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Abstract

Denote by f,,(H) the number of (labeled) H-free graphs on a fixed vertex set of size
n. Erdés conjectured that whenever H contains a cycle, f,(H) = 200to)ex(nH) ot it
still open for every bipartite graph, and even the order of magnitude of log, f,,(H) was
known only for Cy, C and K3 3. We show that for all 2 < s < t, f,(K,,) = 200"/,
which is asymptotically sharp for all those values of s and ¢ for which the order of
magnitude of the Turdn number ex(n, K ;) is known. Our methods allow us to prove,
among other things, that there is a positive constant ¢, such that almost all K -free
graphs of order n have at least 1/12-ex(n, K2+) and at most (1 —c) - ex(n, Ka ;) edges.
Moreover, our results have some interesting applications to the study of some Ramsey-
and Turan-type problems.

1 Introduction

Let H be an arbitrary graph. We say that a graph G is H-free if G does not contain H
as a (not necessarily induced) subgraph. Denote by f,(H) the number of labeled H-free
graphs on a fixed vertex set of size n. Let ex(n, H) denote the Turdn number for H, i.e.,
the maximum size of an H-free graph on n vertices. Extending the classical theorem of
Turdn [33], Erdés and Stone [13] proved that the order of magnitude of ex(n, H) depends
only on the chromatic number of H, i.e.,

1 n? 9
—X(H) — 1) 7 +0(n )
Since every subgraph of an H-free graph is also H-free, it follows that f,(H) > 2ex(H),
Erdés, Frankl and Rodl [12] proved that this crude lower bound is in fact tight whenever
X(H) > 3, namely

ex(n, H) = (1 .

fn(H) — 2(1+0(1))-ex(n,H). (1)
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For a brief survey and some related results, also on the (different) problem of induced con-
tainment, see, e.g., [1], [3], [4], [5], [27] and [32].

The picture changes dramatically when one drops the x(H) > 3 assumption. Erdés
asked [9] if (1) is still true if H is a bipartite graph containing a cycle, but his question
remains unanswered for all such graphs, and for most such H not even the correct order of
magnitude of log, f,(H) is known. The only results in this direction are due to Kleitman and
Winston [25], who proved that log, f,(Cy) < 2.17-ex(n, Cy), Kleitman and Wilson [24], who
showed that log, f,,(Cs) = ©(ex(n, Cg)) and the authors, who showed [6] that log, f,,(K33) <
3.30 - ex(n, K33). It is worth mentioning that the 20" hound on the number of Cy-free
graphs obtained by Kleitman and Wilson [24] as well as the 2°"°™™ hound on fo(Kmm)
obtained by the authors [6] may turn out to be asymptotically tight once the orders of the
Turdn numbers ex(n, Cs) and ex(n, K, ), in the case m > 4, are determined.

Here we prove the best possible result that one can expect for all complete bipartite
graphs.

Definition 1. The binary entropy function H : [0, 1] — R is defined as
H(z):= —xlogyx — (1 — x)logy(1 — ).
For every positive integer s, let

Cy:= sup (x_Hl/SH(x)) € [1,0.55s + 1.5).
z€(0,1)

Theorem 2. For all 2 < s <t, the number of labeled K -free graphs on n vertices satisfies

s(t —1)Y¢
2s —1
Erdés conjectured [11] that ex(n, K, ;) = ©(n?~Y/*) for all 2 < s < t. If this conjecture is
true, Theorem 2 would be asymptotically sharp for all pairs (s, ). So far it has been resolved
in the affirmative in the case when s < 3 (see [8], [16] and [17]) or t > (s — 1)! (see [28, 2]).
Therefore, Theorem 2 is sharp for ‘most’ pairs (s, t).
Fiiredi [16] proved that for all ¢ > 2, ex(n, K»;) = 1/t —1-n%? 4+ O(n*?). Together
with Theorem 2, it implies the following.

10gy fn(Ksr) < (1+0(1)) O 2,

Corollary 3. For every t > 2, the number of Ky;-free graphs of order n is bounded as
follows:
ex(n, Kat) <logy fn(Kay) < 2.16384 - ex(n, Ko ).

Let fnm(H) denote the number of H-free graphs on a fixed n-element vertex set, having
exactly m edges. The methods used in the proof of Theorem 2 also give an upper bound on

fn,m(Ks,t>‘
Theorem 4. Let 2 < s <t and let
1 s—1
+ )
St—1({t—s+1)+s

Hst := —
S

There is an ng = ng(s,t), such that for all n > ng and m > n>#=t(logn)3/**2 the number
of labeled K -free graphs of order n and size m,

3tn25—1 > m

mS

fn,m(Ks,t) S (



Remaining interesting bipartite graphs, for which Erdés’ conjecture is still wide open
include Cs;, for £ > 5, Q3 — the graph of the 3-dimensional cube and the universal graphs
U(k). Recall that for each k > 1, the universal graph U (k) is the bipartite graph with parts
A =2 and B := [k], and edge set

E(U(k)) :=={{a,b} :a € A,b€ Band b € a}.

The remainder of this paper is organized as follows. Section 2 studies various corollaries
of Theorems 2 and 4. In Section 3 we introduce some notation and state a general counting
lemma, which is one of the basic building blocks in the proof of Theorem 2, given in Section 4.
Theorem 4 is proved in Section 5.

2 Implications of the main results

The main results of this paper, Theorems 2 and 4 have various interesting consequences,
some of which we list below. Most of the statements in this section are straightforward
applications of the main results, and hence their proofs are omitted.

2.1 Balogh-Bollobas-Simonovits conjecture

Let H be a fixed non-bipartite graph. For every positive constant ¢ > 0, almost all H-free
graphs on n vertices have between (3 —¢) ex(n, H) and (3 +¢) ex(n, H) edges. It is not known
if a similar concentration around one half still occurs when H is bipartite. Nevertheless, one
would expect that the number of edges in a ‘typical’ H-free graph is at least bounded away
from the extremal values, 0 and ex(n, H). Balogh, Bollobds and Simonovits [5] formalized
this intuition by stating the following conjecture.

Conjecture 5 ([5]). For every bipartite graph H that contains a cycle, there is a constant
cy > 0 such that almost all H-free graphs on n wvertices have at least cy - ex(n, H) and at
most (1 — cy) - ex(n, H) edges.

So far, Conjecture 5 has been proved only in the case H = Cy [7, 15] and partially (only
the lower bound) for Cg [15, 24] and K33 [6]. In [5], the precise structure of almost all
octahedron-free (K o-free) graphs was characterized. The main obstacle to extending that
result to other complete multipartite graphs was the lack of results showing that the lower
bound in Conjecture 5 holds for complete bipartite graphs other than Cy. An immediate
corollary of Theorem 4 provides such a lower bound.

Corollary 6. Let 2 < s < t be integers satisfying s < 3 or (s — 1)! < t. Then there
exists a positive constant cs,, such that almost all K, -free graphs of order n have at least
st - ex(n, K ;) edges. Moreover, for all t > 2 we may choose cay = 1/12.

Combining the methods developed in the proof of Theorem 2 to obtain an upper bound
on the number of one-vertex extensions of a K»-free graph with the argument used in [7],
one gets the following.

Theorem 7. There exists a positive constant € > 0, such that for every t > 2, almost all
Ky -free graphs of order n have at most (1 —¢) - ex(n, Ka;) edges.

The proof of Theorem 7 in the case ¢ > 2 is virtually identical to the proof for the case
t = 2 in [7]. The only non-trivial change is reformulating Lemma 5 from [7] and reproving
it using the coding algorithm developed in the proof of Theorem 2.
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2.2 Haxell-Kohayakawa-Luczak conjecture

Given two graphs G and H, let us define the generalized Turan number for H in G,
ex(G,H) :=max{e(K): HZ K C G}.

A simple averaging argument implies that for every positive integer k, an arbitrary graph G
has a k-partite subgraph with at least (1 —1/k)-e(G) edges. It follows that for every G and
H

Y

eX(GvH) Z <1 - ﬁ) €(G) ~ %

It is natural to ask for which graphs G the above inequality becomes an equality. Haxell,
Kohayakawa and Luczak [22] conjectured that whenever p is large enough, so that the random
graph G(n, p) has many uniformly distributed copies of H, then asymptotically almost surely,
ex(G(n,p), H) = (1 — ;g5 +o(1)) - e(G(n, p)).

X(H)—1

Definition 8. Let H be a fixed graph. The 2-density of H is

~ex(n, H).

[E(K)[ -1

do(H) := max{’V(K>| —5

K CH,|V(K)| > 3}.

Conjecture 9 ([22]). Let H be a fized balanced graph and let G(n,p) denote the Erdds-Rényi
random graph of order n with edge probability p. Suppose that p = p(n) > p~ /) - Then
with probability tending to 1 as n — oo,

v
X(H) =1

So far Conjecture 9 has been proved for all cycles [22], [23], K, [26] and K5 [21]. Some
partial results are also known for larger complete graphs. Recently, two independent group of
researchers, Conlon-Gowers [10] and Friedgut-Rédl-Schacht [14], have announced that they
have proved Conjecture 9 in its full generality. A straightforward application of Theorem 4
and the first moment method gives the following relaxed version of Conjecture 9 when H is
a complete bipartite graph.

ex(G(n,p), H) = <1 — + 0(1)) -e(G(n,p)).

Corollary 10. Let 2 < s <t and let j15; be as in the statement of Theorem 4. If pntst >
(logn)3/**2 then asymptotically almost surely

ex(G(n.p). Ky) = o(e(G(n.p)). 2)

Note that in order to prove Conjecture 9, one has to show that (2) is still true if

_ st+t—2 .
we only assume that pn~ =1 — oo. Still, unless pn'/* — oo, and hence ex(n, Kgy) =
0 (E [e(G(n,p))D, the result proved in Corollary 10 is non-trivial. The proof for the case

s = t, given in [6], works for all s and t.

2.3 Kohayakawa-Luczak-Rodl conjecture

Recall that a bipartite graph B = (V} U Vs, E) is e-regular if for all sufficiently large sets
Vi C Vi and Vi C Vs, the density d(V{,Vy) differs from the density of B by at most
€ d(‘/h ‘/2)



Definition 11. For a graph H, let G(H,n,m) be the family of graphs on the vertex set
Vo= UmeV(H) V., where the sets V,, are pairwise disjoint sets of vertices of size n, whose
edge set is £ := Uy, yepr) Eoy, where By CV, XV, and [Ey,| = m. Let G(H,n,m,e) C
G(H,n,m) denote the set of graphs in G(H,n,m) satisfying that each (V, UV}, E,,) is an
e-regular graph.

A graph G € G(H,n,m,e) looks like H, in which every vertex has been replaced by
an independent set of size n, and every edge — by a set of m edges which form an e-
regular bipartite graph. Kohayakawa, Luczak and R6dl [26] conjectured that, whenever
these bipartite graphs are dense enough, only a small fraction of graphs in G(H, n,m, ) does
not contain a copy of H.

Conjecture 12. Let H be a fized graph. For any 3 > 0, there exist constants ¢ > 0,C' > 0
and ng > 0, such that for all m > Cn?~ VM) and n > ng, we have

n2\ [EE)
|{GEQ(H,n,m,5):HZG}|Sﬁm<m) :

Conjecture 12 is known to be true when H is a tree, a cycle [18] or a complete graph
on three [30], four [20] and five vertices [21]. Some partial results are also known for larger
complete graphs [19]. A straightforward application of Theorem 4 gives the following relaxed
version of Conjecture 12 when H is a complete bipartite graph.

Corollary 13. Let 2 < s <t and let s, be as in the statement of Theorem 4. For any 3 > 0
and e > 0, there exist constants C > 0 and ng > 0, such that for allm > Cn* #st(logn)3t/s+2
and n > ng, we have

2\ [E(Ks1)l
HG € G(Ksi,n,m,e): Koy £ G} < ™ (n ) : (3)

m

Note that in order to prove Conjecture 12, one would have to show that (3) is still true
s+t—2
if we only assume that m > Cn*" =

2.4 Random Ramsey graphs

A graph G is Ramsey with respect to H, G — H, if every two-coloring of the edges of G
results in a monochromatic subgraph isomorphic to H. Unsurprisingly, the smallest graphs
which are Ramsey with respect to the four-cycle, are saturated by C,’s. Erdés and Faudree
asked (see [15]) whether this is always the case, i.e., if there exists a graph G, such that
G — Cy, but G does not contain a K3 3. Answering this question, Fiiredi [15] proved a much
stronger result — whenever m is large enough, there are K s-free graphs with m edges, whose
largest Cy-free subgraph has only m!~¢ edges, where ¢ > 1/51+0(1). Clearly, all such graphs
are Ramsey with respect to C;. He also asked if similar results can be proved for other pairs
of graphs. Using the random graph argument from [15], combined with Theorem 4, we can
give an answer to this question.

Corollary 14. For all 2 < s < t, there exist an integer u = u(s,t) >t and positive constant
c = c(s,t) > 0, such that for all large enough m, there exists a K,-free graphs G with
m edges, whose largest K -free subgraph has only m'~¢ edges. In particular, one can take
u(3,3) = 4.



3 Notation and preliminaries

For a graph GG, we denote its vertex and edge sets by V(G) and E(G) respectively. The
number of edges in G is e(G) = |E(G)|. For a vertex v € V(G), we denote the set of its
neighbors by Ng(v) or simply N(v) whenever G is clear from the context. The degree of
v in G is the size of its neighborhood, dg(v) = d(v) := |Ng(v)|. The minimum degree of
G is 0(G) = minyev(e) de(v). For a set A of vertices of G, by NE(A) = N,ea Na(v) we
will denote the set of common neighbors of all vertices in A and refer to such set as |A|-fold
neighborhoods in G.

When £ is a nonnegative integer, the term k-set (or k-subset) abbreviates the phrase
k-element set (or k-element subset).

For a hypergraph H, we denote its vertex and edge sets by V(H) and E(H) respectively.
We say that ‘H is k-uniform if E(H) consists only of k-subsets of V(H). The number of
edges in H is e(H) := |E(H)|. For an arbitrary X C V(H) the subhypergraph induced on X
is the hypergraph H[X] with V(H[X]) = X and E(H[X]) = {D € E(H) : D C X}. Given
a subset S C V(H), H — S abbreviates H[V (H) — S].

For a subset W € V(H), the degree of W in H is the number of edges of H that W is
contained in, deg, (W) := |[{D € E(H) : W C D}|. Given a vertex w € V(H), we denote
the degree of w by degy (w) = degy,({w}). For ¢ > 1, the mazimum (-degree of 'H is

Ay(H) = max{degy (W) : W C V(H) with |W| = ¢}.
The maximum degree of H is A(H) := Ay(H). For all £ > 1, clearly,
A(H) < [V(H)ITH - Ag(H). (4)

Finally, o(H) will denote the minimum size of a set of vertices that covers more than half of
the edges of H, i.e.,
o(H) := min{|S| : e(H — 5) < e(H)/2}.

Since one vertex covers no more than A(H) edges of H, one clearly has

e(H)
2A(H) (5)

o(H) =

Throughout the paper log will always denote the natural logarithm.

One of the key ingredients in the proof of Theorem 2 is the following lemma, whose proof,
a double counting argument in the spirit of Kévéri, Sés and Turdn [29], can be found in [6].

Lemma 15. Fix two integers 1 < s <t and a positive real € > 0. Let G be an n-vertex
graph with minimum degree at least d, and A be any set of a > (1+¢)(t—1) (78‘)/(‘:) vertices

of G. Then the number of copies of Ks; in G with the larger partite set completely contained
in A,

where



4 Proof of Theorem 2

Let G be a K -free graph of order n and let v be a vertex of minimum degree in G. Clearly
the graph G’ := G — {v} is K, -free and §(G') > §(G) —1 = dg(v) — 1. It easily follows that
one can find an ordering vy, ..., v, of V(G), such that if we let G; := G[{v1,...,v;}], then

0(Gi) > dg,,,(viy1) — 1 forall i e {l,...,n—1}.

In other words, every nm-vertex Kj;-free graph can be obtained from a single vertex by
successively adjoining a vertex of degree d 4+ 1 to a graph with minimum degree at least d,
for some d. The general idea of the proof is showing that the number of ways in which one
can obtain a K ;-free graph of order 7 + 1 from some i-vertex K ,-free graph in the above

(ilfl/s

process of adjoining vertices of minimum degree is 2¢ ), and therefore the number of

labeled K, ;-free graphs of order n is at most

n—1
Jn(Kp) <nl- H 90 ~1*) _ 9O(n>~1/*)

i=1

We start by introducing some notation. For a fixed n-vertex Kj,-free graph G, let
f(G; K,;) denote the number of ways we can extend G to a K -free graph of order n + 1
by adjoining to G a new vertex of degree at most 6(G) + 1. Then, we let

f(n; Kyy) = Sup f(G: Kyy),

where the supremum is taken over all K ;-free graphs with n vertices.

The core of the proof is description and analysis of an algorithm that encodes the afore-
mentioned one-vertex extensions in an economical way, i.e., using only few bits. Precisely,
we will achieve the following goal.

Goal. Construct an algorithm 4 meeting the following specification:

e INPUT: An n-vertex K -free graph G and a set N C V(G) of size at most 6(G) + 1,
such that addition of a new vertex v with N(v) = N yields a K -free graph of order
n+ 1.

e OUTPUT: A bitstring of length at most (1 + o(1))(t — 1)'/*C; - n'=1/% that uniquely
encodes V.

By saying that A uniquely encodes IV, we mean that there is another algorithm B, which
given G and A(G, N) — the code of N in G produced by A — outputs N. Although we will
not explicitly construct such B, it will become clear that one can obtain such an algorithm
by slightly modifying .A. In particular, the existence of such coding and decoding procedures
implies that for a fixed Kj-free graph G, the map A(G, —) is an injection of the set of all
possible K ;-free extensions of G by a single vertex of degree at most §(G) + 1 into a set of
size 20D n = g then follows that for every n-vertex K, -free graph G,

Y

F(G; K,,) < 201/ Cont /2



and hence

n—1 1
logy fu(Kur) < log (n‘ Hf(aKs,t)) < (14 o)t —1)1/5C, - 3 s
=1 i—1
_ 1\1/s
= o) e e

In the remainder of the proof we will describe and analyze an algorithm that meets our
requirements. To begin with, let us fix some valid input for A, i.e., an n-vertex K, -free
graph G and a set N C V(G) with |N| < §(G)+1, such that making a new vertex v adjacent
to all of N yields a K -free graph G’ of order n + 1. Furthermore, let d := |N| — 1 and note
that by our assumption 6(G) > d.

Since |V(G)| = n, we may clearly assume that there is an injective mapping of V(G)
into the set {0, 1}/°&271 or, in other words, a distinct [log, n]-bit code for each vertex of G.
To simplify notation, from now on we will generally not distinguish vertices of G from their
codes.

For the most part, the output of our algorithm will be a sequence of vertex codes
interwined with numbers and short ‘control sequences’ (strings like LOW DEGREE VERTEX,
PREPROCESSING, etc.) coming from a constant sized set. Since all the numbers involved
will come from the set {0,...,n — 1}, to avoid confusion, let us agree that by outputting
a number we will mean outputting its unique code of fixed length [log, n], e.g., the binary
representation of the number. Same convention applies to ‘control sequences’ — each of them
will be assigned a unique code of length [log, n].

Recall that d 41 = |N| and §(G) > d. If d < n'~'/¢/[log, n], then A will simply output
LOW DEGREE VERTEX, followed by the list of all elements of N in an arbitrary order. Clearly,
the length of the output string is precisely

(d+2)[logyn] < (1+o(1))n' 1/

After having handled the easy case, for the remainder of this section we will restrict our
attention to the more interesting case d > n'~'/%/[log, n]. Since G’, which we recall is the
graph obtained from G by adjoining v to the vertices in NNV, is K ;-free, whenever a t-set
D C V(G) is the larger partite set in a copy of K, 1; in G, N does not contain D, i.e.,
INND| <t—1. Since d > n'~1%/(2logn) > n'~/¢=Y Lemma 15 implies that G contains
many copies of K,_1,. Vaguely, this means that N cannot be an arbitrary subset of V(G),
but is very restricted, and hence its entropy is much lower than log, ( dil). Below we try
to make this intuition precise. For the sake of brevity, let us first introduce the following
definition.

Definition 16. A t-set D C V(G) is dangerous if [N*(D)| = s — 1, i.e., D is the larger
partite set in a copy of Ks_;, in G. In other words, a t-set D is dangerous if and only if
D C N*(U) for some (s — 1)-set U C V(G).

The starting point in designing of the algorithm are the following three simple observations
and an estimate on the number of dangerous sets.

Observation 17. No dangerous set is fully contained in N.

Observation 18. Let U C V(@) be an arbitrary (s—1)-set of vertices. Then [NNN*(U)| <
t—1.



Observation 19. Let W C V(G) be an arbitrary s-set of vertices. Then |[N*(W)| <t —1
and hence N*(W) contains at most (‘) different (s — 1)-subsets.

Lemma 20. Fiz some € > 0 and let A be any set of a > (1 +¢)(t — 1)(5f1)/(5f1) vertices
in G. If d > dy = do(s,t), then the number of dangerous t-sets in A,

D(A)za'ata

where

et d(s—l)t

a=a(s,t,de):= T DD

Proof. Since G is K, -free, every dangerous t-set is the larger partite set of exactly one copy
of K1 in G, and therefore by Lemma 15,

D(A) = Ny_14(A) > (s — 1,t,d,¢) - d',

where = [B(s — 1,t,d,¢) is defined in the statement of Lemma 15. It suffices to prove that
[ > «. First let us observe that

dlim (1—s/d)e Yt =1,
and hence there is a dy = dy(s,t), such that for all d > dy,

S - (d . 8>(s—l)t > d(s—l)t.
It follows that for all d > d,,

L G (R

et d(sfl)t

1 s(s — D)lp-De1 &

v

Next, let us sketch the rough idea of how our algorithm works. Although this description
is not very formal or precise, and misses out a lot of technical details, we hope that it will
make the understanding the pseudocode of A somewhat clearer.

At all times A will maintain a list of already encoded elements of N (neighbors of v),
denoted by F, and a set A containing the remaining neighbors — the set N — E. We will
refer to A as the set of eligible vertices and E — the set of already encoded vertices. Our goal
will be to shrink the eligible set A as much as we can, without growing F too much at the
same time. Since, as we will later see, encoding one element of E requires approximately
log, n bits, at all times we can encode the entire set N using roughly |E|log, n + log, (| J\y—l'EI)
bits. Once we are done shrinking A, this number will be small enough for our purposes.

Before we proceed with the explanation, let us define a few parameters. Let

e=¢e(n):=1/logn, w=w(n):=(logn)® and b:= driT .



The target size of the eligible set A, i.e., the maximum number of elemets we would like A
to have at the very end, is

ao;:(1+e)(t—1)(sf1)/(sf1). (6)

Note that the quantity (6) is the lower bound on the cardinality of a set A that surely
contains a lof of dangerous ¢-subsets (see Lemma 20).

The algorithm will work in steps. Each step starts with preprocessing of the eligible set A
— a procedure which makes sure that A is ‘well-behaved’ in terms of sizes of induced (s —1)-
fold neighborhoods. In step 3a we simply remove from A all (s —1)-fold neighborhoods larger
than w|A|/d, and encode all neighbors of v (elements of N) which those large neighborhoods
contain (Observation 18 says that there are at most ¢ — 1 neighbors of v in each such
neighborhood). This will be of extremely high importance later.

Next, in step 3c, we pick out a carefully chosen sequence of subsets Ey, ..., F,,1 C N—F
of size b each that we encode and move to F. At the same time we construct a sequence
of hypergraphs H,, ..., Hs, where each H, is an r-uniform hypergraph on the vertex set A
with

E(H,) C{D C A:{wy,..., w41} UD is dangerous for some w; € Ej, ..., w11 € E,q1}.

Our ultimate goal in the second part of each step, the for loop 3c, is to maximize the number of
edges in H;. Since edges of the r-uniform hypergraph H, are neighbors in the (r+1)-uniform
hypergraph H,.; of vertices from FE, .1, i.e., D € E(H,) if DU {w} € E(H,41) for some
w € E,.1, we try to achieve this goal by maximizing e(H,.) in turn for all r € {t —1,...,s}.
In order to do that, we try to add to E,.,; vertices with highest degree in H,,;. Since
E,. .1 C N, our choices are quite limited — it might happen that very few of the high-degree
vertices in H,,1 are members of N. If this is the case, we will not be able to make e(H,.)
very large, but this gives us some information about N that we can use to shrink the eligible
set — we simply delete from A all the high-degree non-neighbors of v which we keep listed in
the set Y. Finally, notice that having a few vertices outside of N which cover most of the
edges of ‘H,1 would get us into trouble — deleting them from A would not shrink the eligible
set enough. We overcome this obstacle by keeping the maximum degree of H, bounded —
the auxilliary set X serves that purpose.

By definition, the edges of H, will have the nice property that none of them is fully
contained in N. At the end of each step, in the for loop 3d, we will exploit this fact to shrink
the eligible set by working with H with the use of methods developed in [6]. The rough idea
is the following. Either many vertices of N have high degree in H,, and hence some (s—1)-b
of them almost-cover many edges (meaning that [N N D| = s — 1) — this information allows
us to remove all the uncovered vertices in these almost-covered edges from A, or very few
of the high-degree vertices in ‘H, are members of N — we delete from A all the high-degree
non-neighbors of v.

After this lengthy introduction, we present the algorithm in the “high-degree” case, i.e.,
when d > n'=1/*/(2logn):

1. Output “HIGH DEGREE VERTEX".
2. Set A:=V(G) and E := .
3. While |A] > ay, do the following:

10



(a) If there exists an (s —1)-set U C V(G) with [N*(U)NA| > w|A|/d, do the following:
i Let U ={uy,...,us_1} and N*(U)NN = {wy, ..., wg}.
i. Set A:=A—N*(U) and £ := EU{w,,...,w}.
iii. Output “PREPROCESSING : uy, ..., Us 1, k, wy, ..., w; andgotostep3.
(b) Let H;:={D C A:|D| =t and D is dangerous}.
(c) Forr=t—1,...,s, do the following:
i. Set B,y =0, X :=0and Y := 0.
ii. Let H, be an empty r-uniform hypergraph on A.
iii. Fori=1,...,b, do the following:

o List all verticesin A — X —Y as wi,...,wf,_x y so that for each j, if we
let W7 = {w},... , wi}, the vertex w},, is the vertex with the minimum label
among all vertices in A— X —Y — IV} maximizing degHTH[A_X_Y_WJ@](ij).
Let j; be the smallest j such that w! € N.

H, =M, U{D:{wi}UD e H,u[A—-X -Y —W!_]}.
e Set B,y := B,y U{w) }and Y ==Y UW;.
e Set X := X U{w e A:degy (w) > b""d A" '}
iv. Set E:= EUE, 1.
v. Suppose the vertices added to E, | were wy, ..., w,. Output “wy, ..., wy".

vi. If |Y|>o(H,4+1)/2, then A:= A —Y, output “SKIP" and go to step 3.
(d) Fori=1,...,b, do the following:

i. Forr=s—1,...,1, do the following:
e List all vertices in A as w{,...,er|, so that for each j, if we let W} =
{wi, ..., wj}, the vertex w]Jr1 is the vertex with the minimum label among

all vertices in A — W maximizing degHTH[A_WJ_T] (Whyy)-
o Let j,. be the smallest j such that w; € V.
e Set A:=A—-Wj and £ := EU{wj }.
e Set H, :={DCA:{w)}UD e H}.
cLet A=A —{w:{w} € E(H1)}.
s—1

Output w BT wjl.

4. Let N':= N — E. Clearly N’ C A. The set N is one of the (|]) different | N’|-subsets

IN’\
of A. Output "REMAINDER : |A|, |N’|", followed by a [log, (|N, )1-bit code of N in A.

For the remainder of this discussion, let us fix G and N with d = |[N|—1 > n'~'/*/(2logn)
and assume that we run A on the pair (G, N). Note that given G and the output A(G, N),
one can reconstruct N. The key observation that reassures us that it is possible, is noting
that the final sets A and E can be recomputed step-by-step in the exact same way as they
were computed in by A — all the necessary information about N appears in A(G, N). Once
we reconstruct A and F, we can easily decode N = N'UF using the last fragment of A(G, N)
starting with REMAINDER.

11



The non-trivial part of the analysis is proving an O(n'~'/*) bound on the size of the
output of A. Recall that our aim is to prove that

|A(G,N)| < (1+0(1)(t —1)VC, - nt1e,

We start by looking at the preprocessing stage. Let p denote the total number of times A
preprocesses the eligible set A, i.e., the number of times an appropriate (s —1)-set U is found
in step 3a.

Claim 21. The total number of preprocessing steps, p < dl‘;ﬂ + 1.

Proof. Each time A preprocesses the eligible set, A loses more than w|A|/d elements. Hence,
preprocessing the eligible set ¢ times shrinks it by a factor of at most

(-5

Since A starts with |A| = n and after p—1 preprocessing steps A is still non-empty, (p—1)% <
logn. O]

Let a be as in the definition in Lemma 20. Moreover, for each r € {t,...,s — 1}, let

B, = (4t<i B D)t and D, :=3(t—s)(t—r). (7)

The core of our analysis will be the following lemma.

Lemma 22. Suppose that during some iteration of the main while loop A, step 3, does not
preprocess the eligible set. Then during that iteration, the eligible set A loses at least
B,
L g | A
(logn)Ps-1

elements.

Let z be the total number of times A does not preprocess the eligible set A in an iteration
of the main while loop. The following corollary is an immediate consequence of Lemma 22.

Corollary 23. The total number of times A executes the main while loop without prepro-
cessing A,
Ds—1+1
, < ogn)
o Bsfl
Proof. By Lemma 22, during each iteration of the main while loop, in which A does not
preprocess the eligible set, A loses at least

Bs—l
(logn)Ps—1

Ao 4 1

dSa - |A
elements. Hence, as a result of ¢ such iterations, the eligible set shrinks by a factor of at

most B q B
1 — s—1 . dt—s < . s—1 X dt—s ]
< (log n)P=— O‘) —eXp( " (logn)Pe a)

Since A starts with |A] = n and after z — 1 such iterations A is still non-empty,

Bs—l

(2= 1) oo - < logn.
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Before we dive into the proof of Lemma 22, let us show how Corollary 23 implies that A
outputs short codes.

Lemma 24. For every input pair (G, N), the length of the output produced by A does not
exceed

(1+o0(1)(t — D)0, - nt=Ye, (8)

Proof. Note that by Observation 18, the k in the preprocessing step 3a never exceeds ¢t — 1.
Hence the total length of the output produced by A in step 3a is at most

dlogn

p'(1+(s—1)+1+(t—1))~ﬂogﬂﬂ§( +1)~(3—|—t)ﬂog27ﬂ, 9)
where the bound on the total number of preprocessing steps, p, comes from Claim 21. Since
w = (logn)? > logn - [logyn], the quantity in the right-hand side of (9) is clearly o(d).

Each of the z executions of the main while loop with no preprocessing outputs either
codes of at most (t — 1)b vertices or codes of at most (t — s)b vertices and the SKIP control
sequence. Either way, this is never more than tb[log, n| bits. Therefore the total length of
the output produced by A in steps 3c and 3d is at most

(logm)Ps—1+1

cda 4 1) - th[logyn], (10)
Bsfl

z - th[logy n] < (
where the above inequality comes from Corollary 23. Recall that e = 1/logn, and we are in
the ‘high-degree’, i.e., d > n'~'/¢/(2logn), case. Therefore

(5= 1)(-1)

—— S 2Usll (logm) Y, )

d*tat = slt! - (logn)* -
and hence the right-hand side of (10) is bounded above by g(n)-b, where g is polylogarithmic
in n, and this clearly is o(d).
When A finally reaches step 4, |A| < ag, and hence the total length of the output
produced by A in step 4 is

a ag+ |E
3[logy, n] + [logg (|]\?,|)—‘ < 4logyn + log, <|]\?’| +| |E|]> (12)
E
= 4logyn + log, <a0 |}LV|| |)
E
< blogyn + log, (ao j;l ‘)

Next, note that for n large enough,
n d n*~!

s—1 s—1

< a+2e-1(5)7

Since ex(n, K, ;) = O(n?~1/%),

< 2e(G") < 2ex(n + 1, Ky ;)

-0 lfl/s.
T n+1 7 n+1 (n )
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Recall that E gains at most t — 1 elements in each of the p preprocessing steps, and at most
(t — 1)b elements in each of the z non-preprocessing steps. From (9), (10) and (11) it follows
that

Bl <plt—1)+2(t—1)b=0 <ﬁ) —0 (m (g)s_l) | (14)

Recall again that € = 1/logn. Inequalities (13) and (14) imply that

a0+ |E| < (14 3)(t—1) (%)5_1. (15)

Using (12), (15) and the following well-known estimate relating binomial coefficients with
the binary entropy function (see, e.g., Lemma 9 in [31]),

1 on-H(k/n) n <2n-H(k/n)’
n+1 —\k/) —
we further estimate
s—1
14+3)(t—1) (2
3[10g2n1—|—{10g2 (|;;)/|)-‘ < 5logy n + log, << +3¢)( p ) () ) (16)
S— ds

Substituting = := d*/((1 + 3¢)(t — 1)n*"") in (16) yields

ap 1/s H(fL’) —1/s
3[logy ] + [logg <|N,N < 5logyn + ((1+3)(t—1))" 1 i, (17)
Recall that Cy = sup, (H(z)/z'~"/*). Since the total size of the output is bounded by the
sum of the quantities in the right hand sides of (9), (10) and (17), we get (8). O

Before we are able to prove Lemma 22, we need to make some preparations. For the sake
of brevity, by i iteration of any for loop, we will denote the iteration, where the loop variable
takes value i. The following claim explains why A constantly preprocesses the eligible set
and maintains the oddly defined set X.

Claim 25. Assume that during some iteration of the main while loop, step 3, at the time
we reach step 3c, the eligible set A has a elements. Then throughout this iteration, for all

re{s,...,t},
A < (U g (&)
o \s—1 d @

Proof. First observe that at all times during any iteration of the main while loop, for all
r €{s,...,t}, the edges of H, all come from the set

{D C A:A{wy,...,w-11}UD is dangerous for some w; € Ey, ..., w41 € Er—i—l}-

Consider first the case r > t—s+1. Fix some w,,...,w;_s11 € A, let W :={w,, ..., wi_s11}
and note that by our assumption, |W| = r + s —1¢ > 1. The set W is contained in some
D € H, only if there are wy € E, ..., w41 € E,;1 and an (s — 1)-set U C V(G) such that
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{we, ..., w1} UD C N*(U)N A. Let W= {wy, ..., wi—s41}. Then clearly |W'| = s and
N*(U) 2 W', or equivalently, N*(W') O U. Hence by Observation 19, with W’ fixed, there
Ej) such sets U. Moreover, since |E,/| < b for all v/, the number of such W’
that contain our fixed set W is at most b"W'I=IWI = pt=" Also, because A is preprocessed,
for every (s — 1)-set U, |[N*(U) N A|] < wa/d. Putting all these inequalities together,

et <0 () ()T (T o

Since the term in the right-hand side of (18) does not depend on a particular choice of W,

it follows that .
t— w\t—s
Ar . . < t—r (_) . t—s
+ t(H ) ~ <5 _ 1>b d a s

A('HT) < (Z : jll) pt=r <§)t—s oL

The case s < r <t — s is much more delicate. First, consider how much the H,-degree
of a vertex w € A can increase in one particular, say i'", iteration of the for loop 3(c)iii.
Since all edges added in the i*" iteration contain w?, deg,, (w) increases by no more than
the number of edges D € H, containing both w and w} . In order for such an (r+1)-set D
to be an edge of H,,1, there ought to be some w; € Ey, ..., w42 € E,,2 and an (s — 1)-set
U C V(G) such that {wy,..., w10} UD C N*(U) N A. Note that by our assumption on
r,r+2<t—s+3andlet W := {wt,...,wt_5+3,w§i,w}. Then clearly, |W’| = s and
N*(U) 2 W', or equivalently, N*(W’) O U. Hence by Observation 19, with W’ fixed, there
are at most (Ej) such sets U. Moreover, since |E,/| < b for all r/, the number of such W’
that contain both w} and w is at most bW'1=2 = p5=2_ Also, because A is preprocessed, for
every (s —1)-set U, IN*(U)N A| < wa/d. Putting all these inequalities together, we see that
deg;, (w) cannot change by more than

b2 . (Z:i) . <%>IDI—I{’W7“’Z} _ 2. (i:i) ) (%)7‘—1 (19)

_ wrfl <t - 1) dr—srtt . btfrdsft . arfl.

are at most (

and hence by (4),

s—1 bt—s—r+2

Recall that b = d==7 and note that the right-hand side of (19) is o(b""d*"t - a" 1), as

Jt—s—r+1 1 /d\* 2 (d L >tsr+2 1 o
_— = — — = — . t—s+1 — —
d 7

bt7877'+2 d b d
% > ti;,l-l >0,d>n'3 and w! (zj) is only polylogarithmic in n.

Every time a vertex w € A lands in the set X of vertices with high degree in H,., no more
edges containing w get added to H,, since A looks only at the edges of H,1[A — X — Y.
Hence the degree of w cannot exceed b~ "d*'a"~!, i.e., the quantity from the definition of

X, by more than the right-hand side of (19). It follows that

t—r gs—t  r—1 t—1 t—r (W t—s. r—1
A(H,) < (1+ o)) "d" - a g(s_l)b <d> a1,
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The second key step in proving Lemma 22 is the following simple estimate on the number
of edges in H,.

Claim 26. Assume that during some iteration of the main while loop, at the time we reach 3b,
the eligible set A has a elements. Then for every r, with t — 1 > r > s, either A outputs
SKIP by the end of the r'* iteration of the for loop 3c or

B,
(log )~
Proof. By Lemma 20, (20) clearly holds when r = ¢. It suffices to prove that if (20) holds
for r + 1 and A does not output SKIP in the r*! iteration of the for loop 3c, then (20) holds
for r.

Let x and y be the sizes of X and Y at the end of the r*® iteration. There are two cases
to consider.

Case 1. z+y > o(H,11).
Since A did not output SKIP, y < o(H,+1)/2, and hence by (5),

e(H,) > Vo a”. (20)

o(Hys1) _ e(Hoia) Byt dt=s
> > . .
7T T AAMH) © (ogm)Pr ATt

where the last inequality follows from Claim 25 and the assumption that (20) holds for 7+ 1.
Recall that for every w € X, degy, (w) > b'""d**a""!. Clearly,

B,

—_bt—r AT
(logn)or 7 %

1 z -7 _J5— T—
e(H,) > ;%degm(w) > berd e >
since B, < (4r)~! (zj)fl Bry1, D, = D,y + 3(t — s) and w = (logn)3.
Case 2. v+ y < 0(Hr41)-
In particular, for all i € {1,...,b}, during the 7! iteration of the for loop 3c,

e(Hona[A =X =Y = W]) > e(H,0)/2

By the maximality of degy, , (a4 x_y_w: 1](w§- ), in each iteration of the for loop 3(c)iii, H.,
Ji—

acquires at least
T G(Hr+1>/2 > €(HT+1) Br+1 t—r—1 r

. > b .
A-X-Y-W; |~ a = (logn)Pr aa

edges. Unfortunately, some edges may get added to H, more than once. How many times
we can add to M, the same edge D? For each i € {1,...,b}, let D; := D U {w} }. The set
D becomes an edge of ‘H, precisely when D; € H, . for some ¢. In particular, every such D;
is fully contained in some dangerous set, and hence there must be an (s — 1)-set U C V(G),
such that D C D; C N*(U). Since |D| = r > s, by Observation 19, there are at most (ij)
such U. Also, because for each 1, w;l € N, by Observation 18, for no (s — 1)-set U, N*(U)
contains more than ¢ — 1 different w} s. It follows that the maximum number of times D can
be added to H, is (t — 1)(‘_}]). Therefore,
1 BTJrl t—r—1 r B,

b)) > b - b a" > —" e a”.
e(tr) 2 (t— 1)(2:1) (log n)Pr+1 aa = (logn)Pr a-a
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Lemma 27 and its immediate consequence, Corollary 28, are the last missing ingredients
needed in the proof of Lemma 22.

Lemma 27. For every fited 1 < ¢ < b and 0 < r < s — 1, the following holds. Suppose
that during the i iteration of the for loop 3d, at the beginning of the r'* iteration of the for
loop 3(d)i, e(H,41[A]) > va" for some 0 < v <1 and a > |A|. Then

e(Ha) + Y dg > 7a. (21)

q=1

Proof. For a fixed i, we prove the claim by induction on r. The inequality (21) holds with
equality when r = 0. Suppose that r > 0 and (21) holds for r — 1. Each of wy,...,wj _;
clearly belongs to no more than |A|" (r + 1)-subsets of A, and hence

e(Mra[A=Wj _]) > e(HyialA]) = (r — DIA]" = ya™ = (G — 1)a’ (22)
If j. > ~a, then (21) holds, so we may suppose that the reverse inequality is true, and
therefore the rightmost term in (22) is positive. Since we have selected w’ to maximize its
degree in H,1[A — W] _,], we have

T /r + 1 T
e(Hy) = degy, \pa-wy j(wj,) = A= 1 e(Hra[A =W _4])
1 — g, +1 —
L.(f}/a_jr_}_l).arzu.arzva j .ar’
a_]r+1 a_jr+1 a—Jr

where the last inequality holds since v < 1, and hence va — j, < a — j,.. By the inductive

assumption, with ‘y = la_—_j{f’,

r—1 .
. a — r .
e(Hl)‘i_Z]qZ’Ya_jj 'CLZ’}/Q_]T.
g=1 "

[]

Corollary 28. Assume that at the beginning of the 1% iteration of the for loop 3d, A has a
elements. If at the beginning of the i iteration, e(Hs[A]) > Ba® for some 3 > 0, then in
that iteration A loses at least fa elements.

Proof. During the i*! iteration, we delete from A precisely e(H;) + ZZ: Jq elements. Since
certainly a > |A|, and we have assumed that e(H;) > [a®, the statement of Corollary 28 is
just a direct application of Lemma 27. O

Finally, we are ready to give the proof of Lemma 22.
Proof of Lemma 22. By Claim 26, either at the end of the s* iteration of the for loop 3d,

B,

e(HS) > W

SR |A|57 (23)
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or for some r > s, A outputs SKIP at the end of the 7! iteration. In the latter case, at the
end of the r'! iteration, |Y| > o(H,.1)/2. By Claims 25 and 26,

B(HrJrl) > BrJrl

Y| > o(He)/2> ~daa
Y= T2 2 5800 = 2w logn)
B, B, -
> D gaa> Bl gl
(logn)Pr (logn)Ps-

and since A outputs SKIP, the eligible set A loses exactly |Y| elements.
Therefore we can assume that (23) is true and A executes the for loop 3d. Similarly as
in the proof of Claim 26, there are two cases to consider.

Case 1. At the end of the b™ iteration of the for loop 3d, e(H,[A]) > e(H,)/2.
In particular, this is true in all the previous iterations. Hence, if a is the size of the eligible
set A at the beginning of the step 3d, by Corollary 28, as a result of a single iteration, A loses

at least % elements (apply Corollary 28 with 5 := _5(27:58)). Since there are b iterations,
altogether A loses at least (recall that d=% = pi=+1)
b- e(Hs) > B Bty g > By i |A
2a°~" ~ 2(logn)P (log n) D

elements, where the first inequality follows from (23).

Case 2. At the end of the b*™ iteration of the for loop 3d, e(H,[A]) < e(H.,)/2.
It means that in the step 3d, A must have lost at least

G(Hs) BS dt—s Bs—l _
H,) > > : a>——  d"%a - |A
e TN e T L (P T
elements, where the second inequality follows from (23) and Claim 25. [

Since in Lemma 24 we have already shown how Lemma 22 implies that A outputs short
codes, the proof of Theorem 2 is now complete. n

5 Proof of Theorem 4

As it was remarked at the beginning of the proof of Theorem 2, every n-vertex graph G can
be constructed from an isolated vertex vy, by succesively connecting a vertex v;,1 to some d;
vertices in G[{vy,...,v;}] in such a way that for all i € {1,...,n — 1},

di = (S(G[{’Ul, ce ,U,‘_H}]) S 5(G[{U1, ce ,’UZ‘}]) + 1.

Moreover, if G is K;-free, so are all the intermediate graphs G[{v1,...,v;}]. Call the
sequence (d;)"! a degeneracy sequence of G and note that e(G) = Y1, d;.
Let f(G;d, Ks;) be the number of ways one can adjoin to a Kj,-free graph G, with

d(G) > d, a new vertex of degree d + 1, so that the graph remains K -free. If we let

f(nv d? Ks,t) = Slép f(GJ d7 Ks,t)v
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where the supremum is taken over all n-vertex K, ;-free graphs whose minimum degree is at
least d, then

n—1
fom(Eog) <0l T flindi — 1, Kyy), (24)
(d;) =1
where the above sum is taken over all degeneracy sequences with sum m.

If d < n'~#st(logn)®/*, and n > ng, then we give a rather crude bound

: . {
fli;d, Kqy) < (dj— 1) < n(Z) <n (%) < exp (n' st (log n)*/**1) . (25)

Suppose now that d > n'~#st(logn)*/* and let a = a(s, t,d, 1/(3t — 3)) be as in Lemma 20.
Suppose we run the “high-degree” case in the algorithm A from the proof of Theorem 2 on
some i-vertex K, -free graph G and a set N of size d + 1, where G and N satisfy our usual
assumptions. Note that Claim 21 and Corollary 23 are still true, since in their proofs we
have not used any assumptions on d. Reasoning along the lines of Lemma 24, we can see
that the total length of the output produced by A in the preprocessing step 3a is still o(d).

Moreover, recall that b = d=t1 and hence
{5=D(=1)
dst—1)
< sltl(3t —3)" - (log n)’%[s(t*”*ﬁ] -d,

n(s—l)(t—l)

&b = sltl(3t—3) - LdrsiT < sl (3t — 3)° - d  (26)

ds(t_1)+7t—i+l

where the last inequality follows because i, satisfies

5= 0-1 = (1) (s0- D+ ).

By (10), the total length of the output produced by A in steps 3c and 3d is at most

¢ 1 t—s+1
th[logyi] + ¢ <4t( 1) > (log i)2t=)t=s+D+1 o0, 4] - d*~ta b,
s

By (26), this is clearly o(d), since b[log, i| = o(d) and
(10g Z')S(t—S)(t—s—i-l)-H Hogz Z'I < (10g n)%-[s(tfl)Jrﬁ] ]

By inequality (16), the total length of the output produced by A in step 4 is at most

i\ s—1 s—1
t 7 t n t s—1
510gzi+log2< (‘g ) < 510g2n+log2( (dcg ) < 5logyn + dlog, (6 - )

Hence the total length of the output of A in the case d > n!=#st(logn)3/* is

dlog, <et7:;—1) 1 o(d). (27)
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Since with G fixed, A outputs a unique code for every N. By (25) and (27) this means that
regardless of the order of d, the total number of valid (d + 1)-sets N,

t s—1
f(G;d, Ky;) < exp (nl_“”(log n)3*t 4 dlog (6 T;s ) + O(d)) . (28)

Since the term in the right-hand side of (28) does not depend on G, it is also an upper bound
on f(i;d, K,,) and hence for every degeneracy sequence (d;)7=}' with sum m,

n—1 n—1 s—
[1/Gdi—1,Ko) < exp (n“s't(log )Ly (di — 1) log (%) + o(m)) .(29)

i=1 i=1

The function [0, 00) 3 z +— zlogx € R is convex, and so for every degeneracy sequence with
sum m (putting dp := 0 and m’ =m —n + 1),

—_
—_

n— n—

(d; — Dlog(d; — 1) =Y (d; — 1)log(d; — 1) > n - (m’/n)log(m’/n).

1 %

Il
=)

(2

This yields

n-1 s—1 2s—1
Z(di —1)log ((;m_—l)s> < m'log(etn* ') — m'slog(m’/n) = m' log (ezfn’)s ) . (30)
i=1 ¢

Since L (zlog(y/x)) = log(y/x) — 1, we can estimate

t 2s—1 t 2s—1
‘m’log (en ) — mlog (67:72 )‘:O((m—m’)logn)zo(m),

(ml)s s
which combined with (29) and (30) gives

n—1

25—1
H [ di, Ksp) < exp (nZ_“”(log n)3s* 4 mlog (etzls ) + o(m)) : (31)

=1

Since

(t o 1)1/sn2—1/s + O(n),

N | —

m > n?Ft(logn)¥o e <3, m <ex(n,K,,;) <

and there are at most n! degeneracy sequences, combining (24) with (31) yields

2s—1\ ™M
fn,m(Ks,t) S (3tn ) )

ms

whenever n is large enough. O]
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