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Abstract
We prove that arbitrary homomorphisms from one of the grdiipsico(2"),
Homeo(2M)", Aut(Q, <), Homeo(R), or Homeo(S*') into a separable group are
automatically continuous. This has consequences for the representations of these
groups as discrete groups. For example, it follows, in combination with a result
on V.G. Pestov, that any action of the discrete gréigpneo (R) by homeomor-
phisms on a compact metric space has a fixed point.

1 Introduction

The classical theorem of Pettis [9, Theorem 9.10] says thaBairg measurabldo-
momorphism from a Polish group to a separable group is continuous. Measure theo-
retic counterparts of this result are also known. Recently, it was proved [17] tHas if

an amenable at Polish group, then anyniversally measurableomomorphism from

G to a separable group is continuous. All locally compact Polish groups and Abelian
Polish groups are amenablelaas are, for example, countable products of amenable
locally compact Polish groups. Therefore, the classical measure theoretic automatic
continuity results of Weil (locally compact groups) and Christensen (Abelian groups)
are contained in this theorem. Going beyond homomorphisms with regularity assump-
tions, of Baire category type or of measurable type, in automatic continuity results
requires the domain group to be complicated. It was discovered recently [1&pittat
homomorphism whose domain is a Polish group with ample generic and whose range is
separable is continuous. A Polish grotigthas ample generidé for each finiten > 1

the diagonal conjugation action 6fon G™ given by

g- (h17"‘7hn) = (ghlg_17"’7ghng_1)

has a comeagre orbit. Examples of groups with ample generics can be found among
permutation groups; most importantfy,, the group of all permutations &, is such
a group (see [11)).
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The principal goal of this paper is to exhibit groups which are less complicated than
those with ample generics but which still have this very strong automatic continuity
property. However, our results have broader consequences: for extremely amenable
groups and for questions concerning representing groups as subgrofips @f as
linear groups.

The main tool in our proofs of automatic continuity is a version of the classical
fact due to Steinhaus thatif C R is a measurable set of positive Lebesgue measure,
then0 € Int(A — A). (Analogous lemmas were proved later by Pettis for non-meager
subsetsA of Polish groups wittd having the Baire property and by Weil for non-Haar
zero Haar measurable subsets of locally compact groups.)

Definition 1. Let G be a topological group. We say thét is Steinhausf there is
k > 1 such that for any symmetric countably syndeticl$etC G (i.e., coveringG
by countably many left-translateg)’* contains an open neighbourhood bf. To
emphasise the expondntwe will sometimes say thét is Steinhaus with exponeht

The first examples of Steinhaus groups come from [11] where it was shown that
Polish groups with ample generics are Steinhaus with expdiient

The proposition below makes a connection between the Steinhaus property and
automatic continuity. Its proof is analogous to the derivation of continuity of Baire
measurable homomorphisms from Pettis’ lemma.

Proposition 2. Let G be a Steinhaus topological group and G — H a homomor-
phism into a separable group. Theris continuous.

Proof : We need only show that is continuous at. So supposé& C H is an open
neighbourhood ot ;; and find some symmetric opénsuch thatly € V C V2+ C
U C H. As H is separable} coversH by countably many translatgs.,,V'}. So
for eachh, V intersectingr[G] take somey,, € G such thatr(g,) € h,V. Then
h,V C m(gn)V =V = 7(g,)V?, and hence the(g,,)V? coverr|[G]. Now, if g € G,
find n such thatr(g) € 7(g,)V?, whencer (g, 'g) € V? andg; g € 7—1[V?], i.e.,
the g, 7~ 1[V?] coverG.

SoW = n~'[V?] is symmetric and countably syndetic and hehgec Int(1W*)
for somek > 1. But thenr[W*] C V2¥ C U, and thereforel ¢ € Int(7~1[U]) andr
is continuous at . ]

We see that the exact condition we need to impose{oim the above proof is
that any non-empty open set covéisby countably many translates. This condition
is known in the literature a¥y-boundedness and is equivalent to embedding as a sub-
group into a direct product of second countable groups (see Guran [6]). Thus, by the
definition of the product topology, to show that any homomorphism with range in an
No-bounded group is continuous, it is enough to show that any homomorphism into a
second countable group is continuous. So from our perspective the three notions of
second countable, separable, agebounded are equivalent.

Let us mention an immediate corollary.

Corollary 3. LetG and H be Polish groups. It7 is Steinhaus and! is an image of
G by a homomaorphism, thefd is Steinhaus.



Proof : The homomorphism betweer and H is continuous, by Proposition 2, and
therefore, since it is surjective and sinéeand H are Polish, it is open. Now it follows
that H is Steinhaus by a straightforward computation. ]

The main result of this paper is the following.

Theorem 4. The following groups are Steinhaus:
Homeo(2"), Homeo(2")", Aut(Q, <), Homeo, (R), andHomeo, (S*).

Here, Homeo, (R) is the group of increasing homeomorphismsigfand simi-
larly Homeo (S1) is the group of orientation preserving homeomorphisms of the unit
circle, both of them with the topology of uniform (or equivalently, pointwise) conver-
gence.

A crucial role in our arguments will be played by the existence of comeager con-
jugacy classes iMut(Q, <) [19], [13], and inHomeo(2") and Homeo; (R) [11].
Of course, having ample generics implies having a comeager conjugacy class, how-
ever, it is known that\ut(Q, <) andHomeo(R) do not have ample generics; whether
Homeo(2Y) has ample generics is open. All conjugacy classeH@heo, (S*) are
meagetr.

Corollary 5. An arbitrary homomorphism from eithdiomeo(2"), Homeo(2M)¥,
Aut(Q, <), Homeo(R), or Homeo(S') into a separable group is continuous.

Proof : The result is clear for the three first groups. And for the last, notice that any ho-

momorphismr : Homeo(R) — H into a separable group restricts to a continuous ho-

momorphism fronHomeo  (R) into H, whencer is also continuous adomeo (R)

is open inHomeo(R). Similarly for Hom(S?!). |
Methods used to prove Theorem 4 yield also the following result on the small index

property.

Theorem 6. Homeo (R) is the only proper subgroup dfomeo(R) of index< 2%°.
Similarly, Homeo  (S') is the only proper subgroup dfomeo(S!) of index< 2o,

2 Applications

2.1 Connections with extreme amenability

A phenomenon that has recently received considerable attention in topological dynam-
ics is extreme amenability [16]. A topological group is caledremely amenabiéall
of its continuous actions on compact Hausdorff spaces have fixed points. Such groups
are also said to have tlimed point on compacta propert¥he first examples of these
groups date back to work of Herer and Christensen [7]. Of special interest to us are the
results of Pestov [15] stating thatit(Q, <) andHomeo  (R) are extremely amenable.

All these examples belong necessarily to the topological setting as Ellis [4] proved
that any abstract (that is, discrete) group acts freely on a compact space. (This was gen-
eralised later by Veech [21] to locally compact groups.) Therefore, non-trivial discrete



groups are not extremely amenable. However, using our results on automatic continu-
ity, we will see that when one restricts the attention to actions on metrisable compacta,
extreme amenability type phenomena occur for abstract groups.

Corollary 7. An arbitrary action by homeomorphisms &fit(Q, <) or Homeo, (R)
on a compact metrisable space has a fixed point.

Proof : It is enough to notice that any action by homeomorphisms on a compact metric
spaceX corresponds to a homomorphism into the homeomorphism grop which
is Polish. By automatic continuity the homomorphism is continuous, whence the action
is continuous. So, by the results of Pestov, there is a fixed poiat.on |

A continuous action of a Hausdorff topological groGpon compact Hausdorff
spaces is called &-flow. Such a flow is calleaninimal if each of its orbits is dense
and it is a general fact that each flow contains a minimal subflow. For any (Hausdorff)
groupG there is auniversal minimal flowthat is, a continuous minimal action 6fon
a compact (Hausdorff) spacé such that any minimat-flow is a homomaorphic con-
tinuous image of this one. So extremely amenable groups are precisely those groups
whose minimal flows are one point spaces. There are Polish groups that are not ex-
tremely amenable, but for which one nevertheless can compute the universal minimal
flow, and for some groups these flows turn out to be metrisable. For example, Pestov
showed that the universal minimal flow Hbmeo . (S!) is simply the canonical action
of Homeo, (S') on S'. Glasner and Weiss [5] computed the universal minimal flow of
Homeo(2V) to be equal to the canonical action on the space of maximal chains of com-
pact subsets df', a space which was first introduced and studied by Uspenskij [20].
In general, there is no reason for a topological Hausdorff group to have a universal
minimal metrisableflow, that is, a metrisable flow which maps homomorphically onto
any metrisable flow. However, using the above results of Pestov and Glasner-Weiss
and our automatic continuity result, we obtain the existence of such universal minimal
metrisable flows for groups whose universal minimal flows are non-metrisable.

Corollary 8. The discrete groupHomeo, (S1) and Homeo(2) have universal min-
imal metrisableflows, namely the canonical action ¢1 and the canonical action on
the space of maximal chains of compact subse?s pfespectively.

Note that the universal minimal flows of the discrete groups considered in the
corollary above are non-metrisable, as Kechris, Pestov and Todorcevic proved in [10]
that the universal minimal flow of any locally compact, non-compact group is non-
metrisable.

2.2 Connections with representations

There is some interest in representing groups by (faithful) actions on countable sets
which corresponds to embedding the groups &t@ The maximal size of such groups

is 2%, and it is well-known that not every group of size at m?$t is embeddable into

S For example, the quotient &t,, by its subgroup of finitary permutations is not so
embeddable. Viadimir Pestov recently informed us that John D. Dixon had asked for
a characterisation of the separable (Hausdorff) topological groups that were abstractly



embeddable int&,,, and, in particular, he asked if there was any counter-example
at all. Theorem 6 shows that this is so. For clearlylifmeo  (R) acts on a seX
of sizex < 2%, then the isotropy subgroup ®fomeo, (R) at somex € X is of
index< x and hence has to be the whole group. THesneo, (R) has no non-trivial
representations by permutations on a set of siZ&% whatsoever.

Consider now a more general type of representations namely linear representations.
Megrelishvili [14], proving a conjecture of Pestov, has shown Hiaieo, (R) has
no non-trivial strongly continuous representations by linear isometries on a reflexive
Banach space. Thus by Theorem 4, we see thattbaico, (R) has no representations
by linear isometries on a reflexive separable Banach space.

Corollary 9. Homeo, (R), as an abstract group, has no non-trivial representations
by permutations on a set of size2%. Moreover, it has no representations by linear
isometries on a reflexive separable Banach space.

2.3 Homomorphisms into locally compact Polish groups

Pestov’s theorem that there are no fixed point free continuous actiohst¢), <) or
Homeo, (R) on compact spaces and Veech’s theorem that each locally compact group
acts freely and continuously on a compact space in connection with our automatic con-
tinuity result (and the remarks following Proposition 2) imply that there is no abstract
non-trivial homomorphism from these groups to locally compacobmpact groups.
(Note that for locally compact groupg-boundedness coincides withcompactness.)
Similarly, a non-trivial homomorphism from a groudp into a locally compact group
H, induces a representation 6fby linear isometries o.? of the Haar measure of
H, which is separable iff is second countable. So the slightly weaker result that
Homeo (R) has no nontrivial homomorphism into a second countable locally com-
pact group also follows from Corollary 9.

We show now that the same result holds Farmeo(2V). In fact, the argument for
it is direct and applies also thut(Q, <) andHomeo, (R). We will use the following
property of an abstract group first studied by Bergman [1]:

WheneverlWy, C W; C ... C F is an exhaustive sequence of subsets,
then for somer andk, F = WE.

That this condition holds foHomeo(2V) is due to Droste and &el [2]. It also holds
for Aut(Q, <) andHomeo(R) as proved by Droste and Holland [3].

Theorem 10. LetG be a Polish group which has the above property and has a comea-
ger conjugacy class. Then there is no non-trivial abstract homomorphismd@ranto
a locally compactr-compact group.

Proof : Supposer : G — H is a homomorphism into a locally compact Polish group.
We claim thatr[G] is compact. To see this take some increasing exhaustive sequence
of compact subsets df':

KyCKyC...CH



Then also
(KoN7[G]) C (K1N7[G)) C ... C7[G]

is exhaustive, so, sinc@ is Bergman, there are and k such thatr[G] = (K, N

7[G])* C KF. But thenr[G] is relatively compact, whencelG] is compact.
Secondly, we claim that the group = m has a dense conjugacy class. For let
C C G be the comeagre conjugacy classband suppos& C K is some non-empty
open set. We claim that N #[C] # 0. This suffices as[C] is contained in a single
conjugacy class of{. First notice that ag( is compact andr[G] is dense, there are
{9i}i<n C G suchthatk = (J,., 7(g;)V, whenceG = J,,, i * (V). AsC'is
comeagre(),.,, 3:C # 0, so take somé € (,,, ¢:C # 0 and letm be such that
h € gmm ! (V). Then clearlyg,,'h € =1 (V) N C, and thusr(g,,' k) € V N [C].
Thereforer|[G] is compact with a dense conjugacy class. But any conjucacy class
in a compact Hausdorff group is closed,s67] = {1} as the conjugacy class bfis
{1}. |
The result above implies that groups with Bergman’s property and with a comeager
conjugacy class cannot have non-trivial representations by automorphisms of locally
finite graphs. Similarly, they cannot act non-trivially by isometries on compact metric

spaces.

3 Homeo(2") and Homeo(2M)N

Before we begin our proofs, let us first mention the following elementary fact, which
will be used repeatedly.

Lemma 11. Supposer = 1,2, ..., Ry and{G, }i<, are Polish groups with comeagre
conjugacy classes. Th&n= Hign G, has a comeagre conjugacy class.

Proof : Let for eachi < n, O; C G, be the comeagre conjugacy class. Then obviously,
Hign O; C G is a conjugacy class @¥. Moreover, as

[To:=N[(I]¢)) = o]

i<n i<n VE)
by Kuratowski-Ulam this class is comeagreGn m|
Theorem 12. Homeo(2V) is Steinhaus.

Proof : Let G = Homeo(2V) and assuméV C G is symmetric and cover§' by
countably many left-translatés, W, k,, € G. In particular,) cannot be meagre and
must therefore be dense in some non-empty open €&t But thenW —'W = W2 is
dense in an open neighbourhood of the identitgzimnd we can therefore find some
finite subalgebrad C clopen(2Y) with atomsAy, ..., A, such thatiW? is dense in
Gay={9€G|glA]=4;i=1,...,p} ‘

For eachi = 1,...,p choose a point; € A; and letB!, C A; be a sequence of
disjoint clopen sets converging in the Hausdorff metric to the{set. Moreover, let
B,=BlU...UBE.



Claim 1. For somen, B, is full for W2, i.e., if vy € {g € Homeo(B,) : g[B] =

Bl i=1,...p}, thenthereis g € W2 suchthay| B, = 7.

Proof of Claim 1. It will suffice to show that son®,, is full for £, 7/ since then it is
clearly also full forW? = (k, W)=k, W. Assuming otherwise, we can for eagh
find somevy,, € Homeo(B,,) such that for ally € k£, W, g | B,, # ~,.. Due to the
convergence of the sef3, to {z1,...,2,}, thereis af € G such thatf | B,, = v,

and

FIENJBn) =idany, B,

But then by the choice of,,, f ¢ k,W for anyn, contradicting that the sets, |V
coverG, and the claim is proved. ]

So we can choose sonie¢ = B,,, that is full for W2. Let nowG(B) = {g €
G(a) | supp(9) C B}.
Claim2. G(B) C W12,
Proof of Claim 2. To see this, we notice first th@¢B) is topologically isomorphic to

Homeo(2Y)? and, therefore by [11] and Lemma 11, it has a comeagre conjugacy class.
Find now somer; such that:,, W N G(B) is non-meagre it7(B). Then

(kn, WNG(B) ™" (kn, WNG(B)) = (W 'k, ' NG(B)) - (k,, W N G(B))
CW*NG(B)
is also non-meagre if( B), so we can findgf, € W2 N G(B), whose conjugacy class
in G(B) is comeagre irG(B).

Take anyh € G(B) and, by fullness of3 for W2 proved in Claim 1, fingy € W?2
suchthat:| B = g| B. Then asf, | CB = idg, we have

hfoh™ = gfog™' € WO

This means that the conjugacy classfgin G(B) is contained in/% and that there-
fore W5 N G(B) is comeagre inG(B), whence, as the square of a comeagre set is
everything,W'2 N G(B) = G(B), proving the claim. O
SinceW? N G4 is dense inG(4), we can pick arhg € W2 N G(a) such that
ho[B] =CB, i.e., such thaby[BN A;] = CBN A; foreachi = 1,. .., p. Then clearly,
G(CB) = {g € G(a) | supp(g) € CB}

= hoG(B)hg*

cw'e
and

G@e) = G(B)-G(CB) c w*®

whereB is the subalgebra oflopen(2Y) generated byA and the set3. So W28
contains the open neighbourhood of the identityg), andHomeo(2") is Steinhaus
with exponen®s. a



We now show how techniques similar to the ones employed above give that the
groupHomeo(2M)Y is Steinhaus. This result implies the previous one by Corollary 3.
Moreover, notice that it is not in general true that the countable product of Steinhaus
groups is Steinhaus. The simplest counter-exampl&j2)". Here an ultrafilter on
N corresponds to a subgroup of ind&xwhich is open if and only if the ultrafilter is
principal. So(Z/2)" is not Steinhaus, even though the discrete gibiis. However,
it seems plausible thatW is a symmetric countably syndetic subset of a prodl¢t;
of Steinhaus topological groups of some common expohgiien’V* should contain
a productIL;U; of open subsets of th&;. We have neither a proof nor a counter-
example.

Theorem 13. Homeo(2")" is Steinhaus.

Proof : The groupHomeo(2M)" is isomorphic to the subgrou@ of Homeo (2 x N)
consisting of allh € Homeo(2Y x N) with h[2N x {i}] = 2" x {i} for eachi € N.
PutK; =2V x {i}. LetW C G be such tha& = | J,, k,W for somek,, € G,n € N.

We will borrow two things from the proof of Theorem 12. First note that the proof
of Theorem 12 gives that for any € N a relatively open neighborhood of the identity
of the subgroup

{fea|suprf) < | K3}
<m
is contained if/28. For this reason, it will suffice to prove that there existsperhaps
depending oW and the sequendg, ), such that

{f €G|supdF) C | Ki} c W'

m<i

Second, note that the following claim can be proved just like Claim 2 in the proof
of Theorem 12. The only difference is that in an appropriate place we need to use
Lemma 11 withn = R;.

Claim1. LetU* C K, for i < n be pairwise disjoint clopen sets. There exiss
such that
{f G |supp(f) C |J UL W™

n>ng

Now, letl/, 1" be families of pairwise disjoint clopen subsetd ¢f /&,,. We say
thatl{’ refinesl{ if | JU = |JU’ and each set ity’ is included in a set fror. If U/’
refinesl/ ando andr are permutations @f andl{’, respectively, we say thatrefines
oif 7(U’) C o(U) whenevetU” C U for U’ € U’ andU € U. Finally, if U refines
{K; | i > n} for somen € N, let Sym, (i) be the group of all permutations of
which refine the identity permutation ¢f<; | i > n}.

Claim 2. There existhy € N and a family of clopen setd refining { K; | 1> no}t
such that for any/’ refiningl/ and anyr € Sym,(U’) refiningid € Sym, (&) we can
find h € W2 with

R[U] = 7(U) foranyU e U'.



Proof of Claim 2. It suffices to find, € N, a family of clopen set¥ refining{ K; | i>
no }, ando € Sym,(U) such that for ang’ refiningl{ and anyr € Sym,(U’) refining
o we can findh € k,,W with

LU = 7(U) foranyU e U'.
Indeed, the claim follows from the statement above since
W2 = (kp,W) Yk, W and 07! 0 0 = id € Sym,(U).

Assume towards a contradiction that the statement failsy.dte { K; ] i >0}
and letry € Sym,(Uo) be the identity. Assume we are givi refining{K; | i > n}
andr, € Sym(U,) such that there is nd € k,_1W with h[U] = 7(U) for all
U € U,,. Consider

u,={Ucu, |UC |J Ki} and 7}, =, [ U,
i>n+1

By our assumption, we can firdd, ; refining{/, andr,,+; € Symg(Uy,+1) refining
7} such that for na: € k,,1W do we have[U] = 7(U) forall U € U,, 1.

The inductive construction allows us to fihg € G such that for eacll € U4,, with
U C K, we havehy[U] = 7,,(U). Note that, again by the constructidn, ¢ &, W for
eachn. This yields a contradiction sindg,, k,JV = G, and the claim follows.

Claim3. Let B,C C 2" be clopen. Assume th&tn B andC'\ B are both non-empty.

Let Gy = {f € Homeo(2") | f[B] = B} andG2 = {f € Homeo(2") | supp(f) C

C}. ThenHomeo(2Y) = G1G2G1GLG.

Proof of Claim 3. Letf € Homeo(2Y). Consider the clopen sefs = f[B] N B and

Ly = f[CB]NCB. Assume both of them are non-empty. This assumption allows us to
find g, € G; such that

Now there existgs € G5 such that
gg[gl [B \ Ll]] con BB and gg[gl [GB \ LQH cCnNnB

and
gg[C\gl[B\Llﬂ cCnB and gg[C\gl[EB\LQH - cnCB.

Note thatf(g291) ! € G1, so the conclusion follows.
Assume nowL; or Ly is empty, sayL; = (. Then note thatB \ L, # (. Let
g1 € G1 be such that
91CB\ Lo N C # 0.

If now go € G5 is such thatgo[C' \ B] = C N B, then clearly the setd; and L»
computed forf(g2g1) ! are both non-empty, so we can apply the previous procedure
to get the conclusion of the claim.

We prove now the theorem from the three claims. Riglandi/ as in Claim 2. For
n > np, pick pairwise disjoint non-empty clopen sét$ C K,, with i < n in such



a way that for eacl/ € U with U C K,, and eachi < n we haveU N V* # (). We
assume nd’;* contains &/ € U. By Claim 1, there is:; > ng such that

{fed@|supf)c |J vimrcw™

n>ni

ForU € U withU C K, for somen > nq, put
U=V NnU andU" =U\V,

Let By = J{U® | U e Y andU C |J K,}andB; = U{U1 | U e U andU C
Upsn, Kn}. Sowe have

n>nj

{f € G|supdf) C By} S W' (1)

Note thati/’ = {U°, U | U € U} refinesi{ andr € Sym,(U’) given byr(U7) =
U1=7 refinesid. Therefore, by Claim 2, we have, € W2 such thathy[U7] = 7(U7)
for eachU’ € U'. It follows thatho[Bo] = By andhg[B;] = By, whence from (1)

{f € G |supff) C B1} C hy'{f€G|supf) < Bo}tho

C W2W12W2 W16 (2)

Forn > ny pick pairwise disjoint clopen sets!* C K, for i < n so that eacl
intersects bottB, and B;. Applying Claim 1, we see that thereris > n; such that

{rec|suwpnf)c |J cnrcws 3
n>no
Now using Claim 3 for each > n, (with B = By N K, andC = Cj;)) along with
(1), (2), and (3), we get

{f =xe | SUpF(f U K } C W28W12W28W12W28 WlOS

n>ns

and the theorem follows. O

Let us now see how this result leads to automatic continuity for other groups con-
taining Homeo(2V)". Fix a denumerable model-theoretical structArand suppose
thatAut(A) is Steinhaus, or just that any homomorphism framt(A) into a separable
group is continuous. We can assume that the domaiisfN. Now leta be an action
of Aut(A) on Homeo(2")" defined as followsa(g, [n — hy]) = [n — hyy]. Thus,
we can form the topological semidirect produait(A) x, Homeo(2V)N. RecaII that
the topology on the semidirect product is the same as the product topoldgytoh) x
Homeo(2M)Y. Now, if K is a separable group amd: Aut(A) x, Homeo(2¥)N — K
is a homomorphism, then restricts to a continuous homomorphism on each of the
factors, whencer is continuous on the semi-direct product. Whkers just the empty
structure we have:

Corollary 14. LetX be the topological spads x 2N andE the equivalence relation on
X given by(n, a)E(m, ) <= n = m. Then any homomorphism fraffomeo (X, E)
(i.e., the group of homeomorphismsXfpreserving the equivalence relati@) into a
separable group is continuous.

10



4 Aut(Q, <)

Theorem 15. Aut(Q, <) is Steinhaus.

Our proof of this result relies on the combinatorics of Truss’ proof from [18] that
Aut(Q, <) satisfies the so called small index property, that is, that every subgroup of
index strictly less than the continuum is open. &= Aut(Q, <) and letD be the
family of all subsetsX C Q of the form

X = [Jlwan, w2041
neZ

where(z,),cz IS @ sequence of irrationals satisfying < ,; andz,, — too for
n — +oo. Moreover, forX € D we let

A(X) ={g € G| supp(g) C X}

Since any element € Aut(Q, <) can be extended to a unique homeomorphisi®,of
we will sometimes evaluate expressigrig) for g € G andx an irrational number.
The following lemma can be extracted from [18].

Lemma 16. (Truss)
G= |J AX)-A®Y)

X,YeD

Proof : Giveng € G, find a sequencer,, ),z of irrationals such that,,_; < g(z,) <
Zpy1 @andax,, — +oo forn — +oo. Now, putl,, =]z,, z,+1[ and notice by the choice
of z,, that

g([x4n; $4n+1]) g}x4n—1a x4n+2[

So we can define sontee G such that for each € Z
b )®ant2, Tanys[=id

hlg(am)=g7"
Thenhg| I, = idandh=!| I;,,» = id. Letting

Y = lint1 U ling2 U Tnss

nez
and
X = U Ty U Ly U Lgpys
nez
we haveg = h™! - hg € A(X) - A(Y). O

Proof of Theorem 15SupposélV C G is symmetric and countably syndetic. Thiéh
cannot be meagre and hend& must be dense in some open neighbourhood of the
identity, V = {g € G | g(¢1) = a1, .-, 9(gp—1) = gp—1}, for some rational numbers
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¢1 < ... < gp—1. Notice thatV is topologically isomorphic t@-?. Fix somek,, € G
such that theZ = |J,, k, W.
We now letE be the family of all sets{’ C Q of the form

X = ( U]mémxénﬂ[) U...u ( U]x’z’n,xgn+1[)7

nez neZ
wherez?, are irrationals such that far = —oo andg, = +oo, we have
Qi1 < @y < Tpyy < G,
zt — g; for n — +oo,
CL‘;L — q;—1 for n — —c0.
Moreover, forX € E, we let
A(X) = {g € G | supp(g) € X}.
Clearly, by Lemma 16, we have
V= J AX)-AY).
X,Y€E

So to prove thatut(Q) is Steinhaus with expone$é, it suffices to show the following
claim.
Claim. A(X) C W% foranyX € E.
Proof of Claim. Fix someX € E and sequences!, as above. Moreover, for each
1=1,...,p,let . ‘ 4

IrZL :]xén7 wén+1[

and for eaclw = (a1, ..., a,), wherea; C Z is bi-infinite, let
Xa=(Jmu..u( U »).
neai neap

We stress the fact that theé name only every second interval of teordered
partition of]g;_1, ¢;[ into the intervalda?,, % . ,[. Thus, ifh € A(X;z), thenh[I}] =
I} for eachn € a;,i = 1,...,p. Now pick a sequence @f,, such that the set&;
are all disjoint, which is equivalent to demanding that fkté terms ofa,, anda,,, are
disjoint forn # m andj = 1,...,p. From the remark about above it follows that
if g, € A(X3z, ), theng : Q — Q defined to bey, [ Xz, on Xz, and the identity on
Q\ U, Xa, is an element off = Aut(Q).

We claim that for somey, X, is full for k,,, W, i.e., that for anyy € A(Xano),
there is somé € k,,W suchthay | Xz, = h[ Xz, . If not, we could for eactn
find someyg,, € A(Xgz,) such that for alh € k, W, we havey,, | Xz, # h| Xz, . AS
noticed above, we could then find one single G such thay [ Xz, = g, [ Xz, for
everyn. But this would contradict that thie, W coverG.

12



So supposeXz,, is full for k,,W. ThenXj, is also full forW2. For simplicity,
letad = (a17. .. ,ap) = 6n0.

Clearly, A(X3) is topologically isomorphic t¢G*)P, so it has a comeagre conju-
gacy class by [19] and Lemma 11. Find now somesuch thatk,,, W N A(Xz) is
non-meagre inA(X3z), whence alsd?V? N A(X;) is non-meagre i (X;). There-
fore there is som¢ € W2 belonging to the comeagre conjugacy clasg ;). But
if h € A(Xz), then there is @ € W? agreeing withh on Xz, whencehfh=1 =
gfg~t € W5, SoW® contains the comeagre conjugacy classA¢;) and as the
product of two comeagre sets in a group is everythih@y;) C W'2.

Let now (a*), be a continuum size family of sequene&s= (af, ..., ay) such
thata$® C q, is bi-infinite anda$* N af is finite for everya # (. (see, e.g., Kunen [12],
p. 48.)

For eachy write alsoQ\ {¢1, . . . , go—1 } as a disjoint union of non-empty irrational
intervalsJs, (n € Z,i=0,...,p), such that

Joon < Jomi1 <@ <1 <1 <@ <. < g1 < Jp, < Jpaias

where
Xﬁa = U iOanv

1=0,...,p

nez
— (e}
Q\ Xgo = U Ji,2n+1'

1=0,...,p
nez

We notice that this forces eaclf,,, to be equal to somé/, =|u,,, x5, [ for an
m € af, while eachJ?,, ., must be on the formv?,, | =|z5,, ., 2% [ for some
m < lina.
Now, findg,, € V such that
Ja [Jzan} = J3n+1

By the uncountability there is, and distinctae and 5 such thatg,,gg € kn,W,
whencey; 'gs, 95" 9o € W2
If n ¢ af, thenl;, C J?,, ., for somel, whence
9a[I}] € ga [Jor1] = 10 = I,

for somem > n with m € af. Similarly, if n ¢ o}, thengs[I2] C I¢, for some

m > n with m € a”. This, along with the almost disjointnessaff anda?, allows us
to find IV big enough so that for all=0,...,pand|n| > N

n ¢ ay :>ga[ffl] cr, (mEaf‘\a?)
n¢al = gs[I,] C I, (me€a)\af)
From this, by a similar argument, we get

né¢al = g;'90[I)] €I (l€d] Cay)

n
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n¢al = glgs[I] €I (l€af Cay)

Suppose also thaN has been chosen large enough to ensure that fpt|alt NV either
n ¢ aforn ¢ a . Then for alljn| > N, either

95" 9a|1}] € Xa 4)
or 4
9a'9s[I] € Xa (5)
As W2 is dense iV, we can choosgé € W2 andm, € a; such that
h[I Ny U...UIy] C I},
for everyi =0, ...,p. Then for alln € Z, either (4) or (5) or
h[Il] € Xa (6)

where as noticegglga, g2 tgs, h € W2 andA(X;) C W12,
Now define sets
bi={neZ| gﬁ_lga[ I'] C
c={nellgygsl}] C
di={ne€Z|n[l}] C Xz }

and letb = (bo, . ..,by), €= (co,...,¢c,) andd = (do, ..., d,). Since (4), (5), or (6)
holds for each integer, we get

A(X) = A(X5) - A(Xz) - A(X ).

Since additionally, directly from the definitions &f, ¢; andd;, we have
( ) (93 ga) 1 (Xﬂ)gﬁ_lga

A(X2) C (92 "98) " A(Xa)gs ' 9p
A(X7) C h ' A(Xa)h,

N 1N

we getA(X) C (W16)3 = W48, proving the claim and thereby the theorem. O

5 Homeo(R) and Homeo(S)
Theorem 17. Homeo, (R) is Steinhaus.

Proof : Let us first recall the Polish group topology Bomeo(R). It has as basis the
following sets

Ulf;q1,---,qp—1;€) = {g € Homeo(R ’d ,9(g:)) < e,Vi < p}
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wheref € Homeo(R), e > 0,andg; < ... < g,—1 belong taR. A similar topology on
Homeo([0, 1]) gives a topologically isomorphic group. The structure of the subgroup
Homeo, (R) of all increasing homeomorphisms is very similar to that\eft(Q, <)
except from the fact that the former is connected and the latter is totally disconnected.
Nevertheless, the proof farut(Q, <) translates almost word for word into a proof for
Homeo, (R). Let us just mention the changes needed:

The first thing to notice is that there is a comeagre conjugacy cld$srireo (R),
which is shown in [11]. Secondly, instead of working with irrational interval€of
one replaces these by say half open interiglg) C R. One easily sees that Lemma
16 goes through as before. Supposing now thatt Homeo, (R) is symmetric and
countably syndetic, we find some open neighbourhood of the identity

V = {g € Homeo (R) | d(qi,9(q:)) < €,Vi < p}
in which W2 is dense. We can suppose that

d(q;, g;
¢ < min (¢, qit1)
Let also

U = {g € Homeo (R) | 9(q) = q;, Vi < p}

and notice that/ is topologically isomorphic télomeo, (R)?. One sees that

U= [J AX)-A®Y)

whereE is defined as in the proof of Theorem 15. We can now prove4hat) C W48
exactly as Claim was established in the proof of Theorem 15, noticing that we do not
neediV? to be dense i/ but only inV. So we getthal/ C W9, ButU is notopenin

the Polish topology ofilomeo_ (R). The following claim will show thaHomeo , (R)

is Steinhaus with exponem94.

Claiml. V C W19

Proof of Claim 1 Suppos¢ € V and f(¢q;) = r; fori = 1,...,p — 1. Then by the
density of W2 in V there is amh € W? such that

d(ri, h(g:)) < 1/2d(r:, ¢;)

fori =1,...,p. Butthen there is also somec U C W satisfyingg(h(q;)) = 7,
whencef = (gh)h~tg=1f CUW?2U C W4 sinceh 19~ 1f € U. O

Consider now the group of homeomorphisms of the unit citbbeneo(S!) with
the topology of uniform (or equivalently, pointwise) convergence. As in the case of
Homeo(R), we let Homeo, (S!) be the index2 subgroup of orientation preserving
homeomorphisms. It is a well-known fact thdbmeo,. (S') does not even have a
non-meagre conjugacy class, as e.g. the rotation number (see Katok and Hasselblatt,

[8, Chapter 11]) is a continuous conjugacy invariant. But, on the other hand, for any
x € S' the closed subgroup

Homeo(S*, ) = {g € Homeo(S*) | g(x) =z}

is topologically isomorphic tdlomeo(R).
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Theorem 18. Homeo; (S1) is Steinhaus.

Proof : We will deduce this result from the result féfomeo, (R). So assume that
W C Homeo, (S') is symmetric and countably syndetic. Then we can find some
neighbourhood of the identity

V = {g € Homeo (5") | d(qi, g(q:)) < €, Vi <n}
in whichW?2 is dense. Let
H = {g € Homeo (S") ‘ 9(@1) = q1}

then H is topologically isomorphic télomeo (R).
Claim1. W2 n H is symmetric and countably syndetic ih.

Proof of Claim 1. Let{k,, W } coverHomeo (S'). For eactn such thak, W N H #
() pick somey,, in the intersection. Theh,, € ¢,W ! = ¢, and thus

HC (|JkaW)nH
c(UgW?)nH %
=Ugn(W20H>

where the last equality holds as € H. The claim is proved.
Now, asH = Homeo, (R) is Steinhaus with exponeth94, there arey, ..., p., €
S ande > § > 0 such that

U = {g € Homeo (S") | d(pi, g(pi)) < 6,Vi <m & g(q1) = ¢} € (W?)'*
— 388

In particular,

U’ = {g € Homeo(S') |V <n g(a;) = ¢ & Vi <m g(pi) = pi} € W
andW? is dense in the set

V' = {g € Homeo, (S*) | V<nd(g(q),q)<d&Yi<md(g(p:),pi) <0}

As in the proof of Claim 1, we see that C U'W2U’ C W58, hencelomeo (S!)
is Steinhaus with exponefi6s. a

Theorem 19. Homeo (R) is the only proper subgroup ¢fomeo(R) of index< 2%°.

Proof : SinceHomeo, (R) is connected, it is enough to show that any subgrBlug
Homeo ; (R) of index < 2% is open. This is done by repeating the proof above for
W = H. However, there are a few things that have to be noticed before this can be
done. Namely, sincé/ is not necessarily countably syndetic, we have to see exactly
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where this is used and propose a substitute. First of all, we have to prové tzatnot
be meagre irtHomeo, (R), and secondly, we have to show that soig is full for
H? =H.

To see that is not meagre ifHomeo, (R), notice that the magg, h) — gh~*
is continuous and open frofitlomeo  (R))? to Homeo (R). So if H is meagre then
E ={(g,h) € (Homeo(R))?: gh~! € H} would be a meagre equivalence relation
and therefore by Mycielski’'s Theorem (see [9, Theorem 19.1]) have a continuum of
classes, contradictinglomeo, (R) : H] < 2%,

Now to see that som&j is full for H2 = H, we pick our sequencg, as in the
proof of Claim of Theorem 15 such that the sétg  are all disjoint. Let now

N = {g € Homeo(R) | Vn g[Xz,] = Xz,} < Homeo, (R)

and notice thaiV is topologically isomorphic tq ], A(Xz, ), which is itself isomor-
phic to Homeo, (R)Y. Let now H,, be the projection o N N into A(X;,_ ). Then
HnN <], Hn, whence

[T1AXz,) - Hy] = [N : [[ Ha] < [N : H0 N] < [Homeo, (R) : H] < 2%

n

Therefore at most finitely manA(X5,, ) : H,] can be different froni, meaning that
at least for some, H,, = A(X3, ), i.e., Xz, is full for H. O

Corollary 20. Homeo, (S') is the only proper subgroup ¢fom(S!) of index< 2%o.

Proof : Fix two points, e.g. i and —i, on the unit circleS' and supposed <
Homeo(S!), [Homeo(S'), H] < 2%0. Forz € S let

Homeo, (S*,z) = {g € Homeo, (S") | g(z) = «}
which is a subgroup isomorphic fomeo, (R). Moreover, we have
[Homeo, (S*,4) : H N Homeo (S, )] < 280

and
[Homeo, (S*, —i) : H N Homeo, (S*, —i)] < 2%

Thus asHomeo, (R) has no proper subgroups of index2™, Homeo (S*,i) < H
andHomeo, (S, —i) < H. Butitis not hard to see that

Homeo, (S*) = Homeo (S*,4) - Homeo, (S*, —i) - Homeo, (S, ).

SoHomeo (S) = H. O
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