6?) <
U(|6]) < vp(p(0?) for all § € R, but we do not assume the assumption (1.3) concerning the Lévy
measure of Z. As a consequence of (H), (1.4) and [15, Proposition 28.1] we know that for any
t >0, Z; has a density p(z,y) = pt(y — =) which is smooth.

Let x (k, respectively) be the Laplace exponent of the ladder height process of Z (Y, respec-
tively). It follows from [7, Corollary 9.7] that

X(A) = exp <717 /OOO mﬁ(;e))de) . () = exp (jr /OOO log(ﬁifmde) L VASO0. (31)

It follows immediately from these two equations and (1.4) that v~1/2k()\) < x(A\) < vY/2k(N), i.e.,
that x is comparable to x. From (H) and [10, Propsoition 3.7] or [12, Proposition 2.1] we conclude
that the ladder height process of Y has no drift and is not compound Poisson, thus the ladder
height process of Z has no drift and is not compound Poisson. Thus the process Z does not creep
upwards. Since Z is symmetric, we know that Z also does not creep downwards. Thus if, for any
a € R, we define
T, =inf{t >0:Z; <a}, o0,=1inf{t >0:2Z; <a},

then we have

Puta=04) =1 zx>a. (3.2)

Let Z(0%) be the process Z killed upon exiting (0,00). Since Z has a smooth density, we can
easily show that Z(9°°) has a density p(®>) (¢, z,7). Let G(0)(z,1) = fooo p0) (¢ 2, 9) dt be the

Green function of Z(%:°°). If we use V to denote the potential measure of the ladder height process



of Z, then using the symmetry of Z and [1, Theorem 20, page 176] we have that for any z € (0, c0)

and any nonnegative function f on (0, c0)

> 0.09) (. Ny — [ V) flzty— 2). .
/0 ()G (2, y)dy /O V(dy) /0 V(d2)f(z+y - 2) (3.3)

In the following, we will also use V' to denote the renewal function of the ladder height process of
Z: V(t) :=V((0,t)). For any r > 0, let G(O") be the Green function of Z in (0,7). Then we have
the following result.

Proposition 3.1 For allr > 0 and all x € (0,r)

/Or GO (z,y) dy < 2V (r) (V(@)AV(r—uz)).

Proof. Since

/G(O””)(%y)dyé/ GO (z,y)dy,
0 0

we can apply (3.3) with f being the indicator function of (0,r) to immediately get the conclusion

of the proposition. O
The following result will play an important role in this paper.
Proposition 3.2 There exists a constant ¢ = c(y) > 1 such that for all v > 0

¢ —— < V(r) < c———=.
p(r=2) ¢(r=?)
Proof. The proof is a simple modification of [12, Theorem 4.4]. By [10, Proposition 3.7] (or
[12, Proposition 2.1]) we have that ¢; /o) < k(A\) < c14/b(\) for a constant ¢; > 1. Hence
&3 'Vo(A) < x(A) < eay/d(X), c2 > 1, implying that
1 1
—1
3 ———=<LV(r) < 3——=
T/ @(r?) T/ o(r?)
(where LV (r) denotes the Laplace transform of the function V'). The claim now follows by repeating
the second part of the proof of [12, Theorem 4.4]. O

4 Poisson Kernel Estimates

Recall that Y is a subordinate Brownian motion in R? with Lévy exponent ¢(|£|?), X is a purely
discontinuous rotationally symmetric Lévy process in R? with Lévy exponent W(¢) = ¥(|¢]) and

Lévy density Jx, i.e.,

E. [eif'(xt_xo)} = e tY(ED, for every z € R? and ¢ € R?



and U([¢]) = [pa(1—cos(§-y))Jx (y)dy. Recall that we assume that (1.3) holds. As a consequence of
(H), (1.4) and [15, Proposition 28.1] we know that for any ¢ > 0, X; has a density pi(z,y) = p:(y—=x)
which is smooth.

The infinitesimal generator L of X is given by
Li@) = [ (fo+) = F(@) =y VI@1yen) Tx()dy (1)

for f € CZ(R?). Moreover, for every f € C2(R?), f(X;) — f(Xo) — fg Lf(Xs)ds is a P,-martingale
for every x € R
First we record several inequalities that will be needed in the remainder of the paper.

Lemma 4.1 There ezists a constant ¢ = c¢(¢) > 0 such that

)\71

B ) 2dr < eXTG0OR)2, YA> 1/Ry, (42
0
At Ro
2 [ e B [ e e < co0), YAz 1R, (4:3)
0 ATt
and
At Ro
2 [ e R [ le ) e < co0) A2 1R, (4.4)
0 A1

Proof. Assume A\ > 1/Ry. By (USC), ¢(r=2) < 177220 72%2¢(A\2) for r < A~'. On the other
hand, by (LSC), ¢(r72) < cor 29 A2014(\?) for A~! < r < Ry. Thus
)\—1 )\71

¢(r_2)1/2d7’ < C}/2¢()\2)1/2)\—52/ 02 - < 63)\_1¢(>\2)1/21 15 :
0 0 — 02

A1 Ry
2 -2 1,0 -2
A /0 ro(r )d7“+/A o p(r%)dr

—1

A Ro 1 1
< 2 2252/ 1-26 251/ ~1-26, < 2
< eqp(N9) ()\ ; r dr + A - r dr | < c5p(N\%) 50 —0) + %,

and

)\71

Ro
)\2/ T¢(T_2)1/2d7‘—|—/ T’_lgb(T‘_Q)l/sz

0 A1

o Bo 11
< C6¢()‘2)1/2 <)‘2_62/0 r1_62dr + )\_51 //;_1 r_1_51dr> < C7¢()\2)1/2 (2_52 -+ 51) .



Lemma 4.2 There ezists a constant ¢ = c(¢,7y) > 0 such that for every f € CZ(R?) with0 < f <1,

1
Lf.(z) <co(r2) |2+ 3 Supz 1(0%/0y;0ye) f ()| | +bo, for every x € R%,r < Ry
v Tx

where fr(y) :== f(y/r) and by := 2f\z|>Ro Jx(2)dz < o0.

Proof. Let L1 =sup, >, 1(0%/0y;0uk) f(y). Then |f(z+y) — f(2) —y- Vf(z)| < $L1|y|>. For
r € (0, Ro), let f(y) = f(y/r). Then the following estimate is valid:
2

L
[fr(z+ ) = fr(2) =y - V()< < ;‘fglwm T2 Ly >y -

Now, by using (H), (2.9) and (4.3), we get

LAGN < [0 = 6 =0 T gen] Tx)dy

L y|?
< 71 1{|y|§'r}7‘ |2 JX(y)dy+2/ 1{r§y|§R0}JX(y)dy+2/ 1gy1>roy/x (y)dy
Rd T Rd Rd

o

<
-2

2
yl? .
1{|y|§r}7’ |2 ](\yl)dy+2~y/ 1{r<y|<RO}J(\dey+2/ 1y >R/ x () dy
R4 T Rd R4
L
< el (205 ) w2 ey
2 {ly|>Ro}

where the constant ¢ is independent of r € (0, Rp). O

For any open set D, we use 7p to denote the first exit time of D, i.e., 7p = inf{t > 0: X; ¢ D}.
Using Lemma 4.2, the proof of the next result is the same as those of [10, Lemmas 4.1 and 4.2].

Thus we skip the proof.

Lemma 4.3 There exists a constant ¢ = c(¢,y) > 0 such that for every r € (0,1], and every
z € RY,
c
ety B ] 2 Gy

The idea of the proof of the following proposition comes from [19].

Lemma 4.4 There exists ¢ = c(y) > 0 such that for any r € (0,00) and x¢ € R?,

Ea (7500, < ¢ (3(r2)p((r — |z — m0)72)"/* 2 € Blao,7).

Xt-w
||

Proof. Without loss of generality, we may assume that xg = 0. We fix  # 0 and put Z; =

Then, using the fact that ¥ is a radial function, Z; is a Lévy process on R with
E[eth] = E(ewl%lxt) — e WORD e YO, 0 € R.

10



Clearly, 7 1¢(0?) < U(0) < y¢(6?). Thus Z; is of the type of one-dimensional symmetric Lévy
processes studied in Section 3.

It is easy to see that, if X; € B(0,7), then |Z;| < r, hence Ey[rg(,)] < Ej4[7], where 7 =
inf{t > 0:|Z > r}. Thus, applying Proposition 3.1, we obtain E.[rg( ] < 2V (2r)V(r — |z|).
Now, by Proposition 3.2 and (H), we have proved the lemma. O

We now recall the definition of harmonic functions with respect to X.
Definition 4.5 Let D be an open subset of R4. A function u defined on R? is said to be

(1) harmonic in D with respect to X if
E; [[u(X:p)]] <00 and  u(x) =E; [u(X-p)], x € B,
for every open set B whose closure is a compact subset of D;

(2) regular harmonic in D with respect to X if it is harmonic in D with respect to X and for each
reD,
u(z) = Eq [u(X7p,)] -

Since our X satisfies [5, (1.6), (UJS)], by [5, Theorem 1.4] and using the standard chain

argument one have the following form of Harnack inequality.

Theorem 4.6 For ecvery a € (0,1), there exists ¢ = c(a,¢,y) > 0 such that for every r € (0,1),
zo € R, and any function u which is nonnegative on R? and harmonic with respect to X in
B(zg,r), we have

u(z) < cu(y), forallz,y € B(xg,ar).

Given an open set D C R?, we define X (w) = X;(w) if t < 7p(w) and XP (w) = dif t > 7p(w),
where 0 is a cemetery state. A subset D of R? is said to be Greenian (for X) if X is transient.
When d > 3, any non-empty open set D C R? is Greenian. An open set D C R? is Greenian if
and only if D¢ is non-polar for X (or equivalently, has positive capacity with respect to X). In
particular, every bounded open set is Greenian.

Since X has a smooth density, using the strong Markov property, it is standard to show that
for every Greeninan open set D, X/ has a density pp(t,x,y). For any Greeninan open set D in
R? let Gp(z,y) = [y pp(t,z,y) be the Green function of X”. Using the Lévy system for X, we

know that for every Greeninan open subset D and every f >0 and z € D,

B lf(Xop): Xy # Xl = [ [ Golo.2)Ix(c = )iz f(0)an (4.5)
We define the Poisson kernel
Kp(z,y) := /DGD(:C,Z)JX(Z —y)dz, (z,y) € D x D". (4.6)

11



Thus (4.5) can be simply written as
By [f(Xry): Xop # Xpp] = /D Kp(a, )/ (y)dy.
Using continuity of Jx, one can easily check that Kp(x,-) is continuous on D" for every z € D.

Proposition 4.7 There exists c1 = c1(¢,v) > 0 and ca = c2(¢,y) > 0 such that for every r € (0, 1]
and xo € R?,

1/2

Kpeor(@y) < 13y — a0l = 1) (6l )6((r — |z — ao)) )~ (@.7)
< e j(ly — x| —r)p(r—?)7!
for all (z,y) € B(zo,r) x B(zo,r) and
KB(xo,r) <x07y) 2 CQj(‘y - xO‘)¢(T72)717 for ally € B(x07r)c' (49)

Proof. Using (1.3) and (2.11)—(2.12), the proof of (4.7) and (4.9) is exactly the same as that of
[10, Proposition 4.10] (using (H)), while (4.8) follows from (4.7) and the fact that ¢ is increasing.
a

Using Theorem 4.6 and the continuity of Kp(,,,(z,-) on B(zo,7) “ for every x € D, the proof
of the next result is the same as that of [10, Proposition 1.4.11]. So we omit the proof.
Proposition 4.8 For every a € (0,1), there exists ¢ = ¢(¢p,7,a) > 0 such that for every r € (0,1],
zo € R? and 1,29 € B(zg,ar),

- < C
KB(xo,r)(xhy) < CKB(xo,T)($2)y)’ Yy e B(ﬁoﬂ") .

Proposition 4.9 For every a € (0,1), there exists ¢ = c(¢,v,a) > 0 such that for every r € (0,1]
and xo € R?,

— 0] — )2 1/2
KB(xo,r)(way) <c rd <¢((y ¢(r0_|2) ) ))

for all x € B(xg,ar) and all y such that r < |xo —y| < 2r.

Proof. By Proposition 4.8,
C1
KB(xo,r)(mvy) < d/ KB(xo,r)(way)dw
™ J B(zo,ar)
for some constant ¢; = ¢1(¢,7,a) > 0. Thus from Lemma 4.4, (4.6) and Theorem 2.3 we have that

KB(xo,T)(xay) < / / B(zo,7) w Z)JX(Z— )dzdw
B(zo,r) ¥ B(zo,r

= d E, [TB(IO r)}JX(Z - y)dZ

B(zo,r)
co / o(lz -y %)
rd(@(r=2))Y2 J (e (9((r — 2 — 20])72))1/2

IN

|2 = y|~d>
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for some constant ca = ca(¢,7y,a) > 0. Since r — |z — xo| < |y — 2|, we have

e (¢(12 — y| )2
KB(xo,r)(a:?y) < W/B(wo,?") |Z_y|d !

z

) / (¢(|Z—y|_2))l/2d
r(p(r=2))12 | By.3r)\B(y,ly—zo|—r) |z —y|d

3r —2\1/2
< B / LUCHORGIN
|

rd(¢(r_2))l/2 y—xo|—T S

Now, using (4.4) in the last integral (considering the cases r < Rp/3 and 1 > r > R/3 separately),

< Z

we arrive at the conclusion of the proposition. O

Lemma 4.10 For every a € (0, 1), there exists a positive constant ¢ = c(¢,v,a) > 0 such that for
any r € (0,1) and any open set D with D C B(0,r) we have

P (X;, € B(0,7)°) < c¢(r2)/ Gp(z,y)dy, x € DN B(0,ar).
D

Proof. The proof of the lemma is similar to that of [10, Lemma 4.15]. Transience was used in
the proof [10, Lemma 4.15] in order to derive equation [10, (4.29)]. By noting that [10, (4.29)] in
the proof of [10, Lemma 4.15] follows immediately from Dynkin’s formula, using our Lemma 4.2,
we can follow the rest of the proof [10, Lemma 4.15] (which does not use transience) to get the

conclusion of the lemma here. We omit the details. O

5 Uniform Boundary Harnack Principle

In this section, we give the proof of the main result of this paper. Let A(z,a,b) := {y € R? : a <
ly — x| < b}.

Lemma 5.1 For every p € (0,1), there ezists ¢ = c(¢,7,p) > 0 such that for every r € (0,1),

ly] r

[ Knaaleods < e pilul) Vo€ BOpr).y € AOr(1+p)/2,0).
r(14p)/2 o(r=2)

Proof. Let 0 < p < 1 and ¢ = (1 + p)/2. Note that the functions r +— r~%*! and r —

=1 (p(r=2))~ /2 are decreasing, see (2.10). Using Proposition 4.9 we get

. e (6(s72))
—d

. r [yl 212,
< e e @ — )

|yl [yl —d
[ Ksoatwds < o [T @l - )7 s
q q

13



for some constants c;(p, ¢) > 0 and ca(p, ¢) > 0. Note that by (4.2) (considering the cases |y| —qgr <
Ro and 1> |y| — qr > Ry separately) and the fact that r — r(¢(r=2))!/2 is increasing

|yl lyl—qr
6ol =52 2as - / T (572 2ds < es(lyl — ) (@((Jy] - ar) )Y < ear(o(r)) 2

for some constant ¢z > 0. Thus, by (H), Theorem 2.3 and the fact that » — j(r) is decreasing, we
have

|yl 4 ro ro
[ e < [ < e i) < o)

a

From the strong Markov property, it is well known and easy to see that for every Greenian open
sets U and D with U C D, Gp(x,y) = Gu(z,y) +Ey [Gp(X.,,y)] for every (z,y) € R? x RY. Thus,
for every Greenian open sets U and D with U C D,

Kp(z,z) = Ky(z,2) + E; [Kp(Xr,, 2)], (z,2) €U x D° (5.1)

and
E,[p] = Ex[rv] + E, {EXTU [TD]} . zel. (5.2)

Lemma 5.2 For every p € (0,1), there exists ¢ = c¢(¢,v,p) > 0 such that for every r € (0,1), for
every zo € R, U C B(zo,7) and for any (z,y) € (U N B(zg, pr)) x B(zo,7)°,

1 . .
Ku(ey) < e / 317 — 20D Ky (= y)dz + (ly — =) | -
(r=2) \Ju\B(zo,(14p)r/2)

Proof. Without loss of generality, we assume zp = 0. Let 0 < p < 1, ¢1 := (1 + p)/2 and
g2 := (34 2p)/5. For every s € [qir, qor] and = € U N B(0, pr), by (5.1) we have

KU(l‘,y) = Ex[KU(XTUmB(()’S)7y)]+KUOB(0,S)(:B’y)

= / Ku(z,9)Kunpo,s) (7, 2)dz + Kynp(o,s) (7, y)
U\B(0,s)

IN

/ Ky (2 9) K5 (@ 2)d7 + K po.0) (@ 4).
U\B(0,s)

Thus

qar

1 ar 1
Ky(z,y) < / / Kgo(x,2)Ky(z,y)dzds + / Kpo s (x,y)ds
u(z,y) (@2 — 1) Jour \B(0.5) B(0, )( )Ku(z,y) (a2 —q1) S B(0, )( y)

=1+1I.

14



By Tonelli’s theorem, we have

10 /'QZT/'
I = ——— Liz1>s1 K B(0.s) (%, 2) Ky (2,y)dzds
r(1-p) J, {zeU;lz[>q1r} ez} 250

17

10 / 2l
1N KB 0,s (SU,Z)dS KU(Z’y)dZ'
r(1—p) (U\B(O,qlr»( ar O

Applying Lemma 5.1 to the inner integral above, we get that

C1 1 / .
I< iz Ky (z,y)dz. (5.3)
(1=p) o(r=2) JunBo,qr)
One the other hand, for any s € [gi7, g27|, by Proposition 4.7,

1 1
(@(s™2)12 (6((s = x) =212
When y € A(0,7,4) we have (1 — ¢2)|y| < |y| — s, while when |y| > 4 we have |y| —s > |y| — 1.

Since s — |z| < s < gor, we have by the monotonicity of j,

KB(O,S)(xay) < 02](‘3/’ - 5)

1 1

. . 1
3= ) a7 s g < 90 - @l gy v A0
and ) . )

for some constant ¢z > 0. Thus by applying (2.11) and (2.12), we get
a2 1 1

—p)! ] — S s < c5j 1
et =p [ =) G eyt S g 69
Combining (5.3)-(5.4), we conclude that
1 ) . 1
Kolen) Seogmgy [ DKt + i) gy
a

Note that, since X satisfies the hypothesis H in [18], by [18, Theorem 1], if V' is a Lipschitz
open set and U C V

Py(X;, €0V)=0 and P.(X;, € dz) = Ky(z,2)dz on VC. (5.5)

Lemma 5.3 For every p € (0,1), there exists ¢ = c(¢,7,p) > 0 such that for every r € (0,1), for
every zo € RY, U C B(zo,7) and any nonnegative function u in R which is regular harmonic in U

with respect to X and vanishes in U¢ N B(zp,r) we have

1

P / i(ly — 2ouly)dy, €U N B(z0,pr).
¢(7" ) (U\B(z0,(14p)r/2))UB(20,7)¢

u(z)

15



Proof. Without loss of generality, we assume zp = 0. Let 0 < p < 1 and set ¢ = (1 + p)/2.
Note that the part of boundary of U belonging to U¢ N B(zp,7) needs not be Lipschitz, but here
u vanishes. The other part of boundary of U is a part of the boundary of the ball B(zg,r). Thus,
since u is regular harmonic in U with respect to X and vanishes in U® N B(zp,r), by Lemma 5.2
and (5.5) we have

u(r) = Eufu(Xy)] = UCKU(x,y)U(y)dy

1 . )
< o ( o JEDE G vy + | (Om)cmynu(y)dy) .

Since [;;c Ky (z,y)u(y)dy = u(z) on U \ B(0,qr), by Tonelli’s theorem, we have

1 , )
u(r) < o) (/U\B(W)J(\ZI)U(Z)dz+/B(O’T)CJ(\y!)U(y)dy)-

Lemma 5.4 There exists C = C(¢,v) > 1 such that for every r € (0,1), for every z € RY,
U C B(z,r) and for any (z,y) € U N B(zy,7/2) x (B(z0,7)¢NT"),

C™ ' Eq[ru] (/ J'(\Z—Zo\)KU(Z,y)derj(!y—Zo!))
U\B(z0,r/2)

< Ky(z,y) < CE[my] (/U iz = z0[) Ku (2, y)dz + j(ly — 20\)) :

\B(z0,7/2)
Proof. Without loss of generality, we assume zyp = 0. Fix r € (0,1) and let B := B(0,r), U :=
UNDB(0,3r), Uy :=UNB(0,2r) and Us := UN B(0, 3r). Let € UNB(0,r/2), y € B(0,r)°NT".
By (5.1),

KU(xﬁl/) - EIE[KU(XTU27y)]+KU2(x7y)

= / Ky (z,y)Pe(Xry, € dz) -l—/ Ky(z,y)Ky,(x, 2)dz + Ky, (x,y)
Us\Uz U\Us

= / Ky (z,y)Pe(Xy,, € dz) —l—/ Ky(z,y) | Gu,(z,w)j(|lz —w|)dwdz
U3\U2 U\US U2

+ | Gu,(z,w)j(ly —w|)dw =T+ 11+ 111.
Uz

From Lemmas 4.10 and 5.2, we see that there exist ¢; = ¢;(¢,7y) > 0,7 = 1,2, such that I is less

than or equal to

cl (sup KU(%?/)) o(r " )Ealr] < eBalrs) </U

2eUs J'(|Z!)KU(z7y)dz+j(|y)>. (5.6)

\Us
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Note that if 4 > |z| > 3r and |w| < Zr, then
Sl2l = l2l = oyl < Izl = o7 < [zl — ] <]z —wl < J2l +Jul < |2] + 27 < 2l2
—lz] =|z| — = 2l —zr<|z| —|w| < |z —w| < |z] + |w| < |2| + =7 z|.
9 gl =173 = = = =g =
Thus, since j is monotonely decreasing, by (2.11)

1. . . 1 ‘ . 3 2
cg g(12l) < 3@l < gz —wl) < GGlal) < esi(lz), 4> |2 > fw| < 37

for some constant ¢z > 0. If 4 < |z| and |w| < %r, then |z| — %r <|z—w| < |z| + %r and by (2.12)
1. 1. 2 . 2 . . 2 , 2 .
() < ik ar=1) < G(laar) < j(emwl) < G(l-2r) < exllzl-2r+1) < euile),

for some constant ¢4 > 0. Thus there exists ¢5 = ¢5(¢,y) > 1 such that

651EI[TU2]/ J(lz)Ky(z,y)dz < 1T < 05]Ea:[7'U2]/ J(|z)Ky(z,y)dz (5.7)
U\Us U\Us

and
¢ "Balr, )i (ly]) < TIT < esBalru, )i (yl) - (5.8)

Now the upper bound follows from (5.6)—(5.8). To prove the lower bound we can neglect I. Further,
by using Lemmas 4.4 and 4.10 in the third line, from (5.2) we get

Efr] = Eufrs] +Eq |Ex,, ]
< Eglry,] + <supEZ[TU]> P, (XTU2 € B(0,2r/3)°)

zeU
< Eolru,] + csd(r?) " erg((2r/3) ) Ealrr,] < 8ol

for some constants cg > 0. In the last inequality above we have used (H). Since

/ J(2) Ko (2 y)d= =/ J(12) K (2 y)dz + / J(2) Ko (2 y)d=
U\Ux U\Us Us\Ui

[ il Ku e + (sup Ku<z,y>> / i(ly])dy.
U\Us 2€Us A(0,r/2,3r/4)

by Theorem 2.3 and Lemma 5.2,

/ HDKu(zydz < (142 /3"/4814)(52)6[8 / J(2) Ko (= m)dz + ()
U\U1 ’ - (r=2) Jr)2 U\Us 7 '

Applying (4.3) (considering the cases r < 4Ry/3 and 1 > r > 4Ry/3 separately) and (H), we

obtain

IA

/ i(|2))Ku(z,y)dz < cig (/ j(!Z)KU(z,y)de(ly\))- (5.9)
U\Ui U\Us

Combining (5.7)-(5.9), we have proved the lower bound. a
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Lemma 5.5 For every zg € R%, every open set U C B(z,7) and for any nonnegative function u
in R which is regular harmonic in U with respect to X and vanishes a.e. in U N B(zg,r) it holds
that

C'E,[m] /

3y — z0l)u(v)dy < u(z) < CEqlry] / 3y — zol)uly)dy
B(zo,r/2)¢

B(zo,r/2)¢

for every x € U N B(zo,r/2) (where C is the constant from Lemma 5.4).

Proof. Without loss of generality we may take zg = 0. By the argument in the proof of Lemma

5.3 and by the assumption that u vanishes a.e. on U° N B(0,7) we have that

u(w) = | Kp(e,y)uly) dy = / Ky (2, y)u(y) dy.
Ue B(zo,m)¢

Now the claim follows from Lemma 5.4. Indeed, by Tonelli’'s theorem we get

C Eq[rv] (/(]\B(O7T/2)j(|2|) (/B(O’r)c Ky (z,y)u(y) dy) d2+/B(0’r)cj(!yl)U(y) dy)

= CRifn ( ] i@z [ Gzpuc) dz)

= CE.[n] /B (L

u()

IN

where for the last line we used that w vanishes a.e. on U¢N B(0,r). The lower bound follows in the

same way. a

We remark that in the statements of Lemmas 5.1-5.5, by using the assumption (1.3), we could
have replaced the density j with the density Jy of the process X (with a different constant). We
will do this in the next corollary which gives an approximate factorization of the Poisson kernel. It

is an immediate consequence of the last two lemmas.

Corollary 5.6 Let zg € R?, D C R? be Greenian open set and denote U := D N B(zg,r). Then
for every r € (0,1) and all (z,y) € (D N B(z0,7/2)) x (DN B(z9,r)¢) it holds that

C'E,[rv]Aly) < Kp(z,y) < CE,[ru]A(y), (5.10)
where
Aly) = / (T (2 —20)Ku (2, ) dzt Tx (y—=0)) + / T (2= 20)Es [Kp(Xny, )] d.
U\B(z0,7/2) B(z0,7/2)¢

Proof. Without loss of generality, we assume 29 = 0 and DN B(0,7/2) # (. We first note that by
(5.1) and (5.5), for every (x,y) € (DN B(0,r)) x (DN B(0,r)°),

Kp(z,y) = Ky(z,y) + Ez [Kp(Xry,y)] .-

18



The function z — E; [Kp(X;,,y)] is regular harmonic in U with respect to X and vanishes a.e. in
U¢N B(0,r). By using Lemma 5.5 for this function, and Lemma 5.4 for Ky (x,y) we immediately

obtain required inequalities. O

We can now easily prove Theorem 1.1.
Proof of Theorem 1.1. (i) This follows immediately from Lemma 5.5 with ¢ := C*.
(ii) Let z1,22 € DN B(z0,7/2), y1,y2 € DN B(zp,7)¢ and let U := D N B(zp, 7). Then by (5.10)

Kp(r1,y1)Kp(72,92) < (CEqg [1]A(y1)) (CEuy[T0]A(y2))
(CEq, [tu]A(y2)) (CEyy [Tu]A(y1))
< C'Kp(z1,y2)Kp(21,2) .

A

The lower bound is proved in the same way. O

6 Remarks on (H)

In this section we point out the relationship between the assumption (H) and the class OR of O-
regularly varying functions, and sketch the construction of a complete Bernstein function ¢ which
satisfies (H) but not the assumption in [10] that ¢ is comparable to a regularly varying function.
Using the idea in the construction below, one can come up with a complete Bernstein function that
is bounded between any two regularly varying complete Bernstein functions.

It follows from the definitions on [2, page 65 and page 68] and [2, Proposition 2.2.1] that the
assumption (H) is equivalent to that ¢ is in OR with its Matuszewska indices contained in (0, 1).

Here is a sketch of the construction. For = € (0, 2], define
flax) =22,

Then we define

fla)=a'P 4 f2) =2 e (2a]
for some large constant a; > 2. The constant a; is chosen so that for large values of x in (2,a4],
the function f behaves like /3, that is f(A\x)/f(z) is close to A/ uniformly for A € [1,2]. Then

we define
flx) =22 + flar) — C&m, x € (a1, az]

for some large constant as > a1. The constant as is chosen so that for large values of x in (a1, as],
the function f behaves like /2, that is f(\z)/f(z) is close to A/ uniformly for A € [1,3]. Then
we define

fl@) =23+ flaz) —ay®, @€ (a2, 0]
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for some large constant ag > ag. The constant a3 is chosen so that for large values of x in (ag, ag),
the function f behaves like /3, that is f(A\x)/f(z) is close to A1/? uniformly for A € [1,4]. We
repeat this procedure to define this function inductively.

The function f is an increasing function in OR with upper Matuszewska index 1/2 and lower
Matuszewska index 1/3.

Let o be the measure with distribution function f. Since f(O,oo)(l +t)to(dt) < oo, o is a

o= [ el

be the corresponding Stieltjes function. It follows from integration by parts that

e
g(A)—/O e

Using our construction of f we know that

[ otvepes [ ol [ e

Thus it follows from [20, Lemma 6.3] that

Stieltjes measure. Let

aA 2B < g\ <A V2 o A>2

for some positive constants ¢; < ca.

Modifying the argument of the proof of the de Haan—Stadtmiiller theorem ([2, Theorem 2.10.2])
one can show that ¢ is in OR with upper Matuszewska index —2/3 and lower Matuszewska index
—1/2. It follows from [16, Theorem 7.3] that ¢(x) := 1/f(x) is a complete Bernstein function.
Thus ¢ is a complete Bernstein function in OR with upper Matuszewska index 1/2 and lower
Matuszewska index 1/3.

It follows from [20, Lemma 6.3] that g cannot be comparable with any regularly varying function

at infinity, and therefore ¢ cannot be comparable with any regularly varying function at infinity.

Acknowledgements. We thank Nick Bingham and Charles Goldie for their help related to

the construction of the function in the last section.

References

[1] J. Bertoin: Lévy Processes. Cambridge University Press, Cambridge, 1996.

[2] N. H. Bingham, C. M. Goldie and J. L. Teugels: Regular Variation. Cambridge University Press,
Cambridge, 1987.

[3] K. Bogdan: The boundary Harnack principle for the fractional Laplacian. Studia Math. 123(1)(1997),
43-80.

. Bogdan, T. Kulczycki an . Kwasnicki: Estimates and structure of a-harmonic functions. Probab.
4] K. Bogd T. Kul ki and M. K icki: Esti d f a-h ic T i Probab
Th. Rel. Fields, 140 (2008), 345-381.

20



[5]

Z.-Q. Chen, P. Kim and T. Kumagai: On Heat Kernel Estimates and Parabolic Harnack Inequality for
Jump Processes on Metric Measure Spaces. Acta Math. Sin. (Engl. Ser.), 25 (7), (2009) 1067-1086.

Z.-Q. Chen, P. Kim, R. Song and Z. Vondracek: Boundary Harnack principle for A + A%/2
Trans. Amer. Math. Soc., to appear 2011.

B. E. Fristedt: Sample functions of stochastic processes with stationary, independent increments, Ad-
vances in probability and related topics, Vol. 3, pp. 241-396, Dekker, New York, 1974.

P. Kim, R. Song and Z. Vondracek: Boundary Harnack principle for subordinate Brownian motion.
Stoch. Proc. Appl. 119 (2009), 1601-1631.

P. Kim, R. Song and Z. Vondracek: On the potential theory of one-dimensional subordinate Brownian
motions with continuous components. Potential Anal., 33 (2010), 153-173.

P. Kim, R. Song and Z. Vondracek: Potential theory of subordinated Brownian motions revisited. To
appear in a volume in Honor of Prof. Jiaan Yan.

P. Kim, R. Song and Z. Vondracek: Potential theory of subordinate Brownian motions with Gaussian
components. Preprint, 2011.

M. Kwasnicki, J. Malecki, M. Ryznar: Suprema of Lévy processes. Ann. Probab., to appear.

A. E. Kyprianou: Introductory lectures on fluctuations of Lévy processes with applications. Springer,
Berlin, 2006.

M. Rao, R. Song and Z. Vondracek: Green function estimates and Harnack inequality for subordinate
Brownian motions. Potential Anal. 25(1) (2006), 1-27

K.-I. Sato: Lévy Processes and Infinitely Divisible Distributions. Cambridge University Press, Cam-
bridge, 1999.

R. L. Schilling, R. Song and Z. Vondracek: Bernstein Functions: Theory and Applications. de Gruyter
Studies in Mathematics 37. Berlin: Walter de Gruyter, 2010.

R. Song and J. Wu: Boundary Harnack principle for symmetric stable processes. J. Funct. Anal. 168(2)
(1999), 403-427.

P. Sztonyk: On harmonic measure for Lévy processes. Probab. Math. Statist., 20 (2000), 383-390.
P. Sztonyk: Boundary potential theory for stable Lévy processes. Collog. Math., 95(2) (2003), 191-206.

S. Watanabe, K. Yano and Y. Yano: A density formula for the law of time spent on the positive side of
a one-dimensional diffusion process. J. Math. Kyoto Univ. 45 (2005), 781-806.

M. Zahle: Potential spaces and traces of Lévy processes on h-sets. J. Contemp. Math. Anal. 44 (2009),
117-145.

Panki Kim

Department of Mathematical Sciences and Research Institute of Mathematics,

Seoul National University, San56-1 Shinrim-dong Kwanak-gu, Seoul 151-747, Republic of Korea
E-mail: pkim@snu.ac.kr

Renming Song
Department of Mathematics, University of Illinois, Urbana, IL 61801, USA
E-mail: rsong@math.uiuc.edu

Zoran Vondracek
Department of Mathematics, University of Zagreb, Zagreb, Croatia
Email: vondra@math.hr

21



