Sharp integrability condition of an exit time for
for stable processes from unbounded domains

Barttomiej Siudeja

Purdue University

September 17, 2007

B. Siudeja (Purdue University) Integrability condition for exit time September 17, 2007 1/17



Outline

0 Introduction
@ Notation
@ Original problem

9 Possible generalizations
@ Domain
@ Moments

© Main result

0 Proof

@ |keda-Watanabe formula
@ Transition density estimates
@ Lower bound

@ Upper bound

B. Siudeja (Purdue University) Integrability condition for exit time September 17, 2007 2/17



Introduction Notation

Definition
Let 0 < a < 2 and d > 2. The symmetric a-stable process X; on R is
a strong Markov process with stationary increments and characteristic

function
E* (exp (i§(Xt — x))) = exp (—t[¢|*).
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Introduction Notation

Definition
Let 0 < a < 2 and d > 2. The symmetric a-stable process X; on R is
a strong Markov process with stationary increments and characteristic

function
E* (exp (i{(Xt — x))) = exp (—t[¢|*).

Transition densities
The process X; has symmetric and continuous transition densities.

PX (X, € A) = /A p(t, X, y)dy,

t
- mi —d/a
p(t,x,y)Amln{t ’|x—y|d+0<}’
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Introduction

Lévy measure
The process X; is a Lévy process with the Lévy measure

v(X) = Coqlx|7972.
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Introduction Notation

Lévy measure
The process X; is a Lévy process with the Lévy measure

v(X) = Coalx| 7972,

Exit time and killed process

Let 7p denote the first exit time from an open set D.
The transition density of the process killed while exiting D is defined by

PD(t,X,Y) = p(tvxay) - EX (TD < t,p(t_TDaX(TD)J/))'

We have
PX(rp > 1) = /D po(t. X, y)dy.
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Introduction Original problem

Theorem (Burkholder *77)

Let D, be a cone with angle ~. For an arbitrary -y there exists p(~, d)
such that for Brownian motion

EX((r0,))) <00 < p<p(1,0).
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Introduction Original problem

Theorem (Burkholder *77)

Let D, be a cone with angle ~. For an arbitrary -y there exists p(~, d)
such that for Brownian motion

EX((r0,))) <00 < p<p(1,0).

Remark: First moment is finite if and only if v < /2. J
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Introduction Original problem

Theorem (Burkholder *77)

Let D., be a cone with angle . For an arbitrary ~ there exists p(v, d)
such that for Brownian motion

E((7p,)P) <0 <= p<p(y,d).

Remark: First moment is finite if and only if v < 7/2. ]

Theorem (Bafiuelos, Smits '97)

The result is extended to generalized cones. Also, exact assymptotics
of the tail of the exit time is given.
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Introduction Original problem

Theorem (Burkholder *77)

Let D., be a cone with angle . For an arbitrary ~ there exists p(v, d)
such that for Brownian motion

E*((rp,)P) <00 <= p<p(y,d).

Remark: First moment is finite if and only if v < 7/2. J

Theorem (Bafiuelos, Smits '97)

The result is extended to generalized cones. Also, exact assymptotics
of the tail of the exit time is given.

Theorem (DeBlassie, '90 (d=2); Méndez-Hernandez, '02)
For the symmetric a-stable process X;

EX (TDV) = 00.

v
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Possible generalizations Domain

Let f: (0,00) — (0, 00) be a nondecreasing function.
y
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Possible generalizations

Let f: (0,00) — (0, 00) be a nondecreasing function.
y

Dr={(xy) : Iyl <f(x)}
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Possible generalizations

Let f: (0,00) — (0, 00) be a nondecreasing function.
y

Dr={(xy) : Iyl <f(x)}

@ If we set f(t) = ct, we get a family of cones with angles depending
on c.
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Possible generalizations Domain

Let f: (0,00) — (0, 00) be a nondecreasing function.
y

Dy ={(x,): Iyl <00},

@ If we set f(t) = ct, we get a family of cones with angles depending
on c.

@ Can we find a function f such that finiteness of the exit time for
stable process from D depends on ¢?

v
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Possible generalizations Domain

Theorem (Banhuelos, DeBlassie, Smits ’01)
Letd = 2 and f(t) = c\/t. For Brownian motion

E~ (exp(brf’,))

is finite if a < 1/3 and infinite ifa > 1/3.
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Possible generalizations Domain

Theorem (Banhuelos, DeBlassie, Smits ’01)
Letd = 2 and f(t) = ¢v/t. For Brownian motion

E~ (exp(brf’,))

is finite if a < 1/3 and infinite ifa > 1/3.

Theorem (Li "03)
The result is extended to convex f(x) and arbitrary dimension.
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Possible generalizations Domain

Theorem (Banhuelos, DeBlassie, Smits ’01)
Letd = 2 and f(t) = ¢v/t. For Brownian motion

E~ (exp(brf’,))

is finite if a < 1/3 and infinite ifa > 1/3.

Theorem (Li °’03)
The result is extended to convex f(x) and arbitrary dimension.

Theorem (Banuelos, Bogdan ’05)
Let f(t) = t° for 3 < 1. For the symmetric o-stable process X;

d-=1)1-0)+a
af )

EX(TDPI) <o = p<
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Possible generalizations Moments

Let M : (0,00) — (0, 00) be nondecreasing and M'(t) > 1 for t > M. Is
it possible to get a finiteness condition for

E* (M(7p))?
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Possible generalizations Moments

Let M : (0,00) — (0, 00) be nondecreasing and M'(t) > 1 for t > M. Is
it possible to get a finiteness condition for

E* (M(7p))?

Examples:
@ M(t) = tP, for p > 1. (Bafuelos, Bogdan '05)
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Possible generalizations Moments

Let M : (0,00) — (0, 00) be nondecreasing and M'(t) > 1 for t > M. Is
it possible to get a finiteness condition for

E* (M(7p))?

Examples:
@ M(t) = tP, for p > 1. (Bafuelos, Bogdan '05)
@ M(t) = exp(ctP). (Bafiuelos, DeBlassie, Smits '01)
@ M(t) = tPIn9(t) for arbitrary g.
@ Is there M(t) such that constant ¢ in D, makes a difference?
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Main result

Let -
Io(X) = /0 M(1) exp <%) dt.
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Main result

Let

)= [ e (65) o
Theorem

There exist constants \g > \1 such that for X;

ood1
EX (M(rp,)) <oo:>/f X)/AO

fd1X)

E(MTD, <oo<:/ ——— 1 (

(x)dx < oo,

x)dx < oo,
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Main result

Remark

If M'(ct) < C(c)M'(t) then I;(x) < Ci(c)li(x). This means that the
condition in the theorem becomes “if and only if”.
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Main result

Remark
If M'(ct) < C(c)M'(t) then I;(x) < Ci(c)li(x). This means that the
condition in the theorem becomes “if and only if”.

Corollary
Forp>1andq >0 (p> 1 and q arbitrary) we have

o0 fd+ap=1(x)|n9(f(x
EX (TBfInq(rD,)) <00 — /1 )((dJ)ra (f( ))dx < 0.
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Main result

Remark
If M'(ct) < C(c)M'(t) then I;(x) < Ci(c)li(x). This means that the
condition in the theorem becomes “if and only if”.

Corollary
Forp>1andq >0 (p> 1 and q arbitrary) we have

o0 fd+ap=1(x)|n9(f(x
EX (Tgflnq(m,)) <00 — /1 )((dJ)ra (f( ))dx < 0.

As a special case of this corollary we get all results for stable
processes mentioned before.
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Main result

Corollary

Let M(t) = exp/t and f(t) = 3In(t). The expected exit time is now
finite for o« < 1 and infinite for « > 1. For o = 1, there exists (3 such
that the expected exit time is finite if 3 < (o and infinite if 8 > .
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Main result

Corollary

Let M(t) = exp/t and f(t) = 3In(t). The expected exit time is now
finite for o« < 1 and infinite for « > 1. For o = 1, there exists (3 such
that the expected exit time is finite if 3 < (o and infinite if 8 > .

Remark

The most general result is valid for any domain such that the
cross-sections are convex and nondecreasing.
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Main result

Corollary

Let M(t) = exp/t and f(t) = 3In(t). The expected exit time is now
finite for o« < 1 and infinite for « > 1. For o = 1, there exists (3 such
that the expected exit time is finite if 3 < (o and infinite if 8 > .

Remark

The most general result is valid for any domain such that the
cross-sections are convex and nondecreasing. In this case the integral
involves the area of the cross-section and its width.

v
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Theorem (lkeda, Watanabe ’62)

For any open, bounded set D and any Borel set A such that
dist(A, D) > 0 we have,

PX(mp < o0, X(1p) € A) = /D Gp(x,y) /A v(y — z)dzady,

where Gp(x,y) = [, po(t, x, y)dt.
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Theorem (lkeda, Watanabe ’62)
For any open, bounded set D and any Borel set A such that

dist(A, D) > 0 we have,
PX(mp < o0, X(1p) € A) = / Gp(x, y)/ v(y — z)dzdy,
D A

where Gp(x,y) = [, po(t, x, y)dt.

Theorem (Kulczycki,S. '06)

For any open set D, any Borel set A such that A c (D)¢ and any Borel
setB

P(TD<TXTD)€AX(T)€B)

// po(s, X,y / v(y — z)P?(X(t — s) € B)dsdzdy.

v
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Theorem (Kulczycki,S. *06)

Suppose that a set D has a uniform outer ball condition with radius .
That is, for any point on the boundary, there exists a ball with radius
such that its intersection with the domain is equal to this boundary
point. Thenfort < T and|x — y| > 1

Ca,ng/z(y)

< .
pD(t7X7y) — |X_y|d+a
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Theorem (Kulczycki,S. *06)

Suppose that a set D has a uniform outer ball condition with radius .
That is, for any point on the boundary, there exists a ball with radius
such that its intersection with the domain is equal to this boundary
point. Thenfort < T and|x — y| > 1

a T5a/2 (y)

po(t, x,y) < W‘

Theorem
Let D be a convex domain with width R. Then

— At
po(t, x,y) <cexp <W> p(t, x,y)x

6P 832(y) 652 (3832 (y)
><mm{1, D\/i T " .

v
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Partition of the domain
y

PX(rp, > 1) > ?

(for t > 1)

v
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Partition of the domain

y ///
1 2 4 8 X
PX(rp, > t) > ? (for t > 1)

v
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Partition of the domain

y
(N [ re f<4>,
w |_, 2 l 4 l 8 X

v

PX(rp, > t) > ? (for t > 1)

v
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Event

y

\

PX(rp, > t) > ? (for t > 1)

PX(E(7,t)) =PX(1a < 1,

v
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Event
y

ain
L]

PX(rp, > 1) > ? (for t > 1)

PX(E(S, t)) = PX(TA < 1,X(’7’A) € Cg,

v
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Event
y

(1]

@
X

ey
\

P*(rp, > 1) > ? (for t > 1)

P*(E(3,1)) = P*(ma <1, X(7a) € C3,7p, > 1)

v
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Proof Lower bound

Event

o)
U

o

P*(rp, > 1) > ? (for t > 1)

P*(E(3,1)) = P*(7a < 1,X(74) € C3,7p, > 1)
> EX(1a < 1,X(74) € Cg; PX(TA)(T/:-;3 > 1)),

v
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Event

y
e

\ |

P*(rp, > 1) > ? (for t > 1)

PX(E(H, t)) = PX(TA < 1,X(TA) € Cn,TD, > t)
> EX(TA < 1,X(TA) € Cp; PO(TB(O,f(zn)) > t));
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EX(M(7p,)) = /Ooo M (t)P*(rp, > t)dt
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EX(M(7p,)) = /Ooo M,(t)PX(TDf > t)dt

> /1 M (1) ; PX(E(n, t))dt
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(o)
EX(M(p,)) = /O M (t)P*(rp, > t)dt

> /1 M (1) ; PX(E(n, t))dt

>3 P ra < 1. X() € C) [ MOP(rao sy > B

n=1
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(o)
EX(M(p,)) = /O M (t)P*(rp, > t)dt

> / T i PX(E(n, 1))dt

> Z PX(14 < 1,X(7a) € Cn)/ M (t)P°(g(0,¢(2n)) > t)
C
= Z// pA S, X,y / dedeyX

S oo ()«
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EX(M(rp,)) = /O M (1)PX(rp, > t)alt
> / M’(t)ZPX(E(n, )t
> Z PX(ta < 1,X(7a) € Cn)/ M'(t (Ts(o,f(zn)) > 1)
_Z// PA(S, X, Y) / — % dzdsdyx
| _ Z‘d#ﬂl
/ M (t exp< )dt>chn,

where

fd 1(2n)
Pn = (2n)d+a 1

I(2").
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Compound event

y P
[ —
—
—
—
/
/
/ |
1l 2 3 4 5] 6 7 8 9
\\2 2 2 2 2 2 2 2 2 X
|
—
\
\
\
\-\
\\
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Compound event

y
|
—
[
—
\\ X
\\
\
\-\
\\
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Compound event
y L
—

1
N

_ 54°/2(y)

Ikeda-Watanabe formula:
- |X _ y|d+a .

t
/ / pa(S, X, y) / ly — z|~9"“dzdsdy, and pa(s, X, y)
AJO C

v
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Compound event

y o
/\ ”,_,———”’_”—_—”’—--—-
s
\\ X
\\
P*(E(3 )
= P*(X(74,) € C3 )
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Compound event
y -
e _ ////
[ 2
!' \|
Lo
\\ X
\-\
|
P*(E(3,5 )
= P*(X(7a,) € C3,X(7a,) € Cs )
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Proof Upper bound

Compound event

y

e i
N “

~
-r

P*(E(3,5,8 ))
= PX(X(TAQ) € C3,X(7’A4) € C5,X(7'A6) € Cg )
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Proof Upper bound

Compound event

y

e i
N “
L~

v

P*(E(3,5,8;1))
= PX(X(7a,) € C3,X(74,) € Cs, X(7a5) € Cg,7a, <t < 7a)

September 17, 2007 16/17
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Proof Upper bound

Compound event
y

/\/V\J‘ Jfrrj
\\

P*(E(3,5,8; 1))
= P*(X(74,) € C3,X(7a,) € C5, X(7as) € Cs,7a; <t < Tay)
< (cps)(cps)A(8, 1).

v
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EX(M(rp,)) = /O T M(6)P (rp, > t)alt
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EX(M(rp,)) = /O T M(6)P (rp, > t)alt

< i Z /Oo M’(t)PX(E(n1,n2,-~ ,nk;t))dt
k=1

0
{m+1<mia b,
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EX(M(rp,)) = / T M(6)P (rp, > t)alt

Z / M (H)PX(E(ny, ng,--- , ng; t))dt

{n!+1 <Njtq }I 1

SZ > (Hcpn,>/ M'()A(ni, t)dt

=T {mi+1<nip } =1

IN
2 EMg
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EX(M(7p,)) | M (t)P*(rp, > t)dt

Z /OOO M (t)P*(E(nq,nz,-- -, ng; t))dt

{ni+1 <n,+1}, 1

k—1 0
<> > (1} cp,,,)/o M (t)A(ng, t)at

k=1 {nit1<na )

IN
2 EMg

oo k

< 1] con,

k=1 {ni+1<mq}h, I=1
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EX(M(7p,)) | M (t)P*(rp, > t)dt

é%g

Z /Ooo M (t)P*(E(nq,nz,-- -, ng; t))dt

T {ni+1<nii4 }, 1

k—1 0
<> > (1} cp,,,)/o M (t)A(ng, t)at

k=1 {nit1<na )

g 0

8
>

< HCPn,» < H(1 + Cpn)
k=1 {ni+1<ni Yo, =1 n=1
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EX(M(7p,)) 0 M'(t)P*(rp, > t)dt

é%g

Z /Ooo M (t)P*(E(nq,nz,-- -, ng; t))dt

T {ni+1<nii4 }, 1

k—1 0
<> > (1} cp,,,)/o M (t)A(ng, t)at

k=1 {nit1<na )

g 0

oo k

< [ cpn < ﬁ(1 +Cpn) < exp <Can>-

k=1 {ni+1<ni Yo, =1 n=1

n=1
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