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ABSTRACT

In this thesis, we study the injective envelope of metric spaces by viewing it
as the space of extremal functions as defined by Isbell. Extremal functions are
also Katétov functions, which satisfy two inequalities derived from the triangle
inequality. One of these inequalities, along with a minimality requirement, is
used to define the extremal functions. We compare the extremal functions to
other classes of functions defined similarly using one of the two inequalities from
the definition of Katétov functions. We also consider separability of the space of
extremal functions. We give a general method for generating uncountably many
extremal functions from one extremal function satisfying certain inequalities on a
sequence of ordered pairs. Then we prove non-separability of the space of extremal
functions over some metric subspaces of finite dimensional real Banach spaces and
some bounded metric spaces by constructing such an extremal function. Lastly,
we discuss some connections with Melleray’s work on separability of the space of

Katétov functions.

i



ACKNOWLEDGMENTS

[ am deeply grateful to my thesis adviser Dr. Slawomir Solecki for his guidance
and patience throughout my graduate studies. I would also like to express my
thanks to my committee chair Dr. C. Ward Henson and committee members
Dr. Lou van den Dries and Dr. Christian Rosendal for their advice and help in
shaping my thesis. In addition, I thank my undergraduate professors Dr. Russell
Walker and Dr. Rami Grossberg at CMU for starting me on this path of study

in mathematics.

I thank my parents whose sacrifices made it possible for me to come to Amer-
ica and opened so many doors for me. I also owe much thanks to my husband
who was always there to support, comfort, and encourage me. To Pastor and Mrs.
Mike McQueen and brothers and sisters in ICCF, thank you all for your prayer
support which has carried me through these six-and-half years. To my friends,
colleagues, and classmates, thank you for sharing in my journey through graduate

school and allowing me to share in yours.
Finally, I thank my God, the lifter of my head and the rock upon which I

stand. “For I know the plans I have for you,” declares the LORD, “plans to

prosper you and not to harm you, plans to give you hope and a future.”

il



TABLE OF CONTENTS

CHAPTER 1 INTRODUCTION . .. ... ... ... .. ... ..... 1
CHAPTER 2 FINITELY SUPPORTED KATETOV FUNCTIONS AND
EXTREMAL FUNCTIONS . . . . . . . .. .. . . ... 6
CHAPTER 3 SEPARABILITY OF THE SPACE OF EXTREMAL
FUNCTIONS . . . . e 21
3.1 General Facts Regarding Preservation of Separability of the
Space of Extremal Functions . . . . . . ... .. ... .. ... .. 23
3.2 Separability of the Space of Extremal Functions over Subspaces
of Finite Dimensional Real Banach Spaces . . . . . .. ... ... 33
3.3 Separability of the Space of Extremal Functions over Bounded
Metric Spaces . . . . . . .. 62
3.4 Subspaces of the Space of Extremal Functions . . . . . . .. ... 78
REFERENCES . . . . . . . 87
AUTHOR’S BIOGRAPHY . . . .. ... . . . .. 88

v



CHAPTER 1

INTRODUCTION

A metric space Y is injective if every mapping that increases no distance from
a subspace of any metric space X to Y can be extended, increasing no distance,
over X. Isbell [1] proved that every metric space has a smallest injective space
containing it, called its injective envelope. Isbell constructed the injective enve-
lope of any metric space X as the space of extremal functions over X, denoted by
£(X) (see Definition 1.1). Cohen [2] constructed the injective (linear) envelope for
any real or complex Banach space. Isbell [3] proved that his injective envelopes

are equal to Cohen’s injective (linear) envelopes for real Banach spaces.

In this paper, we try to understand the injective envelope by studying the ex-
tremal functions. It turns out that extremal functions are also Katétov functions.
The space of Katétov functions over X, denoted by E(X) (see Definition 1.2),
was defined by Katétov [4] to construct the Urysohn space. Katétov functions
satisfy two inequalities: the sum of the function’s values at any two points is at
least the distance between the points, and the difference of the function’s values
at any two points is at most the distance between the points. Each of these two

inequalities show up in definitions that are of interest to us.

First, extremal functions are defined as functions that are point-wise mini-
mal such that the sum of the function’s values at any two points is at least the

distance between the points. Second, finitely supported functions (see Definition



2.1) are defined as Katétov functions satisfying the following condition: for some
finite set of points, for any point x in the space, there is a point y from the finite
set such that the difference of the function’s values at = and y is equal to the
distance between x and y. The finitely supported Katétov functions are crucial
in Katétov’s [4] construction of the Urysohn space and in Melleray’s [5] charac-

terization of Polish metric spaces with separable spaces of Katétov functions.

In Chapter 2, we consider functions arising from the two inequalities in the
definition of Katétov functions. Using the extremal functions and the finitely sup-
ported functions as patterns, we define three new classes of functions: the finitely
witnessed functions, the min functions, and the maz functions. The finitely wit-
nessed functions will be extremal and are defined symmetrically to the finitely
supported functions. The min and max functions are generalizations of the finitely
supported functions and finitely witnessed functions, respectively. We study how
these classes relate to each other as well as to the classes of Katétov functions and

extremal functions. Propositions 2.5 and 2.6 summarize these relationships.

In Chapter 3, we focus on the question of separability of the space of extremal
functions. The question is difficult to answer for metric spaces in general, how-
ever, we do have results for some specific classes of metric spaces. From Isbell [1],
we know that compact spaces have compact injective envelopes, so their spaces of
extremal functions are separable. Also, metric spaces embed into their injective
envelopes, thus any non-separable metric space has non-separable injective enve-
lope. This leaves us with the separable non-compact metric spaces. We will focus
on two particular classes of metric spaces, the proper spaces and the bounded
metric spaces. Notice that the intersection of these two classes, the proper and

bounded metric spaces, are exactly the compact spaces.



In the class of proper spaces, we consider metric subspaces of finite dimen-
sional Banach spaces. Theorem 3.11 in Section 3.2 states that separability of
e(R™, N) and £(Z", N) is determined by the number of extreme points of the unit
sphere given by the norm N. Lacey and Cohen [6] characterized the injective
envelopes of real and complex Banach spaces in terms of the unit sphere in the
dual space. Their result implies Theorem 3.11 for R", but their method cannot be
applied to Z™ as they use Cohen’s construction of the (linear) injective envelope
in [2], which is only for Banach spaces. Our method of proof for Theorem 3.11 is
as follows: In the case that the injective envelope is separable, we construct an
isometry between the space of extremal functions and (R¥, || - ||o), for some k,
which is determined by the shape of the unit sphere. In the case that the injective
envelope is non-separable, we construct an uncountable set of extremal functions
witnessing non-separability. This construction of extremal functions does not rely
on any Banach-specific properties of the space, and can be carried out both in R”

and Z", proving non-separability of the injective envelope of both spaces.

Section 3.3 deals with separability of the injective envelope of bounded metric
spaces. We find that the existence of a sequence of ordered pairs whose distances
satisfy certain properties, which we call slack (see Definition 3.31), is sufficient
for the injective envelope to be non-separable. We also find that for a particu-
lar class of bounded metric spaces, those whose points can be arranged into an
approzimately constant (see Definition 3.32) sequence of n-tuples for some n, the
existence of a slack sequence of ordered pairs is also necessary for the injective

envelope to be non-separable. Theorem 3.33 states these results.

Proofs in Sections 3.2 and 3.3 use some general facts about extremal functions



collected in Section 3.1. Here, we first show an extension property of extremal
functions, and then prove three propositions regarding preservation of separabil-
ity of the space of extremal functions. Proposition 3.2 states that the space of
extremal functions over any metric space is isomorphic (as metric spaces) to the
space of extremal functions over any dense subspace of it. Proposition 3.3 states
that if X is any metric space with separable (X)), then (X U K, d) is also sepa-
rable for any compact space K and any metric d extending the metrics on X and
K. Proposition 3.7 states that if (d;); is a sequence of metrics on X converging
uniformly (see Definition 3.6) to a metric d on X, and €(X, d;) is separable for all

i, then (X, d) is separable.

Following Melleray’s work in [5], where he proves that the space of Katétov
functions is separable if and only if the space of finitely supported functions is
dense in it, we attempt to find a subspace of the extremal functions with the same
property, i.e. a canonical separable subspace such that (X) is separable if and
only if this subspace is dense in it. We consider several natural subspaces of £(X).
Unfortunately, none of them is as desired. The discussion and counterexamples

for the subspaces we consider are in Section 3.4.

The two main definitions for this paper:

Definition 1.1. A function f : X — R on a metric space (X, d) is called extremal

if

d(z,y) < f(z) + f(y) (1.1)

for all ,y € X and whenever g : X — R such that d(z,y) < g(f) + g(y) for all



z,y € X and g(x) < f(x) for all x € X, then f = g. Denote by £(X) the space

of extremal functions on X.

Definition 1.2. A function f : X — R on a metric space (X, d) is called Katétov

if for all =,y € X it satisfies the inequalities

flx) = fly) < d(z,y) < f(z) + fy). (1.2)

Denote by E(X) the space of Katétov functions on X.

We equip both F(X) and e(X) with the sup metric:

dp(f,9) = suwp {[f(z) — g(x)] : v € X}

It can be checked that for any f,¢g € E(X) and any zo € X, |f(z) — g(z)| <
f(zo) + g(zo) for all x € X. Hence, the above sup is finite and the metric is
well-defined. Although not immediate from the definition, it is not hard to show,
cf. Isbell [1] or see the argument at the beginning of Chapter 2, that extremal

functions are also Katétov; i.e., e(X) C E(X).



CHAPTER 2

FINITELY SUPPORTED KATETOV
FUNCTIONS AND EXTREMAL FUNCTIONS

Recall that inequality (1.2) from Definition 1.2 of Katétov functions has two parts:

—
—~
=
|
=
&
N

d(z,y) (2.1)

dlz,y) < flz)+ f(y) (2.2)

Notice that (1.1) from Definition 1.1 of extremal functions is exactly (2.2). It
turns out that extremal functions also satisfy (2.1), making them Katétov func-
tions. Isbell showed this in [1], but we include the following short argument to

illustrate the interaction between these two inequalities.

Notice that d(z,y) < f(x)+ f(y) can also be written as f(z) > d(z,y) — f(y).

This leads us to the following equivalent definition for (X):

feeX)eVee X f(xr)=supd(z,y) — f(y). (2.3)

yeX

We will use this equivalent definition to show that extremal functions are Katétov.
Inequality (2.2) for all z,y € X is obviously implied by the sup, so it remains to

show that

Vo € X f(x) =supd(z,y) — f(y) = Vo,y € X f(z) — f(y) < d(z,y).

yeX

If for some x,y we had f(z) — f(y) > d(z,y), then for all ¢/, f extremal implies



f) + f) > d(y,y'). So

f@)+ @) > flz)+dy.y)— fly)
= d(z,y) +dy,y) + [f(x) — f(y) — d(x,y)]

> dz,y) + [f(x) — f(y) — d(z,y)].

Since we assumed f(x) — f(y) — d(z,y) > 0, we have

f(x) > sup d(z,y') — f(y).

yeXx

Contradiction to (2.3). So f must satisfy (2.1) and hence is Katétov.

On the other hand, we also have an important class of Katétov functions de-
fined from (2.1). As with (2.3), this definition uses the f(x) < d(z,y)+ f(y) form
of f(x) — f(y) < d(x,y) (definition from Gao and Kechris [7]):

Definition 2.1. For a metric space (X,d) with X # (), a function f € E(X) is

said to be finitely supported if there is a finite set Y C X such that

f(z) = mind(z,y) + f(y)

yey
for all x € X. In this case, Y is called a support of f and we say that f is n-

supported if f has a support of cardinality n.

Denote by E(X,w) the set of all all finitely supported Katétov functions and

by E(X,n) the set of all n-supported Katétov functions.



The finitely supported functions were originally defined by Katétov [4] for
his construction of the Urysohn space. What is more interesting to us is that
Melleray [5] proved E(X) is separable if and only if E(X,w) is dense in F(X).

We will return to this in Section 3.4.

If we view the two side of (1.2) as opposites, then the definitions of the ex-
tremal functions (the form given in (2.3)) and the finitely supported functions
have symmetric counterparts. We obtain these symmetric definitions by inter-
changing (2.1) and (2.2) and taking the corresponding extremal values. In this

way, the definition of extremal functions in (2.3) yields the symmetric statement
Ve e X f(x) = inf d(z,y) + f(y).
yeX

Unlike the extremal functions, functions satisfying this condition do not have to

be Katétov. This is because

f(z) = yig)f(d(%y) +fly) = f(x) —c= ;g)f(d(:r,y) + fly) —c

for any ¢ € R. For any z,y € R", we can take ¢ large enough so that f(x) — ¢+
fly) — ¢ < d(z,y), failing (1.2). However, we do have that all Katétov functions

satisfy this inf condition, i.e.
feEX)=VreX f(z) = mfd(z.y)+ f(y).
y
This follows immediately from the definitions:

f(&) = d(z.2) + f(z) > inf d(z.y) + ()



and f(2) < infyex d(z,y) + f(y) since f(z) = f(y) < d(xy) for all y.

The corresponding symmetric statement to the definition of finitely supported
functions gives what we call the finitely witnessed functions. Though not assumed
to be so in the definition, these finitely witnessed functions will be extremal (fol-

lowing easily from the definition), justifying the notation:

Definition 2.2. For a metric space X # (), a function f € E(X) is said to be
finitely witnessed if there is a finite set Y C X such that

f(z) = maxd(z,y) — f(y)

yey

for all x € X. In this case, Y is called a witness set of f and we say that f is

n-witnessed if f has a witness set of cardinality n.

Denote by e(X,w) the set of all finitely witnessed Katétov functions and by

£(X,n) the set of all n-witnessed Katétov functions.

For both the finitely supported functions and the finitely witnessed functions,
assuming the function is Katétov is necessary as part of the definition. Without
this assumption, we get functions that may not be Katétov. These generalized

definitions are as follows:

Definition 2.3. Given any finite set F' C X and a function o : F' — R, define



the min function on (F,«) as
Mpo(r) = mind(z,y) + a(y)
yeF

and define the mazx function on (F,«a) as

Mpq(z) = max d(z,y) — a(y).

We will use m(X,w) := J,, m(X,n) to denote the set of all min functions and

M(X,w) =, M(X,n) to denote the set of all max functions, where

m(X,n) = {mpo: FCX,|F|=n,a: F— R},

M(X,n) = {Mpo: FCX,|F|=n,a: F—R},

for each n.

It follows immediately from the definitions that

E(X,w) Cm(X,w) and e(X,w) C M(X,w),

since for all n, E(X,n) C m(X,n) and ¢(X,n) C M(z,n). In general, these
inclusions are strict, and m(X,w), M(X,w) are not contained in E(X), e(X),

respectively. So we ask:

e Under what conditions is a min function Katétov?

10



e Under what conditions is a min function extremal?
e [f a min function is Katétov, is it automatically finitely supported?

The same questions may be asked of the max functions, with “finitely witnessed”
in place of “finitely supported”. Propositions 2.5 and 2.6 answer all of the above
questions. To state the propositions, we will need the following metric space no-

tation (definition from Mineyev [8]):

Definition 2.4. The double difference in a metric space (X,d) is the function
{(-,-],+) : X* — R defined by

(o9 ly, ) 2= 5 () + d(a' ) — dx, ') — d(y, ).

The following results are proved at the end of this chapter after series of lem-

mas.

Proposition 2.5. For any finite F C X and o : F — R,
1. mpa € E(X) & Vyy €F aly) + oY) = d(y,y);

2. Mp, € E(X) e Vea'e X Jyy € F

2(x, y'ly,2") > aly) + a(y') —d(y,v');
3. mpy €(X) © mpy € E(X) and mpy = Mpy;
4. Mp, € e(X) e Mg, € E(X) andVy,y' € F a(y) + a(y') > d(y,y').

Proof. See page 18 below. O

11



Proposition 2.6. For any finite F C X and o : F — R,
1. mpo € E(X) = mp, € E(X,|F|) and F is a support of mp.q;
2. Mpo € e(X)= Mpo € (X, |F|) and F is a witness set of Mp,,.

Thus, for any n, E(X,n) = E(X)Nm(X,n) and e(X,n) =e(X) N M(X,n), so
E(X,w)=EX)Nm(X,w)

and
e(X,w)=¢e(X)NM(X,w).

Proof. See page 19 below. [

We prove statements 1 and 2 in Proposition 2.5 by considering when min and
max functions satisfy each of the inequalities (2.1) and (2.2) separately. From the
discussion thus far, we would expect (2.1) to be more easily satisfied. Indeed, this

is the case:

Lemma 2.7. For any finite F C X and o : F — R, for all z,2' € X,
1. mpa(z) —mpe(2') < d(z,2') and
2. Mpo(x) — Mpo(2') < d(xz, ).

Proof. We prove the first statement; the second is proved in a similar manner.

Fix any z,2’ € X and let v,y € Y be such that mp,(z) = d(z,y) + a(y) and

12



mrpa(2') =d(z',y')+a(y’). By the min construction in the definition of mpg,, we
must have

d(z,y) + a(y) < d(z,y) + ay).

Thus

Mea(r) —mpa(r) = dz,y)+aly) — (d@,y) +a(y))

< d(z,y) +aly) —d@,y) —aly)
< d(z,y) —d(a',y)
< d(z,2)

So the first statement for min functions is proved. The second statement for max

functions is proved similarly. ]

Now we turn to inequality (2.2). For min functions, this inequality is satisfied

if and only if it is satisfied by o on F"

Lemma 2.8. For any finite FF C X and o : F' — R, mp, satisfies

mpo () + mpo(z') > d(x, z')

for all x,x' € X if and only if a satisfies

aly) +aly') > dy,y)

for ally,y € F.

13



Proof. (=) By our assumptions, mpg.(y) + mea(y') > d(y,y') for all y,y' € F.

By definition of min function, for any y, € F, we have

Mra(Yo) = Iyrg}g d(yo,y) + a(y) < d(yo, yo) + (o) = a(yo)-

So «a satisfies a(y)+a/(y') > d(y,y) for all y,y’ € F since mp,, does and a > mp,
on F.

(<) Fix any z,2’ € X. By the definition of mp, we may fix y and ¢ in F

such that mp,(z) = d(z,y) + a(y) and mp.(2') = d(2',y") + a(y’). Then

mpa(r) + mpa(z’) = d(z,y) + aly) + d(z',y') + a(y)

> d(z,y) +d,y) +d(y,y) (by the hypothesis on «)
> d(z,2") (by triangle inequality)
as needed. ]

For a max function to satisfy (2.2), the condition is more complicated. How-
ever, it can be expressed in terms of a familiar expression on metric spaces, the

double difference (recall Definition 2.4):

Lemma 2.9. Given any finite F C X and o : F' — R, Mg, satisfies

Vo, '€ X Mpo(x) + Mpo(2') > d(z, 2')

14



if and only iof

Vo, o' € X Jy, v’ €F 2(x,y |y, 2") > aly) + ay) — d(y, ).

Proof. The proof follows directly from the definitions:

Vo, 2'e X Mpo(z) + Mpo(2') > d(z, 2')
| (by Def. 2.3)
Ve, o'e X Jy,y € Fod(x,y) — aly) +d(@,y) —a(y) > d(z,2)
T
Ve, o'e X Jy,y € F d(z,y) +d(2',y) —d(z,2") > a(y) + a(y)
| (by Def. 2.4)
Vea'e X dyy' e B 2(xyly. o) +d(y,y) = aly) + oY)
)

Vo, '€ X Jy, o/ € B 2{x, vy, 2) > ay) + a(y) — d(y, y).

Notice that Lemmas 2.7, 2.8, and 2.9 state exactly when min and max func-
tions are Katétov, proving the first two statements of Proposition 2.5. The fol-
lowing lemma shows when a max function is extremal, and when it is, that the
defining set F' is a witness set, thus proving statement 4 in Proposition 2.5 and

statement 2 in Proposition 2.6.

15



Lemma 2.10. Given any finite F C X and a: F' — R,

Mrpo € e(X) e Mp, € E(X)AVyy' €F aly) +a(y) > dy,y).

Moreover, if Mg, € e(X), then F is a witness set of M.

Proof. (=) We prove this direction by proving the contrapositive. Since £(X) C
E(X), then
MF,oz ¢ E(X) = MF,O( ¢ €(X)

Suppose we had y,y € F such that a(y) + a(y') < d(y,y’). We claim Mg, is not
minimal at y, so Mp, ¢ €(X). Take any € X. By definition of max function,

Mpo(z) > d(x,y) — aly), so

Mpgo(x) + Mpo(y) > d(z,y) + Mpa(y) — ay).

Also by definition of the max function,

Mpa(y) > d(y,y') — a(y') > aly),

s0 Mpa(y) —a(y) > 0. Thus, Mg, is not minimal at y as claimed.

(< and the “moreover” part) We show that for all z € X,

Mpa(@) = maxd(z,y) = Mra(y) (2.4)

Then (2.4) and Mg, € E(X) imply Mg, is extremal and F' is a witness set of it.
By Mg, € E(X), we have that for all z € X,
Mpo(r) 2 maxd(z, y) — Mra(y).
yeF

16



On the other hand, our hypothesis that a(y) + a(y') > d(y,y’) for all y,y’ € F

implies Mp,(y) < a(y) for all y € F. Hence for all z € X,

Mpo(z) = maxd(z,y) — a(y)

yeF

< —
maxd(z,y) — Mra(y)-

So (2.4) is proved. O

We are ready to finish the proofs of Propositions 2.5 and 2.6. The following
piece of notation will help make these proofs, as well as several proofs in Chapter

3, more concise. It comes from a remark of Isbell [1]:

“If X is compact, then for any f in €(X) and x in X there is, by minimal-
ity, some y in X such that f(x) + f(y) = d(x,y). In general, we have only

f(z)+ fly) < d(z,y) + 9, where 0 is any positive number and y depends on 0.”

Definition 2.11. Given a metric space X and f € £(X), we say that a sequence

(vi); in X is a witness for the minimality of f at x if
lim f(z) + f(y:) — d(@,y;) = 0

and denote it by (y;); =

We say that a point y in X is a witness for the minimality of f at x if the

constant sequence (y); witnesses the minimality of f at x and denote it by y =z

17



Note that f(x) + f(y) = d(x,y) is an equivalent definition of y =

Proof. (of Proposition 2.5) By the previous lemmas, it remains to prove statement
3:

Mmpa € €(X) & mp, € E(X) and mp, = Mp,.

(<) Since mp, € E(X), statement 1 of Proposition 2.5 gives for all y,y' € F,
a(y) + a(y’) > d(y,y'). Then statement 4 of Proposition 2.5 gives Mg, € £(X).

Since mpo = Mpq, 80 mp, € €(X) as needed.

(=) To simplify notation, we let m = mp, and M = Mp,. Since ¢(X) C

E(X), m € E(X) is clear. For any y € F', by m a min function,

m(y) = mind(y,y') +a(y) < a(y).
Fix any z € X. By m Katétov,

m(r) > gleagd(x,y)—m(y)

> —
max d(z,y) — a(y)

= M(x).

Since m is extremal, there exists some (y;); such that (y;); = . Since F is
finite, by definition of min function, we may assume that for a fixed y € F|,

m(y;) = d(yi,y) + a(y) for all i. Fix ¢y € F such that m(z) = d(z,vy') + a(y').

18



Then for all 7,

d(z,yi) < d(z,y") +dy,y) + dy, y:)
< d(z,y') +m(y) +my) +d(y, v:) (by m € E(X))
< d(z,y) +aly) + aly) +dy, v:)

m(z) +m(y:).

Since m(x) + m(y;) — d(z,y;) — 0, we must have d(z,y) = d(x,y") + d(y',y) and

a(y') +aly) = d(y',y). Thus,

m(x) = d(z,y") +m(y)

So m(z) = M(z) as needed. O

Proof. (of Proposition 2.6) Statement 1: We need to show that if mp, € E(X),

then for all z € X, mp(x) = mingep d(z,y) + mpa(y). Consider me o where

G={yeF :mp.ly) =ay)}

and o' is « restricted to G. Notice that mg . = o on G, so it follows directly
from the definition of min function that for all x € X,
Mmao () = mind(z,y) + ma.o (y).
yelG
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Then since F' O G and supersets of supports are also supports, it is enough to

show that mg o = mp,.

Let x € X be given. If mp,(z) = d(z,y) — a(y) for some y € G, then
Mmpa(r) = magqo () as needed. Suppose not. Then mp,(z) = d(z,y) — a(y) for
some y € F'\ G. Then by definition of G, mp(y) # a(y). So there is some y € F

such that

mea(y) = d(y,y') + ay’) < aly).

But then

d(z,y') +ay) < d(z,y') + aly) —dly,y') < d(z,y) +aly),

s0 mpq(x) < d(x,y) +a(y). Contradiction. Thus, mp () = meo () as needed.

Statement 2 follows from Lemma 2.10. Then Statements 1 and 2 of Proposition

2.6 give us

m(X,n)NE(X) C E(X,n)

and

M(X,n)Ne(X) C (X, n)

for all n. Since the opposite containments follow directly from the definitions, we

have the equalities as needed. O
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CHAPTER 3

SEPARABILITY OF THE SPACE OF
EXTREMAL FUNCTIONS

Although we do not know exactly when £(X) is separable for general metric spaces,

we do have the following starting points from Isbell [1]:

1. the map e : X — £(X) defined by e(z)(y) = d(x,y), for all x,y € X, is an

isometric embedding; and
2. if X is compact then £(X) is compact.

The first statement gives us X C e(X). Thus, we want to focus on metric spaces
which are separable, otherwise the injective envelope would be automatically non-
separable. However, if the space is not only separable, but compact, then the
injective envelope is separable by the second statement. So we want to consider
metric spaces that are somewhere between compact and non-separable. We will
focus on two particular classes of metric spaces, the proper spaces and the bounded
metric spaces. Each of these classes contains spaces that have separable injective
envelopes and spaces that have non-separable injective envelopes. Notice that
the intersection of these two classes, the bounded proper spaces, are exactly the

compact metric spaces.

In the class of proper spaces, we will consider subspaces of finite dimensional
real Banach spaces. Lacey and Cohen [6] characterized the injective envelopes
for real and complex Banach spaces of any dimension, which also answers the

question of separability of the injective envelope for these spaces. However, their
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methods only apply to Banach spaces, not to subspaces such as Z™ in R". In
Section 3.2, we show exactly which norms on R™ will produce injective envelopes
that are separable. Our method also applies to the non-Banach subspace Z" of

R™ since we view the injective envelope as the space of extremal functions.

From the discussion at the beginning of Chapter 2, we know that £(X) C
E(X). Melleray [5] characterized Polish metric spaces X for which F(X) is sep-
arable. One of the conditions Melleray proved to be equivalent to E(X) being
separable is that every infinite sequence in X admits what he called an inline
subsequence. For a bounded Polish metric space, if it is not compact, then it
contains an infinite sequence that does not admit an inline subsequence, implying
its space of Katétov maps is non-separable. Hence, considering the space F(X)
for a non-compact bounded metric space X does not give us any information
about separability of €(X). We consider the question of separability of the space
of extremal functions over bounded metric spaces in Section 3.3. The main result
there, Theorem 3.33, states that the existence of a certain sequence of ordered
pairs in a bounded metric space is sufficient for the injective envelope to be non-
separable, and that for a particular kind of bounded metric space, the existence

of such a sequence is also necessary for the injective envelope to be separable.

In [5], Melleray also proved that E(X) separable is equivalent to F(X,w) dense
in £(X). This leads us to wonder if there is a subspace of £(X) which behaves
similarly, i.e., a subspace of £(X) which is dense in £(X) if and only if £(X) is
separable. We consider several natural subspaces, including the space (X, w)
defined in Chapter 2. Unfortunately, none of these spaces are as desired, and

Section 3.4 contains this discussion and the counterexamples.
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We start in Section 3.1 with some general properties of (X)) in terms of preser-
vation of separability. These properties will be used in the proofs in Section 3.2

and Section 3.3.

3.1 General Facts Regarding Preservation of Separability
of the Space of Extremal Functions

Here we prove some general facts about when separability of e(X) is preserved.
The first is that for a metric space X, £(X) is isomorphic to (YY) (as metric
spaces) for any dense subspace Y of X. Next, we show that adjoining a compact
space to a metric space does not change separability of the injective envelope.
Lastly, we show that if a sequence of metrics (d;); on the same underlying set X
converges uniformly (as functions on X?) to a metric d on X and &(X,d;) are

separable for all 4, then €(X, d) is also separable.

First, we establish an extension property of the extremal functions. This will

be used heavily in proofs throughout this section and in the rest of Chapter 3.

Lemma 3.1. Any extremal function on a subspace of X extends to an extremal

function on all of X.

Proof. Let Y C X be any subspace and let f € e(Y) be given. We use the

following two facts:

e Any Katétov map on a subspace of X can be extended to a Katétov map

on X (Melleray [5]).
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e There is an extremal function below any function satisfying (1.1) for all

z,y € X (Isbell [1]).

These facts allow us to first extend f to some f’ € E(X) and then take f” € £(X)

below f’. It remains to show that f” extends f. We have
f=11Y>f"1Y

by choice of f" and f”. On the other hand, by the definition of being extremal, f”
cannot be strictly less than f at any y € Y and still satisfy (1.1) for all z,y € Y.
So f=f"1Y as needed. ]

Proposition 3.2. For a metric space (X,d) and any dense subspace Y of X,

e(X) and £(Y') are isomorphic metric spaces.

Proof. For any g € £(X), consider its restriction g | Y. We claim that this re-

striction map is an isometry from £(X) onto £(Y).

First, we show that for all g € (X)), if f = ¢ | Y then f € £(Y). Fix any
x €Y, we need to show that there exists a sequence (y;); in Y such that (y;); =
(recall Definition 2.11). Since g € €(X), we may fix (z;); in X such that (z;); = .

Since Y is dense in X, then for each i we may fix y; € Y such that d(x;,y;) < 27"
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Note that for all i,

(d(z,9:) = Fys) = (d(@,20) = g(za)| = [d(z,9:) = 9(y:)) = (d(@,25) = g(2:))]
= |(d(z,4:) = d(z, z:)) + (9(z:) — 9(1:))|
< |(d(z,9:) = d(z, z:))] + [(9(z:) = 9(u2))]

By our choice of y;, the last expression above converges to 0 as ¢ goes to infinity.
Hence, (d(z,v;) — f(y;)):; converges to the same limit as (d(x,x;) — g(x;));, which
is g(x) = f(x). So (i) = as needed, and g — ¢ [ Y is indeed a map from ¢(X)
to e(Y).

By Lemma 3.1, for all f € (Y), there must be g € ¢(X) such that g [ Y = f.
Thus, the restriction map is surjective. It remains to show that the restriction
map is injective and isometric. Both of these will follow from the following: for
any g, € e(X)if f=¢g Y and f ' =¢ | Y then dr(g,¢') = dg(f, f'). Since f
and [ are restrictions of g and ¢, respectively, it follows that dg(g,¢’) > de(f, f').
Thus, it is enough to show that for all = € X, |g(z) — ¢'(z)| < dg(f, f'). Fix any

5

d > 0. Since Y is dense in X, we may fix y € Y such that d(z,y) < §. Since

extremal functions are 1-Lipschitz, we have

dg(f, f') = 1fy) = ()
= |g(y) — g ()|
l9(x) — ¢ ()| — 2d(z, y)

> |g(x) = g'(x)] — 0.

AV

Since § can be taken arbitrarily close to 0, dg(f, f') > |g(z), ¢'(z)| as needed. O
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Thus, going down to any dense subset preserves separability of the space of
extremal functions. We can also go up to supersets: Adjoining a compact space
to any metric space will not change the separability of the space of extremal func-

tions over it.

Proposition 3.3. For a metric space X and compact space K , if e(X) is separable
then (X U K) is also separable, where the metric on X U K is any metric that

extends the metric on X and the metric on K.

We will prove Proposition 3.3 assuming X and K are disjoint, since by Lemma
3.1, if e(X) is separable, then so is e(X \ K), so we may work with X \ K in place
of X. We first prove the proposition in the case that K is just a point, then
finitely many points, and finally for general compact spaces. The first two steps

are done in the following lemmas.

Lemma 3.4. For a metric space X and any point xo ¢ X, if £(X) is separable
then e(X U {xo}) is also separable, where the metric on X U {xo} is any metric

that extends the metric on X.

Proof. Let d be any metric on X U{x} that extends the metric on X. Since e(X)
is separable, we may fix {f; : ¢ < w} a countable dense subset of £(X). For each

r € R and i € N, we define f]" as follows:

fz‘r (xo) =T,
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and for all z € X,

fi(x) = max {fi(x),d(z,x0) —r}.

We note that {f : r € R,i € N} is separable since it contains {f/ : ¢ € Q,i € N}
as a countable dense subset. We will show that (X U {z(}) is contained in the
closure of {f/ : r € R,i € N}, so it is separable. For this, the following claim will

suffice.

Claim: For any f € (X U{zo}) and any € > 0, there is some 7 and r € R

such that dg(f, f7) <e.

Proof of Claim: Consider f [ X. It may not be extremal on X, but it is
Katétov, so we may fix f' € e(X) such that f’ is below f on X (recall proof of
Lemma 3.1). Take f; such that dg(f’, f;) < € and let r = f(x9). We show that
de(f, fI) < e. By definition, f(x¢) = r = f/(x¢). Take any = € X, we need to

show that |f(z) — f7(x)| < e. From the definition of f/', we have two cases.

[Case f7(x) = fi(z)] In this case, if f'(z) = f(x), then we are done since we
chose f; such that |f;(z) — f'(z)] < e If f'(xz) # f(z), then we claim f(z) =
d(x,x0) — f(z). This is enough since definition of f/ and the case assumption
gives

fi(x) = fi(x) > d(x,20) — f(w0) = f(2),

while our choice of f; and f’ gives f'(z) + ¢ > fi(z) and f(x) > f'(z). So

fl@)+e> fi(z) = f(),

and f7(x) is within € of f(z). Now to show f(z) = d(z, x¢)— f(x). Since f’is below
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f, we must have f'(z) < f(x). If f(z) # d(z,x0) + f(xo), then f € e(X U{z0})
implies there exists y € X such that f(z)+ f(y) < d(z,y) + (f(z) — f'(x)). Then

f'(y) < f(y) gives

f@)+ fly) < dl,y)+ (f(2) - f(2)
)+ f(@) < dz,y)

f)+ fl(@) < dz,y),

which contradicts f’ being extremal on X. So we must have f(x) = d(z, z¢)— f(z0)

as needed.

[Case f](x) = d(x,z) — r] This means that

fi (@) = d(z,x0) — f(x0) = fil®).

By f Katétov and choice of f;, we have

f(x) = e < filx) < d(w,20) = f(wo) < f(2).

So fI'(z) is within € of f(x).

In either case, f/(x) is within € of f(z), so dg(f], f) < € as needed. O

Lemma 3.5. For a metric space X and finitely many points xg,...,z, ¢ X,
e(X) is separable if and only if e(X U{xo,...,x,}) is separable, where the metric

on X U{xo,...,x,} is any metric that extends the metric on X.
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Proof. If (X)) is non-separable, then (X U {xg,...,x,}) is non-separable since
an extremal function on X extends to an extremal function on X U {xy,...,z,}.
Suppose £(X) is separable. Then applying Lemma 3.4 recursively n + 1 times

gives e(X U {xy,...,x,}) is separable. O

Now we can complete the proof of Proposition 3.3.

Proof. (of Proposition 3.3) Let d be any metric on X U K that extends the metric
on X and the metric on K. Assume that ¢(X) is separable. We will build a
countable dense subset of (X U K'). All subsets of X U K in this proof are taken

with the inherited metric from d.

For each n, let F,, C K be a finite subset of K which is 27" dense in K i.e., for
each x € K thereis y € F, such that d(z,y) < 27". By Lemma 3.5, we know that
each e(X U F),) is sparable. We fix A,, C ¢(X U F},) a countable dense subspace,
for each n. By Lemma 3.1, each g € A,, extends to an extremal function over
X UK. We fix B, C (X UK) such that B, is countable and for each ¢’ € A,,
there is some g € B, such that g extends ¢’. We claim that |J, B, is dense in
e(XUK).

Let f € (X UK) and € > 0 be given. Pick n such that 27" < £. Consider
f I XUF,. It may not be extremal, but it is Katétov, so we may fix f' € e(XUF,)
which is below f (recall proof of Lemma 3.1). By choice of A, and B,,, we may
take g’ € A, such that dg(¢', f') < ¢ and g € B, such that g extend g'. We will

show that dg(f, g) <e.
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First, we show that f’ > f—£. Assume towards a contradiction that for some

v € XUF,, f'(z) < f(r) — 5. By f extremal, we may fix y € X U K such that

f2) + fly) < d(@,y) + (f(z) = 5 = ['(2))-

By choice of F),, we may fix ' € X UF,, such that d(y,y’) < §. Since f is Katétov,

f@W) <d(y,y') + f(y). Then our choice of y and 3’ implies

fl)+ ) < fl@)+ fly) +dly.y)
< dley) + (f@) = 5 = @) + ¢
< d(w,y) +dly.y) + f(z) — (@) -
< d@.y)+ f@) - f(@)
1) < dy)— ).

On the other hand, f’ is below f, so
F) < ) <d(a,y) = fl@) = @)+ 1Y) < dz,y).

Contradiction to f’ extremal, so f'(x) > f(x) — § as needed.

Now we show dg(f,g) < e. Fix any x € X U K. By choice of F,,, we may fix
y € X UF, such that d(x,y) < ¢. Since y € X U F,, and g extends ¢, we have

g(y) = ¢'(y). Thus, by the triangle inequality,

l9(x) = f(2)| < lg(x) =g + 19" () = W)+ [ () = F) + [ f(y) = f(2)|(3.1)

By f and g Katétov, we have |g(z) — g(y)| < d(x,y) < ¢ and lfly) — f(z)| <
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d(x,y) < §. By our choice of ¢, dg(f',g') < §, 50 |¢'(y) — f'(y)| < §. Lastly, we

&
showed above that f* > f — £, so [f'(y) — f(y)| < 5. Thus, the right hand side of
(3.1) is bounded above by

€+6+€+€<
676 3"76°°

Hence, |g(x) — f(x)| < € as needed. O

Notice that the extremal functions are defined in terms of the metric on the
space. So perturbing the metric on X will change the space £(X). For metrics
converging uniformly, we have preservation of separability of the space of extremal

functions.

Definition 3.6. For two metrics d; and dy on the same space X, we define the

uniform distance between d; and dy by

|dy — dy| = sup |di(x,y) — da(x,y)].

z,yeX

For a sequence of metrics d; on the same space X, we say that the d;’s converge

uniformly to a metric d on X if
lim |[d —d;| =0

1—00

and denote it by d; — d.
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Proposition 3.7. Suppose there is a sequence of metrics (d;); on a space X such
that d; — d for some metric d on X, and each £(X,d;) is separable, then (X, d)

15 also separable.

Proof. Since each (X, d;) is extremal, we may fix for each ¢ a countable set
{f! :n € w} which is dense in (X, d;). We claim that (X, d) is contained in
the closure of the countable set {f! :i € w,n € w} in the ambient space of all
real-valued functions on X. This will follow easily from the following lemma, so

£(X,d) is separable. O

Lemma 3.8. If d; and dy are both metrics on X and |dy — dy| < €, then for every

fee(X,dy) there is g € (X, ds) such that dg(f,g) < 2e.

Proof. Let f € e(X,d;) be given. Since |dy — dy| < €, then the function ¢' defined

by ¢'(z) = f(x) + § for all z € X satisfies

g@)+4dy) = flx)+ fly) +e
> dy(x,y) +e

> dg(l‘, y)

for all x,y € X. Thus, by the fact from Isbell [1] used in the proof of Lemma 3.1,
there is some g € (X, dy) such that g is below ¢’. We will show that this g is
within 2¢ of f. Let € X be given. By the definition of ¢’ and choice of g, we

have that

9(a) < g(x) = fla) + 5. (3.2)



On the other hand, since f is extremal, we have that for all § > 0 there is y € X

such that f(z) + f(y) < di(z,y) + 6. So

g(z) + g(y) > da(z,y) (by g extremal)
g9(x) +9'(y) = di(x,y) — € (by |dy —do| < €and g < g')
9(@) + fy) +5 = di(a,y) — € (by (3.2)))
o(x) = di(e.y) ~ o) — =
o) > f() ~ 5 - .

Since d can be chosen arbitrarily small, we have g(z) > f(z) — 2. Thus, by (3.2)

and what we just proved, dg(f,g) < 2¢ as needed. ]

3.2 Separability of the Space of Extremal Functions over
Subspaces of Finite Dimensional Real Banach Spaces

For Banach spaces, separability of the injective envelope is determined by the
shape of the unit sphere in the dual, as shown by Lacey and Cohen [6]. Lin-
denstrauss proved that for a Banach space, being infinite dimensional or finite
dimensional and the unit sphere having infinitely many extreme points is equiv-
alent to the existence of a certain infinite sequence in the space (Theorem 7.7
in [9]). It can be shown that the existence of this infinite sequence leads to non-
separability of the space of extremal functions, which was pointed out to me by
Henson. By Lemma 3.1, we know that if a Banach space has a separable injective
envelope, then so will any subspace of it. What about separability of the injective
envelope of subspaces of Banach spaces with non-separable injective envelopes?
Lacey and Cohen’s methods cannot be applied to subspaces which are not Ba-

nach since they worked with the injective envelope as a linear space. However,
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our methods here can be applied to subspaces of R" such as Z" because we work

with the injective envelope as the space of extremal functions.

As usual, the metric d induced by N is given by d(x,y) = N(xz — y) for all

x,y € R". If A, B are sets in R", then the distance between A and B is given by

d(A, B) = inf {d(a,b) :a € A,b € B}.

If A is just a single point a, we may write d(a, B) for d(A, B). We will use 0 to

denote the origin of the Banach space.

Definition 3.9. Given a norm N on R", we have the unit sphere

Sp—1:={z€R": N(z)=1} ={zx € R" : d(0,z) = 1}.

Definition 3.10. For any sphere S, we say that a point z € S is extreme if z is

not contained in the interior of any line segment in S.

Theorem 3.11. For any n and norm N, e(R",N) and e(Z", N) are separable if

and only if S,_1 has finitely many extreme points.

Furthermore, in the case that S,_1 has finitely many extreme points, it is a
polytope with and even number, say 2k, of (n —1)-dimensional faces, and there is

an isometry between e(R™, N) and (RF, || - ||o)-
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The proof of Theorem 3.11 will be given in two parts. To prove separability, we
will build an isometry between £(R™, N) and (R”, || - ||o.) where 2k is the number
of (n — 1)-dimensional faces of S,,_;. This clearly implies separability of (R", V)
and hence separability of e(Z", N). To prove non-separability, we will first prove
a general result which builds uncountably many functions in £(X) for any X from
a function in £(X) satisfying particular conditions on a sequence of ordered pairs
in X. Then, we construct such a function in £(Z", N) when S,_; has infinitely

many extreme points. This gives e(Z", N) and e(R™, N') are non-separable.

For this proof, we need to understand f € ¢(R", N) geometrically. We also

make some definitions and notation that will make the proof more concise.

Definition 3.12. For any f € E(R", N) and any x € R™. The sphere given by f

at x 1s

S(f,z) ={zeR":d(z,2) = f(z)}.

The Katétov condition

|f(z) = fw)] < d(z,y) < flo) + f(y)

for all =,y € R™ means exactly that

S(f,z)nS(f,y) # 0
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for all z,y € R™. If f is extremal, then minimality with respect to

d(z,y) < f(x) + f(y)

for all z,y € R™ means exactly that for every S(f, z) there is a sequence (S(f,v;));
such that the spheres S(f,y;) are becoming tangent to S(f,z). We will make this

notion precise in Definition 3.17 and Lemma 3.18.

We identify each f € E(R", N) with the collection of spheres it assigns to each
point in R™. When the unit sphere is a polytope, we will eventually identify each
f € e(R", N) with its action on the faces of the unit sphere. This will become the
embedding in Theorem 3.11. A first step towards this is to note that any sphere

may be obtained from S,,_; by a scaling and a translation:

Definition 3.13. For any sphere S with radius r and center x, the point on S

corresponding to z for any z € S, is

z2(S) :==rz+=x.

When S = S(f,x), we will use z(f,x) in place of z(S(f,x)).

The same scaling and translation from Definition 3.13 will make any support-

ing hyperplane of S,,_; into a supporting hyperplane of the corresponding sphere.

Definition 3.14. A hyperplane is said to support a convex set S in R™ if
e S is contained in one of the closed half-spaces of the hyperplane, and
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e at least one point of S is on the hyperplane.

Let S be a sphere centered at x with radius » and P be any hyperplane

supporting S,_1. The supporting hyperplane of S corresponding to P is

P(S)=rP+z={rz4+x:2¢€ P}.

When S = S(f,z), we will use P(f,z) in place of P(S(f,x)).

Notice that P(S) will be parallel to P for any sphere S. In fact, parallel hy-
perplanes will be used heavily in our proofs in this section. So we establish the

following notation:

Definition 3.15. Two hyperplanes are parallel if they are translates of each other,
and is denoted by - || -. A sequence of parallel hyperplanes (P;); converges to a

parallel hyperplane P if lim; ., d(P;, P) = 0, and is denoted by P, — P.

Definition 3.16. For any hyperplane P, containing the origin 0 in (R™, N), we

define a map
1:{Q Q| R} —R
as follows:

1. Let Lo be the unique line perpendicular to F, through 0. Ly will intersect

each () parallel to P, at exactly one point.
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2. Let ¢/ : Ly — R be such that /(0) = 0, and ¢/ preserves the linear structure

of Ly and R.
3. For each hyperplane @ parallel to Py, let +(Q) = /(q) where {¢} = Q N Lo.

For any P || Q || Po, we write P <, @ if and only if +(P) < ¢(Q) in R with the
usual ordering. We write P <, @ for P <, Q and P # Q. If P || P' || P, we

define the closed interval between P and P’ to be

[P7P/] ::{Q:QHPOvPSLQSLP/}'

From our definition of ¢, it follows that d(P, Q) = |¢(P) — ¢(Q)| for any P || @,
and P, — P if and only if «(P;) — «(P) for any sequence (P;); of hyperplanes

parallel to P.

Now we can state precisely what the minimality requirement for extremal func-

tions means geometrically:

Definition 3.17. Fix any f € ¢(R",N) and =z € R™.

o We say that z € S,,_1 is a tangent point of x (under f) if there is a sequence

(y;); such that (y;); = (see Definition 2.11) and

e We say that a hyperplane P is a tangent hyperplane of x (under f) if P

supports 5,1 and there is some z € PN 5,1 such that z is a tangent point
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of x.

The phrase “under f” will only be used when we are working with more than one

extremal function.

Lemma 3.18. For every f € ¢(R",N), every x € R" has a tangent point and
a tangent hyperplane. Moreover, if P is tangent hyperplane of x under f, then

there is a sequence (y;); such that —P(f,y;) — P(f,x).

Proof. Fix f € e(R", N) and x € R". First, we note that if 2 has a tangent point,
then it has a tangent hyperplane since any point on 5,_; is contained in some
supporting hyperplane of S, ;. So we only need to show that z has a tangent

point.

By the remark from Isbell [1] stated before Definition 2.11, we can always fix
(y;); such that (y;); = For each i, let z; € S,,_1 be such that z;(f,z), —z(f, x),
and z;(f,y:), —z(f,y:), are the points where the line determined by z and y; inter-
sects the spheres S(f, z) and S(f, y;), respectively. Here, we are using the sphere’s
symmetry about the origin, which is implied by the norm property N(z) = N(—z).
Then f(x) + f(y;) — d(z,y;) — 0 implies either

d(zi(f7 37), _Zi(fa yz)) — 0

or

d(—zi(f,x), zi(f,y:)) — 0.

Without loss of generality, we assume the former holds. By compactness of the

sphere, we may fix a subsequence of (y;); such that the corresponding subsequence
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of z;’s converge to some z € S,_1. Then d(z(f,x),—z(f,v;)) — 0 implies the
corresponding subsequence of —z;( f, y;)’s will converge to z(f, x), so z is a tangent

point of = as needed.

Fix P any tangent hyperplane of x under f. By Definition 3.17, there is some
z€ PNS,_; and (yl)lfﬁ z such that —z(f,v;) — z(f,z). Then P(f,z) || P(f,v:)

for all i, —z;(f,y;) € —P(f,y;) for all i, z(f,x) € P(f,y), and —z(f,v;) — 2(f,x)
imply —P(f,y;) — P(f, ) as needed. ]

Although in Definition 3.17, the tangent point is from S, _; and the tangent
hyperplane supports S,,_1, this is enough by the canonical way of obtaining points
and supports of any sphere from points and supports of S, _; given in Definition
3.13 and Definition 3.14. In fact, a complete set of supporting hyperplanes of .S,

is enough to serve as tangent hyperplanes for all points in R™:

Definition 3.19. For any norm N on R”, and any family H of hyperplanes, we
say that H is a complete support for N if every P € H is a supporting hyperplane
of S,_1 and S,,_1 C JH.

Notice that by the proof of Lemma 3.18, if H is a complete support for N,

then every z € R™ will have at least one tangent hyperplane in H.

With the above terminology, we are ready to begin the proof of Theorem 3.11

in the case that S,,_; has only finitely many extreme points. We first prove some
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lemmas and then use them to construct the embedding.

Lemma 3.20. For any f € ¢(R", N) and any x € R", if P is a tangent hyperplane
of x, then

P(f,x)NS(f,y) #0
for all y € R™.

Proof. Let f,x, P be as in the statement of the lemma. By Lemma 3.18, we may
fix a sequence (x;); such that —P(f, x;) — P(f,z). Notice that —P || P, so either
—P <, Por P <, —P. Without loss of generality, we may assume —P <, P,

since the P <, — P case is symmetric.

Fix any y € R™. As f is Katétov, we must have S(f,z) N S(f,y) # 0. Since
S(f,z) lies between P(f,z) and —P(f,x), and S(f,y) lies between P(f,y) and
—P(f,y), then either

P(f,x)nS(f,y) #0

or

P(f,y) N S(f,x) #0.

If the former holds, then we are done. Assume not, then P(f,y) N S(f,x) # 0
and P(f,z) N S(f,y) = 0 imply —P(f,z) <, P(f,y) <, P(f,z). We also have

—P(f,x;) <, P(f,z) for all i, since otherwise we would have

P(f,l’) <, _P(fwrZ) SL P(faxl>7

which implies S(f,z) N S(f,z;) = 0, contradiction to f Katétov. By our choice

of x;, —P(f,z;) — P(f,x). So we may fix i large enough such that P(f,y) <,
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—P(f,z;) <, P(f,x). This means
S(f, ) N S(f,x) =0,

contradiction to f Katétov. So we must have had P(f,xz) N S(f,y) # 0. O

Lemma 3.20 leads to the following corollary:

Corollary 3.21. For any f € ¢(R",N), if z,y € R™ has tangent hyperplanes
P,Q, respectively, with P || Q, then P(f,x) = Q(f,y).

Proof. Fix f € ¢(R",N), z,y € R", and P, tangent hyperplane of z and y
as in the statement of the corollary. Without loss of generality, we may assume

—@Q <, Q, since the () <, —(@Q) case is symmetric.

By Lemma 3.18, we may fix a sequence (y;); such that —Q(f,v;) — Q(f,v).
By Lemma 3.20, P(f,2) N S(f,y) # 0 and P(f,z) N S(f,y;) # 0 for all i. This

means

Since —Q(f,v;) — Q(f,y), the intersection above contains only Q(f,y). So
P(f,z) =Q(f,y). O

The following lemma gives us an action of f on supporting hyperplanes of

Sp—1, for any f € e(R", N).
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Lemma 3.22. For any f € ¢(R",N) and any hyperplane P supporting S, _1,

there is a unique P’ parallel to P satisfying:

1. Forallz € R", PPNS(f,x)#0.

2. If =P <, P, then {P'} = [P, P(f,z)].

z€R™
3. [fP SL _P7 then {Pl} = m:peR" [P(fa x)7pl]'

Proof. First, we note that uniqueness is implied by the conditions P’ must satisfy,
so we only need to prove the existence of such a P’. We will do so only for the

case —P <, P, since the proof for the case P <, —P is symmetric.

Fix any z,y € R", f is Katétov means S(f,z) N S(f,y) # (. In particular,

[=P(f,x), P(f,2)| N [=P(f,y), P(f,y)] # 0,

implying

[L(=P(f, ), o[ P(f,2))] O [l(=P(f, ), (P(f,9)] # 0,

¢ from Definition 3.16. By compactness, the intersection of all such intervals in R
is a nonempty closed interval, say [p, p'], for some real numbers p < p’. Let P’ be
the unique hyperplane parallel to P such that «(P’) = p’. Then clearly P’ is as
needed. [

Definition 3.23. For any f € £(R", N) and hyperplane P supporting S,_, we
say that f acts on P by defining f(P) to be the unique hyperplane P’ parallel to

P as given by Lemma 3.22.
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Note that if  has P as a tangent hyperplane under f, then by Lemma 3.18,

() [=P(f.9), P(f,y)] = {P(f,2)}

yeR?

assuming —P <, P. If P <, —P, then the symmetric argument gives the same

conclusion. By definition, f(P) and f(—P) intersect S(f,y) for all y. Thus,

f(P)ye (Y [=P(fy), P(f,9)] = f(P) = P(f,x)

yeR”

and

f(=P) e () [=P(f.y), P(f,)] = [(=P) = P(f,x).

yER™

In particular, f(P) = f(—P).

The next lemma will be used to show that our embedding is isometric.

Lemma 3.24. For any f,g € ¢(R™, N) and any complete support H,

dg(f,9) = sup{d(f(P),g(P)): P € H}.

Proof. Fix any f,g € ¢(R",N) and any x € R". Without loss of generality,
assume f(z) < g(z). By the note after Definition 3.19, there is some P € H such
that P is a tangent hyperplane of z under g. By the note after Definition 3.23,
g(P) = P(g,z). Since f(P)N S(f,xz) # 0 by Lemma 3.22, and g(P) supports
S(g,x), we must have have d(f(P),g(P)) > g(x) — f(x). Thus, for all x € R™,
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there is P € ‘H such that d(f(P),g(P)) > g(z) — f(z), so

dg(f,9) < sup{d(f(P),g(P)): P € H}. (3.3)

Fix any f,g € ¢(R",N) and any P € H. If f(P) = g(P), then dg(f,g) >
d(f(P),g(P)). Suppose f(P) # g(P). Without loss of generality, we may as-

sume f(P) <, g(P), as the case for g(P) <, f(P) is symmetric. We show
dr(f,9) > d(f(P),g(P)) by showing dg(f,g) > d(f(P),g(P)) — € for all € > 0.

Fix € > 0. We have the following two cases:

[Case —P <, P] By Definition 3.23 and Lemma 3.22, we may find € R" such
that f(P) <, P(f,z)) <, g(P) with d(f(P),P(f,x)) < e. On the other hand,

Definition 3.23 and Lemma 3.22 also give S(g,z) N g(P) # 0, so

9(x) > f(x) + d(f(P), g(P)) — e

[Case P <, —P] By Definition 3.23 and Lemma 3.22, we may find z € R”
such that f(P) <, P(g,x) <, g(P) with d(g(P), P(g,z)) < €. On the other hand,
Definition 3.23 and Lemma 3.22 also give S(f,z) N f(P) # 0, so

f(@) = g(x) + d(f(P),g(P)) — €.
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In either case, dg(f,g9) > d(f(P), g(P)) — € as needed. Since P € ‘H and € > 0

were chosen arbitrarily, we have

dp(f,9) = sup {d(f(P),9(P)) : P € H}. (3.4)

Thus, the lemma is proved by (3.3) and (3.4). O

Now we are ready to put everything together to construct the isometry for

Theorem 3.11.

Proof. (< direction and “furthermore” part of Theorem 3.11) Assume S,,_; only
has finitely many extreme points. Since S,,_; is convex, it is the convex hull of
its set of extreme points, hence a polytope. Observe that N(z) = N(—z) implies
Sp,—1 has symmetry about the origin. This means if P is a support of 5,1, then
—P is a support of S,_;. By symmetry, S, ; must have an even number of

(n — 1)-dimensional faces and opposite faces are parallel. Let

be the hyperplanes containing these (n — 1)-dimensional faces. Note that H is a

complete support.

Fix any f € ¢(R", N). We claim that for all i, either P, or —F; will be a
tangent hyperplane of some x € R". Fix any 1 < ¢ < k. By Lemma 3.22, we may
fix P’ parallel to P; and —P; such that for all z € R™, S(f,z) N P" # (). For every

Jj #1, f(P;) and f(—PF;) are not parallel to P’, so must intersect P’. So for each
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Jj # 1, we may fix points z; € P'N f(P;) and z; € P'N f(—F;). For every » € R",
let S, be the sphere centered at « with radius d(x, P"). This definition guarantees
either P;(S,) = P’ or —P,(S,) = P'. Fix ¢ such that d(xg, P’) is large enough so
z; and z’; are in the interior of the face of S,, contained in P’ for all j # i. By

choice of P, S(f,x¢) N P’ # () implies

f(xo) > d(xo, P') > d(xo, f(F}))

for all j # i. Thus, P(f,zo) # £P; for all j # i, which means £P; for all j # i is
not a tangent hyperplane of xy. Since H is a complete support, xy must have P,

or —P; as a tangent hyperplane.

By the note after Definition 3.23, we have f(P;) = f(—F;) for all i. Then by
Lemma 3.24,

fe= (F(R), o F(B))

is an isometric embedding of ¢(R", N) into (R*,|| - |ls). It remains to show that
this map is onto. Fix any k hyperplanes ()1, ..., Q in R" such that @); is parallel
to P for i = 1,...,k. We need f € ¢(R* N) such that f(P) = Q; for all
1 <14 < k. By choosing the points recursively, we may fix distinct points z; and

y; for 1 <4 < k satisfying:

1. The line segment determined by x; and y; is perpendicular to (); and inter-

sects ;.
2. For all j # 1, d(x;, Q;) > d(x;, Q;) and d(y;, Q;) > d(yi, Q;)-

3. For all j < i, d(x;,Q;) + d(z,Q;) > d(x;,x;) and d(x;, Q;) + d(y;, Q;) >

d(.’lﬂ‘l,yj)
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4. For all j < 14, d(y;, Q) + d(x;,Q;) > d(yi, x;) and d(y;, Qi) + d(y;,Q;) >

d(yi, yj)-

Clearly, condition 1 can be satisfied. Condition 2 can be satisfied since for all ¢ # 7,
Q:NQ; # 0. Condition 3 can be satisfied recursively as follows: by condition 2, for
any j < 4, the sphere centered at x; with radius d(z;,Q;), say S;, must intersect
;- Thus, we may choose x; far enough from @); such that the sphere centered
at x; with radius d(x;, Q);) contains a point where S; intersects @); for all j < i.
Clearly, this x; will satisfy condition 3. Condition 4 is satisfied similarly. Let f’
be the partial function on {z;,y; : 1 <1i <k} defined by f'(x;) = d(x;,Q;) and
f'(y;) = d(y;, Q;) for each 1 < i < k. Conditions 1, 3, and 4, guarantee that f’
is extremal. By Lemma 3.1, there is f € ¢(R", N) extending f’. Condition 1 and
the fact that @; is parallel to P, guarantees that S(f,z;) and S(f,y;) are tangent

along Q; for each 1 <1i < k. Hence f(P;) = @Q; for all 1 <i <k as needed. O

Now for the “only if” direction of Theorem 3.11. First, we will show how to
use one particular function in €(X) to build uncountably many functions in £(X)

whose distances from each other have a lower bound.

Definition 3.25. Let (X, d) be any metric space. A function f € £(X) is said to
be unconstrained if there exists a sequence (x;,y;); in X x X and p > 6 > 0 such

that for all ¢ # j

flxs) + flys) —d(z,y:) < 0,
f(x:) + fly;) — d(xi,y;) = p, and
fx:) + f(x;) — d(wi,z5) > 2p.
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We call p and 6 the slack of f on (z;,y;);.

Lemma 3.26. Let (X,d) be any metric space. If there exists an unconstrained

f € e(X), then e(X) is non-separable.

Proof. Fix f unconstrained with slack p and § on (z;,y;);. For every a € 2¥, we
will define an f,, € e(X). First, we define a partial function on {z;,y; : i € w} as

follows:
d(ws,y;) — f(yi) ifa(i) =0
P = p if a(i) = 1

and f,(y:) = d(wi,y:) — fo(:). Notice that for all i, fi(y:) > f(y:) and fi(z:) >

f(z;) — p. So f! is extremal, since for all i # j,

fal@) + folzy) = (fz:) = p) + (f(x5) — p)

fol@) + fily;) > (f(z) —p)+ f(y))
= flx) + fly;) — p

Z d(xza y])7

folwi) + folys) = flya) + fy;)

and

foli) + fayi) = d(zi, i)
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By Lemma 3.1, for each «, we may fix an extremal function f, extending f/ to all
of X. Notice that f, must agree with f! on the x; and y;’s since f! was already

extremal.

Now, if o # 3 € 2¥, then without loss of generality, we may fix ¢ such that

a(i) = 0 and (i) = 1. Then f,(x;) = d(zs,y;) — f(y:) and fa(z;) = f(z:) — p.

Hence

de(fos f5) = folzi) — fo(zi)
= (d(ws,y:) — f(y) — (f(2:) — p)
= d(zi,yi) — (f (i) + f(y) +p

> p—0>0

Thus, {f,: a € 29} C e(X) witness that €(X) is non-separable. O

The following technical lemma will allow us to make the recursive step in

building (z;,y;) in R™ to show non-separability of £(R™, N). In what follows, we

_z

will use 7 = NG

to denote the normalized z.

Lemma 3.27. Let z # 2’ be any two points on S,_1 which are not antipodal. For

—

any 0 < X < 1, let Ly be the line determined by 2’ and (Az + (1 — X\)z") (since z

and ' are not antipodal, (A\z + (1 — X)2’') # 2’ for all0 < X\ < 1). For any R > 0,

let yr = z+ RZ'. Then for any 0 < A\ < 1 there is some Ry such that for all
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RZRA;

1+ R— N(yr) > d(z,L,).

Proof. We work on the 2-dimensional subspace of (R™, N) spanned by z and 2/,
i.e., the subspace given by all points of the form rz + 'z’ for some r,7" € R.
Throughout this proof, when we say a sphere S, we mean the intersection of S
with this subspace. All the other points and lines used in this proof are contained

in this subspace.

Fix any 0 < A < 1. Let z = Az + (1 — \)2’ and let

L=Ly={+r(—-72):reR}.

Let L' be the unique line parallel to L and containing z, i.e.,

L'=L+(z-2).

For each R > 0, let Si be the sphere centered at yr with radius R and let zz = yx.
Note that the line determined by 0 and yp intersects S,,_1 at zg, and by symmetry,

intersects Sg at —zg(Sg). By definition of yg, z € Sg, so SN S,—1 # 0, and

d(O,ZR) = d(O,—zR(SR)) —|—d(—ZR(SR),ZR). (35)

By our definition of —zg(Sg), either —zg(Sg) is between 0 and yg or 0 is between

—2r(Sg) and yg. In the former case,

d(O, yR) = d(O, —ZR(SR)) + d(yR, —ZR(SR)), (36)
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SO

1+ R — N(yr) = d(0, zr) + d(yr, —2r(Sr)) — d(0, yr)
= d(0, —zr(Sr)) + d(—2r(SRr), 2r) + d(yr, —2r(SR)) — d(0,yr) (by (3.5))
=d(0,yr) + d(zr, —2r(Sr)) — d(0,yr) (by (3.6))

= d(ZR7 —ZR(SR)).

In the latter case, d(—zr(Sk),yr) = d(—2r(Sgr),0) + d(0,yr) implies

d(O, yR) = d(—ZR<SR), yR) — d(—ZR(SR), 0), (37)

SO

1 + R— N(yR) = d(O, ZR> -+ d(-ZR(SR), yR) — d(O, yR)
= d(0, —2r(Sk)) + d(=2r(Sk), 2r) + d(=2r(Sr),yr) — d(0,yr) (by (3.5))
= d(zg, —2r(SR)) + 2d(0, —2r(Sk)) (by (3.7))

2 d(ZR, —ZR(SR)).

Hence, in either case, it is enough to show that there is R, such that for all
R > R,, the points zg and —zg(Sg) are not both contained in the same open
half-plane bounded by L and not both contained in the same open half-plane

bounded by L', in particular,

d(ZR, —ZR<SR)) > d(L, LI) = d(Z, L)

For the remainder of this proof, when I say a line [ separates a and b, I mean that

a and b are not contained in the same open half-plane bounded by [, where a and
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b can be points or lines parallel to [. Notice that [ separates a and b includes the
situation when one or both of @ and b are on [. Thus, we want to show that there

is Ry such that for all R > R), zr and —zg(Sg) are separated by L and L'.

First, note that if R > 2, then

N(yr) = N(z+ R2') > N(RZ') = N(z) =R—-1> 1.

Let Ry = 52, We claim that R, = max(2, Ro) is as needed. Take any R > R,.

By choice of Ry,

1—) 1 1
Yry = 2+ h\ 2 = X()\Z + (1 — )\)Z/) = Xx7

S0 T = R, = ZR,- Then R > Ry > Ry implies 5 < A, and
R = (Rt 1)t (1— =)

yr = - R+1 R+1

implies zr = Yg is on the minor arc of S,_; bounded by 2’ and Z. By construc-
tion, z is on the major arc of the unit sphere bounded by 2’ and Z. Notice that
L intersects S,,_1 at exactly z’ and 7, so convexity of the sphere implies zr and
z are separated by L. Since z € L' and L' || L, then zi and L’ are separated by
L. Thus, it is enough to show that —zg(Sg) and L are separated by L', since this

would imply —zr(Sg) and zg are separated by both L and L'.

First, we show L’ intersects Sg at exactly —2'(Sg) and —Z(Sg). By definition,
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these points are on Sy, so it remains to show that they are on L':

—2'(Sp) = R(=%)+uyr
= —RZ 424+ RY
= z

e L,

—2(Sk) = R(-%)+uyr
= —RT+z+ RY
= Z+RG-2)+(z—7)
€ L+ (z—4%)

= L.

By symmetry, —zz(Sg) is on the minor arc of Si bounded by —z/(Sg) and
—Z(SR). By construction, L and L’ both intersect S,,_1, so L separates L' and zg.
This along with zr € S,,_; implies L also separates L' and rzg for any » > 1. Since
R > Ly > 2 implies N(yg) > 1, so L separates L' and N(yr)zr = N(yr)Yr = Yr-
This means L intersects the sphere Si on the major arc bounded by —z'(Sg) and
—Z(Sg). Then convexity of the sphere implies —zg(Sgr) and L are separated by
L’ as needed. O

Now we are ready to finish the proof of Theorem 3.11.

Proof. (= direction of Theorem 3.11) We will build recursively a sequence (x;, y;);
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in Z" x Z" and a function f € e(Z", N) such that
LoV fai) + f(yi) = d(@i, yi)
2. Vi#j fla)+ flz;) > d(x,x;) + 1
3. Vi j fw) + fly;) = dlwi,y;) + 1.

Notice that f will be unconstrained with slack p = % and 0 = 0 on (z;,y;);. So by

Lemma 3.26, £(R", N) is non-separable as needed.

Since S,,_; has infinitely many extreme points and is compact, we may fix a
point zg which is a cluster point for the set of extreme points of S, _;. Take (2!);~0

a sequence of extreme points converging to zo and for each ¢ > 0, let

—

z = (2 +27(2 — %))

Since 2] is extreme and the sphere is convex, (z) + 27%(z} — 20)) ¢ Sn_1. This
implies 2/ is not collinear with zy and (2] 4+ 27%(z} — 2p)), so 2/ is not on the line

" there is some

segment from zy to 2. On the other hand, by definition of 2/,
point on the line segment from 2, to z! whose normalization equals 2. So the
line segment from zy to z! is not contained in S,_;. Of course, the 2/ are not

necessarily in Z". We note that

Z={Z:z€Z"}

is dense in S,,_;. Thus, for each i > 0 we may fix z; € Z such that d(z;, /') < 277,

and the line segment from 2y to z; is not contained in S,,_;. Then the sequence

(zi)i>0 18 in Z C S,,_; and converging to z.
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We define Ly(i,7) to be the line determined by z; and (Az +/(1\— A)z;) for
each i # j and 0 < A < 1. For each ¢ # j, note that d(z;, Lx(7,7)) < 2, so we may
define D(i, j) to be

D(i,j) = sup d(z;, Lx(i,7)).

0<A<1
In fact, it can be shown that D(i,j) = limy_ d(z;, Lx(7, 7)), but this is not needed
for the proof. By choice of z;, the line segment from zy to z; is not contained in

Sp—1, which implies D(7,0) > 0 for all ¢ > 0. For any fixed 4, z; — 2o implies

lim D(i, j) = D(i,0) > 0.

j—00

So by going to a subsequence, we may assume (z;); satisfies
1. for any fixed 4, inf,-; D(i,7) > 0,
2. for all i # j, z; and z; are not antipodal, and

3. for all i # j, d(%;, z;) < 1.

We will show that there exists a sequence of increasing positive real numbers

(r;) such that (z;,y;) and f defined as follows are as needed:
o ;=12
e y, = —1r;z;, and
o fz:) = fly;) =252 =,

These definitions translate conditions 1 — 3 on f directly into conditions on the

r;’s. Clearly, f will satisfy condition 1 just from its definition. So, as we define
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the r;’s recursively, we only need to guarantee conditions 2 and 3.

We construct the r;’s recursively. At each stage ¢, we choose r; so that

o r; > 1,

o ,D(i,j) > 1Y) >1,

o 1 +r;—d(—r;zj,12) > 1Vj < i, and

e 1z, €L
The first condition can be satisfied trivially. Since we assumed inf;-; D(i,7) >
0, then the second condition can be satisfied for all large enough r;. The last

condition can be fulfill along with the other conditions since for every z € Z, the

set

{reR:rzeZ"}

is unbounded. So it remains to satisfy the third condition.

We satisfy the third condition by applying Lemma 3.27. For all j < i, by
condition 2 on (%;);, 2; and z; are not antipodal. By the second condition of the
recursive construction, r;D(j,i) > 1 for all j < i. So we may choose ¢, > 0 small
enough such that r;D(j,4) — r;¢0 > 1 for all j < i. By definition of D(j,1%), there
is Lx(j, %) such that d(z;, Lx(j,i)) > D(j,7) — €. Applying Lemma 3.27 to z = z;,

2" =z, and Ly = Ly(j,1), we obtain R; such that for all R > R;

Multiplying (3.8) by r; gives for all R > R,

T +TjR—N(Tij —f—’l“jRZi) Z ’l“jD(j, Z) — Tj€o Z 1. (39)
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Now take any R > (max;; r;)(max;j<; R;). For each j < i, we have £ > R;, so
J

(3.9) gives that

rj+rj§—N(’f’ij+7’jgzi) =
rj+ R—N(rjz + Rz) > 1
R A0 4R 2 1
rj+ R—d(=rz, Rz) > 1

Hence, if r; > (max;,; r;)(max;-; R;), then r; satisfies the third recursive condi-

tion.

With the r;’s build as above, we show that the (z;,v;); and f we defined from
them are as needed. Condition 1 is satisfied by construction. Consider condition
2: for all i # j, r; +r; > d(z;,z;) + 1. By the first condition of the recursive

construction, r; > 1 for all i. By condition 3 on (z;);, d(z;,2;) < 1. So

d(ﬂ?i, l’j) = d(rizi, T'ij)

< d(rjzj,riz;) + d(riz;, riz;) (by triangle inequality)
= (r; —ri)N(2;) + rid(25, ;) (by linearity of norm)
< (rj—mr)+m (by d(2i,2;) < 1)
<rj+mr—1 (by r; > 1)

as needed. To satisfy condition 3, we need to have for all i # j,

ri+rj > d(z;,y;) + 1. (3.10)

Notice that by symmetry of our construction, we have d(xz;,y;) = d(y;, x;) for all

o8



i, 7. So it is enough if we satisfy (3.10) for all j < i. Fix any j < 4, this is exactly

the third condition of the recursive construction of r;:

T + Tj — d(l’z, y]) = T’j + r; — d(—Tij, 7’@21) Z 1.

Lastly, x; = r;z; € Z™ implies y; = —x; € Z". The theorem is proved as we have
Y Y

produced (7;);, and hence (z;,y;); and f, as stated. ]

Melleray [5] proved that E(X) is separable if and only if every sequence in
X admits what he called an inline subsequence. By a result of Lindenstrauss
(Theorem 7.7 in [9]), we know that every sequence in (R", N') will admit such an
inline subsequence whenever the unit sphere given by N is a polytope. On the
other hand, ¢(R", N) C E(R", N) gives us E(R", N) is non-separable whenever

S,_1 is not a polytope by Theorem 3.11. So we arrive at the following Theorem:

Theorem 3.28. For any n and norm N, E(R™ N) is separable if and only if

Sn—1 has finitely many extreme points.

Corollary 3.29. For any n and norm N, the following are equivalent:
1. €(Z",N) is separable.
2. ¢(R™, N) is separable.

3. E(Z",N) is separable.
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4. E(R" N) is separable.

Proof. Equivalence of 1 and 2 follows from Theorem 3.11, and equivalence of 2 and
4 follows from Theorem 3.11 and Theorem 3.28. So 1, 2, and 4 are all equivalent.
Since £(Z",N) C E(Z",N), then 3 implies 1 is obvious. On the other hand,
Katétov functions can always be extended (recall proof of Lemma 3.1), so we also

have 4 implies 3. [

From Theorem 3.11, we know that e(R™, ||-||1) is separable, while e(R™, ||-||,) is
non-separable for any 1 < p < co and n > 2. However, applying the || -||; norm to
an infinite dimensional space makes the space of extremal functions non-separable.
In fact, Lacy and Cohen [6] showed that all infinite dimensional Banach spaces
have non-separable injective envelopes. Recall that our proof of non-separability
in Theorem 3.11 was based on the existence of an unconstrained function. This

leads us to ask:

Question 1. Does every metric space, or every Banach space, with non-separable

injective envelope have an unconstrained extremal function?

The following example shows this is true for the infinite dimensional Banach
space /. In Section 3.3, we will see that this is also true for a certain class of

bounded metric spaces. However, the question is still open in general.

Example 3.30. The Banach space {* has an unconstrained extremal function

over it.
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Proof. We will construct a sequence (x,,, ¥, ), in £ and an unconstrained function
f € e(") with slack p = 3 and 6 = 0 on (2, y,). Then Lemma 3.26 gives e(¢') is

non-separable as needed.

We fix e, for all n > 2 to be

_ ! 1 -1 1
en = 5 1 el g gl )

We will let z, = 2" 2%¢e,, y, = —2"2¢e,, and f(z,) = f(y,) = 2" 2. Note that
each e, has norm 1, so

f(@n) + f(yn) = d(n, yn)
for all n > 2. Thus, it remains to show that
1. 2m=2 422 > d(x,, z,,) + 1; and
2. 27242772 > d(2, Yim) + 3.

for all n # m.

Take any 2 < m < n. The first inequality is satisfied:

1 1 1 1
_ n—2 _ ogm—2\(_ - - - - -
A(Tm,zn) = (2 "Gyttt T T e t e
1 1
2n—2 2m—2 i
HEV ) (o o)
1 1
= VoM Qm_l(l — (2—m + 2—n))

S 27’1—2 + 2m—2 . 1
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The second inequality is also satisfied:

(T, yn) = (2772 +2"7%)(

B

— 2m—2 2n—2 _ 2m—1 . -
(2m 2+ 2772 (57 + 37)

1
< (2m—2 4 2n—2) . 5

The case for d(z,, ym,) is symmetric to the above. O

3.3 Separability of the Space of Extremal Functions over
Bounded Metric Spaces

Now we turn our attention to metric spaces with bounded metric. Recall in
Lemma 3.26, we proved that a metric space has a non-separable space of ex-
tremal functions if there exist an unconstrained extremal function on the space.
For bounded metric spaces, we will show that the existence of an unconstrained
extremal function is equivalent to the existence of a sequence of ordered pairs on
which the distances satisfy certain inequalities. We also prove that that every
sequence of ordered pairs in a bounded metric space admits a subsequence with
distances converging to constants. In fact, this is true of sequences of n-tuples
for any n. Lastly, we show that for bounded metric spaces whose points can be
arranged into a sequence of n-tuples with distances converging to constants, the
converse of Lemma 3.26 also holds. Before we can state the main theorem of this

section, we need to establish some terminology.

Definition 3.31. A sequence of ordered pairs (z;,y;); in a bounded metric space
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(X, d) is said to be slack if

1
liminf d(z;,y;) > §(lim sup d(z;, z;) + limsup d(y;, y;)), and
i i#i i
liminfd(x;,y;) > lmsupd(x;,y;).
i i#i

Note that since the metric d is bounded, for every sequence of pairs in X, the
liminf and limsup’s in Definition 3.31 must exist. Thus, every sequence of pairs

in X is either slack or fails one of the inequalities in Definition 3.31.

Definition 3.32. Let (X, d) be a metric space. Let (z},2?,...,27); be any se-

[
quence of n-tuples from X. For any € > 0, we say that (x}, 22 ..., 20); is e-
constant if there are constants Hy for all 1 < k < n and Dy, Vi, Vi for all

1 < k <1 < n such that for some N, for all N <1i < 7,

|d(af,ah) — Hy| < €

\d(xf,xi)—Dkl] < €

ld(zF,2t) — V| < €

R}

|d(zk, 2%) = Vie| < e

17 ’

If (z},22,...,2%); is e-constant for all € > 0, then we say it is approzimately

79 %)

constant.
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Notice that if a sequence of ordered pairs (z;,y;); is approximately constant
with limiting distances D, Vx, Vy, Hx, and Hy, then (z;,v;); is slack if and only
if D> %(HX +Hy), D > Vx, and D > Vy.

Theorem 3.33. Let (X,d) be a bounded metric space. If (x},x2, ..., 2%); is an
approximately constant sequence in X, then 8({xf 1<k<ni< w} ,d) is non-
separable if and only if for some k # 1, (x¥, 2!); is slack. Moreover, every sequence

of n-tuples in X admits an approximately constant subsequence.

To prove the “moreover” statement of Theorem 3.33, we will use a diagonal
argument. First, we establish a lemma which will be used in the inductive step

of our recursive construction.

Lemma 3.34. Given a bounded metric space (X,d). For every sequence of n-

1,2
tuples (zj,x3, ..., x!

™M); in X and € > 0 there is a strictly increasing o : N — N

such that (x}l(i), xi(i), coy TR )i is €-constant.

Proof. Let M be a bound for d. Fix 0 < r; <7y < ... <1, < M such that
the intervals I, = (r, —€,7, +€), for p = 1,...,m, cover [0, M]. We define
¢(r) := min{r, :r € I,} for all r € [0, M]. Notice that d(¢(r),r) < € for all
r € [0,M]. So it is enough to find a subsequence such that the relevant corre-
sponding distances all have the same ¢-value, since these ¢-values will be constants
witnessing that the subsequence is e-constant. We find such a subsequence by ap-

plying the Infinite Ramsey Theorem.

64



Consider the m™*(™Y_coloring on N given by

i (o(d(xf, 2})))1<hei<n,

for all i € N. By the Infinite Ramsey Theorem, there is some infinite A C N where
the coloring is monochromatic, say of the color (Dy;)i1<k<i<n. Let @ : N — A be

the unique strictly increasing onto map.

Next, consider the m™-coloring on 2-element subsets of o’ [N] given by

{i,7} = (o(d(xf, ) 1<k<n,

for all i < j € &/[N]. By the Infinite Ramsey Theorem, there must be an in-
finite subset A" of o/[N] where the coloring is monochromatic, say of the color

(Hy,...,Hy,). Let o : N — A’ be the unique strictly increasing onto map.

Lastly, consider the m™* (™ V_coloring on 2-element subsets of o/[N] given by

{i,5} = (o(d(xf, 27)), ¢(d(x, 2§)))r<r<izn

for all ¢ < j € o”[N]. By the Infinite Ramsey Theorem, there must be an in-
finite subset A” of o”[N] where the coloring is monochromatic, say of the color
(Viets Vik)i<k<i<n- Then the unique strictly increasing onto map a : N — A" will
give us a subsequence which is e-constant with respect to the constants Hy, Dy,

Vi1, and V; . as defined above. O

Now, we use Lemma 3.34 recursively to build nesting subsequences such that
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the diagonal sequence will be approximately constant.

Lemma 3.35. FEvery sequence of n-tuples in a bounded metric space (X,d) for

any n admits an approrimately constant subsequence.

Proof. Fix any sequence of n-tuples (z},z?,...,z7); in X. Let o be the identity

function from N to N. We construct strictly increasing maps a,, : N — «,,, 1[N]

for all m > 0 recursively as follows. At each stage m > 0, apply Lemma 3.34 to

1 2 n
am7l(i),xa’m71(i), .. ,.Q?a

and Dy, Vi'y, Hy", such that for all 1 <k < n and for all ¢ < j,

(x . 1(i))i to obtain a strictly increasing au, : N — a1 [N]

|d($§m(i)a$§m(3‘)) — Hp'[ <27,
and for all 1 <k <[ <n and for all i < j,
\d(zF ! ) — Dyl <27

am (1) “am (i

Id(vamm,xém(ﬁ)—%’f}l < 27"

l k m -m
|d(%m(z‘)a%m(j))_ Lkl < 27

Notice that the sequence of «,,,’s gives nesting subsequences and 2™ — 0. Hence,
the sequence (H}" )0 for each 1 < &k < n and the sequences (D}})m>0, (Vi})m>o0,
(V[E)m>o for each 1 < k < [ < n are cauchy, and therefore must converge. Let

Hy, Dy1, Viei, Vi be the corresponding limits.

Let us now take a to be the diagonal of these subsequences, i.e., a(m) =
am(m). We claim that (xé(i),xi(i), o 7$Z(z’)>i is approximately constant. Let
€ > 0 be given. Fix N large enough such that for all m > N, [C™ — C| < §, for

C any of the constants, and 27™ < 5. Fix any 1 <k <l <n. Forallm > N, we
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have

|d(%(m)a$la(m)) — Dy < |d(x];m(m)7mixm(m)) - D;Z,lz| + |DZ?z — D
€
< 274 -
+ 2
< €
So (95:;(1')7 xi(i), .., TR ;)i 1s e-constant with respect to Dy;. Take any 1 <k <n

and N < m < m/. By construction of «,,, there is some m” > m’ such that
A (M) = ayp(m”). Thus,
Ay, o) — Hil < 1d(@h oy @ ) — Hi'| + | HE — Hy|

am(m)r “am

€
< d(x} h mmy) — Hi'[ + B

€
< 274 =
Jr2

So (x(lx(i),xi(i), .., T ;)i is e-constant with respect to Hy. Also, for N < m <
m’ < m'” as above and any 1 < k <[ <n,

|d(2E s Thiny) — Veal < Jd(ah 2l o) = Vil VI = Vil

m)r ol

€
< ld(x} )75’5[ my) = Vinl + B

am(m am(
€
< 27"+ -
2
< €
So (m}x(i),xi(i), .., Thp)i I8 econstant with respect to Vi, A calculation sym-
metric to the above also shows (37(11(1')’ xi(i), e 7-%3(,-))1‘ is e-constant with respect
to Vj . Since € > 0 was chosen arbitrarily, (x(ll(i), xi(i), e 7x2(i))i is approximately
constant as needed. ]
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So the "moreover” statement of Theorem 3.33 is proved. For the main state-
ment, we first show that a slack sequence of ordered pairs in X always gives rise
to an unconstrained extremal function on X, and vice versa, in bounded metric
spaces. By Lemma 3.26, we have the “if” direction. Then we prove the “only if”

direction by embedding the space of extremal functions into a separable space.

Lemma 3.36. Let (X,d) be a bounded metric space. Then X contains a slack

sequence of ordered pairs if and only if £(X) contains an unconstrained function.
Proof. (=) Fix (z;, y;); aslack sequence of ordered pairs in X. Let D = liminf; d(x;, y;),
Hyx = limsup,; d(z;, z;), Hy = limsup,; d(yi,y;), Vx = limsup,., d(z;,y;), and

Vy = limsup;.; d(z;, ;). Since (z;,y;); is slack, we may fix € > 0 such that

1
> S(Hx + Hy)+e¢ (3.11)
> Vi +e (3.12)
> Vv +e (313)

€

Fix N such that the liminf and limsup’s are within { of their respective limits

beyond N, i.e.,
€

i ) > _ = _

g]fvd(x“yz) > D—7, (3.14)
sup d(wi,z;) < Hy+ -, (3.15)
j>i>N 4

sup d(ys,y;) < Hy + =, (3.16)
j>i>N 4

sup d(zi,y;) < Vi + -, (3.17)
j>i>N 4

sup d(y;,xj) < Vy + <. (3.18)
j>i>N 4
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We define f by
H,

IR

(i) = d(xi, y:) — [(24)

for all 2. We now show that by our choice of N, f is extremal and satisfies the
inequalities from Definition 3.25 for f to be unconstrained on (x;, y;);~n with slack

0 =0and p=g. Fixany j >4 > N. We have

f(@i) + fyi) = d(@i, yi) = f(@) + fyi) — d(@i, y:) <0
by definition of f. Then f(x;) + f(z;) — d(xs,x;) > 2(§) follows from

Pl + flay) = Ho+ 5

> d(wi,@)) + 7. (by (3.15))

and f(z;) + f(y;) — d(zs,y;) > § follows from

F) + fly) = (50 + ) +dlayy) - 50+ )
>D - i (by (3.14))
> Vi b (by (3.12))
> d(a, ;) + 5 (by (3.17))

Symmetrically, (3.14), (3.13), and (3.18) will give us f(z;) + f(v;) > d(zj, vi) +

<
29

which implies f(z;) + f(y:) — d(x;, ;) > §. Lastly, to show that f is Katétov, we
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note that

HX €

Flyi) + f(yg) = dlwi, ys) = (= + 7) +dlz,95) =
22D—%—(Hx+§)

> (Hx+ Hy +2¢) — Hy — ¢
:Hy—l—E

So f extremal and unconstrained as needed.

(<) Fix f € ¢(X) an unconstrained function with slack 0 < 0 < p on (24, y;);-

Definition 3.25 gives that for all ¢ < j

flai) + flys) — d(zi, pi) <
fl@o) + fla;) — d(wi, ;) =2
flai) + fly;) — d(wi,y;) =
f@g) + fys) — d(zj, ) =

(3.19)
(3.20)
(3.21)

(3.22)

By Lemma 3.35, we may assume that (x;,y;) is an approximately constant se-

quence. Fix constants D, Vyx,Vy, Hx, Hy, and N large enough such that for all
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N <i<j,

s
|
>

|d(ﬂ7z‘7yi) - D| <

|
[~

s
>,

|d(z;,z;) — Hx| <

hS)
[~
>,

\d(yi,y;) — Hy| <

hS)
|~
>,

AN

jd(zi, y;) = Vx| <

)
[

|d(x]7yz) - VYl <

|
’J; ‘

We claim that (x;,y;):~n is slack.

First, for any j > > N, we have by (3.23)

—5
2D > d(zs, y;) + d(z,y;) — PT
—6
> fla) + Fly) + flay) + fly;) — 26 — f’T
—6
> d(w, 75) + d(yi, y;) +2p — 20 — ’OT
p—0  3(p—9)
2 + 2

= Hx + Hy + (p — 9),

> Hx + Hy —

(=%

(3.23)
(3.24)
(3.25)
(3.26)

(3.27)

(by (3.19))

(by (3.20) and f Katétov)

(by (3.24) and (3.25))

soD > %(HX—FHY). Thus, it remains to show that D > Vx and D > V4. Assume
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towards a contradiction that D < Vx. Take any ¢ > N, we have by (3.23)

(@) + f(Yir1) = d(@i,yi1) + p

> 2204, (by (3.26))

>p-"""4,

> (o) 50 o (by (3.23))

> J(@) + ) + P (by (3.19))
= Fle) 2 Fl) + 2570

So (f(yi))i>n is increasing without bound. On the other hand, f is extremal
means it is bounded above by the same bound on d. Contradiction. We arrive at
the same contradiction for (f(z;));~ny when D < V4. So D > Vx and D > Vy as

needed, and hence (z;,y;):~n is slack. O

For the “only if” direction of Theorem 3.33, we first prove the result for se-
quences of n-tuples with constant distances, and then use Proposition 3.7 to obtain

it for approximately constant sequences.

Lemma 3.37. Let (z},2?,...,2%) be any sequence of n-tuples in a bounded metric

space (X,d) such that for all 1 < k <mn, for all i < j, for some Hy,

d(xl.f xl?) = Hy;

17%]
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and for all 1 <k <1 <mn, foralli < j, for some Dy, Vi1, Vi,
d(z},2;) = Dy
d($f,$é) = Vk,l

Then 5({xf 1<k<n,i€e N} ,d) is non-separable if and only if (x¥, xt); is slack

for some 1 <k <[ <n.

Proof. The “if” direction follows from Lemma 3.36 and Lemma 3.26. We prove

the “only if” direction by proving the contrapositive. Assume that (2%, 2!); is not

slack for all 1 < k < < n. Let L denote the subspace {xf 1 <k<n,ic€ N}
with the inherited metric from (X, d). We will show that given f € (L), for all
1 < k < n, the sequence (f(zF)); is eventually monotone. Since the metric on L is
bounded and f is extremal, f must also be bounded. For all 1 < k < n, the space
of bounded eventually monotone functions on {xf 11 < w} is separable, so (L)

can be embedded into the cross product of n separable spaces, hence is separable.

Fix any f € e(L). Assume towards a contradiction that for some 1 < k < n,
[ is not eventually monotone on (z¥);. Thus, we may fix p : N — N strictly

increasing such that for all ¢ > 1,

f(x;f(%il)) < f(fv’,f@@-)) and f(x,;(Qi)) > f@i(zz‘ﬂ))-

Since f is extremal, then for each ¢ > 1, there must be sequence (y;); such that
(v5); = x’;(zi) (recall Definition 2.11). By going to a subsequence, we may assume
that each (y;); is of the form (xfj(j))j for some 1 <[ <nand o : N — N either

constant or strictly increasing. Since there are infinitely many ¢ > 1 and only
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finitely many 1 <! < n, we may fix an infinite I C N such that for all ¢ € I, there

e

is some 0 : N — N either constant or strictly increasing such that (! (j)) P = x’p‘f(%)

for the same 1 <[ < n.
First, we show that [ # k. Fix any ¢« > 1. By choice of p and f Katétov,
f(xl;(zi)) + f(xlg(%fl)) > f(x];(ZiJrl)) + f(xl,;(Zifl)) > H;

and for all j # p(2i — 1),

f(x’;(m)) + f(xf) = [f(x’;(m')) - f(x’;(mel))] + [f(a;l;(%fl)) + f(xi)]
2 [f(xp(2i71)> - f(If)] + Hy
> H;.

Hence, minimality of f at x’;(%) is not witnessed by any xf :

So we have [ # k. Fix any ¢ € [ and o : N — N either constant or strictly
increasing, such that (z/ (j))j = x’;(%). We claim that o must be constant and

o(j) = p(2i). We show that all other cases give us contradictions:

[Case o strictly increasing] In this case, (a:ﬁf(j))j = x’;(%) means

lim f (5 0) + f(2h) = Vi

Jj—00

Also, o strictly increasing means we may fix j large enough such that o(j) >
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p(2i — 1) and

f(x];(%)) + f(xi'(j)) < Vi + [f(xl;(%)) - f(ﬁ(%—l))]
f(wlg(%—n) + f(xé'(j)) < Vi

f(fB’;(Qz‘—n) + f(xla(j)) < d(x];(%—l)’ xff(j))'

Contradiction to f Katétov.

[Case o constant and o(j) < p(2i)] In this case, (xff(j))j = x’;(zi) means for

all j

f(l’];(zi)) + f(‘rfr(j)) = Vi

But then

F@hoiin) + flahy) < f(@hey) + flaly)

= Vik

= d(x];(2i+1)a xff(j))v

contradiction to f Katétov.

[Case o constant and o(j) > p(2i)] This case is symmetric to the above.

Using V}; and xﬁ(ziq) in the inequalities, we arrive at the contradiction

f(w’,’i(gz-_n) + f(xif(j)) < d(x];(%—l)v xla(j))'
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Thus, o is constantly p(2i), and

f(a:];(%)) + f(xlp(zi)) = Dp,.

Here, we are assuming k£ < [ since technically we didn’t define Dy; when k& > [.

However, in the case that k > [, we simply use D, instead of Dy ; and the proof

will go through just the same.

Fix any ¢ € I. By our choice of p, we have

f( (2i—1) )+ f (=] T p(2i) ) < f(x];(zi)) + f(“i:(m’))

Vi < Dpy,

and

Sk p(2i+1) )+ f(a! p(29) ) < f(x];(%)) + f(xi)(%))

Vik < Dyy.

Since [ is infinite, there is j € I such that j # . As

above, f(a%,,) + f(aky,) > Hy. Then

Flapon) + fape) + fzpen) + f(25e)
2Dk,l

This contradicts our assumption that (z%,zl); is not

17

monotone on (x¥);, and (L) is separable.
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> H,+ H;

> H,+ H.

slack. So f is eventually
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Using Lemma 3.37 and Proposition 3.7, we can to finish the proof of Theorem

3.33.

Proof. (of Theorem 3.33) It remains to prove the “only if” part of the main state-
ment. Fix any approximately constant n-tuple (z},z?,...,27); in X such that

for all 1 < k < 1 < n, (2F, 2}); is not slack. Let Hy, Dy, Vii, Vix be its lim-
iting distances, so for all 1 < k& < [ < n, either Dy; < Vi, Diy < Vig, or
Dy, < %(Hk + H;). Let L be the set {xf’ 1<k<n,ie N}, we do not affix a

metric to it. Let d’ be the metric that makes (7, z? x?

i PRI i

); into a sequence with

constant distances Hy, Dy, Vi, and V, ;. By Lemma 3.37, ¢(L, d') is separable.

For each m € N, let B,, = {xf 1 <k<n,i< m}. We define a metric d,,
for each m such that d,, agrees with d, the original metric, on B,, and d,, agrees

with d’, the constant metric, on L\ B,, i.e.,
dm | Bn=d | By and d,, | (L\ By,) =d | (L\ Bpn).

Since (L, d’) is separable, then e(L\ B,,,d | L\ B,,) is also separable for each m
by Lemma 3.1. Then Proposition 3.3 gives (L, d,,) is separable for each m since
(L,d,,) is the space (L \ By,,d | L\ B,,) adjoined by a finite set B,,. By choice

of d’ and construction of d,,,
dm —d| = |d" [ (X \ Bp) —d [ (X\ Bp)| — 0.

Thus, by Proposition 3.7, we have (L, d) is separable. ]
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3.4 Subspaces of the Space of Extremal Functions

From Melleray [5], we know that F(X) is separable if and only if £(X) = E(X,w).
We wonder if there is a subspace of ¢(X) which is dense in e(X) exactly when
e(X) is separable. Since E(X,w) is such a subspace of F(X) and e(X) is con-
tained in E(X), we might conjecture that F(X,w) Ne(X) works. The following
example, also due to Melleray, shows that £(X) can be separable without being

the closure of ¢(X) N E(X).

Example 3.38. [Melleray] The discrete countable space X with distance 1 ev-
erywhere has €(X) = (X, 2), so is separable. But £(X) is not the closure of
e(X)NE(X,w).

Proof. For each z € X and each 0 < r < %, define the function f,, by

r ify=u
fer(y) =
1—7r ify#uz.

Clearly, each f,, is in (X, 2). We show that

5(X):{fxyr:x€X,O§r§1}, (3.28)

so e(X) = e(X,2).

Fix any f € ¢(X). There exists some zy € X such that f(z¢) < . Otherwise,
the constant % function, f, 1 for any x € X, is in ¢(X) and strictly below f,

contradicting f € (X). Fix x with f(zo) < 3. We claim f = f,,, where
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r = f(x). Since f is Katétov, we have for all y # xo,

f(y) + f(x0) d(y, zo)
fly) > 1— f(z)

v

which implies f > f;, . Since f and f;,, are both extremal, then f = f,,,. So

(3.28) is proved.

To show that (X)) is not the closure of ¢(X) N E(X,w), we show

e(X)NE(X,w) C{fio:z€ X},

so the constant 1 function is in £(X) but not in the closure of {f,o: z € X}. By
(3.28), it is enough to show that for all f,, € E(X,w), r = 0. Since f,, has {z,y}
as a witness set, for any y # x, by Proposition 2.5, if f, , € E(X,w), then {z,y}
is also a support of f,, for any y # x. Fix y # x and z # x,y. By definition
of for, for(y) =1 —rand f,,(2) =1 —r. On the other hand, {z,y} being a

support means

for(z) = min(l+ fo,(2), 14 far(y))
= min(l+r,2+r)

= 1+

Thus,

l+r=fu,(2)=1—r

implies r = 0 as needed. O]
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In Example 3.38, we see that the space of finitely supported extremal func-
tions is not dense in (X)), but we do have that every extremal function is finitely
witnessed. Since we developed the finitely witness extremal functions as analogs
to the finitely supported Katétov functions in Chapter 2, we might conjecture
that (X)) is separable if an only if it is the closure of £(X,w), as was the case
for E(X) and E(X,w). This turns out to be false. In fact, the following example
shows something even stronger: £(X) can be separable and not contained in the

closure of a larger space, M (X, w).

Example 3.39. Consider the metric space X = {x;,y; 11 < w} with metric d

such that

Vi<w d(xg,y) =1
Vizj d(z;,z;)=1
Vi dyi,y) =3
Vi<j dwiy) =3

A\ <j d(’yl,QZj) =1

For this space, e(X) is separable but e(X) € M(X,w).

Proof. Notice that (z;,v;); is an approximately constant sequence which is not

slack. Thus, by Theorem 3.33, £(X) is separable. To show that £(X) € M(X,w)
we consider the function f € £(X) where f(z;) = 15 and f(y;) = 3 for all i. We

will show that for all g € M(X,w), dg(f,g) > 5.

Take any g € M(X,w). Let F and « be such that g = Mp,. If there is some
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z € F where |f(z) — g(2)| > 55, then we are done since this implies dg(f, g) > 5.

So we assume that on F', g is within 2—10 of f. Since F'is finite, we may fix N such

that

F C{zy,yi:1 < N}.

Fix any m > N. If [g(ym) — f(ym)| = 55, then dg(f,g) > 55 and we are done.

Suppose |g(ym) — f(ym)] < %. By definition, f(y,,) = 13—0, SO

dm) > flm) — = > - L 1

20 10 20 4 (3.29)

Since g = Mg, there is some z € F' such that ¢(y,,) = d(z,ym) —a(z). By choice

of N, z = x; or z = y; for some i < N < m. In either case, d(z,y,) = 5 and

d(z,x,) = 1. Then

9(ym) = d(z,ym) — a(2)

and (3.29) implies a(z) < 1, which implies

glam) = d(z,2m) = a(2)

= 1—oa(?)
. 3
T
Then
3 7 1
9(@m) — f(zm) > 110" %0
gives dg(g, f) > % as needed. ]
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From Example 3.39, we see that e(X,w) is too small to capture when ¢(X)
is separable. The requirement of having finitely many points witnessing the min-
imality of f € £(X) is too restrictive. Recall that in general, minimality at a
point is witnessed by a sequence of points. Thus, being finitely witnessed is dou-
bly restrictive: (1) the function has a finite set of witnesses and (2) each point
has a single point witnessing minimality at it. Let us expand the set of finitely
witnessed functions by keeping the requirement that each point as a single point
witnessing minimality but not putting any restrictions on the set of these witness

points.

Definition 3.40. For a metric space X and f € ¢(X), we say that f has the
witness property (WP) if at every x € X there is y € X such that y=az, ie., if f
satisfies

Vee X dye X [f(x)+ f(y) = dz,y)].

We let e (X) denote the family of extremal functions with the witness property.

Notice that every finitely witnessed extremal function has WP by definition,
s0 e(X,w) C e"P(X). From Isbell’s remark cited before Definition 2.11, we know
that ¢(X) = e"WP(X) whenever X is compact. We also know from Isbell [1] that
e(X) is separable whenever X is compact. Unfortunately, for non-compact spaces,
the space of extremal functions having WP can be non-separable. In other words,
by allowing infinitely many witnesses, we have ended up with a space which is too

big.
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Example 3.41. Consider the metric space (X, d) consisting of points {xq, x1, s, ...}

and {y1, Y2, . ..} with distance d defined as

VO<i#j dyi,y;) =2

For this space
1. (X) is non-separable,

2. e(X) 2 eVP(X), and

=

3. e(X)=e"P(X) D e(X,w).

Proof. For 1, note that (z;,y;)i>0 is a slack sequence. By Theorem 3.33, £(X) is

non-separable.

For 2, consider the function f defined by

1
flwo) = 5
flz) = % + 27" (for i > 0)
flyi)) = 2— f(x;) (for i > 0).

First, observe that this definition of f gives 1 < f(x;) for all i > 0 and 1 < f(y;)
for all i > 0. Using these bounds on f, we can easily check that f € E(X). To see
that f € e(X) we note that for i > 0, x; =i by definition of f and (xi)i>0;—‘ T
follows from

f(zo) + fla;) = d(zo, z) +27°
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for all ¢« > 0. The definition of f also gives

for all © > 0. Hence, for all ¢ > 0, x; and y; do not witness the minimality of f at

Zp, SO f §é €WP(X)‘

It remains to show 3: e(X) = eWP(X) 2 e(X,w). Since (X, w) is separable,
its closure cannot be £(X), which we just showed is non-separable. Thus, it is

enough to show (X)) = eWP(X).

First, we prove a claim: For any g € €(X), ¢ must have the WP at all points

other than x.

Proof of claim: For the sake of contradiction, suppose ¢ fails to have the WP
at x;, for some ¢ > 0. Then we must be able to find either a non-constant sequence

(z;); such that (xj)j;: x;, le.,

9(x;) + g(x:) — 1

or a non-constant sequence (y;); such that (y;); = x;, i.e.,

9(y;) + g(x;) — 1.

In either case, g(z;) < %: Otherwise, in the former case, we could find j # k
such that g(z;), g(zx) < 3, which fails the Katétov inequality g(z;) + g(zx) >

d(z;,z1) = 1; or in the latter case, we could find j # k such that g(y;), g(yx) < 3,

84



which fails ¢(y;) + g(yx) > d(y;,yx) = 2. Then g(z;) < 3 and our assumption that

g does not have the WP at z; imply

9(wi) + g(yi) > d(wi, yi) = 2 = g(ys) >

[\CR V]

So for any j # 1,

9(zi) + g(y;) > d(wi,y;) =1 = glyi) +9(y;) > 2+ (g —g(wi)),

9 + (o) > dlir) =1 = gl) +o(e)) 224 (5 — o).

Thus, g is not minimal at y;, contradiction to g extremal. Similarly, if ¢ fails to

have the WP at some y;, then g will not be minimal at x;. The claim is proved.

Now take any g € £(X) \ "¥(X). We claim that g must satisfy
o g(x;) +g(y;) =2 for all i >0, and
o g(x0) + g(za@)) — 1 for some (x4(;)); subsequence of (z;);.

Since g ¢ eVF(X) and by the previous claim has the WP at all points except zo,
g must fail the WP at . Since f(y;)+ f(y;) > d(y;,y;) = 2 for all ¢ # j, then for
all except one i, g(y;) > 1. But d(xg,y;) = 1 for all i, so any sequence witnessing
the minimality of ¢ at zy must contain infinitely many x;’s. So there is « such
that (243)): = 2. Since d(x;,z;) = 1 for all i # j, g(xo) + g(7a@)) — 1 as needed.
On the other hand, g(z;) + g(z;) > d(z;,z;) = 1 for all i # j and g fails the WP

at g imply

N | —

1
g(xg) < 5 and g(x;) >

for all > 0. By our claim, g has the WP at z; for all ¢ > 0. If y; does not witness

the minimality of ¢ at x;, and since no z; for any j # ¢ witnesses the minimality
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of g at z;, there must be some y; for some j # ¢ such that

g(xi) + g(y;) = 1.

Note that {g(x;) : ¢ > 0} can not have a minimal element, since such a minimal
element would witness the minimality of g at xy. So there is £ > ¢, j such that
g(xy) < g(x;). Then

g(zr) +g(y;) <1 =d(xk, ),

contradiction to g extremal. Thus, the single witness to the minimality of f at z;

must be y; for all ¢ > 0. So g is as described.

Now we show g € eWP(X) by constructing g, € ¢"V¥(X) such that g, — g¢.
By the previous claim, we may fix a : N — N strictly increasing such that for all
n?

9(x0) + g(xam)) <1427

For each n, let

g(z2) else

Since g had the WP at all points except xy and our definition makes g, have the
WP at xy and equal to g everywhere else, g, € ¢V¥(X) for all n. Then by our
definition of g¢,, dg(g,g,) < 27" for all n. So g, converges to g and g is in the

closure of eW?(X). O
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