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Abstract

We study the precise relationship between the subordinate killed and killed subordiate pro-
cesses in the case of an underlying Hunt process, and show that, under minimal conditions,
the former is a subprocess of the latter obtained by killing at a terminal time. Moreover, we
also show that the killed subordinate process can be obtained by resurrecting the swbdinate
killed one at most countably many times.

1 Introduction

Let X be a strong Markov process on a state spack. In this paper we will be interested
in two types of probabilistic transformations of X . The rst one is subordination of X via
an independent subordinator T giving a Markov processY = (Y; : t, 0) on E de ned by

Y: = X (Ty). The other transformation is killing X upon exiting an open subsetD of E. The

resulting processX P is dened by XP = X; fort<¢p =infft> 0: X; 2Dg,and XP = @
(the cemetery) otherwise. Now one can killY upon exiting D giving the processYP, and
also subordinate X P by the same subordinator T giving the process that we will denote by
ZP . Both processes are Markov with the same state spacB. The processYP is called the
killed subordinate process (rst subordination, then killing), while ZP is called the subordinate
killed process (rst killing, then subordination). It is an interesting problem to investigate the
precise relationship between these two processes. This question can be traced back[4} in

the case whenX is a Brownian motion and T a stable subordinator. In this context it was
addressed in/[10] where by use of pathwise approach it was shown that the semogp of ZP

(subordinate killed) is subordinate to the semigroup of YP (killed subordinate). Recently, by

1THE RESEARCH OF THIS AUTHOR IS SUPPORTED IN PART BY THE MZOS GRAN T 037-0372790-
2801 OF THE REPUBLIC OF CROATIA.
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use of Dirichlet form techniques, He and Ying gave in [5] an answer in a generakting of
symmetric Borel right processes on a Lusin spacg. Again, the semigroup ofZP is subordinate
to the semigroup of YP. The general theory then implies that ZP can be obtained by killing
YP via a multiplicative functional.

The goal of this paper is to give (in our opinion) the complete description of the elationship
between ZP and YP in the context of a Hunt process X (not necessarily symmetric) on a
locally compact second countable Hausdor® spadé. By de ning X and the subordinator
T on appropriate path spaces, and considering all relevant processes on the product of these
path spaces, we show thaZ® is obtained by killing YP at an identi able terminal time with
respect to a ltration making Y a strong Markov process. Note that killing at a terminal
time is a special case of killing by a multiplicative functional, but clearly more transparent.
Moreover, we go a step further and show that the proces¥ P can be recovered fromzP by
resurrecting the latter at most countably many times. This easily follows from our setting in
which both ZP and YP are described explicitly in terms of the underlying Hunt processX
and the subordinator T. We also compute the resurrection kernel (given, implicitly, in [5]).
Having the resurrection kernel, one can now start from any process with the samdistribution
asZP and use Meyer's resurrection procedure described in [7] to construct a process with the
distribution of YP.

The paper is organized as follows: In the next section we precisely describe our setj. In
Section 3 we give a description of the relationship between subordinate killed andilled sub-
ordinate processes. In Section 4 the resurrection kernel is computed. In the last sectioas an
application, we give suzcient conditions for Y to be not on the boundary @ Dat the exit time
from D.

2 Setting and notation

Let E be a locally compact second countable Hausdor® space and [Etbe the corresponding
Borel ¥zalgebra. Further, let - ; be the set of all functions!; : [0;1 ) ! E which are right
continuous and have left limits. For eacht , 0,letX;:- 1! E bedenedbyX(!1)="1(1).
The shift operator # : - ;! - isdened by #11 1(§ = ! 1(t+ ¢&. Let FO=(F2:t, 0),
FO=3%Xs:0- s- t), be the natural Ttration generated by the process X = (X :t, 0),
and let FS = \ o FO. Also, let F = %X, : t, 0). We assume that P : x 2 E) is a
family of probability measures on (- 1; F) such that (X; PY) is a strong Markov process. Let
F=(F¢:t, 0)be the usual augmentation of the natural Ttration F°. From now on we
assume thatX = (- 1;F;F; X #5; PX) is a Hunt process with the state space E; E).

Let - , be the set of all functions! , : [0;1 ) ! [0;1 ) which are right continuous and have left
limits. Foreacht, O,let Ty :-,! [0;1) be dened by Ty(! ;) = ! »(t). The shift operator
#2:-,1 -,isdened by #2! ,(§=1,(t+¢. Let GO=(F:t, 0),@=%Ts:0- s- 1),
be the natural TTtration generated by the process T = (T, : t, 0), and let @ = \ &t &.
Also, let G= ¥T; : t, 0). We assume that P} : y 2 [0;1)) is a family of probability
measures on (-z; G) such that (Ty; P}) is an increasing LBvy process. In particular, we assume
that under P, := PJ, the law of T, is given by

B

Ea(expi ,T1) =exp(i tA(,));

where Z
AL)= b, + (i €-)i( dx):
0;1)
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Here b, 0 is the drift, and | the L§vy measure of the subordinator T. Further, let U(dy)
denote the potential measure ofT under P;:

Z,
u(dy) = E2 11,2 ay) dt:
0

Fory> 0, let% =inf ft> 0: T; >y g be the rst passage time of T across the levely. Then
% is a (& )-stopping time and the following identity holds true for all t> 0 andy > O:

fTi<yg=1¥% >tg: (2.1)

Let-=- ;£ -, and, foranyx 2 E andy 2 [0;1), let P%Y = P £ P} be the product

probability measure onH = F £G . The probability P*° will be denoted asP*. The elements
of - are denoted by ! =(!4;!,). For eacht , 0 we de ne the shift operatorx : - ! - by

(9= k(! 2)(Q:=(La(ta(t) + 93l o(t+ G ! o()): (2.2)

We will occasionally write (! ) = (E(! ); (! )). Note that for s;t, 0 we have

Bs(P1(t2(t) + @51 o(t+ @ ! o(L))

(M2 +(tat+9) i ta)+ 9;(M2(t+s+ G 'o(t)i (Pa(t+ )i !2(l))
(M1t 2(t+ )+ @l o(t+ s+ G !o(t+9)

He+s():

Ms(ke!)

The subordinate processY = (Y; : t , 0) with the state space E;E) is de ned on - by
Yt(| ) = XT!(! 2)(! 1) =1 1(' g(t)). Note that

Ys(hk! ) Pa(tat) +(t2(t+ )i 12(1)
Pa(ta(t+5)) = Yeur(M):

Following [3] we introduce the following Ttration: For t, O let
St =fAYE (A2\f Ty, ug): A'2F2%A22Gu, Og;

and let Hy = 3(S;). Then H = (H : t, 0) is a ltration on - such that for all t £ O,
¥Ys:0- s- t)%H,.

Remark 2.1. Suppose thatS is a function de ned on, say, - ;. By abusing notation we will
regard S as being de ned on- by S(! 1;!,) = S(!1). We use the same convention ifS is a
function de ned on - 5.

The following results are proved in [3]:
Proposition 2.2. (i) ([3], p.65) If S is an (F2 )-stopping time, thenfS - Tyg 2 Hy. .
(i) ([3]) p.66) If S is an (H+)-stopping time, then

(@) for each! 1, S(! 1;9 is an (G )-stopping time;
(b) for each! 5, Tg(g1,)(! 2) is an (F2, )-stopping time.

(iii) ([3]) p. 67) The subordinate process Y = (- ;H;H+;Y; P%Y) is a strong Markov process.
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In the next result we prove that the subordinate processY is quasi-left-continuous.

Proposition 2.3. Let (S, : n, 1) be an increasing sequence ofH. )-stopping times, and
let S=Ilimnya  Sy. Thenlimpy  Ys, = Ys, PX-a.s.onfS < 1g for everyx 2 E.

Proof. Without loss of generality we assume thatS < 1, P*-a.s., for everyx 2 E. Let
A=fl =1l limyTg o0t 2) = Tsp,u,) (M 2)g, and let A, be the ! ;-section of
A. For each xed ! 4, it follows from Proposition 2.2(ii)(a) that S, (! 1;9 is a (G )-stopping
time, hence by quasi-left-continuity of the subordinator T, we have that Po(A,,) = 1. Thus
by Fubini's theorem we have that P*(A) =1, for every x 2 E.

Let B(! 1;!2) = limpyu  Ts, 0,2, (! 2). Since for each xed! 3, Ts, (41 ,)(! 2) is an (F2)-
stopping time by Proposition 2.2(ii)(b), it follows that B(¢! ,) is also an F 2, )-stopping time.
The assumptionsS < 1 P*-a.s. implies that B(¢! ?) < 1, P%-a.s., for everyx 2 E. By the
guasi-left-continuity of the process X we obtain that

lim XTsn(1 " 2)(.' 1) = X?(! . 2)(! 1) P}-a.e. Iy

n'l

Let B = f! =(1g;12): limyy Xgg (!) = Xe(!)g. Again by using Fubini's theorem, it
follows that P*(B) = 1 for every x 2 E. Therefore, P*(A\ B)=1, and for ! 2 A\ B it holds
that lim ni1 st(!):lim n1 XTS" ('): X-ﬁ(!): XTS(!): Ys(! ) o]

Lemma 2.4. Let S be an (FZ )-stopping time. Then % = infft > 0 : T; > Sgis an
(H¢+ )-stopping time.

Proof. By (2.1) we have that f%s - tg= fT;, Sg. The claim now follows from Proposition
12.2(i). o

Let D be an open subset o, and let ¢p =infft> 0: X; 2 Dg be the rst exit time of X
from D. We assume for simplicity that Pf(¢p < 1 ) =1forall x 2 E. By the previous lemma
it follows that ¥, is an (H:. )-stopping time. In the next lemma we prove that it is also a
terminal time with respect to (Hy. ).

Lemma 2.5. Foreveryt, O, ¥%, = t+ %, *p onft<%¥%,,g.
Proof. First note that %, (! ) = ¥, (! 1;!'2) =infft > 0 : I 5(t) > ¢p (! 1)g. Further, by
(21), ft <%, 9=fTi<¢pg=Tf(l1;12): 12t) <inffu> 0:!4(u) 2Dgg Therefore, on
ft<%,, 0,

Ygo (k! ) =inf £5> 02 11 5(5) > ¢ (! )g

= inffs>0:1,(t+s)j !o(t)>inffu>0: (p}! )(u) 2Dgg

inffs>0:1,(t+s)>! ,(t)+inffu>0:1(!(t)+ u) 2Dgg
inffs>0:1,(t+s)>inffu>0:1!,(u) 2Dgg;

where the last line follows from! 5(t) < inffu> 0: ! ;(u) 2 Dg. Hence,
t+ (%, 2)(!) = t+inffs>0:15(t+s)>¢p(!)g
= inffs>0:15(8)>¢p(1)g= %%, (1):
o]
We also record the fact that for each xed! 2, Ty, (¢1,)(!2) is an (FS )-stopping time. This

follows from Proposition 2.2(ii)(b). Further, for each xed !, Ty, (a1 ,)(! 2) is a function of
éo, and henceFfD -measurable.
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3 Subordinate killed and killed subordinate processes

Let ¢y =infft> 0:Y; 2 Dgbe the Tst exit time of the subordinate processY from D. Then
¢ is an (Hy+ )-stopping time. We note that even whenP%(¢p < 1 )=1forall x 2 D, it may
happen that ¢¥ = 1, PX-a.s. for everyx 2 D. Indeed, let X be a one-dimensional Brownian
motion, D = (j1 ;0)[ (0;1), and let T be an®=22-stable subordinator with 0<® < 1. The
subordinate processY is an ®-stable process inR. Since 0< ® < 1, points are polar forY,
and in particular, the hitting time to zero, which is precisely equal to ¢ , is innite. Clearly,
1o <1)=1
The processY killed upon exiting D is de ned by
Ve . .Y Ve . .Y
yD .= Yo t<ép _ Xy t<¢p
t @; t & @; t &
where @is a cemetery point . We callYP the killed subordinate process. Note thatYP is a
strong Markov process with respect to the TTtration (Hy. ).
The other process that we are going to consider is obtained by killingy' at the terminal time
3/% . De ne 1 1%
Yi; t<%, _  Xq, Ti<ép
@; t ¥, @; T. o
where the equality is a consequence of (2.1). Sinég, is a terminal time, it follows (similarly
as in the proof of Theorem 12.23(i) of[[9], p. 71) thatZP is also a strong Markov process with
respect to the TTtration ( H¢. ).
We can also introduce the processX P as the processX killed upon exiting D. Clearly, if
Ti <¢p, then XP = Xy,. This shows that ZP is in fact obtained by st killing X as it exits
D, and then by subordinating the killed process with the subordinator T. Therefore we call
ZP the subordinate killed process.
Note that if t <%, , then T; < ¢p, and thereforeY; = X1, 2 D. This shows that ¥, - cg
As a consequence, we see tha@P can be obtained by killing YP at the terminal time %, :
Y

zp =

zpP =

Y, t<%a,

@: %, (3.1)

For any nonnegative Borel function f on D let QP f (x) := EX[f (Y,°)] be the semigroup of
YP,and RPf (x) := EX[f (ZP)] = EX[f (Y,°); t < %,, ] be the semigroup ofZP . The following
result is now obvious.

0)

5

Proposition 3.1.  The semigroup(RP : t , 0) is subordinate to the semigroup(QP : t
in the sense that for every nonnegative Borel functiorf on D it holds that RPf - QPf.

Let S; = ¥, and de ne inductively Sp.1 = S, + Sp+ps, with the convention that if S, = q}(
then for all k >n, Sy = ¢3. Then (S, : n, 1) is an increasing sequence ofH;. )-stopping
times. The limit S = lim 1 Sy is an (H+ )-stopping time. Clearly, S - ¢Y. The next
proposition shows that these stopping times are in fact equaP*-a.s. for everyx 2 D.

Proposition 3.2. It holds that ¢¥ = S, P*-a.s. for everyx 2 D.

Proof. Let A = fl = (!Iq;!2) @ limyTs o,0,)("2) = Tsp,u,)(2)g It was shown in
Proposition|2.3/that P*(A) = 1 for all x 2 E. Therefore, there exists€, % - , with P,(£,) =1
and such that P{(A,,)=1forevery ! ; %€, Letus x !, 2 &€,. If for somen, 1 it holds
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that Sp(G!2) = ¢ (¢! ,) there is nothing to prove. Therefore we assume thatS;(¢! ;) <
S2(G!2) < ¢¢& S(G!2). By Proposition 2.2, Tge ,)(!2) and Tg, (g ,)('2), n 2 N, are
(F2 )-stopping times. Forn, 1 de ne

énet =iINFFL>Tg (1 ,)(12): Xy 2Dg:
Then ¢n4+1 is an (F2, )-stopping time. Moreover, we have that

Tsya )M 2) - 2 Tsyer )(12) - é3-¢CC - T ,)(!2):

Since Pi(A;,) = 1, we have that Tgg ,)(! 2) =" limpn  ¢n, Pi-a.s., and by the quasi-left-
continuity of X, we conclude that Xrg,, )1, = limna1 X, , Pi-as. onfTgeg,)(! 2) <
1g = fS(¢!2) < 1g foreveryx 2 D. SinceX,, 2D, we conclude thatPj (X, ,)1,) 2
D;S(¢!2) < 1)) = P{(S(¢!,) < 1)forevery x 2 D. Since!, 2 €,, integrating the last
equality with respect to P,, gives that for everyx 2 D, P*(Ys 2D;S < 1) = P‘(X1, 2
D;S< 1)=P*(S<1). Butthismeansthat S, ¢¥,P*-as.onfS< 1g. Clearly, S, ¢
onfS=1g. o

Remark 3.3. Assume thatS, < S for everyn , 1. Note that in this caseYs, 2 D. Since
S=Ilim,n Sy, the quasi-left-continuity of Y implies thatonfS < 1g, Ys =limn1 Ys, 2
D, the closure of D. From the proof of Proposition 3.2, we have thatYs 2 D¢ on fS < 1g .
Therefore, Ys = Y,y 2 @DonfS < 1g = f¢§ < 1g.

4 Resurrection kernel

Proposition (3.2 clearly shows that the processy® can be obtained fromZP by resurrecting
the latter at most countably many times. Our next goal is to compute the resurrection kernel.
Fort, Oandx 2 E, let Pi(x; dy) denote the transition kernel of X. To be more precise,
Pu(x; dy) = PX(X¢ 2 dy) = P*(X; 2 dy). Similarly, for x 2 D, let PP (x; dy) denotes the
transition kernel of the killed processX P . Throughout this paper we will assume the following
(A1) X admits a Lgvy system of the form ¢* ;dt).
Here JX (x; dy) is a kernel on (E;E). The assumption (A1) is not very restrictive. For
example, all L§vy processes satisfy this assumption. Under the assumptiorAl ), one can
easily check that the killed processXP has a LBvy system of the form OXD ;dt), where
JX° (x;dy) is the restriction of JX on (D; B(D)). Thatis, for x 2 D and a Borel subset
B %D, JX° (x;B)= JX(x;B). By slightly abusing the notation, we will denote JX° simply
by JX.
The subordinate processYy admits a L&vy system of the form (Y ; dt), where
z
IY(x; dy) = bI* (x; dy) + Pi(x; dy)i( dt); x2E; (4.2)
(0:1)

(see [8] for a proof, and alsa [3], p.74, for the cade= 0).
Similarly, the subordinate killed processZP admits a L&vy system of the form ¢ z? ; dt), where
z
32°(x; dy) = bJ* (x; dy) + P2 (x; dy)!( dt); x2D: (4.2)
(0:1)
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It is also well known that the potential kernel UZ"° (x; dy) of ZP is given by

Z
Uz’ (x; dy) = l P2 (x; dy) U(dt) ; (4.3)
0

where U(ds) is the potential measure of the subordinator T. Finally, we recall the following
“rst-passage formulae for the subordinator (see, e.g., [1], p.76): For eacxed x , 0 and every
0- s- x<t,

P2(Ty,, 2 ds;Ty, 2 dt)= U(ds)|( dtj s): (4.4)
If b=0, then P,(Ts, = x) =0, while if b> 0, then U(dx) has a continuous densityu and
P2(Ty, = X) = bu(x); (4.5)

(see, e.g., [1], pp.77-79). MoreoveR,(Ty, = X) = Pa(Ty,; = Ty, = X).

We are mainly interested in the case when the L§vy measure | ofT is in nite. So from now
on, we assume

(A2) The L®vy measure | of T is in nite.
In this case, the potential measureU(dt) has no atoms (e.g.[6], Theorem 5.4).

Theorem 4.1. Suppose that A1) and (A2) are valid. Let B %2D and C be Borel subsets of
E. Then for everyx 2 D,

PX(YS/‘tzi 2 B;Y3/‘tD 2 C%

= Uz’ (x; dy) (3Y(y; d2) i bI*(y; d2))
CZDC

By D
+ Uz (6 dy) (3 (y;dz)i 3% (y; d2))
B\ D C\D
+ bE*(U(¢ép); X (épi ) 2 B;X (¢ép) 2 C\ DY (4.6)

Remark : In case whenb = 0, the last line vanishes.
Proof. Note that

Yoo i = tl"iLED Yi = t',,ig;gD X(Te)= X (Tsy, i i ):

We Trst split the left-hand side in (4.6) depending on whether the subordinator jumps over,
or hits, the level ¢p at the rst passage over¢ép:

PX(Ya/‘tD i 2 B;Ys/‘tD 2 C) = P* (Ya/‘tD i 2 B;Ys/‘tD 2 C;TS/‘tD i+ ép < Ts/‘tD)
+ PX(Ya/%Di 2 B;YS/‘kD 2 C;Ta/tD i = ¢ = T%LD)
AL+ Ay
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Next, A; can be written as
3

Ar = PO X Ty, i )15t 2) 2 By X (Tyy )(P1i!2) 2 C
T%‘D(! 1)3i (' 2) ' CD(I 1) < T3/%D(! 1)(! 2)
= (PLEP2) X(Toy, (i (12)i)(11) 2 B;X (Ty, (., (1 2))(11) 2 C

-!TS/%D(! i (' 2) ) CD(I 1) < TS/%D(! 1)(! 2))

Z #
¢o (1) 1
—_ X .
= El 0 ) PZ(T%éD(! ni 2 dS,TB/%D(! D 2 dt) 1(x5i (! 1)23)1(X[(! 1)2C)
[
z, 7
= Ej U(ds) i dti s)lx,, 28)L(x.2¢c)
7 L 0 . ¢D 7 . )
= U(ds) EY Ls<; o) Lix.28) i dti s)lix,2¢c) 4.7)
0 éb

where the next to last line follows from (4.4), and the last line from the fact that U has no
atoms, and Xs; = Xg, Pf-a.e. for every xeds, 0. Next,

Z, .
El Ls<io)lix.28) ‘ i dti s)lix,2c)
’ “ Ly - .
= EI Ls<;p)Lix.2B\0)El I(dti S)x,2c) Fo
" n éD
i o
= EI Ls<o)lix.28\0)El I( dti S)lx,2¢c) F&
" " s+ ¢p *#l s
z, _
= EI Ls<o)lx.2BrvD)E1 . I( dW)Lx, +#120) Fer
éb i#s
Lot .
= El Ls<.o)Lix.2B\D)E7” i dW)1ix,2c)
ya ép
= P2 (x; dy)f (y); (4.8)
B\ D
where
"z s
f(yy = E i dw)1ix,2c)
Z 1 éb
= ' dW) P{(Xw 2 C;w, ¢p):
0
Since

PY(Xw 2 C;w, ¢p)

PIXw2C)i Bi(Xw2 Ciw<¢p)

Pu(y; d2) i P (y; d2);
C C\' D
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it follows from (4.1) and (@.2) that
Z

Z, z z,
fly) = I( dw)Py (y; d2) i I( dw)P? (y; dz)
ZC 0 C\ I? 0
= (37 (y; dz) i bI*(y; d2)) i (327 (y; d2) | bI* (y; d2))
ZC C\z

(37 (y; dz) i bI*(y; d2))+ QY (y;d2)i 327 (y;d2):  (4.9)
C\ D¢ C\' D

Equalities (4.7), (4.8) and (4.9) yield that A; is equal to the “rst two lines on the right-hand
side of (4.6).
In order to compute A, we proceed as follows:
A, = PX(YsytDi 2 B;Ysy‘tD 2 C;T%L[)i =¢p = Ta/tD)

= P(X(pi)2B;X(p)2CiTy, ; =¢p =Ty, )

= EilX (i )('1) 2 B;X (é0)(11) 2 CiPo(Ty, (= éo (! 1))]

= bE*[u(én)iX(¢épi)2B;X (p)2C\ D
where the last line follows from {4.5) and the fact that X (¢p) 2 D. o

Fory 2 D, let q(y;dz) := JY (y;d2) Jz° (y; dz). We call g the resurrection kernel. Note that

for Borel setsB %2 D and C %2 D, the formula (4.6) can be written as
Z

P*(Yr 1 2BiYy, 2C)= U (x dy)qyiC):
B
By use of (4.1) and (4.2) one canzwrite the resurrection kernel as
q(y; dz) = o )(Pt(y;dZ) i PO (y;d2)i( db):

This is the form that the resurrection kernel appears in [5].
Corollary 4.2.  Assume that (A1) and (A2) are valid.

(i) If the subordinator has no drift, i.e., b=0, then P*(Ts, = ¢ép)= P*(Ty, ; = é)=0
and P*(Ys, ; 2D)=1 foreveryx2D.

(i) If b> 0, then for every Borel setC 2 E,
P*(Y, 2 CiTy, = @)= bE'[u(e)iX () 2 C\ DO
Proof.

(i) That P*(Tsy,, = ép) = P(Ty,; = éo) = 0is an immediate consequence of the rst
passage formulae stated before Theorem 4.1 and the fact that the potential sasureU
has no atoms. In order to show thatP*(Ys;,_; 2 D) =1 we use (4.7):

Z, . Z 4
U(ds) BT Ls<;p)Lix.20) . i dti s)Lix,2k)
Zol . Z, ép )
U(ds) BT Ls<;p) i(dtij s)
EA b Z 1 ® s
EX U(ds) !(dtis) =1;

0 éb

B

P*(Ys,,; 2D)

0
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because the quantity in the last bracket isPj-a.s. equal to 1.

(ii) This follows immediately from the expression for A, in the proof of Theorem[4.1 by
taking B = D.

Corollary 4.3. Suppose that A1) and (A2) are valid. Assume thatJ* (x; @D = 0 and
Pi(x;@D =0, forall x2 D and allt> 0. Then for every Borel subsetC ¥2@D

P*(Ys,, 2 C)= bE"[u(¢p); X (¢ép) 2C]; x2D: (4.10)
In particular, if b=0, J*(x;@D =0 and P;(x; @D =0, forall x 2 D and all t> 0, then
PX(Y%D 2@D=0: (4.11)

Proof. It follows from (4.1) that JY(x;@D =0, x 2 D. Now (4.10) follows from Theorem
[4.1 by taking B = D and C = @D having (4.11) as an immediate consequence. o

Corollary 4.4.  Suppose that A2 ) is valid. Assume thatX has continuous paths and; (x; @D =
Oforall x 2 D and allt> 0. Then for every Borel setC % @Dit holds that

P*(Ys, i 2 C)= P*(Yy, 2 C)= bE*[u(¢e);X () 2 Cl:

In particular,
P*(Yy,, | 2 @D = P(Yy, 2 @D = bEX[u(¢p)]:

Proof. The second equality follows from Corollary 4.3. For the “rst, notice that by continuity
of X, Ya/%D P = X (T%LD i ) =X (T3/‘tD ) If Ya/‘tD i 2 C ¥ @D then T%LD i = ¢ = T%LD (see the
proof of Corollary 4.2). Therefore, Yy, = Yy, . o

5 An application

It is of some interest to "nd suzcient conditions for Yoy 2 @D In [11], Sztonyk gave a
suzcient condition for a rotationally invariant L§vy process with in nite L ®vy measure and
no Gaussian component not to hit the boundary @ Dupon exiting a Lipschitz domain D. The
given condition is satis ed for a rotationally invariant processes. In this section we give two
suzxcient conditions in our setting.

Fort, Oandx 2 E de ne N¢(x;f) = EX[f (X{)], where f is a nonnegative Borel function
on E. Note that T%;D = ¢ép + (T%D i ¢o), and for each xed! ,, T%D @ H2)i éo(@is
FED -measurable. Therefore, by an extended version of the strong Markov property (se&],
pp.43-44), for each xed! , (with !, suppressed in notation),

i Xepilp); P as:
(5.1)

Ell1o (Yo, )iF 9, +1= EXllo (Xyp 41y, i 0))iF &+ 1= Ny,

D
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Proposition 5.1.  Suppose that A2) is valid. Assume thatX has continuous pathsP;(x; @D =
Ofor all x 2 D and allt > 0, and that there exists a constantc 2 (0; 1) such that

Pi(X{ 2 D) - c for everyx 2 @Dand everyt> 0: (5.2)
Assume further that the subordinatorT has no drift. Then P* (Yq; 2 @D =0 foreveryx 2 D.

Proof. By the assumptions, X ,, 2 @Dand N(x; 15) = Pi(X{ 2 D) - ¢, for all x 2 @Dand
allt, 0. By (5.1), this implies that for each xed ! 2, P(Ys, = 2 DjF2D+) - ¢, x2D,and
therefore

P*(Yy,, 2D)- c; x2D: (5.3)

Recall the notations S; = %, , and forn , 1, Sp41 = Sy + S; s, . By the strong Markov
property of Y, it follows from (5.3) that

P(Ys, 2D)- c"; n, 1:

Let N :=inffn, 1:S, = ¢ g with the usual convention inf; = 1 . It follows from the last
displayed formula that P*(N = 1 ) = 0 for every x 2 D. Hence, there are only nitely many
S which are less than¢y . From Corollary 4.4, P(Yy,, 2 @D = P*(Ys, 2 @D =0, and
therefore by iteration P*(Ys, 2 @D =0for all n2 N and all x 2 D. Since¢? = S, for some
n 2 N, the claim of the proposition follows. o

If X is a Brownian motion in RY, then it was shown in [10] that (5.2) holds true provided D
is a bounded domain satisfying the exterior cone condition.
The next result should be compared to Lemma 1 from [12].

Proposition 5.2.  Suppose that A2) is valid. Assume thatX has continuous pathsP;(x; @D =
Oforall x2 D and allt> 0, b=0, and sup,,p P*(Ys, 2 D) < 1. Then P*(Y,x 2 @D =0
for everyx 2 D.

Proof. Again note that by Corollary P*(Yy,, 2 @D =0. Therefore, if Yag 2 @D then

%, < ¢, and henceYy, 2 D. Let ° := sup,,p P*(Y,y 2 @D. By the strong Markov
property of Y at ¥, and the assumptions we have

P(Yy2@D = P(Yy2@D;Y,, 2D)
PX(PY%m (Y¢g 2 @D;Y%co 2D)

° P*(Yy,, 2 D):

By taking the supremum over x 2 D, it follows that ° - ° sup,p PX(Y%éD 2 D). Therefore,
° =0, o]
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