COMPLETELY ISOMETRIC REPRESENTATIONS OF M_,A(G) AND UCB(G)*

MATTHIAS NEUFANG!, ZHONG-JIN RUAN2, AND NICO SPRONK3

ABSTRACT. Let G be alocally compact group. It is shown that there exists a natural completely isometric
representation of the completely bounded Fourier multiplier algebra M., A(G), which is dual to the
representation of the measure algebra M(G), on B(L2(G)). The image algebras of M(G) and M., A(G)

in CB? (B(L2(G))) are intrinsically characterized, and some commutant theorems are proved. It is also

shown that for any amenable group G, there is a natural completely isometric representation of UCB(G)*
on B(L2(G)), which can be regarded as a duality result of Neufang’s completely isometric representation

theorem for LUC(G)*.

1. INTRODUCTION

In this paper we assume that G is a locally compact group with a fixed left Haar measure pg. We
will simply write dug(t) = dt if there is no confusion. Ghahramani showed in [15, Theorem 2] that if
G contains at least two elements, the convolution algebra L;(G) (and thus the measure algebra M(G))
can not be isometrically isomorphic to a subalgebra of operators on any Hilbert space. Therefore, the
representation of the measure algebra M(G) has to be considered on some other spaces different from
Hilbert spaces.

The first such representation result was studied by Wendel [46], in which he showed that M(G) is
isometrically isomorphic to the left centralizer algebra LC(L1(G)) of Li(G). More precisely, Wendel

showed that every measure u € M(G) uniquely corresponds to a bounded left centralizer
mu:fELl(G) Hu*fELl(G)

on L (G). If we let ¢, = my, denote the adjoint of m,,, then ®,, is a bounded weak® continuous operator
on Lo (G) commuting with left translations (i.e., ®,(lgf) = [4®,(f)). On the other hand, every such
operator on Lo (G) is implemented by a measure in this way. Therefore, if we denote by By (Lo (G)) the

space of all bounded weak* continuous maps on L., (G) commuting with left translations, then
(1.1) P:pueMG)— P, € B/ (Lo(G))
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is an isometric isomorphism from M(G) onto By (Lo (G)) (see [1, §1.6]). Let LUC(G)* denote the dual
space of all left uniformly continuous bounded functions on G. Then LUC(G)* is a Banach algebra
containing M (G) as a Banach subalgebra. It was shown by Curtis and Figa-Talamanca (cf. Theorem

*

3.3 in [5]) that there is a similar isometric isomorphism from LUC(G)* onto the space of all bounded
operators on Lo (G) which commute with the left convolution action of Li(G) on Lo (G). Note that the
proof given in [5] assumes G to be unimodular. The general case follows from a more general result due
to Lau (see Theorem 1, together with Lemma 1 and Remark 3 in [28]).

It is also known that M(G) and LUC(G)* can be nicely represented on the space B(L2(G)) of all
bounded linear operators on the Hilbert space Ly(G). Stgrmer showed in [45] that for any abelian group
G, there exists an isometric homomorphism ©; from M(G) into B ¢ (B(L2(G))), the space of all normal

bounded R(G)-bimodule morphisms on B(L2(G)), which is given by

(1.2) O1(p)(a) = /GA(S)aA(S)*du(S)

for p € M(G) and a € B(L2(G)). This result was extended to general (not necessarily abelian) groups
by Ghahramani [15] and was further studied by Neufang in his Ph.D. thesis [32]. Neufang showed
that each ©;(u) is actually completely bounded and ©; is an isometric homomorphism from M (G) into
CBR () (B(L2(G))), the space of all normal (i.e. weak® continuous) completely bounded R(G)-bimodule
morphisms on B(Ly(G)). Moreover, Neufang successfully characterized the range space of the representa-
tion (1.2) in CB% ) (B(L2(G))) by showing that ©,(M(G)) is equal to the space CB;‘Q’(LG"‘;(G) (B(L2(@))) of
all normal completely bounded R(G)-bimodule morphisms on B(Ls2(G)), which map Lo (G) into Lo (G)
(see [32] and [34]). Neufang also introduced and studied the representation of the Banach algebra LUC(G)*
on B(L2(G)) in [32] and [33].

The aim of this paper is to investigate the corresponding representations of the completely bounded
Fourier multiplier algebra M, A(G) and the Banach algebra UCB(G)* introduced by Granirer [19] (see
§6 for details) since My A(G) and UCB(G)* when G is amenable can be regarded as the natural dual
objects of M(G) and LUC(G)*, respectively. Our main results show that there exist natural completely
isometric representations of M, A(G) and UCB(G)* when G is amenable on B(La(G)). The advantage of
this investigation is that it allows us to compare and study the connection of these representations with
the corresponding representations of M (G) and LUC(G)* on the same space B(L2(G)).

Since operator space techniques will play an important role, we first recall some necessary definitions
and notations on operator spaces in §2. Readers are referred to the recent books [11], [35], and [37]

for more details. In §3, we recall the representation theorem of M(G) by considering the weak*-weak*

continuous completely isometric homomorphism ©, : M(G) — CBZ ) (B(L2(G))) induced by the right
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regular representation

(13) 0, (1)(a) = /G pl(s)ap(s)"dp(s).

With this set-up, we may significantly simplify our calculations, and we will be able to obtain some
intriguing commutant theorems in §5. We provide a proof, which is simpler than Neufang’s original

argument, for the following equality
o, Lo (G
(1.4) 0,(M(G)) = CB &V (B(L2(G)))

in Theorem 3.2. Moreover, we show in Proposition 3.3 and Proposition 3.4 that ©, preserves the natural
involutions and matrix orders on these two spaces. We also characterize the range space ©,.(L1(G)) in
Theorem 3.6.

We study the representation of M, A(G) in §4. Using the techniques developed in Spronk’s Ph.D.
thesis [42] and published in [43], we show that M., A(G) can be completely isometrically identified with
the space V22 (G, m) of all left invariant measurable Schur multipliers. It follows that we obtain a weak*-

weak* continuous completely isometric isomorphism
A ~ o, L(G
(1.5) 0 : Moy A(G) = CB]EE) (B(La(G))),

which preserves the natural involutions and the matrix orders on these two spaces (see Theorem 4.3 and
Theorem 4.5). In particular, if G is an abelian group, we can write £(G) = Loo(G) and Lo (G) = L(G).
In this case, (1.5) can be expressed in the following duality form

0:(M(G) = CBY 5 D (B(L(G))).

In §5, we show some commutant results for ©,(M(G)) and O(M4A(G)) in CB° (B(Ly(G))) and some
double commutant results for ©,(M(G)) and O(M4A(G)) in CB(B(Ly(G))), respectively. Finally, we
show in §6 that for any amenable group G, there is a natural completely isometric homomorphism of
UCB(G)* into CBff()G)B(LQ(G), which can be regarded as a duality result of Neufang’s completely

isometric representation theorem for LUC(G)*.

2. OPERATOR SPACES AND COMPLETELY BOUNDED MAPS

In this paper, we let X and Y be operator spaces and let CB(X,Y") denote the space of all completely
bounded maps from X into Y. Then there exists a canonical operator space matrix norm on CB(X,Y)

given by the identification

(2.1) M, (CB(X,Y)) = CB(X, M, (Y)).
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With this operator space structure, CB(B(H)) = CB(B(H),B(H)) is a completely contractive Banach
algebra since the composition multiplication ® o U on CB(B(H)) satisfies

I[@45 0 Wialllen < [1[Pi]llenl|[Wrilllen
for all [®;;] € M,,(CB(B(H))) and [¥y;] € M,(CB(B(H))). There is a canonical involution on CB(B(H))
given by
O*(a) = D(a”)".
This involution is an isometrically conjugate automorphism on CB(B(H)) since
(PoW)* =% o U™,
Moreover, for each n € N there exists a natural order on the matrix space
M, (CB(B(H))) = CB(B(H), M, (B(H))

given by the positive cone CB(CB(H), M, (B(H)))* of all completely positive maps from B(H) into
M, (B(H)). This determines a matrix order on CB(B(H)).

If M is a von Neumann on a Hilbert space H, we let CBa(B(H)) = CBum(B(H), B(H)) denote the space
of all completely bounded M-bimodule morphisms on B(H) and let CB%,(B(H)) denote the space of all
normal completely bounded M-bimodule morphisms in CBaq(B(H)). Then CBY(B(H)) C CBm(B(H))
are completely contractive Banach subalgebras of CB(B(H)) with a natural involution and a matrix
order inherited from CB(B(H)). In general, CBY((B(H)) # CBm(B(H)) (see Hofmeier and Wittstock
[25]). But the two spaces are equal in some special cases (trivially when H is finite dimensional or when
M = B(H)). Moreover, if G is a discrete group, then o (G) = {5 (G)’ is a finite atomic von Neumann
algebra standardly represented on ¢3(G). We can conclude from [25, Lemma 3.5] that

(2.2) CBy () (B(t2(G))) = CBy, () (B(f2(G)))-

Inspection of the proof shows that we do not need to assume ¢5(G) to be separable (which is an assumption

made throughout in [25] for the Hilbert spaces occurring). Similarly, we have
(2.3) CBZ () (B(L2(G))) = CB(c) (B(L2(G)))

for any compact group G since in this case, L(G) = [[, My (x) ® In(x) and L(G) =[] Inx) @ My (r) are
finite atomic von Neumann algebras standardly represented on Lo(G) = 2% S7 () Where we let S7
denote the Hilbert space of all n(r) x n(n) Hilbert-Schmidt matrices and let n(7) denote the dimension
of irreducible representations 7 : G — M, () of G. Then we may obtain (2.3) by considering the central
projections zp,(x) = In(x) @ In(x) € L(G)NL(G)' from Ly(G) onto Si(ﬂ). Again, we do not have to assume
the separability of Lo(G). The result is true for arbitrary compact groups. Actually, the corresponding

result holds for general discrete Kac algebras.
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It is important to note that the mapping spaces CBY,(B(H)) and CBam(B(H)) can be completely
identified with the extended (or weak*) Haagerup tensor product M’ @°* M’ and the normal Haagerup
tensor product M’ @" M’ of M’ the commutant of M in B(H), respectively. We assume that readers
are familiar with the Haagerup tensor product X @" Y (for instance, see details in [11], [35], and [37]).
The definition for the extended Haagerup tensor product X ®@°"Y can be found in [8] and [12]. For the
convenience of the reader, let us recall that the extended Haagerup tensor norm of an element [u;;] €

M, (X ®°"Y) is defined by

ITwijlllenn = inf{|[[zi]ll oz, x) | Wrslllazr . vy b

where the infimum is taken over all possible representations [u;;] = [z:1] © [yx;] with [z;] € M, ;(X) and
[Ykj] € M1, (Y). The index I in the above definition could be an infinite set (or a countable set if X and
Y are operator spaces on separable Hilbert spaces). In this case, the notion [u;;] = [zik] © [yk;] means

that

<[u’bj f®g [Zf mzk yk:j

kel

forall f € X* and g € Y*. For dual operator spaces X* and Y*, X*®°"Y* can be completely isometrically
identified with the weak* Haagerup tensor product X* @ " Y* introduced by Blecher and Smith [2] via
the following complete isometries
X* ®eh Y* = (X ®h Y)* — X* ®w*h Y*

The normal Haagerup tensor product

X* ®ah Y* — (X ®eh Y)*
for dual operator spaces was first introduced by Effros and Kishimoto [7]. It was shown by Effros and
Ruan [12, §5] that the identity map on X* ® Y* extends to a completely isometric inclusion
(24) X* ®eh Y* — X* ®ah Y*

and the image space X* ®°" Y* is completely contractively complemented in X* ®" Y* since the adjoint
map (txgy)* of txey : X @"Y < X @°" Y induces a completely contractive projection from X* ®@" Y*
onto X* @ Y.
Given u = ), ;2 @y € M’ ®°" M', we can define a normal completely bounded M-bimodule
morphism
(2.5) T(u)(a) = Zxk ayg (converging in weak® limit)
kel

on B(H). It was shown by Haagerup [20] (also see [9] and [40]) that

T:ue M @M — T(u) € CBY(B(H))



6 MATTHIAS NEUFANG!, ZHONG-JIN RUAN?, AND NICO SPRONK?

determines a weak*-weak* continuous completely isometric isomorphism from M'®°" M’ onto CB4,(B(H))

with respect to the completely contractive Banach algebra structure on M’ ®@°* M’ given by
(x@y)o (ZRY) — 2@ Jy.
Moreover, there is an isometric involution
oy =y @z
and a matrix order on M’ ®°" M’ given by the positive cones
M, (M @ MYT = {[ui;] € Mpy(M @ M) : such that [u;;] = 2* Oz for some = = [zg;] € My, (M)}

It is easy to see that T preserves the involution and the matrix order on these spaces.

We can similarly define a completely contractive Banach algebra, an isometric involution, and a matrix
order on the normal Haagerup tensor product M’ ®°" M’. It was shown by Effros and Kishimoto [7] that
there is a natural extension of T' to a weak*-weak™ continuous completely isometric isomorphism T from
M @7" M' onto CBa(B(H)). Moreover, T preserve the involution and the matrix order on M’ ®7" M’
and CBa(B(H)). Therefore, we can completely identify these spaces
(2.6) M @ M' = CBS(B(H)) and M’ @”" M’ = CBp(B(H))

via T and T, respectively. The complement of M’ ®@°" M’ in M’ @™ M’ exactly corresponds to the space
CB\(B(H)) of all singular completely bounded M-bimodule morphisms on B(H).

Finally we note that there is a commutant theorem for CB%,(B(H)) (respectively, for CBap(B(H))) in
CB(B(H)). If V is a subspace of CB(B(H)), we let

Ve={UeCBBH)):Vod=>doV forall eV}
denote the commutant of V in CB(B(H)). Then we have
(2.7 CB,(B())° = CBag (B(H)),
and if, in addition, M is standardly represented on H, then
(2.8) CBMm(B(H))® =CB% (B(H)).
Combining (2.7) and (2.8), we obtain the following double commutant theorem
(2.9) CBS(B(H))* = CB(B(H)

when M is standardly represented on H. (2.7) is due to Effros and Exel [6, §3]; (2.8) was proved by
Hofmeier and Wittstock [25, Proposition 3.1 and Remark 4.3] in case H is separable, and was extended

to the non-separable situation by Magajna [31, §2]. We remark that, trivially, we also have

CBMm(B(H))* = CBm(B(H)).
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3. REPRESENTATION OF M(G)

The measure algebra M (G) of all bounded complex-valued (Radon) measures on G is a Banach algebra

with the multiplication defined by

(3.1) prv(f) = /G /G £(st)dp(s)du(t)

for every bounded continuous function f € Cp(G) and p,v € M(G). We may identify L,(G) with a
norm closed ideal in M (G), which consists of all absolutely continuous measures with respect to the Haar
measure. It follows from the definition (3.1) that there is an M (G)-bimodule action on L;(G). Taking
the dual, we obtain an M (G)-bimodule structure on Lo, (G), which is defined by

for all h € L1 (G). More precisely, we have
63) w16 = [ edut) = [ 1@dute) and 1o = [ fstdu) = [ o)
where we let [ f and r;f denote the left translation and right translation

Isf(t) = f(st) and rif(s) = f(st).

Let A : G — B(L2(G)) denote the left regular representation, and let p : G — B(L2(G)) denote the

right reqular representation defined by

A(s)E(t) = &(s7 ') and p(s)E(t) = A(s)'/%¢(ts)

for £ € Ly(G), s,t € G, and the Haar modular function A : G — (0,400). We let

L(G) = span{\(s) : s € G}S'o‘t and R(G) = span{p(s) : s € G} ot

denote the left group von Neumann algebra and the right group von Neumann algebra generated by A\ and
p, respectively. Then £(G) and R(G) are standardly represented on Lo(G) and satisfy the commutant

relations
(3.4) L(G) =R(G) and R(G) = L(G).

With the conjugate linear isometry
JE(s) = A(s7)2E(s7T)

on Ly(G) = La(L(G)), we obtain a natural *-anti-isomorphism
(3.5) At) € L(G) — JN)*T = p(t™!) € R(G)

such that JL(G)J = R(G).
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We obtain the following result known as Heisenberg’s theorem (see [13, Corollary 4.1.5] for a proof for

general Kac algebras). We provide a simple proof here for the convenience of the reader.

Lemma 3.1. Let G be a locally compact group. Then we have

(3.6) Loo(G)NR(G) =Cl1 = Lo(G) N L(G).
Taking the commutants, we obtain

(3.7) Loo(G) V L(G) = B(L2(G)) = Leo(G) V R(G),

where Lo (G)V L(G) denotes the von Neumann algebra generated by Lo (G) and L(G), and Loo(G)VR(G)
denotes the von Neumann algebra generated by Loo(G) and R(G).

Proof. If f € Loo(G) N R(G), then we get

lsf = A(s)"fA(s) = f

for all s € G. This implies that f is a constant function on G and thus shows that L..(G) N R(G) = Cl1.

Taking the commutant, we obtain
B(L2(G)) = (Lo(G) NR(G))" = Leo(G) V L(G).
A similar argument shows that L., (G) N L(G) = C1 and
B(Ly(G)) = (Loo(G) N L(G)) = Leo(G) V R(G).
O

A function f € Lo (G) is said to be left uniformly continuous if the left translation map s € G —
lsf € Loo(G) is continuous. We note that in some books (such as [23]), these functions are called right
uniformly continuous since this definition is equivalent to saying that we have |f(s) — f(t)| < & for st~1
in some neighborhood of e. In this paper, let us stay with the first notion and let LUC(G) denote the

space of all bounded left uniformly continuous functions on G. Then it is easy to see that
Co(G) C LUC(G) C Cu(G).
Since the right regular representation p : G — B(L2(G)) is strong operator continuous, for any a €
B(L2(G)) and &,n € La(G),
Jaen(t) = (p(t)ap(t)"& | m)

defines a bounded left uniformly continuous function on G with || fa.¢5lloe < |lall [|€]] [|7]]. Actually, for all

a € B(L2(G)) with [ja|| < 1, the family of functions {fq ¢} is equi left uniformly continuous, i.e.

(3.8) 1l faen = lefagmlloo =0
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uniformly when s — ¢ in G. For any pu € M(G),

(&,m) € La(G) x Lo(G) — /G<P(t)ap(t)*£ | mdu(t) € C

is a bounded sesquilinear form on Ly(G) X Lo(G) and thus determines a bounded linear operator, which
is denoted by ©,()(a), on La(G) such that

(O, (1) (@)€ | n) = /G (p(t)ap(t)*€ | n)du(t).

We simply write

(3.9) O, (1)(a) = / p(t)ap(t)* di(s).

G
In particular, if we let d; denote the Dirac measure at ¢t we can write

(3.10) ©r(d¢)(a) = p(t)ap(t)".

Then O, is a well-defined weak*-weak™ continuous isometric homomorphism from M (G) into B (B(L2(G)));
moreover, for each p € M(G), ©,(u) is a completely bounded £(G)-bimodule morphism on B(L2(G))
with 0, (1)lles = 10,()ll = |l (see [33]). T f € Loo(G), we have

0, (u)(f) = /G () Fp(t) du(t) = - | € Lool(G).

This shows that O, (1) maps Lo (G) into Lo (G). In particular, if f € LUC(G) (respectively, f € Cy(G)),
then ©,(u)(f) = p- f is contained in LUC(G) (respectively, in Cy(G)). In this case, we can consider the

point evaluation

(3.11) (60,0, (1) () = i~ F(e) = /G F(du(t) = u(f).

Let us use CBZ’(LG";(G) (B(L2(@))) to denote the space of all normal completely bounded £(G)-bimodule

morphisms on B(Ly(G)) which map L (G) into Lo (G), and let us assume that M(G) = Co(G)* is
equipped with the M AX operator space matirx norm. We are now ready to state the following result of

Stgrmer [45], Ghahramani [15], and Neufang (see [32] and [34]) for ©, in the completely isometric form.

Theorem 3.2. The map O, is a weak*-weak* continuous completely isometric isomorphism from M(G)
o, Lo (G
onto CBZ 5 (B(La(G))).

Proof. We only need to show that ©,. is onto and is completely isometric. Suppose that we are given a
map ¢ € CB;;’(L(;;(G)(B(LQ(G))). Then we need to construct a measure p € M(G) such that ©,(u) = P.
We carry out this construction in the following three steps.

Step 1. We claim that ®(1) = al for some a € C. Since ® is Lo, (G)-invariant, we have ®(1) € Lo (G).

Moreover since ® is an £(G)-bimodule morphism, we have
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for all s € G. Tt follows from Lemma 3.1 that ®(1) € Lo(G) N R(G) = C1.
Step 2. Construct a measure p € M(G). Since ¢ € CBZ’(LG?(G)(B(LQ(G))), we have
Ls®(f) = Als)"(f)A(s) = P(A(s)" fA(s)) = (s f)-

This implies that for every f € LUC(G), ®(f) is a bounded left uniformly continuous function on G.
Then, the point evaluation ®(f)(e) = (e, ®(f)) defines a bounded linear functional

f€Co(G)— d(f)(e)eC

on Co(G). By the Riesz representation theorem, we obtain a unique bounded complex-valued measure
1 € M(G) which satisfies u(f) = ®(f)(e).
Step 3. We claim that ©,(u) = ®. For any f € Cy(G), we have

O:(()(s) = [ Fst)dutt) = ult.f) = B(1.)(e)
= As)"@(f)A(s)(e) = 1:2(f)(e) = B(f)(s).
This shows that ©,.(u)(f) = ®(f) for any f € Co(G). Since Cyp(G) is weak™ dense in Lo, (G), the normality
of ©,(p) implies that O, (u) = ® on Lo (G). We also have ©,.(u) = ® on L(G) since for any s € G,
Or(1)(A(s)) = A(8)Or(p)(1) = A(s)@(1)(e) = A(s)B(1) = (A(s))-

Since B(L2(G)) = Loo(G) V L(G), we can conclude that ©,.(u) = ® on B(L2(Q)).

Since M (G) = Co(G)* is equipped with the M AX operator space matrix norm, 0,. is clearly a complete
contraction. For any [u;;] € M,(M(G)) = M,(Co(G)*) = CB(Cy(G), M,,), we can express the matrix
norm of [p;;] as follows:

(3.12) ksl at, ey = sup{llpis (llla, = f € Co(G), | flloe < 13

Then we can conclude from (3.11) and (3.12) that

11O (il = sup{[|[O (i) ()l at, () = f € Co(G), [1flloe <1}
> sup{||[(de, O (1tig) () lIas, + f € Co(G), Iflloe < 1}
= sup{|[[{i; (F)llar, = f € Co(G), I flloe < 1} = [[[pi]l-
This shows that ©, is a completely isometric isomorphism from M (G) onto CB%E=D(B(Lo(G))). O

£(G)

Considering the complex conjugation on M (G), we obtain the following result.

Proposition 3.3. For any u € M(G), we have

O,(1) = 6, (u)".

Therefore, u € M(G) is a real-valued measure if and only if ©,.(11) is a self-adjoint map in CBZ’(LGC’)"(G)(B(LQ(G))).
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Proof. Let u € M(G). For any a € B(L2(G)), we have
©:)(@) = ©,1)(a)" = (| plt)a’p(t)dutt))” = | ptjan(t) ditt) = &) (e).

This shows that i = p if and only if ©,.(u)* = ©,.(u). O
It is worthy to note that ©, does not preserve the anti-automorphic involution on M (G) given by
dyr* (1) = dp(tT) = A~ 'dpld).

With this involution, ©,.(u*) € CBU L°°(G) (B(L2(@))) can be expressed as
0.(1)(@) = [ ot ap(t) A0 dulD.
For each n € N, there is a natural order on M,,(M(G)) given by the positive cone
M, (M(G))" = CB(Co(G), My)*

of all completely positive maps from Cy(G) into M,,. The following proposition shows that ©, also
preserves the matrix orders on M(G) and CBZ(LG?(G) (B(L2(G)))

Proposition 3.4. Given [u;;] € M,(M(G)), the following are equivalent:
(1) [wi5] is positive in M, (M(G))";
(2) [©,(45)] is a completely positive map in CBZ’(LG";’(G) (B(Ly(@)), M,
(3) [On(1ig)]) is a positive map in CBy (5D (B(La(G)), M (B(La2(G)))
Therefore, ©, preserves the matriz orders on M(G) and CBZ(LG) (B(Lg( )))-

(B(L2(G))));
)-

Proof. Tt is easy to verify that (1) = (2) = (3). Let us assume [®;;] = [©,(x;;)] is a positive map in

M, (CBLE D(B(Lo(G))) T = CB;(LC;; N(B(Ls(G)), My, (B(Lo(G))))T. Tt follows from (3.11) that for any

positive function f € Co(G)™,

(15 ()] = [©r (niz) (f)(e)] = [@i5(f)(e)]

is a positive matrix in M,,. Then [u;;] is a positive and thus completely positive map (by Stinespring [44])
from Cy(G) into M,. O

Lemma 3.5. For p € M(G), the following conditions are equivalent:

(1) pe Li(G);
(2) ©,(1) maps Loo(G) into Cp(G).

Proof. (1) = (2). This is well-known. Indeed, if du = gdt with g € L1(G), then for any f € Loo(G) we

have

f (st)g f(sot)g dt‘

lg- f(s) =g f(s0)] /f (s7Y0) — f(B)g(sg ti)dE
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IN

1110 /G l9(s7) — (57 )| d = || flloo /G l9(sLsot) — g(t)] dt

[fllsollts=1509 — glls — 0

whenever s — sg € G. This shows that ©,(¢)(f) =g f € Cu(G).

(2) = (1). If G is a compact group, this is proved in [24, Theorem (35.13)]. However, inspection of the
proof shows that compactness is only needed in order to apply [23, Theorem (8.7)], which holds for all
compactly generated, locally compact groups G. This observation can be used to modify the proof given
for [24, Theorem (35.13)] and obtain our assertion for all locally compact groups G. We shall now outline
this procedure as follows.

Assume towards a contradiction that u ¢ L1(G). Write u = pq + s, where p, is absolutely continuous
and g is singular with respect to the Haar measure. By assumption, we have ps # 0. Without loss of
generality, we may assume ||us|| = 1. Since us € M(G), there is a o-compact set Hy C G with ps(H§) = 0.
Let H; C G be an open o-compact subgroup of G. Define H to be the subgroup of G generated by Hy
and H;. Obviously, H is o-compact and open, since H® # &. Hence, H is an open o-compact subgroup
of G, in particular locally compact in the relative topology.

Denote by Ay the restriction to H of our fixed left Haar measure, which defines a left Haar measure
on H. Define y’ = ps|y. Of course, we still have ||| = 1, in particular p’ # 0. Furthermore, it is easy
to see that u' is singular with respect to A. We can now, in order to finish the argument, follow the
proof of [24, Theorem (35.13)] with the group G replaced by our H and the measure v replaced by our p’
(using, as mentioned above, [23, Theorem (8.7)] for the compactly generated group H). O

As a consequence of Lemma 3.5, we can obtain the following theorem, which characterizes the image

space of ©,(L1(G)) in CBZ ) (B(L2(G)))-

Theorem 3.6. We have

O,(L1 (@) = CBE & D (B(Lo (@)

where CBZ’((é;’C(G)’Cb(G))(B(LQ(G))) denotes the space of all normal completely bounded L(G)-bimodule
morphisms which map Lo (G) into Cp(G).

Remark 3.7. It is known from abstract harmonic analysis that there is a (completely) isometric injection
M(G) — LUC(G)".

Neufang proved in [33] that the map O, can be extended to a (completely) isometric homomorphism ©,.

from LUC(G)* into By (B(L2(G))) so that

©,(M(G)) = ©,.(LUC(G)") N CB” (B(L2(G)))-
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However, it is still left open whether the map ©,. is onto CBZE"&()G )(B(LQ(G))) for general locally compact

groups. The difficulty is of course the missing of the normality for maps in CBZ‘(XC’;()G )(B(Lg (@))). The
techniques used in the proof of Theorem 3.2 fail in this case. In the special case when G is a compact
group, this is true since every continuous function on G is bounded and uniformly continuous and thus

M(G) = LUC(G)*. Tt follows from (2.3) that
(3.13) O.(LUC(G)*) = 0,(M(G)) = CBLE= D (B(L,(G))) = eBL D (B(Lo(G))).
r r £(@) 2 £(G) 2
4. REPRESENTATION OF M, A(G)

We let A(G) denote the Fourier algebra of G, which consists of all coefficient functions

(4.1) P(s) = (As)E [ )

of the left regular representation A. It was shown by Eymard [14] that A(G) with the pointwise multipli-

cation and norm
¥l ay = mt{[[EHInl = (s) = (A(s)E | m)}

is a commutative Banach algebra. Moreover, A(G) can be isometrically identified with the predual L(G).
of £(G) and thus has a canonical operator space matrix norm with which A(G) is a completely contractive
Banach algebra (see [39]). The multiplication on A(G) induces a commutative completely contractive
A(G)-bimodule structure (w - x, ') = (x, W’ - w) on L(G).

A function ¢ : G — C is called a multiplier of A(G) if the induced (pointwise) multiplication map

me () = @

maps A(G) into A(G). It is known that m, is automatically bounded on A(G). A multiplier ¢ is
completely bounded if |[mylle < 00. We let M, A(G) denote the space of all completely bounded
multipliers of A(G). Then M A(G) is a completely contractive Banach subalgebra of CB(A(G)). The
complex conjugation on M., A(G) corresponds to the involution on CB(A(G)). Taking the Banach space
dual, we obtain the completely isometric, but anti-isomorphic identification CB(A(G)) = CB° (L(G)) such
that ¢ € M A(G) if and only if the adjoint map

M, = (my)" : A(s) € L(G) — p(s)A(s) € L(G)

is a weak* continuous completely bounded map on £(G). This provides us with a completely isometri-
cally isomorphic identification of M A(G) with the subalgebra CBY% ¢ (L£(G))) of all weak™ continuous
completely bounded A(G)-bimodule maps on £(G), and thus induces a natural matrix order on M, A(G)

given by the positive cones

M, (Mo A(G)) " = {[pi;] € My (M A(G)) such that [M,,,] : £L(G) into M, (L(G)) is completely positive}.
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Using a (unpublished) result of Gilbert [18], Bozejko and Fendler [4] showed that M., A(G) is isomet-
rically isomorphic to B2(G), the space of all Herz-Schur multipliers on G. This shows that a function
¢ : G — Cis contained in M, A(G) with |¢|[ar,, a(q) < 1 if and only if there exist a Hilbert space H and

two bounded continuous maps &,n : G — H such that

(4.2) p(s™1t) = (n(t) | £(s)) = &(s)*n(t)
and

sup{[[£(s)[|} sup{lIn(t)[[a} < 1.

If we replace £(s) and n(t) by £(s) = £(s~1) and 7(t) = n(t "), then (4.2) can be expressed as

(4.3) p(st™) = (it) | €(s)) = E(s)" ().

In this case, we have the same norm control

sup{[|(s)llz } sup{[ln(t)]lm} < 1.

Haagerup gave a complete argument (including a proof of Gilbert’s result) in [21, Appendix] and Jolissaint
[26] provided a very short elegant proof of this result by using the representation theorem for completely
bounded maps. The matricial form of (4.3) for discrete groups can be found in Pisier [37, Theorem 8.3].
Spronk showed in [43, Theorem 5.3] that such a matrical form still holds for general locally compact groups.
We state their result in the following lemma, which can be proved by simply applying Jolissaint’s represen-
tation argument to the normal completely bounded map [M,,.] : L(G) — M, (L(G)) € M, (B(L2(G))).

Lemma 4.1. Let ¢;; : G — C be functions on G with 1 <14,j <n. The following are equivalent:

(1) lpi;] € Mp(Ma A(G)) with [|[@;]l|ar, (v i)y <15
(2) there exist a Hilbert space H and bounded continuous maps &,n; : G — H such that

[ (st™)] = [(m; (8) | &:(s))] = [€:()™n; ()]

and

sup{||[€1(s) - - &n ()]l cr,ay y sup{l[ma (8) - - - (D]l Bcr iy } < 1.
Moreover, [pi;] € Mp(MpA(G))T if and only if we can choose n; = &; for all j=1---n.

In all of these cases, the functions @;; are automatically continuous.

A map £ : G — H is called weakly continuous if s € G — (£(s) | ) = n*&(s) is continuous for all
n € H. A continuous Schur multiplier is a function u : G X G — C such that there exist a Hilbert space

and bounded weakly continuous maps £,n: G — H with

u(s, t) = (n(t) | £(s)) = & (s)n(t).
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Given a function ¢ : G — C, we let u, : G X G — C denote the function defined by

wg(s,1) = (st ™).

Lemma 4.1 shows that for every ¢ € My, A(G), uy, is a continuous Schur multiplier. Let V?(G) denote the
space of all continuous Schur multipliers on G x G. Then V°(G) has a canonical operator space matrix

norm given by

il sz, (veey) = mt{sup{ll[§1(s) - - En ()l by} sup{l[m(8) - - 1 (D]l B 1)} 5

where the infimum is taken over all representations [u;;(s,t)] = [£;(s)n;(t)]. It was shown by Spronk [43,
Proposition 3.6] that we may completely isometrically identify V?(G) with Cy(G) @°" Cy(G). To see this,
let us assume that [u;;] is a matrix element in M, (V*(G)) with norm |[[ui;]llar, (vo(c)) < 1. Then there

exist bounded weakly continuous maps &;,7; : G — H such that

[wij(s,t)] = [§] (s)n;(t)]
and
sup{|[[€1(s) - - - &n ()]l Bcm, 1) } sup{Il[m () - - - ()]l B(Cm 1)} < 1.

We may fix an orthonormal basis {hy }es for the Hilbert space H and thus identify H with ¢5(7). In this

case the identity operator 1z on H can be expressed as 1y = Y, . hp ® hj. Let us define

vik(s) = (hi | &i(s)) = & (s)hy, and w; (t) = (1 (t) | he) = hin; (1)

These are continuous functions in Cy(G) such that [v;] € M, 1(Cy(G)) and [wy;] € M7 ,(Cyp(G)) with

ikl a1, 1 o)) = sup{l€1(s) - - &n ()] | Bear),cmy } = sup{l|[€1(5) -+~ €n ()]l B(cn, iy }
and

wislasr o cniayy = supdll[mi(t) - ma O]l scr o))} = supill[m(t) - (O]l scn m) }-
It follows that we can express
(4.4) (i) = [vir] © [wi] € My (C(G) @ Co(G))

with norm ||[wi;]l|ar, (¢, (@)@er 0y (q)) < 1. We note that the expression of [u;;] in (4.4) is well-defined and is
independent of the choice of an orthonormal basis {hj }rer. The converse is obvious since we may simply
take H = M1 = lo(I).

Motivated by this, Spronk also considered measurable Schur multipliers in [42] by letting

V®(G,m) = Loo(G) @°" Lo (G),
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i.e., a function u : G X G — C is a measurable Schur multiplier if and only if v can be identified with
an element in Lo (G) @ Lo (G). The advantage of this approach is that we may apply the completely

isometric isomorphism
T:u € Loo(G) " Loo(G) — T(u) € CBT () (B(L2(G)))
defined in (2.5).
A continuous (respectively, measurable) Schur multiplier u is right invariant if for every g € G,
rqeu(s,t) = u(sg,tg) = u(s,t)

for all (s,t) € G x G (respectively, for almost every (s,t) € G x G). It is easy to see that for any
(G) and V&2 (G, m)

denote the spaces of all right invariant continuous Schur multipliers and right invariant measurable Schur

¢ € MypA(G), the corresponding Schur multiplier u, is right invariant. If we let Vb

mv inv (

multipliers on G x G, respectively, we obtain the following result, in which the equivalence of (1), (2) and
(2’) has been observed by Spronk [43, Theorem 5.3]. We provide a very different, but much simpler proof

here.

Theorem 4.2. Let uj; € V(G,m) = Loo(G) @ Loo(G) with 1 < i,5 < n. Then the following are
equivalent:
(1) there exists

[pij] € Mn(MaA(G)) such that ||[wislllar, (v ac)) <1 and [ui] = [ug,;];
(2) [uis] € My (V,

) o (@) with [[fuggllar, (ve )y <1
(2)) [ui] € M (VS (G,m)) with [[[wis)|ar, (v (@) < 1
(3) [T(uij)] € Mo (CBEC) (B(La(G)))) with ||[T (wi)llen < 1.

Proof. (1) = (2) is an immediate consequence of Lemma 4.1 and (2) = (2’) is obvious since we have the

completely isometric injections

Cy(G) @ Cy(G) — Loo(G) @ Loo(G) and thus V2

mv

(G) = Vie (G, m).

mv

(2’) = (3) Let us assume that [u;;] = [Y,c; vik ® wi;] is a contractive element in M, (V22 (G, m)).

Then T, ([ui;]) = [T'(us5)] is a normal completely contractive Lo, (G)-bimodule morphism contained in
My (CB] _ ()(B(L2(G)))). For any s € G and [(;] € L2(G)", we have

[T'(ui; ) (A(s))] [Cj](t)Z[Z(UiM( $)wi;G)( ] [va Jwiej (sH)¢i (s71)

kel kel
= [uij (t, sTHN(S)G) (1)) = [uij (s, €)A(5)¢] (B).

This shows that T),([ui;])(A(s)) = [uij(s,e)A(s)] € M,(L(G)). By the normality of T, ([u;;]), we can

conclude that T, ([u;]) maps £(G) into M, (£(G)). Therefore, T, ([us;]) € (CB":(gg (B(La(Q)))).
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(3) = (1) Let us assume (3). Since T'is a complete isometry from L, (G)®°" Lo (G) onto CBT () (B(L2(G))),
we may assume that [u;;] = [,/ vik ® wg;] is a contractive element in M, (Lo (G) ®" Lo (G)). As we

calculated above,

[T'(uij)(A(s))] =

Zvik/\(s)w’”} = [Z Vi (lslwkj)/\(s)]

kel kel
for any s € G. Since ), vik (ls-1wij) € Loo(G) and ), vik (ls—1wiy) = T'(uiz)(A(s))A(s)* € L(G),
we can conclude from Lemma 3.1 that ), _; vix (I;-1wy;) are scalar multiples of identity contained in

L(G)N L(G) = C1. We let ¢;; : G — C be functions determined by
(4.5) D vk (le1wig) = @i (s)1.
kel

Then these functions ;; satisfy
[T (uiz)(A(5))] = [ (s)A(s)).
Since T'(u;;), restricted to £(G), is a normal completely bounded map on £(G), its preadjoint determines
a completely bounded map on A(G). Therefore, ¢;; defines a completely bounded multiplier on A(G)
such that T'(ui;)|c(a) = My, It follows from (4.5) that we have
wij(s,8) = Y vik(s) wii (8) = Y vik(s) (les—1wij) (s) = i (st ™).
kel kel

This completes the proof. O

Theorem 4.3. We have the completely isometric isomorphisms

(4.6) M A(G) 2 VE (G) 2 Vi (G,m) = CBTEE) (B(Lx(G))),

which preserve the natural involutions and matrixz orders on these completely contractive Banach algebras.

In particular, we may completely identify M, A(G) with CBz’i((g%(B(LQ(G))) via the map © given by

O(p) = T'(u)-
Proof. Let us first note that for any [®,;] € Mn(CBii((g;(B(LQ(G)))) C M,u(CB] () (B(L2(G)))), there
exists [ui;] = [Ypes vik @ wij| € My(Loo(G) ®" Lo (G)) such that [®;;] = [T'(u;;)]. Then we may apply
Lemma 4.1 and Theorem 4.2 to obtain the result. O

It is known from work of Haagerup and Kraus [22] that M A(G) is a dual space with a predual
Q(G), which is the completion of L;(G) under the norm induced from M, A(G)*, i.e., we may define the
Q(G)-norm

Ifllowe = sup{‘/cf(t)w(t)dt’ e € MayA(G), [[@llar,ac) < 1}
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for any f € L1(G). We may obtain a canonical operator space matrix norm on Q(G) such that M, A(G)
is completely isometric to the operator dual of Q(G) (see Kraus and Ruan [27]). Since the co-involution

K1 f € Loo(G) — f € Loo(G) is a normal unital *-isomorphism on L, (G), its preadjoint

k() (1) = FETHAET)

defines an isometric anti-isomorphism on L;(G). Let m denote the convolution multiplication on the

convolution algebra Lq(G). The following is similar to a result of Spronk [43, Theorem 6.5].
Proposition 4.4. The map
o(ld®k4): f®g € L1(G)® L1(G) — f*ki(g) € L1(Q)
extends to a complete quotient map, which is denoted by Miqsyx., , from Li(G) @" L1(G) onto Q(G).
Proof. Let us first recall (from the discussion above) that
Ty = T 100 :pe MyAG) — Uy € Loo(G) @M Loo (G)

defines a completely isometric injection from M A(G) into Lo (G) @°" Loo(G). For any ¢ € M4 A(G)
and f,h € L1(G), we have

(¢, mo (Id® k) (f ® h)) / /f )k (h) (s t)dsdt

:/ / o(t)f(s)h(t1s)A(t™s)dsdt
/ / ©o(sg™ 1) f(s)h(g)dsdg (with g =t 's)
= (up, f@ h) = (T (p), [ ® h).

This shows that m o (id ® k) is equal to F%|L1(G)®L1(G), the restriction of Iy to Li(G) ® L1(G), and
thus extends to a complete quotient map from L;(G) ®" L;(G) onto Q(G). O

Theorem 4.5. © is a weak*-weak* continuous completely isometric isomorphism from MpA(G) onto

CBY A0 (B(La(G))).

Proof. From Proposition 4.4, we see that I'g is just the adjoint of m;qg., and thus is weak*-weak™
continuous from M A(G) into Lo (G) @ Loo(G). Since T is a weak*-weak® continuous completely
isometric isomorphism from L., (G)®*" L, (G) onto CB7 __(c)(B(L2(G))), we can conclude that 6= Tolg
is a weak*-weak* continuous completely isometric isomorphism from M., A(G) onto CBY’ E(g;(B (Lo(@))).

O
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We have seen from Theorem 3.2 and Theorem 4.5 that M(G) and M, A(G)) can be completely iso-
metrically identified as the completely contractive Banach algebras ©,.(M(G)) = CBZ’(LG?)"(G) (B(L2(G)))
and O(M4A(G)) = CBziEg)) (B(L2(G))) on B(L2(@G)), respectively. Moreover, we may easily obtain the
following result.

Corollary 4.6. We have ©,(M(G)) N O(M4,A(G)) = Cidp(r,(a))-

Proof. Let ® € ©,(M(G)) NO(M,4A(G)). We have

for all 2 € B(L2(G)). Therefore, ® is a scalar multiple of idpg(r,(q))- O

Let C*(G) denote the full group C*-algebra of G and B(G) = C*(G)* the Fourier-Stieltjes algebra of
G. The (non-degenerate) universal representation m, : L1(G) — C*(G) induces a complete contraction
from Q(G) into C*(G). The adjoint map (m,)* of m, is exactly the canonical inclusion of B(G) into
M A(G). Tt is known (see Bozejko [3] and Losert [30]) that a locally compact group G is amenable if
and only if M A(G) = B(G) (or equivalently, Q(G) = C*(G) = C5(G)). Then the following corollary is

an immediate consequence of Proposition 4.4, which extends the result of Pisier [36] for discrete groups.

Corollary 4.7. A locally compact group G is amenable if and only if m, 0 Myyz,, defines a complete
quotient map from L1(G) @" L1(G) onto C*(G) (or equivalently, X\ omiqg., = Magror defines a complete
quotient map from L1(G)®" L1(G) onto C3(G), where £ is the co-involution #(A(s)) = A(s™1) on C3(@Q)).

We note that the right regular representation p is unitarily equivalent to the left regular representation

A. More precisely, there exists a self-adjoint unitary operator V on Ly(G) defined by
VE(s) = E(s7 AT

such that p(s) = V*A(s)V. Using this unitary equivalence, we may completely isometrically identify
R(G) with £(G) and thus completely isometrically identify the operator predual R(G). of R(G) with
the Fourier algebra A(G). Recall that T : R(G) ®°" R(G) — CBZ () (B(L2(G))), defined in (2.5), is a

completely isometric isomorphism. Then
Fo () =T 00,() = | ) pl0) dut

defines a weak*-weak* continuous completely isometric homomorphism I'g, from M(G) into R(G) ®°"

R(G). We may obtain the following duality result to Proposition 4.4.
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Proposition 4.8. The preadjoint of I'e, determines a complete quotient map

Mugro, : 9 ® 1 € A(G) &" A(G) = @i € Co(G)
from A(G) @" A(G) onto Cy(G).

Proof. Since Cy(G) is a commutative C*-algebra, the canonical inclusion ¢ : A(G) — Cy(G) and the

co-involution &, restricted to Cy(G), are complete contractions. Then
mo(L®kol): e € AG) ®" A(G) — i € Co(G)

extends to a complete contraction m,g.o, from A(G) @" A(G) into Co(G). It is routine to verify that
Mygro. = (Lo, )«. Therefore, this map is a complete quotient map from A(G) ®" A(G) onto Cy(G). O

Remark 4.9. In Theorem 3.6, we characterized the image space ©,.(L1(G)) in CBZq)(B(L2(G))). It
is an intriguing question to ask whether we can obtain an analogous characterization for é(A(G)) in
CB7 __(c)(B(L2(G))). To consider this question, we need to assume G to be an amenable group. This
allows us to completely isometrically identify A(G) with a norm closed ideal in B(G) = M A(G). Since
Cy(G) = MCy(G) is the multiplier C*-algebra of Cy(G), it is natural to conjecture that we have

OA(G) =B ) M D BLa(6)),

where M C5(G) is the multiplier C*-algebra of the reduced group C*-algebra C5(G).

5. COMMUTANT THEOREMS

It is known from Theorem 3.2 that we have ©,.(M(G)) = CBZ’(%?)O(G)(B(LQ(G))). The following theorem

shows that this space can be identified with the commutant of ©(MgA(G)) in CBZ () (B(L2(G))).

Theorem 5.1. We have
0, (M(G)) = O(MuA(G))" NCBZ (6 (B(L2(G))).

Proof. Let us first show that for every p € M(G), ©,(u) is contained in O(Mu4A(G))¢ = T(VieS (G, m))e.

mv

Given any u =), ;v @ wy € Vioo (G, m), we have

inv

0T (w)(@) = [ plt) (kak> pleyaut) = | (Zpu)vkaww(w*) du()

kel kel

= /G (Z(Ttvk)(P(t)ap(t)*)(ﬁwk)> du(t) =) (rior) (/G(P(t)ap(t)*)du(t)> (rews)

kel kel
= T(rew)(0,(n)(a) = T(u)(Or(1)(a))

for all a € B(Ly(G)). This shows that ©,(M(G)) C O(M4,A(G))¢ N CBZ () (B(L2(G))).
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Now let us assume that @ is a map contained in O(MqA(G))° N CBZ(cy(B(L2(G))). We claim that
D(f) € Loo(G) for all f € Loo(G). To see this, let us first fix an orthonormal basis {h}rer of Lo(G). For
any &,n € La(G), ¥(s) = £*A(s)n is an element in A(G) C M, A(G) and we can write

Uqy = ka & wg € LOO(G) ®8h LOO(G)
kel

with vy (s) = £*A(s)hy and wi(t) = hiA(t™1)n. For any f € Loo(G) and s,t € G, we have

p(8)T (uy ) (F)p(t) = p(s) <Z kawk> p(t) =Y (reve) (rof) (rew)p = W(e)p

kel kel kel

This implies that
(5.1) 2T (uy)(f)y = Y(e)zfy

for all z,y € R(G). Since ¢ € CBZ(¢)(B(L2(G))), there exists z = >, ;7; ® y; € R(G) ®°" R(G) such
that

= Z Tjay;

for all a € B(Ly(G)). It follows from (5.1) that -

(5.2) (T (uy)(f)) = ;ij(uw)(f)yj = 1(e)2(f)-

In particular, if we let ¥ (s) = hiA(s)hy the:l

(5.3)  Yik(e)@(f) = D(T(uy,,)(f) = T(uy,) ;wm Pk = [hi ;] (11 @ @(f))[AFA" ).

We may regard
A=[ir] : 5 € G = [Yir(s)] = [hi A(s)hi] € M;(C)

as an element in M;(Cy(G)). Then A defined by

A(s) = [P(s™H)] = [hiA(s™ )]
is also an element in M;(Cy(G)) such that

M=1;®1=I\e M(Cy(Q)).
Since ik (e) = d;x, we can conclude from (5.3) that

11 @ ®(f) = [Yir(e)(f)] = [BiA3] (11 @ @(f)) [N hie] = A(1r @ @(f))M.
This shows that
A1 @ ®(f)) = (17 @ ©(f))A.
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Using the orthonormal basis {hy}rer, we may express elements £ and n € Lo(G) by scalar vectors [cv]
and [Bx] in £(I), i.e. we can write § =), ., axhy and n =}, ; Brhi. Then we can write
W(s) = €N = Y @hiMs)h;fj = Y aithij(s)5;.
ijel ijel

From this we can conclude that

$@(f) = [l A1y © @(f))[9;] = [au](1r @ D(f))AIB;] = S(f)y-

This shows that ®(f) commutes with all functions in A(G) and thus commutes with all functions in
s.0.t

L (G) = A(G) C B(l2(G)). Therefore, ®(f) is contained in Lo(G) = Loo(G). O
Correspondingly, we may obtain the following theorem which shows that é(Mch(G)) can be identified
with the commutant of ©,(M(G)) in CB]__ (¢ (B(L2(G))).

Theorem 5.2. We have

O(MaA(G)) = 6,(M(G)) NCBL_ () (B(L2(G)))-
Proof. Let us consider T(V,22(G,m)). Since T is a completely isometric isomorphism from Lo, (G) ®°"
Loo(G) onto CBY _(q)(B(L2(@))), it suffices to show that an element u = Y3, ., vi @ wi € Loo(G) @
L+ (G) is contained in V22 (G, m) if and only if T'(u) 0 ©,(p) = O,(u) o T'(u) for all p € M(G). Let us

first consider the Dirac measures d;. Given any a € B(L2(G)), we have

T(u)(©,(8:)(a) = D vkp(t)ap(t) wp =Y p(t)(ri-1v)a(re-rwi)p(t)* = O,(8)(T(ri-1u)(a)).

kel kel

Hence u € V22 (G, m) if and only if T'(u) 0 ©,.(6;) = 0,.(6;) o T'(u) for all t € G. Moreover, since

@)r(u)(a):/Gﬂ(t)ap(t)*du(t):/G@)r(t?t)(a)dﬂ(t)

and T'(u) is a normal map, we can conclude that v € V22 (G, m) if and only if T'(u) 0 ©,. (1) = O, (p) o T'(w)
for all p € M(G). O
Remark 5.3. Let O, : LUC(G)* — CBE"(’;()G) (L2(G))) be the completely isometric homomorphism
discussed in Remark 3.7. It was shown by Neufang [32, Theorem 3.5.3] that, for non-compact, second

countable groups G, the commutant of ©,(LUC(G)*) in CB(B(L2(G))) is contained in CB? (B(Ly(G))).
Then we can easily conclude from Theorem 5.2 that in this case,

O(M4A(G)) = 6,(LUC(G)")* N CBy_ e (B(L(G))).

Theorem 5.4. We have

O(MaA(G)) = O(MaA(G))™
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or equivalently,
CBIEE) (B(La(@)) = CBYE(E) (B(La(G)))™
Proof. Combining Theorem 4.3 and Theorem 5.2, we obtain

CB7 (G (B(Lo(@)) = (©-(M(G)* N CBY ) (B(L2(G))) ) -

Taking the double commutant, we get

CB (G (B(L2(G))*

e 0,(M(G))* NCBY,_ () (BL2(G)))

N

Or(M(G))* = O,(M(G))*.
Moreover, we have

B (B(La(G)))* € CBY_ ) (B(La(G)))™ = CBY_ () (B(L2(G))

by (2.9). The above argument shows that

CBTEE (B(La(G)))* € ©,(M(G))* NCBY_ (6 (B(La(G))) = CBE(C) (B(La(G))).

This completes the proof. O

Similarly, we can apply Theorem 3.2 and Theorem 5.1 to obtain the following double commutant
theorem, which was first proved in Neufang [32] by using a different argument (in a more general setting).

We leave the details to the reader.

Theorem 5.5. We have
0, (M(G)) = 6,(M(G))*
or equivalently,

CB6 V (BLa(@)) = B (B(La(@))) .

Remark 5.6. As we discussed in (1.1), there is an isometric isomorphism @ from the measure M (G)
into the space B(Lo(G)) of all bounded maps on Lo (G). Restricting ® to L;(G), Ghahramani and
Lau proved in [16, Theorem 5.1] that the bicommutant of ®(L1(G)) in B(Lw(G)) is equal to ®(M(G)).

Motivated by this result, it is natural to conjecture that
Or(L1(G))* = 6, (M(G)).
Since O,.(L1(G)) C ©,.(M(G)), it follows from Theorem 5.5 that

Or(L1(G))* € 6,(M(G))* = ©,(M(G)).



24 MATTHIAS NEUFANG!, ZHONG-JIN RUAN?, AND NICO SPRONK?

However, we cannot prove the equality at this moment. Considering the duality, it is also natural to

conjecture that for amenable groups G, we have

O(A(G))* = O(M4A(G)).

6. REPRESENTATION OF UCB(G)*

Let us first recall from §4 that there is a commutative completely contractive A(G)-bimodule structure

on L(G) given by (w-z, ') = (z, v -w). Welet A(G)-L(G) ={w-z: we A(G),z € L(G)} and we define

UCB(G) to be the norm closure of A(G)-L(G) in £L(G). Then UCB(G) is a linear subspace of L(G) (see

[19, footnote (2) on page 373]) and elements in UCB(G) are called bounded uniformly continuous linear
functionals on G. Moreover, it was shown by Lau [29] that UCB(Q) is a C*-subalgebra of £(G), which

contains the reduced group C*-algebra C5(G), and we have UCB(G) = C5(G) when G is a discrete group.
In particular, if G is an amenable group, A(G) - £(G) is automatically norm closed in £(G) and we have
the equality UCB(G) = A(G) - L(G) (see [19]).

The dual space UCB(G)* is a Banach algebra with the multiplication given by
(6.1) (momn, z) = (m, nox)
for m,n € UCB(G)* and & € UCB(Q), where n o x defined by

(6.2) noz,w)=(Mn,w-z) (YweAQ))

is an operator contained in UCB(G). Since we need to use the right action w-z = (id®w)I'(x) on UCB(G)
(especially, later on in Lemma 6.1 and Theorem 6.2), we use this diamond product ¢ to distinguish it
from the first Arens’ product o defined by the left action - w = (w ® id)['(x). Given any n € UCB(G)*,
there exists a norm preserving extension 1 € £(G)*. We may find a net of elements n, € A(G) such that
[nall < ||In|| and nq(z) — A(z) for all € £(G). It follows that ny(z) — n(x) for all z € UCB(G). If m

is another element in UCB(G)*, we let mg € A(G) such that mg(x) — m(x) for all x € UCB(G). Then

we can write (6.1) as
(6.3) (mon, x)y ={(mnox)= lién<mg, noxy = lién<n, mg - x) = limlim(n, - mg, x).
On the other hand, the first Arens’ product m o n can be expressed as

(mon, zy=(m,nozx) = 1i}3n<m5, nox)= lién<n, T omg) = liénlién@ng ‘Mg, T).

Since A(G) is a commutative Banach algebra, we atually have m ¢ n = mon for m,n € UCB(G)*.
However, the two multiplications are different on A** for general non-commutative completely contractive

Banach algebras A.
From (6.3), it is easy to see that UCB(G)* with the canonical dual operator space structure is a

completely contractive Banach algebra. In general, UCB(G)* is not necessarily commutative since Lau
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has proved in [29, Theorem 5.5] that for any amenable group G, UCB(G)* is commutative if and only if
G is discrete. If G is an amenable group, then M, A(G) = B(G) is completely isometrically isomorphic
to a Banach subalgebra of UCB(G)* and UCB(G)* acts naturally as the duality of LUC(G)*. Our goal
of this section is to study the representation theorem for UCB(G)*.

To do this, we need to recall some useful notions from Kac algebras (see [13] for details). It is known
from the theory of Kac algebras that for any locally compact group G, there is an important fundamental
unitary operator W on Lyo(G X G) defined by W((s,t) = ((s, st) for all ¢ € Ly(G x G). The operator W

is contained in L. (G)®L(G) and satisfies the pentagonal relation
(6.4) WasWisWia = WioWas,

where we let Wis = W ® 1, Waz = 1@ W and Wiz = (0 ® 1)Was(o ® 1), and we let o be the flip map
a((s,t) = ((t,s) on Ly(G x G). Given any f € L1(G), we can write

Af) = {f @id, W*) and  &(A(f)) = (f ©@id, W)

by using the right slice map (f ® id,x ® y) = f(x)y from Lo (G)RL(G) into L(G) induced by f.
We denote by W = ¢W*o the dual fundamental unitary operator of W. Then W also satisfies the

pentagonal relation (6.4) and we may define a normal unital completely isometric *-homomorphism
(6.5) Nax)=WAl®x)W*

from B(Ly(@G)) into B(Ly(G))®B(Ly(G)). The pentagonal relation implies that T' is co-associative, i.e., it

satisfies
(6.6) T ®id)ol = (id®T)ol.
The preadjoint of I' defines an associative completely contractive multiplication
(6.7) mp =Ly T(La(@)) x T(La(G)) — T(La(@))
on 7 (L2(G)) = B(L2(G))«. This also determines a completely contractive 7 (Lo(G))-bimodule action
w-zr=(idow[(z)) and 2w = (w®id,T'(z))
on B(Ly(@)). If we restrict T' to £(G), we obtain the co-multiplication
L(A(s) = A(s) ® A(s)

on £(G) and my induces the completely contractive multiplication on A(G).

Lemma 6.1. Let G be an amenable group. For anyw € T (L2(G)) and x € B(L2(Q)), w-x is an operator

contained in UCB(G).
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(1) The map

S:wezeT(LyG))®B(Ly(G)) = w-z = (id®w,T(z)) € UCB(G)

extends to a complete quotient from the operator projective tensor product T (La(G))@B(Lo(G))

onto UCB(G).

(2) The corresponding map

See) w®z € AG) @ L(G) — w -z = (id®ow,I'(z)) € UCB(G)

extends to a complete quotient from the operator projective tensor product A(G)RL(G) onto

UCB(&).

Proof. Let us first prove (1). Assume that w = wg ,, such that ¢ and 7 are vectors in C,(G) C Lo(G) with

supports contained in a compact, symmetric set C'. Since G is an amenable group, there exists a net of

non-empty compact sets K, such that

t) — t)| dt -1K . AK,
(6.8) / XK. (st) = XK. (D] dE_ pals ) 0
uniformly for s € C. Then £ = L Xk, is a net of unit vectors in Ly(G) such that

pe(Ka)2

/ Ealst)Ent)dt — 1
G

uniformly for s € C by (6.8), and thus

IW*(fa ©€) = (a@EIIP = [W(E® &) = (€@ E&)I* =2[€]° = 2Re ((W(E @ &) | (E®Ea)))

—21el —2ne ([ 160 ( [ eatsnia(var) as)
=2l =2 [ 166 ([ alsngatoar) as) —o

This shows that

(6.9)

W (€0 ®&) — ((a®&)]| — 0.

Similarly, we can prove that

(6.10)

IW* (& ®n) = (Ea@n)|* — 0.

Let 2 be an arbitrary operator in B(Lz(G)). Since W € £(G)&Loo(G), it is easy to see that

a=wey T = WQARz)W*(id®¢) | (idon))

is an operator contained in £(G). Using the pentagonal rule, we can write

W, g ra=(WARQW*(id® &) | (id® &)
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= (WiaWosWih(1 ® 1 @ 2)Wia Wi Wih (id ® &a @ €) | (id ® & @ 1))

= (WasWi3(1 @1 @ 2)WisWis(id @ &, @ €) | (id @ €4 @ 1)),
which clearly converges to

a=(Wlea)W (ido¢) | (idon) = Wi31elezr)Wiide &, ®¢) | (id® & @n))

in norm by (6.9) and (6.10). This shows that a = we, -z € UCB(G). Since C.(G) is norm dense in
La(@), we get we, -z € UCB(Q) for all £,1 € Ly(G) and = € B(La(G)). Moreover, since every w in
T (L2(@)) can be expressed as a norm convergent series w = > -, we, . in T (L2(G)), we can conclude

that w -z € UCB(G).

It is easy to see that the map
S:wezeT(LyG))®B(Ly(G)) = w-z = (id®w,I(z)) € UCB(G)

extends to a complete contraction from 7 (Ly(G))&B(L2(G)) into UCB(G). Moreover, for each n € N,
M, (UCB(G)) is a commutative completely contractive A(G)-bimodule with the module structure given
by w - [z;;] = [w - z4]. Using Herz’s idea (see [19, footnote (2) on page 373]), it is easy to show that
A(G) - M, (UCB(G)) = M,(UCB(G)). For any [z;;] € M, (UCB(G)) with ||[z]]| < 1, we may apply
Cohen’s factorization theorem (since A(G) has a contractive approximate identity) to find w € A(G) with

lw|| < 1 and [Z;;] € M,,(UCB(G)) with [|[Z;;]]] < 1 such that
[23;] = w - [Z45] = [S(w ® Tij)].

This shows that S is a complete quotient map from 7 (Lo (G))&B(L2(G)) onto UCB(G).
To see (2), it is obvious (from the definition) that

See) w®z € AG)® L(G) — w -z = (idow,['(z)) € UCB(G)

extends to a complete contraction from the operator projective tensor product A(G)&L(G) into UCB(G).
The complete quotient property can be proved by using the same argument as the one given at the end

of the above proof. O

In the rest of this section, let us assume that GG is an amenable group. By Lemma 6.1, we may always

apply n € UCB(G)* to w - z for any w € T(L2(G)) and z € B(Ly(G)). Then, for any n € UCB(G)* and

x € B(L2(G)), we may obtain a bounded linear operator, which is denoted by ©(n)(z), in B(L2(G)) such
that

(6.01)  (O()()€ | 1) = (1, wey - ) = lin{n, wey - 2) = lim{ig @ wey, D)) = limng - we,, 2),
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where the module action ny - we,, € T(L2(G)) of A(G) on T (L2(G)) is induced by the co-multiplication
. If we let {hy}rer be an orthonormal basis of Ly(G), then we may identify Lo(G) with £5(I) and may
write

(612)  Om)(x) = [nOm) @] = [(©m) @) | h)] = [0 @, D @) = (@ id ().

It is easy to see that for each n € UCB(G)*, é(n) is a completely bounded linear map on B(L2(G))
with |6(n)|s < ||n/|, and it follows from the definition that © is equal to the adjoint of S. Then we can
conclude from Lemma 6.1 that O is a weak*-weak* continuous complete isometry from UCB (G’)* into
CB(B(Ly(G))). Let CBEE)?()C;)(B(LQ(G))) denote the space of all completely bounded L., (G)-bimodule
morphisms which map £(G) into £(G). We now obtain the following completely isometric representation

theorem for UC'B(G)*, which can be regarded as the dual result to Neufang’s representation theorem [33]
indicated in Remark 3.7.

Theorem 6.2. Let G be an amenable group. Then © is a weak*-weak* completely isometric homomor-

phism from U~C'B(é)* into CBE;G()C;) (B(L2(G))) such that (z)|Mch(G) =0.
Moreover, © preserves the natural involutions and matriz orders on UCB(G)* and CBELG()G)(B(LQ(G))).

Proof. Let us first show that 6 is an algebraic homomorphism from UCB(G)* into CB(B(Ly(G))). Sup-

pose that we are given m,n € UCB(G)*. Then for any x € B(L2(G)) and &,n € La(G),
(O(mon) (@) | m) = (mon, wey-a) = (mon, (id®we,, ()
= lién lim(n, ® mg @ we ,, ([ ®id)0(z)) = lién lim(ng - mg - we y, ).
On the other hand,

(O (m)(

Dn

()@)€ | ) = (m, wes - O)(@)) = lin{ms @ e, (O(n)(2) = lin(ms - e, S(m)(2)
= tim{n, (mg - we,p) ) = i limin © (mj -, D(@)
= lim lién(na MG - We ).

This shows that

é(mon) =0(m)o é(n)

Therefore, O is a completely contractive homomorphism from UCB(G) into CB(B(La(G))).
Since W is contained in £(G)®Loo(G), for any f,g € Loo(G) and z € B(Ly(G)), we have

WA frgW =10 IWAQz)W (1 g)

and thus obtain
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from (6.12). This shows that é(n) is an Lo (G)-bimodule morphism in CB(B(L2(G))). For any = € L(G)
we have ['(z) € L(G)®L(G) = CB(A(G), L(G)). Tt follows that

é(n)(x) rwe AG) — li£n<na ®w, I'(x)) e C

defines an element in £(G). Therefore, é(n) maps L(G) into L(G).
Suppose that we are given ¢ € M, A(G) and £, 7 € Lo(G). From the proof of Theorem 4.2, we get

(O(L)A))E | 1) = () AS)E | 1) = {10 ey Als))

for all s € G and

(O@)(NE | n) = (OL)W)fE | m) = e((fE | 0) = (¢ - weps [)

for any f € Lo(G). By the normality of © this implies that

O @) | 1) = (¢ we 2) = (. wey - T(@)) = (Op)@)E | )

for all € B(L2(G)). This shows (z)|Mch(G) = O. It follows from (6.12) that we can write

O(p)(z) = (p®1id, f(:z:)> = (p®1id, W(l ® x)W*)

for ¢ € MpA(G) and x € B(La(G)).
Since UCB(G) is a C*-algebra, there exist a natural involution and a matrix order on its dual space

UCB(G)*. We leave it to the reader to verify that © preserves the involutions and matrix orders on

UCB(G)* and CBL ) (B(L2(G))). O

We note that as a consequence of Theorem 4.5 and Theorem 6.2, it is easily to show that if G is an
amenable group then

O(MaA(G)) = OUCB(G)") N CB7 (B(L2(G))),

i.e. the image space of M A(G) is exactly the normal part of é(UCB(é)*) This is dual to Neufang’s
result [33, Proposition 3.4 (i)], which shows that ©,(M(G)) = ©,(LUC(G)*) N CB’ (B(L2(G))) is the
normal part of ©,(UCB(G)*).

Let G be an amenable group. For any n € UCB(G)*, we may define a bounded linear map n,(g) on
L(G) given by

(6.13) (ne@(r), w) =(n, w-x) = (n, (id@w,f(m)>>

for all z € £(G) and w € A(G). The map n,(g) is equal to the map ng discussed in [29, §6]. Since A(G) is
commutative it is also equal to Lau’s map ny,. Lau showed that this determines an isometric isomorphism

from UCB(G)* onto the space Bya)(L£(G)) of all bounded A(G)-bimodule morphisms on £(G). We
note that for each n € UC’B(G’)*, we actually have ngq) = é(n)|£(G), the restriction of é(n) to L(G).
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Therefore, each n,(q) is a completely bounded A(G)-bimodule morphism contained in CB 4(¢)(£(G)) and
it can be shown by applying Lemma 6.1 that the map

n € UCB(G)" — ne) = O(n)| ) € CBa (L(G))

is a completely isometric isomorphism from UCB(G)* onto CB L(G)). Therefore, we may obtain the
p y p A(G) s Yy

following completely bounded characterization of UCB(G)*.

Proposition 6.3. Let G be an amenable group. Then we have the completely isometric isomorphism

UCB(G)* = CB ) (L(G)).

Remark 6.4. Similarly to the situation described in Remark 3.7, it is still an open question whether the

map 6 studied in Theorem 6.2 is onto CBE(()OG()G) (B(L2(@))) for general locally compact amenable groups.

This is true when G is an amenable discrete group since in this case, we have UCB(G) = C5(G) = Q(G)

and thus UCB(GQ)* = C5(GQ)* = M4 A(G). Tt follows from (2.2) that
(6.14) SUCB(G)") = 6(MaA(G)) = CBY (G} (B(L2(G))) = CBL (g (B(L2(G)))-

The following result extends the map mo (A® & o A) in Corollary 4.7 to the extended Haagerup tensor
product L;(G) @°" Li(G).

Proposition 6.5. Let G be an amenable group. The map mo (A® ko A) extends to a complete quotient

map, which is denoted by Magsor, from L1(G) @°" Li(G) onto UC’B(G’).

Proof. We first note from §2 that T" has a natural weak*-weak® continuous completely isometric extension
T from L. (G) ®" Lo (G) onto CBr..(c)(B(L2(G))). Then T'g = =160 is a weak*-weak* continuous
completely isometric homomorphism from UCB(G)* into Luo(G) ®" Leo(G). The preadjoint of Ly
defines a complete quotient from L;(G) @ Ly (G) onto UCB(G). Since é|Mch(G) = 0, it is easy to see
from Proposition 4.4 and Corollary 4.7 that this map is the natural extension of mo (A® ko ). O
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