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Abstract

We prove that arbitrary homomorphisms from one of the groupsHomeo(2N),
Homeo(2N)N, Aut(Q, <), Homeo(R), or Homeo(S1) into a separable group are
automatically continuous. This has consequences for the representations of these
groups as discrete groups. For example, it follows, in combination with a result
on V.G. Pestov, that any action of the discrete groupHomeo+(R) by homeomor-
phisms on a compact metric space has a fixed point.

1 Introduction

The classical theorem of Pettis [9, Theorem 9.10] says that anyBaire measurableho-
momorphism from a Polish group to a separable group is continuous. Measure theo-
retic counterparts of this result are also known. Recently, it was proved [17] that ifG is
an amenable at1 Polish group, then anyuniversally measurablehomomorphism from
G to a separable group is continuous. All locally compact Polish groups and Abelian
Polish groups are amenable at1 as are, for example, countable products of amenable
locally compact Polish groups. Therefore, the classical measure theoretic automatic
continuity results of Weil (locally compact groups) and Christensen (Abelian groups)
are contained in this theorem. Going beyond homomorphisms with regularity assump-
tions, of Baire category type or of measurable type, in automatic continuity results
requires the domain group to be complicated. It was discovered recently [11] thateach
homomorphism whose domain is a Polish group with ample generic and whose range is
separable is continuous. A Polish groupG has ample genericsif for each finiten ≥ 1
the diagonal conjugation action ofG onGn given by

g · (h1, . . . , hn) = (gh1g
−1, . . . , ghng

−1)

has a comeagre orbit. Examples of groups with ample generics can be found among
permutation groups; most importantlyS∞, the group of all permutations ofN, is such
a group (see [11]).
∗Research of the second author was supported by NSF grant DMS-0400931.
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The principal goal of this paper is to exhibit groups which are less complicated than
those with ample generics but which still have this very strong automatic continuity
property. However, our results have broader consequences: for extremely amenable
groups and for questions concerning representing groups as subgroups ofS∞ or as
linear groups.

The main tool in our proofs of automatic continuity is a version of the classical
fact due to Steinhaus that ifA ⊆ R is a measurable set of positive Lebesgue measure,
then0 ∈ Int(A−A). (Analogous lemmas were proved later by Pettis for non-meager
subsetsA of Polish groups withA having the Baire property and by Weil for non-Haar
zero Haar measurable subsets of locally compact groups.)

Definition 1. Let G be a topological group. We say thatG is Steinhausif there is
k ≥ 1 such that for any symmetric countably syndetic setW ⊆ G (i.e., coveringG
by countably many left-translates),W k contains an open neighbourhood of1G. To
emphasise the exponentk, we will sometimes say thatG is Steinhaus with exponentk.

The first examples of Steinhaus groups come from [11] where it was shown that
Polish groups with ample generics are Steinhaus with exponent10.

The proposition below makes a connection between the Steinhaus property and
automatic continuity. Its proof is analogous to the derivation of continuity of Baire
measurable homomorphisms from Pettis’ lemma.

Proposition 2. LetG be a Steinhaus topological group andπ : G → H a homomor-
phism into a separable group. Thenπ is continuous.

Proof : We need only show thatπ is continuous at1G. So supposeU ⊆ H is an open
neighbourhood of1H and find some symmetric openV such that1H ∈ V ⊆ V 2k ⊆
U ⊆ H. As H is separable,V coversH by countably many translates{hnV }. So
for eachhnV intersectingπ[G] take somegn ∈ G such thatπ(gn) ∈ hnV . Then
hnV ⊆ π(gn)V −1V = π(gn)V 2, and hence theπ(gn)V 2 coverπ[G]. Now, if g ∈ G,
find n such thatπ(g) ∈ π(gn)V 2, whenceπ(g−1

n g) ∈ V 2 andg−1
n g ∈ π−1[V 2], i.e.,

thegnπ−1[V 2] coverG.
SoW = π−1[V 2] is symmetric and countably syndetic and hence1G ∈ Int(W k)

for somek ≥ 1. But thenπ[W k] ⊆ V 2k ⊆ U , and therefore,1G ∈ Int(π−1[U ]) andπ
is continuous at1G. 2

We see that the exact condition we need to impose onH in the above proof is
that any non-empty open set coversH by countably many translates. This condition
is known in the literature asℵ0-boundedness and is equivalent to embedding as a sub-
group into a direct product of second countable groups (see Guran [6]). Thus, by the
definition of the product topology, to show that any homomorphism with range in an
ℵ0-bounded group is continuous, it is enough to show that any homomorphism into a
second countable group is continuous. So from our perspective the three notions of
second countable, separable, andℵ0-bounded are equivalent.

Let us mention an immediate corollary.

Corollary 3. LetG andH be Polish groups. IfG is Steinhaus andH is an image of
G by a homomorphism, thenH is Steinhaus.
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Proof : The homomorphism betweenG andH is continuous, by Proposition 2, and
therefore, since it is surjective and sinceG andH are Polish, it is open. Now it follows
thatH is Steinhaus by a straightforward computation. 2

The main result of this paper is the following.

Theorem 4. The following groups are Steinhaus:

Homeo(2N), Homeo(2N)N, Aut(Q, <), Homeo+(R), andHomeo+(S1).

Here,Homeo+(R) is the group of increasing homeomorphisms ofR, and simi-
larly Homeo+(S1) is the group of orientation preserving homeomorphisms of the unit
circle, both of them with the topology of uniform (or equivalently, pointwise) conver-
gence.

A crucial role in our arguments will be played by the existence of comeager con-
jugacy classes inAut(Q, <) [19], [13], and inHomeo(2N) and Homeo+(R) [11].
Of course, having ample generics implies having a comeager conjugacy class, how-
ever, it is known thatAut(Q, <) andHomeo(R) do not have ample generics; whether
Homeo(2N) has ample generics is open. All conjugacy classes ofHomeo+(S1) are
meager.

Corollary 5. An arbitrary homomorphism from eitherHomeo(2N), Homeo(2N)N,
Aut(Q, <), Homeo(R), or Homeo(S1) into a separable group is continuous.

Proof : The result is clear for the three first groups. And for the last, notice that any ho-
momorphismπ : Homeo(R)→ H into a separable group restricts to a continuous ho-
momorphism fromHomeo+(R) intoH, whenceπ is also continuous asHomeo+(R)
is open inHomeo(R). Similarly for Hom(S1). 2

Methods used to prove Theorem 4 yield also the following result on the small index
property.

Theorem 6. Homeo+(R) is the only proper subgroup ofHomeo(R) of index< 2ℵ0 .
Similarly,Homeo+(S1) is the only proper subgroup ofHomeo(S1) of index< 2ℵ0 .

2 Applications

2.1 Connections with extreme amenability

A phenomenon that has recently received considerable attention in topological dynam-
ics is extreme amenability [16]. A topological group is calledextremely amenableif all
of its continuous actions on compact Hausdorff spaces have fixed points. Such groups
are also said to have thefixed point on compacta property. The first examples of these
groups date back to work of Herer and Christensen [7]. Of special interest to us are the
results of Pestov [15] stating thatAut(Q, <) andHomeo+(R) are extremely amenable.

All these examples belong necessarily to the topological setting as Ellis [4] proved
that any abstract (that is, discrete) group acts freely on a compact space. (This was gen-
eralised later by Veech [21] to locally compact groups.) Therefore, non-trivial discrete
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groups are not extremely amenable. However, using our results on automatic continu-
ity, we will see that when one restricts the attention to actions on metrisable compacta,
extreme amenability type phenomena occur for abstract groups.

Corollary 7. An arbitrary action by homeomorphisms ofAut(Q, <) or Homeo+(R)
on a compact metrisable space has a fixed point.

Proof : It is enough to notice that any action by homeomorphisms on a compact metric
spaceX corresponds to a homomorphism into the homeomorphism group ofX, which
is Polish. By automatic continuity the homomorphism is continuous, whence the action
is continuous. So, by the results of Pestov, there is a fixed point onX. 2

A continuous action of a Hausdorff topological groupG on compact Hausdorff
spaces is called aG-flow. Such a flow is calledminimal if each of its orbits is dense
and it is a general fact that each flow contains a minimal subflow. For any (Hausdorff)
groupG there is auniversal minimal flow, that is, a continuous minimal action ofG on
a compact (Hausdorff) spaceX such that any minimalG-flow is a homomorphic con-
tinuous image of this one. So extremely amenable groups are precisely those groups
whose minimal flows are one point spaces. There are Polish groups that are not ex-
tremely amenable, but for which one nevertheless can compute the universal minimal
flow, and for some groups these flows turn out to be metrisable. For example, Pestov
showed that the universal minimal flow ofHomeo+(S1) is simply the canonical action
of Homeo+(S1) onS1. Glasner and Weiss [5] computed the universal minimal flow of
Homeo(2N) to be equal to the canonical action on the space of maximal chains of com-
pact subsets of2N, a space which was first introduced and studied by Uspenskij [20].
In general, there is no reason for a topological Hausdorff group to have a universal
minimal metrisableflow, that is, a metrisable flow which maps homomorphically onto
any metrisable flow. However, using the above results of Pestov and Glasner–Weiss
and our automatic continuity result, we obtain the existence of such universal minimal
metrisable flows for groups whose universal minimal flows are non-metrisable.

Corollary 8. The discrete groupsHomeo+(S1) andHomeo(2N) have universal min-
imal metrisableflows, namely the canonical action onS1 and the canonical action on
the space of maximal chains of compact subsets of2N, respectively.

Note that the universal minimal flows of the discrete groups considered in the
corollary above are non-metrisable, as Kechris, Pestov and Todorcevic proved in [10]
that the universal minimal flow of any locally compact, non-compact group is non-
metrisable.

2.2 Connections with representations

There is some interest in representing groups by (faithful) actions on countable sets
which corresponds to embedding the groups intoS∞. The maximal size of such groups
is 2ℵ0 , and it is well-known that not every group of size at most2ℵ0 is embeddable into
S∞. For example, the quotient ofS∞ by its subgroup of finitary permutations is not so
embeddable. Vladimir Pestov recently informed us that John D. Dixon had asked for
a characterisation of the separable (Hausdorff) topological groups that were abstractly
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embeddable intoS∞, and, in particular, he asked if there was any counter-example
at all. Theorem 6 shows that this is so. For clearly, ifHomeo+(R) acts on a setX
of sizeκ < 2ℵ0 , then the isotropy subgroup ofHomeo+(R) at somex ∈ X is of
index≤ κ and hence has to be the whole group. ThusHomeo+(R) has no non-trivial
representations by permutations on a set of size< 2ℵ0 whatsoever.

Consider now a more general type of representations namely linear representations.
Megrelishvili [14], proving a conjecture of Pestov, has shown thatHomeo+(R) has
no non-trivial strongly continuous representations by linear isometries on a reflexive
Banach space. Thus by Theorem 4, we see that thatHomeo+(R) has no representations
by linear isometries on a reflexive separable Banach space.

Corollary 9. Homeo+(R), as an abstract group, has no non-trivial representations
by permutations on a set of size< 2ℵ0 . Moreover, it has no representations by linear
isometries on a reflexive separable Banach space.

2.3 Homomorphisms into locally compact Polish groups

Pestov’s theorem that there are no fixed point free continuous actions ofAut(Q, <) or
Homeo+(R) on compact spaces and Veech’s theorem that each locally compact group
acts freely and continuously on a compact space in connection with our automatic con-
tinuity result (and the remarks following Proposition 2) imply that there is no abstract
non-trivial homomorphism from these groups to locally compactσ-compact groups.
(Note that for locally compact groupsℵ0-boundedness coincides withσ-compactness.)
Similarly, a non-trivial homomorphism from a groupG into a locally compact group
H, induces a representation ofG by linear isometries onL2 of the Haar measure of
H, which is separable ifH is second countable. So the slightly weaker result that
Homeo+(R) has no nontrivial homomorphism into a second countable locally com-
pact group also follows from Corollary 9.

We show now that the same result holds forHomeo(2N). In fact, the argument for
it is direct and applies also toAut(Q, <) andHomeo+(R). We will use the following
property of an abstract groupF first studied by Bergman [1]:

WheneverW0 ⊆ W1 ⊆ . . . ⊆ F is an exhaustive sequence of subsets,
then for somen andk, F = W k

n .

That this condition holds forHomeo(2N) is due to Droste and G̈obel [2]. It also holds
for Aut(Q, <) andHomeo(R) as proved by Droste and Holland [3].

Theorem 10. LetG be a Polish group which has the above property and has a comea-
ger conjugacy class. Then there is no non-trivial abstract homomorphism fromG into
a locally compactσ-compact group.

Proof : Supposeπ : G→ H is a homomorphism into a locally compact Polish group.
We claim thatπ[G] is compact. To see this take some increasing exhaustive sequence
of compact subsets ofH:

K0 ⊆ K1 ⊆ . . . ⊆ H

5



Then also
(K0 ∩ π[G]) ⊆ (K1 ∩ π[G]) ⊆ . . . ⊆ π[G]

is exhaustive, so, sinceG is Bergman, there aren andk such thatπ[G] = (Kn ∩
π[G])k ⊆ Kk

n. But thenπ[G] is relatively compact, whenceπ[G] is compact.
Secondly, we claim that the groupK = π[G] has a dense conjugacy class. For let

C ⊆ G be the comeagre conjugacy class ofG and supposeV ⊆ K is some non-empty
open set. We claim thatV ∩ π[C] 6= ∅. This suffices asπ[C] is contained in a single
conjugacy class ofK. First notice that asK is compact andπ[G] is dense, there are
{gi}i≤n ⊆ G such thatK =

⋃
i≤n π(gi)V , whenceG =

⋃
i≤n giπ

−1(V ). As C is
comeagre,

⋂
i≤n giC 6= ∅, so take someh ∈

⋂
i≤n giC 6= ∅ and letm be such that

h ∈ gmπ−1(V ). Then clearly,g−1
m h ∈ π−1(V ) ∩ C, and thusπ(g−1

m h) ∈ V ∩ π[C].
Thereforeπ[G] is compact with a dense conjugacy class. But any conjucacy class

in a compact Hausdorff group is closed, soπ[G] = {1} as the conjugacy class of1 is
{1}. 2

The result above implies that groups with Bergman’s property and with a comeager
conjugacy class cannot have non-trivial representations by automorphisms of locally
finite graphs. Similarly, they cannot act non-trivially by isometries on compact metric
spaces.

3 Homeo(2N) and Homeo(2N)N

Before we begin our proofs, let us first mention the following elementary fact, which
will be used repeatedly.

Lemma 11. Supposen = 1, 2, . . . ,ℵ0 and{Gi}i≤n are Polish groups with comeagre
conjugacy classes. ThenG =

∏
i≤nGi has a comeagre conjugacy class.

Proof : Let for eachi ≤ n,Oi ⊆ Gi be the comeagre conjugacy class. Then obviously,∏
i≤nOi ⊆ G is a conjugacy class ofG. Moreover, as∏

i≤n

Oi =
⋂
i≤n

[(∏
j 6=i

Gj
)
×Oi

]
by Kuratowski-Ulam this class is comeagre inG. 2

Theorem 12. Homeo(2N) is Steinhaus.

Proof : Let G = Homeo(2N) and assumeW ⊆ G is symmetric and coversG by
countably many left-translatesknW , kn ∈ G. In particular,W cannot be meagre and
must therefore be dense in some non-empty open set inG. But thenW−1W = W 2 is
dense in an open neighbourhood of the identity inG and we can therefore find some
finite subalgebraA ⊆ clopen(2N) with atomsA1, . . . , Ap such thatW 2 is dense in
G(A) = {g ∈ G

∣∣ g[Ai] = Ai, i = 1, . . . , p}.
For eachi = 1, . . . , p choose a pointxi ∈ Ai and letBin ⊆ Ai be a sequence of

disjoint clopen sets converging in the Hausdorff metric to the set{xi}. Moreover, let
Bn = B1

n ∪ . . . ∪Bpn.
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Claim 1. For somen, Bn is full for W 2, i.e., if γ ∈ {g ∈ Homeo(Bn) : g[Bin] =
Bin, i = 1, . . . p}, then there is ag ∈W 2 such thatg � Bn = γ.

Proof of Claim 1. It will suffice to show that someBn is full for knW since then it is
clearly also full forW 2 = (knW )−1knW . Assuming otherwise, we can for eachn,
find someγn ∈ Homeo(Bn) such that for allg ∈ knW , g � Bn 6= γn. Due to the
convergence of the setsBn to {x1, . . . , xp}, there is af ∈ G such thatf � Bn = γn
and

f � (2N \
⋃
n

Bn) = id2N\
⋃
n Bn

But then by the choice ofγn, f /∈ knW for anyn, contradicting that the setsknW
coverG, and the claim is proved. 2

So we can choose someB = Bn0 that is full forW 2. Let nowG(B) = {g ∈
G(A)

∣∣ supp(g) ⊆ B}.
Claim 2. G(B) ⊆W 12.

Proof of Claim 2. To see this, we notice first thatG(B) is topologically isomorphic to
Homeo(2N)p and, therefore by [11] and Lemma 11, it has a comeagre conjugacy class.
Find now somen1 such thatkn1W ∩G(B) is non-meagre inG(B). Then

(kn1W ∩G(B))−1 · (kn1W ∩G(B)) = (W−1k−1
n1
∩G(B)) · (kn1W ∩G(B))

⊆W 2 ∩G(B)

is also non-meagre inG(B), so we can findf0 ∈W 2 ∩G(B), whose conjugacy class
in G(B) is comeagre inG(B).

Take anyh ∈ G(B) and, by fullness ofB for W 2 proved in Claim 1, findg ∈W 2

such thath� B = g � B. Then asf0 � {B = id{B , we have

hf0h
−1 = gf0g

−1 ∈W 6

This means that the conjugacy class off0 in G(B) is contained inW 6 and that there-
foreW 6 ∩ G(B) is comeagre inG(B), whence, as the square of a comeagre set is
everything,W 12 ∩G(B) = G(B), proving the claim. 2

SinceW 2 ∩ G(A) is dense inG(A), we can pick anh0 ∈ W 2 ∩ G(A) such that
h0[B] = {B, i.e., such thath0[B ∩Ai] = {B ∩Ai for eachi = 1, . . . , p. Then clearly,

G({B) = {g ∈ G(A)

∣∣ supp(g) ⊆ {B}
= h0G(B)h−1

0

⊆W 16

and
G(B) = G(B) ·G({B) ⊆W 28

whereB is the subalgebra ofclopen(2N) generated byA and the setB. SoW 28

contains the open neighbourhood of the identity,G(B), andHomeo(2N) is Steinhaus
with exponent28. 2
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We now show how techniques similar to the ones employed above give that the
groupHomeo(2N)N is Steinhaus. This result implies the previous one by Corollary 3.
Moreover, notice that it is not in general true that the countable product of Steinhaus
groups is Steinhaus. The simplest counter-example is(Z/2)N. Here an ultrafilter on
N corresponds to a subgroup of index2, which is open if and only if the ultrafilter is
principal. So(Z/2)N is not Steinhaus, even though the discrete groupZ/2 is. However,
it seems plausible that ifW is a symmetric countably syndetic subset of a productΠiGi
of Steinhaus topological groups of some common exponentk, thenW k should contain
a productΠiUi of open subsets of theGi. We have neither a proof nor a counter-
example.

Theorem 13. Homeo(2N)N is Steinhaus.

Proof : The groupHomeo(2N)N is isomorphic to the subgroupG of Homeo(2N × N)
consisting of allh ∈ Homeo(2N × N) with h[2N × {i}] = 2N × {i} for eachi ∈ N.
PutKi = 2N × {i}. LetW ⊆ G be such thatG =

⋃
n knW for somekn ∈ G, n ∈ N.

We will borrow two things from the proof of Theorem 12. First note that the proof
of Theorem 12 gives that for anym ∈ N a relatively open neighborhood of the identity
of the subgroup

{f ∈ G
∣∣ supp(f) ⊆

⋃
i<m

Ki}

is contained inW 28. For this reason, it will suffice to prove that there existsm, perhaps
depending onW and the sequence(kn), such that

{f ∈ G
∣∣ supp(F ) ⊆

⋃
m≤i

Ki} ⊆W 108.

Second, note that the following claim can be proved just like Claim 2 in the proof
of Theorem 12. The only difference is that in an appropriate place we need to use
Lemma 11 withn = ℵ0.

Claim 1. Let Uni ⊆ Kn for i ≤ n be pairwise disjoint clopen sets. There existsn0

such that
{f ∈ G

∣∣ supp(f) ⊆
⋃
n≥n0

Unn0
} ⊆W 12.

Now, letU ,U ′ be families of pairwise disjoint clopen subsets of
⋃
nKn. We say

thatU ′ refinesU if
⋃
U =

⋃
U ′ and each set inU ′ is included in a set fromU . If U ′

refinesU andσ andτ are permutations ofU andU ′, respectively, we say thatτ refines
σ if τ(U ′) ⊆ σ(U) wheneverU ′ ⊆ U for U ′ ∈ U ′ andU ∈ U . Finally, if U refines
{Ki

∣∣ i ≥ n} for somen ∈ N, let Sym0(U) be the group of all permutations ofU
which refine the identity permutation of{Ki

∣∣ i ≥ n}.
Claim 2. There existn0 ∈ N and a family of clopen setsU refining{Ki

∣∣ i ≥ n0}
such that for anyU ′ refiningU and anyτ ∈ Sym0(U ′) refining id ∈ Sym0(U) we can
find h ∈W 2 with

h[U ] = τ(U) for anyU ∈ U ′.
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Proof of Claim 2. It suffices to findn0 ∈ N, a family of clopen setsU refining{Ki

∣∣ i ≥
n0}, andσ ∈ Sym0(U) such that for anyU ′ refiningU and anyτ ∈ Sym0(U ′) refining
σ we can findh ∈ kn0W with

h[U ] = τ(U) for anyU ∈ U ′.

Indeed, the claim follows from the statement above since

W 2 = (kn0W )−1kn0W and σ−1 ◦ σ = id ∈ Sym0(U).

Assume towards a contradiction that the statement fails. LetU0 be{Ki

∣∣ i ≥ 0}
and letτ0 ∈ Sym0(U0) be the identity. Assume we are givenUn refining{Ki

∣∣ i ≥ n}
and τn ∈ Sym(Un) such that there is noh ∈ kn−1W with h[U ] = τ(U) for all
U ∈ Un. Consider

U ′n = {U ∈ Un
∣∣ U ⊆ ⋃

i≥n+1

Ki} and τ ′n = τn � U ′n.

By our assumption, we can findUn+1 refiningU ′n andτn+1 ∈ Sym0(Un+1) refining
τ ′n such that for noh ∈ kn+1W do we haveh[U ] = τ(U) for all U ∈ Un+1.

The inductive construction allows us to findh0 ∈ G such that for eachU ∈ Un with
U ⊆ Kn we haveh0[U ] = τn(U). Note that, again by the construction,h0 6∈ knW for
eachn. This yields a contradiction since

⋃
n knW = G, and the claim follows.

Claim3. LetB,C ⊆ 2N be clopen. Assume thatC∩B andC \B are both non-empty.
LetG1 = {f ∈ Homeo(2N)

∣∣ f [B] = B} andG2 = {f ∈ Homeo(2N)
∣∣ supp(f) ⊆

C}. ThenHomeo(2N) = G1G2G1G2G1.

Proof of Claim 3. Letf ∈ Homeo(2N). Consider the clopen setsL1 = f [B] ∩ B and
L2 = f [{B]∩ {B. Assume both of them are non-empty. This assumption allows us to
find g1 ∈ G1 such that

g1[B \ L1]  C ∩B and g1[{B \ L2]  C ∩ {B.

Now there existsg2 ∈ G2 such that

g2[g1[B \ L1]] ⊆ C ∩ {B and g2[g1[{B \ L2]] ⊆ C ∩B

and
g2[C \ g1[B \ L1]] ⊆ C ∩B and g2[C \ g1[{B \ L2]] ⊆ C ∩ {B.

Note thatf(g2g1)−1 ∈ G1, so the conclusion follows.
Assume nowL1 or L2 is empty, sayL1 = ∅. Then note that{B \ L2 6= ∅. Let

g1 ∈ G1 be such that
g1[{B \ L2] ∩ C 6= ∅.

If now g2 ∈ G2 is such thatg2[C \ B] = C ∩ B, then clearly the setsL1 andL2

computed forf(g2g1)−1 are both non-empty, so we can apply the previous procedure
to get the conclusion of the claim.

We prove now the theorem from the three claims. Pickn0 andU as in Claim 2. For
n ≥ n0, pick pairwise disjoint non-empty clopen setsV ni ⊆ Kn with i ≤ n in such

9



a way that for eachU ∈ U with U ⊆ Kn and eachi ≤ n we haveU ∩ V ni 6= ∅. We
assume noV ni contains aU ∈ U . By Claim 1, there isn1 ≥ n0 such that

{f ∈ G
∣∣ supp(f) ⊆

⋃
n≥n1

V nn1
} ⊆W 12.

ForU ∈ U with U ⊆ Kn for somen ≥ n1, put

U0 = V nn1
∩ U and U1 = U \ V nn1

.

LetB0 =
⋃
{U0

∣∣ U ∈ U andU ⊆
⋃
n≥n1

Kn} andB1 =
⋃
{U1

∣∣ U ∈ U andU ⊆⋃
n≥n1

Kn}. So we have

{f ∈ G
∣∣ supp(f) ⊆ B0} ⊆W 12. (1)

Note thatU ′ = {U0, U1
∣∣ U ∈ U} refinesU andτ ∈ Sym0(U ′) given byτ(U j) =

U1−j refinesid. Therefore, by Claim 2, we haveh0 ∈ W 2 such thath0[U j ] = τ(U j)
for eachU j ∈ U ′. It follows thath0[B0] = B1 andh0[B1] = B0, whence from (1)

{f ∈ G
∣∣ supp(f) ⊆ B1} ⊆ h−1

0 {f ∈ G
∣∣ supp(f) ⊆ B0}h0

⊆W 2W 12W 2 = W 16.
(2)

Forn ≥ n1 pick pairwise disjoint clopen setsCni ⊆ Kn for i ≤ n so that eachCni
intersects bothB0 andB1. Applying Claim 1, we see that there isn2 ≥ n1 such that

{f ∈ G
∣∣ supp(f) ⊆

⋃
n≥n2

Cnn2
} ⊆W 12. (3)

Now using Claim 3 for eachn ≥ n2 (with B = B0 ∩Kn andC = Cnn2
) along with

(1), (2), and (3), we get

{f ∈ G
∣∣ supp(f) ⊆

⋃
n≥n2

Kn} ⊆W 28W 12W 28W 12W 28 = W 108,

and the theorem follows. 2

Let us now see how this result leads to automatic continuity for other groups con-
taining Homeo(2N)N. Fix a denumerable model-theoretical structureA and suppose
thatAut(A) is Steinhaus, or just that any homomorphism fromAut(A) into a separable
group is continuous. We can assume that the domain ofA isN. Now letα be an action
of Aut(A) on Homeo(2N)N defined as follows:α(g, [n 7→ hn]) = [n 7→ hg(n)]. Thus,
we can form the topological semidirect productAut(A)nα Homeo(2N)N. Recall that
the topology on the semidirect product is the same as the product topology onAut(A)×
Homeo(2N)N. Now, if K is a separable group andπ : Aut(A)nα Homeo(2N)N → K
is a homomorphism, thenπ restricts to a continuous homomorphism on each of the
factors, whenceπ is continuous on the semi-direct product. WhenA is just the empty
structure we have:

Corollary 14. LetX be the topological spaceN×2N andE the equivalence relation on
X given by(n, α)E(m,β)⇐⇒ n = m. Then any homomorphism fromHomeo(X,E)
(i.e., the group of homeomorphisms ofX preserving the equivalence relationE) into a
separable group is continuous.

10



4 Aut(Q, <)

Theorem 15. Aut(Q, <) is Steinhaus.

Our proof of this result relies on the combinatorics of Truss’ proof from [18] that
Aut(Q, <) satisfies the so called small index property, that is, that every subgroup of
index strictly less than the continuum is open. LetG = Aut(Q, <) and letD be the
family of all subsetsX ⊆ Q of the form

X =
⋃
n∈Z

]x2n, x2n+1[

where(xn)n∈Z is a sequence of irrationals satisfyingxn < xn+1 andxn → ±∞ for
n→ ±∞. Moreover, forX ∈ D we let

A(X) = {g ∈ G
∣∣ supp(g) ⊆ X}

Since any elementg ∈ Aut(Q, <) can be extended to a unique homeomorphism ofR,
we will sometimes evaluate expressionsg(x) for g ∈ G andx an irrational number.

The following lemma can be extracted from [18].

Lemma 16. (Truss)
G =

⋃
X,Y ∈D

A(X) ·A(Y )

Proof : Giveng ∈ G, find a sequence(xn)n∈Z of irrationals such thatxn−1 < g(xn) <
xn+1 andxn → ±∞ for n→ ±∞. Now, putIn =]xn, xn+1[ and notice by the choice
of xn that

g
(
[x4n, x4n+1]

)
⊆]x4n−1, x4n+2[

So we can define someh ∈ G such that for eachn ∈ Z

h� ]x4n+2, x4n+3[= id

h� g(I4n) = g−1

Thenhg � I4n = id andh−1 � I4n+2 = id. Letting

Y =
⋃
n∈Z

I4n+1 ∪ I4n+2 ∪ I4n+3

and
X =

⋃
n∈Z

I4n ∪ I4n+1 ∪ I4n+3

we haveg = h−1 · hg ∈ A(X) ·A(Y ). 2

Proof of Theorem 15:SupposeW ⊆ G is symmetric and countably syndetic. ThenW
cannot be meagre and henceW 2 must be dense in some open neighbourhood of the
identity,V = {g ∈ G

∣∣ g(q1) = q1, . . . , g(qp−1) = qp−1}, for some rational numbers

11



q1 < . . . < qp−1. Notice thatV is topologically isomorphic toGp. Fix somekn ∈ G
such that theG =

⋃
n knW .

We now letE be the family of all setsX ⊆ Q of the form

X =
( ⋃
n∈Z

]x1
2n, x

1
2n+1[

)
∪ . . . ∪

( ⋃
n∈Z

]xp2n, x
p
2n+1[

)
,

wherexin are irrationals such that forq0 = −∞ andqp = +∞, we have

qi−1 < xin < xin+1 < qi,

xin → qi for n→ +∞,

xin → qi−1 for n→ −∞.

Moreover, forX ∈ E, we let

A(X) = {g ∈ G
∣∣ supp(g) ⊆ X}.

Clearly, by Lemma 16, we have

V =
⋃

X,Y ∈E

A(X) ·A(Y ).

So to prove thatAut(Q) is Steinhaus with exponent96, it suffices to show the following
claim.

Claim. A(X) ⊆W 48 for anyX ∈ E.

Proof of Claim. Fix someX ∈ E and sequencesxin as above. Moreover, for each
i = 1, . . . , p, let

Iin =]xi2n, x
i
2n+1[

and for each~a = (a1, . . . , ap), whereai ⊆ Z is bi-infinite, let

X~a =
( ⋃
n∈a1

I1
n

)
∪ . . . ∪

( ⋃
n∈ap

Ipn
)
.

We stress the fact that theIin name only every second interval of theZ-ordered
partition of ]qi−1, qi[ into the intervals]xim, x

i
m+1[. Thus, ifh ∈ A(X~a), thenh[Iin] =

Iin for eachn ∈ ai, i = 1, . . . , p. Now pick a sequence of~an such that the setsX~an
are all disjoint, which is equivalent to demanding that thej-th terms of~an and~am are
disjoint for n 6= m andj = 1, . . . , p. From the remark abouth above it follows that
if gn ∈ A(X~an), theng : Q → Q defined to begn � X~an onX~an and the identity on
Q \

⋃
nX~an is an element ofG = Aut(Q).

We claim that for somen0, X~an0
is full for kn0W , i.e., that for anyg ∈ A(X~an0

),
there is someh ∈ kn0W such thatg � X~an0

= h � X~an0
. If not, we could for eachn

find somegn ∈ A(X~an) such that for allh ∈ knW , we havegn � X~an 6= h� X~an . As
noticed above, we could then find one singleg ∈ G such thatg � X~an = gn � X~an for
everyn. But this would contradict that theknW coverG.

12



So supposeX~an0
is full for kn0W . ThenX~an0

is also full forW 2. For simplicity,
let~a = (a1, . . . , ap) = ~an0 .

Clearly,A(X~a) is topologically isomorphic to(GZ)p, so it has a comeagre conju-
gacy class by [19] and Lemma 11. Find now somen1 such thatkn1W ∩ A(X~a) is
non-meagre inA(X~a), whence alsoW 2 ∩ A(X~a) is non-meagre inA(X~a). There-
fore there is somef ∈ W 2 belonging to the comeagre conjugacy class inA(X~a). But
if h ∈ A(X~a), then there is ag ∈ W 2 agreeing withh on X~a, whencehfh−1 =
gfg−1 ∈ W 6. SoW 6 contains the comeagre conjugacy class ofA(X~a) and as the
product of two comeagre sets in a group is everything,A(X~a) ⊆W 12.

Let now (~aα)α be a continuum size family of sequences~aα = (aα1 , . . . , a
α
p ) such

thataαi ⊆ ai is bi-infinite andaαi ∩ a
β
i is finite for everyα 6= β. (see, e.g., Kunen [12],

p. 48.)
For eachα write alsoQ\{q1, . . . , qp−1} as a disjoint union of non-empty irrational

intervalsJαi,n (n ∈ Z, i = 0, . . . , p), such that

Jα0,n < Jα0,n+1 < q1 < Jα1,n < Jα1,n+1 < q2 < . . . < qp−1 < Jαp,n < Jαp,n+1,

where
X~aα =

⋃
i=0,...,p
n∈Z

Jαi,2n,

Q \X~aα =
⋃

i=0,...,p
n∈Z

Jαi,2n+1.

We notice that this forces eachJαi,2n to be equal to someIim =]xi2m, x
i
2m+1[ for an

m ∈ aαi , while eachJαi,2n+1 must be on the formJαi,2n+1 =]xi2m+1, x
i
2l[ for some

m < l in aαi .
Now, findgα ∈ V such that

gα
[
Jαi,n

]
= Jαi,n+1

By the uncountability there isn2 and distinctα and β such thatgα, gβ ∈ kn2W ,
whenceg−1

α gβ , g
−1
β gα ∈W 2.

If n /∈ aαi , thenIin ⊆ Jαi,2l+1 for somel, whence

gα
[
Iin
]
⊆ gα

[
Jαi,2l+1

]
= Jαi,2l+2 = Iim

for somem > n with m ∈ aαi . Similarly, if n /∈ aβi , thengβ
[
Iin
]
⊆ Iim for some

m > n with m ∈ aβi . This, along with the almost disjointness ofaαi andaβi , allows us
to findN big enough so that for alli = 0, . . . , p and|n| ≥ N

n /∈ aαi =⇒ gα
[
Iin
]
⊆ Iim (m ∈ aαi \ a

β
i )

n /∈ aβi =⇒ gβ
[
Iin
]
⊆ Iim (m ∈ aβi \ a

α
i )

From this, by a similar argument, we get

n /∈ aαi =⇒ g−1
β gα

[
Iin
]
⊆ Iil (l ∈ aβi ⊆ ai)
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n /∈ aβi =⇒ g−1
α gβ

[
Iin
]
⊆ Iil (l ∈ aαi ⊆ ai)

Suppose also thatN has been chosen large enough to ensure that for all|n| ≥ N either
n /∈ aαi or n /∈ aβi . Then for all|n| ≥ N , either

g−1
β gα

[
Iin
]
⊆ X~a (4)

or
g−1
α gβ

[
Iin
]
⊆ X~a (5)

AsW 2 is dense inV , we can chooseh ∈W 2 andmi ∈ ai such that

h
[
Ii−N ∪ . . . ∪ IiN

]
⊆ Iimi

for everyi = 0, . . . , p. Then for alln ∈ Z, either (4) or (5) or

h
[
Iin
]
⊆ X~a (6)

where as noticedg−1
β gα, g

−1
α gβ , h ∈W 2 andA(X~a) ⊆W 12.

Now define sets

bi = {n ∈ Z
∣∣ g−1

β gα
[
Iin
]
⊆ X~a}

ci = {n ∈ Z
∣∣ g−1

α gβ
[
Iin
]
⊆ X~a}

di = {n ∈ Z
∣∣ h[Iin] ⊆ X~a}

and let~b = (b0, . . . , bp), ~c = (c0, . . . , cp) and ~d = (d0, . . . , dp). Since (4), (5), or (6)
holds for each integern, we get

A(X) = A(X~b) ·A(X~c) ·A(X~d).

Since additionally, directly from the definitions ofbi, ci anddi, we have

A(X~b) ⊆ (g−1
β gα)−1A(X~a)g−1

β gα

A(X~c) ⊆ (g−1
α gβ)−1A(X~a)g−1

α gβ

A(X~d) ⊆ h
−1A(X~a)h,

we getA(X) ⊆ (W 16)3 = W 48, proving the claim and thereby the theorem. 2

5 Homeo(R) and Homeo(S1)

Theorem 17. Homeo+(R) is Steinhaus.

Proof : Let us first recall the Polish group topology onHomeo(R). It has as basis the
following sets

U(f ; q1, . . . , qp−1; ε) = {g ∈ Homeo(R)
∣∣ d(f(qi), g(qi)) < ε,∀i < p}
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wheref ∈ Homeo(R), ε > 0, andq1 < . . . < qp−1 belong toR. A similar topology on
Homeo([0, 1]) gives a topologically isomorphic group. The structure of the subgroup
Homeo+(R) of all increasing homeomorphisms is very similar to that ofAut(Q, <)
except from the fact that the former is connected and the latter is totally disconnected.
Nevertheless, the proof forAut(Q, <) translates almost word for word into a proof for
Homeo+(R). Let us just mention the changes needed:

The first thing to notice is that there is a comeagre conjugacy class inHomeo+(R),
which is shown in [11]. Secondly, instead of working with irrational intervals ofQ

one replaces these by say half open intervals]r, s] ⊆ R. One easily sees that Lemma
16 goes through as before. Supposing now thatW ⊆ Homeo+(R) is symmetric and
countably syndetic, we find some open neighbourhood of the identity

V = {g ∈ Homeo+(R)
∣∣ d(qi, g(qi)) < ε,∀i < p}

in whichW 2 is dense. We can suppose that

ε < min
i

d(qi, qi+1)
3

Let also
U = {g ∈ Homeo+(R)

∣∣ g(qi) = qi,∀i < p}
and notice thatU is topologically isomorphic toHomeo+(R)p. One sees that

U =
⋃

X,Y ∈E

A(X) ·A(Y )

whereE is defined as in the proof of Theorem 15. We can now prove thatA(X) ⊆W 48

exactly as Claim was established in the proof of Theorem 15, noticing that we do not
needW 2 to be dense inU but only inV . So we get thatU ⊆W 96. ButU is not open in
the Polish topology onHomeo+(R). The following claim will show thatHomeo+(R)
is Steinhaus with exponent194.

Claim 1. V ⊆W 194

Proof of Claim 1 Supposef ∈ V andf(qi) = ri for i = 1, . . . , p − 1. Then by the
density ofW 2 in V there is anh ∈W 2 such that

d(ri, h(qi)) < 1/2d(ri, qi)

for i = 1, . . . , p. But then there is also someg ∈ U ⊆ W 96 satisfyingg(h(qi)) = ri,
whencef = (gh)h−1g−1f ⊆ UW 2U ⊆W 194, sinceh−1g−1f ∈ U . 2

Consider now the group of homeomorphisms of the unit circleHomeo(S1) with
the topology of uniform (or equivalently, pointwise) convergence. As in the case of
Homeo(R), we let Homeo+(S1) be the index2 subgroup of orientation preserving
homeomorphisms. It is a well-known fact thatHomeo+(S1) does not even have a
non-meagre conjugacy class, as e.g. the rotation number (see Katok and Hasselblatt,
[8, Chapter 11]) is a continuous conjugacy invariant. But, on the other hand, for any
x ∈ S1 the closed subgroup

Homeo(S1, x) = {g ∈ Homeo(S1)
∣∣ g(x) = x}

is topologically isomorphic toHomeo(R).
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Theorem 18. Homeo+(S1) is Steinhaus.

Proof : We will deduce this result from the result forHomeo+(R). So assume that
W ⊆ Homeo+(S1) is symmetric and countably syndetic. Then we can find some
neighbourhood of the identity

V = {g ∈ Homeo+(S1)
∣∣ d(qi, g(qi)) < ε,∀i ≤ n}

in whichW 2 is dense. Let

H = {g ∈ Homeo+(S1)
∣∣ g(q1) = q1}

thenH is topologically isomorphic toHomeo+(R).

Claim 1. W 2 ∩H is symmetric and countably syndetic inH.

Proof of Claim 1. Let{knW}N coverHomeo+(S1). For eachn such thatknW ∩H 6=
∅ pick somegn in the intersection. Thenkn ∈ gnW−1 = gnW and thus

H ⊆
(⋃
n

knW
)
∩H

⊆
(⋃
n

gnW
2
)
∩H

=
⋃
n

gn

(
W 2 ∩H

) (7)

where the last equality holds asgn ∈ H. The claim is proved.
Now, asH ∼= Homeo+(R) is Steinhaus with exponent194, there arep1, . . . , pm ∈

S1 andε > δ > 0 such that

U = {g ∈ Homeo+(S1)
∣∣ d(pi, g(pi)) < δ,∀i ≤ m & g(q1) = q1} ⊆ (W 2)194

= W 388.

In particular,

U ′ = {g ∈ Homeo+(S1)
∣∣ ∀ ≤ n g(qi) = qi & ∀i ≤ m g(pi) = pi} ⊆W 388

andW 2 is dense in the set

V ′ = {g ∈ Homeo+(S1)
∣∣ ∀ ≤ n d(g(qi), qi) < δ & ∀i ≤ m d(g(pi), pi) < δ}

As in the proof of Claim 1, we see thatV ′ ⊆ U ′W 2U ′ ⊆ W 768, henceHomeo+(S1)
is Steinhaus with exponent768. 2

Theorem 19. Homeo+(R) is the only proper subgroup ofHomeo(R) of index< 2ℵ0 .

Proof : SinceHomeo+(R) is connected, it is enough to show that any subgroupH ≤
Homeo+(R) of index< 2ℵ0 is open. This is done by repeating the proof above for
W = H. However, there are a few things that have to be noticed before this can be
done. Namely, sinceH is not necessarily countably syndetic, we have to see exactly
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where this is used and propose a substitute. First of all, we have to prove thatH cannot
be meagre inHomeo+(R), and secondly, we have to show that someX~a is full for
H2 = H.

To see thatH is not meagre inHomeo+(R), notice that the map(g, h) 7→ gh−1

is continuous and open from(Homeo+(R))2 to Homeo+(R). So ifH is meagre then
E = {(g, h) ∈ (Homeo+(R))2 : gh−1 ∈ H} would be a meagre equivalence relation
and therefore by Mycielski’s Theorem (see [9, Theorem 19.1]) have a continuum of
classes, contradicting[Homeo+(R) : H] < 2ℵ0 .

Now to see that someX~a is full for H2 = H, we pick our sequence~an as in the
proof of Claim of Theorem 15 such that the setsX~an are all disjoint. Let now

N = {g ∈ Homeo+(R)
∣∣ ∀n g[X~an ] = X~an} ≤ Homeo+(R)

and notice thatN is topologically isomorphic to
∏
nA(X~an), which is itself isomor-

phic toHomeo+(R)N. Let nowHn be the projection ofH ∩ N into A(X~an). Then
H ∩N ≤

∏
nHn, whence∏

n

[A(X~an) : Hn] = [N :
∏
n

Hn] ≤ [N : H ∩N ] ≤ [Homeo+(R) : H] < 2ℵ0

Therefore at most finitely many[A(X~an) : Hn] can be different from1, meaning that
at least for somen,Hn = A(X~an), i.e.,X~an is full for H. 2

Corollary 20. Homeo+(S1) is the only proper subgroup ofHom(S1) of index< 2ℵ0 .

Proof : Fix two points, e.g. i and−i, on the unit circleS1 and supposeH <
Homeo(S1), [Homeo(S1),H] < 2ℵ0 . Forx ∈ S1 let

Homeo+(S1, x) = {g ∈ Homeo+(S1)
∣∣ g(x) = x}

which is a subgroup isomorphic toHomeo+(R). Moreover, we have

[Homeo+(S1, i) : H ∩Homeo+(S1, i)] < 2ℵ0

and
[Homeo+(S1,−i) : H ∩Homeo+(S1,−i)] < 2ℵ0

Thus asHomeo+(R) has no proper subgroups of index< 2ℵ0 , Homeo+(S1, i) ≤ H
andHomeo+(S1,−i) ≤ H. But it is not hard to see that

Homeo+(S1) = Homeo+(S1, i) ·Homeo+(S1,−i) ·Homeo+(S1, i).

SoHomeo+(S1) = H. 2
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