Gs IDEALS OF COMPACT SETS
SLAWOMIR SOLECKI

ABSTRACT. We investigate the structure of G5 ideals of compact sets.
We define a class of G5 ideals of compact sets that, on the one hand,
avoids certain phenomena present among general G5 ideals of compact
sets and, on the other hand, includes all naturally occurring G5 ideals of
compact sets. We prove structural theorems for ideals in this class, and
we describe how this class is placed among all G5 ideals. In particular,
we establish a result representing ideals in this class via the meager ideal.
This result is analogous to Choquet’s theorem representing alternating
capacities of order oo via Borel probability measures. Methods coming
from the structure theory of Banach spaces are used in constructing
important to us examples of G5 ideals outside of our class.

1. INTRODUCTION

In the present paper, E stands for a compact metric space and K(FE)
denotes the compact space of all compact subsets of E equipped with the
Vietoris topology. A subfamily of IC(E) is called closed downward if it is
closed under taking compact subsets. A closed downward subfamily of K(E)
that is also closed under taking finite unions is called an ideal of compact sets.
A closed downward subfamily of IC(E) that is closed under taking countable
unions provided the union is compact is called a o-ideal of compact sets.

The study of definable ideals of compact sets is by now a classical subject
in descriptive set theory. For a comprehensive recent survey of this field
the reader can consult [12]. Of particular interest among definable ideals
of compact sets are coanalytic o-ideals mostly because of a wide range of
examples belonging to this class and because of the theory that can be
developed for it. By a dichotomy proved in [8], coanalytic o-ideals fall into
two major subclasses: they are either coanalytic complete or else they are
G5. This paper investigates the structure of the latter class of Gs o-ideals
of compact sets.

The following definition will be crucial in our considerations. A set Z C
K(FE) is said to have property (x) if for any sequence K,, € Z, n € w, there
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exists a G5 set G C E such that | J,, K, C G and each compact subset of G
isin Z.

As will be proved in Proposition 2.1, families of compact sets with (x)
are o-ideals and, if they are additionally assumed to be coanalytic, they are
Gs. Thus, (x) can be viewed as a strong version of o-completeness for Gy
ideals. Some vague analogies with the results of [18] can be taken to indicate
that coanalytic o-ideals of compact sets with (*) are to general coanalytic
o-ideals of compact sets what analytic P-ideals of subsets of w are to general
analytic ideals of subsets of w.

A note on terminology. As said above, coanalytic families with (x) are
automatically G5 o-ideals. Thus, there is a range of names such families can
be called. We will refer to them in the sequel as Gy ideals with ().

In Section 2, we present examples of G ideals with property (%) and
general facts about this property. Recently, a new phenomenon among Gjy
ideals of compact sets was discovered by Matrai in [14]. He constructed a
G5 ideal of compact subsets of 2¥ containing all singletons and such that
each dense Gy subset of 2“ contains a compact set not in the ideal. At
this point, this property seems somewhat pathological for Gs ideals, and
condition () delineates a natural class of G5 ideals avoiding it. (Sections 2,
3, and 4 of the present paper were, however, mostly completed before the
appearance of [14].) The aim of presenting the examples in Section 2 is to
show that natural G5 ideals do have property (). Furthermore, we show in
Proposition 2.2 that all calibrated, thin families of compact sets have (x).
On the other hand, we give an example in Proposition 2.4 of a calibrated
Gy ideal that does not have (k).

In Sections 3 and 4, we study the structure of G ideals with (x). The
following operation will be fundamental in a representation theorem for such
ideals. For A C F, let

(1.1) A" ={K e K(E): KnA#0}.

In Theorem 3.2 we represent each Gy ideal with property () via the nowhere
dense ideal by showing that a compact set K is in the ideal if and only if
K* is nowhere dense in some fixed, but depending on the ideal, compact
subset of IL(E). In fact, Gs ideals with (%) are the only ideals that can be
represented in this fashion. Such a representation is new even for classical
ideals like, for example, the ideal of compact measure zero sets or of compact
zero-dimensional sets. This theorem, though not its proof, is analogous to
the classical theorem of Choquet [2] (see also [13, pp. 30-35]) that gives
a characterization of ideals of compact sets that can be represented as fol-
lows: a compact set K is in the ideal if and only if K* has measure zero
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with respect to some Borel probability measure on IC(F); those are pre-
cisely the ideals of zero sets with respect to an alternating capacity of order
oo. Thus, our representation result gives a meager ideal analogue of this
measure ideal theorem; in our result, condition (x) provides the appropriate
characterization. As a consequence to this theorem, we find in Theorem 3.2
a representation for Gy ideals Z with calibration and (), which uses the
following operation A — A™ in addition to the operation A — A* defined
above:

At ={K e K(E) :

1.2
(1.2) K N A is not covered by countably many elements of Z}.

Next we prove in Theorem 4.1 that all Gs ideals with (%) are Tukey
reducible to the nowhere dense ideal. This gives, for ideals with (%), an
affirmative answer to a question of Louveau and Velickovi¢ [10]. (After
the present work was completed, Justin Moore and the author proved [16],
using one of the ideals constructed in Section 6 of the present paper, that
the question has negative answer in general.)

In Sections 5 and 6, we investigate the placement of the class of ideals with
() within the class of all G ideals. This is done by introducing a natural
transfinite rank, with respect to a given ideal, on all open, closed down-
ward families of compact sets. The rank quantifies the amount of closure
under taking unions such a family enjoys. We prove in Theorem 5.4 that
property (x) for an ideal is equivalent to having open, closed downward ap-
proximations with the highest possible rank w;. For each a@ < wy, we exhibit
in Theorem 6.1 a G ideal, necessarily without (x), for whose open, closed
downward approximations the highest value of the rank is equal precisely
to a. The combinatorial objects used in this construction are analogous to
objects that come up in the structure theory of Banach spaces.

Notation. By w we denote the set of all natural numbers including 0. If
n € w, we identify n with the set {0,...,n — 1}. In particular, 0 = 0.
Similarly, if 5 is a finite sequence whose domain is n € w and if m < n, then
5 | m is the sequence obtained from 35 by keeping its first m elements. As
usual, if 5 is a finite sequence and ¢ is another finite sequence, by 57t we
denote the sequence obtained from 5 by extending it by . If 5 is a sequence
of elements of a set A and a € A, then 5 a stands for the sequence 57,
where t = (a).

2. BASIC FACTS AND EXAMPLES

Part (i) of the following proposition shows that (%) can be viewed as a
strong version of o-completeness and the proof of the coanalytic part of (ii)



4 SLAWOMIR SOLECKI

shows that it can be thought of as a separation principle. The proposition
below should be compared with a result due to Dougherty, Kechris, Louveau,
and Woodin, [6], [8], that for Z C IC(F) we have Z is an analytic o-ideal if
and only if 7 is a G ideal.

Proposition 2.1. (i) Let T C K(FE) have property (x). Then T is a
o-ideal.
(ii) If, additionally, T is assumed to be analytic or coanalytic, then it is
a G(;.

Proof. Note that (%) immediately implies that Z is closed downward and
that if a compact set K can be covered by countably many members of Z,
then K € Z. So (i) follows. If 7 is analytic, then it is a G5 by (i) and [8].
Assume therefore that it is coanalytic. Then, if it is not Gg, by Hurewicz’s
theorem there is a continuous map f : 2¢ — IC(FE) such that f(z) € 7 iff
x € Q where Q consists of all sequences in 2“ which are eventually equal to
0. By () we can find a G5 G C E such that (J,cq f(2) € G and K(G) C T.
But K(G) is a Gs, so f~1(K(Q)) is a G4 subset of 2. On the other hand,
it is equal to Q, contradiction. O

We now list some classes of Gy ideals of compact subsets of a compact
space E that have property (x). All these ideals occur naturally in various
parts of mathematics. The new point proved here is that they fulfill (x).
(There exist overlaps among the classes of ideals listed below, which I have
not investigated.) On the other hand, as follows from [14], there do exist G5
ideals of compact subsets of 2* that do not have (x).

Examples of Gs ideals with (). For all the ideals listed below it is
straightforward to check directly from their definitions that they are analytic
or co-analytic. Thus, in view of Proposition 2.1, we only need to check
property (x) for them. These arguments will follow the list below.

1. Compact nowhere dense subsets of E; more generally, for a non-
empty o-compact set F C K(E), the ideal

(2.1) {K € K(F):VL € F KN L is meager in L}.

Consideration of the general formula (2.1) was proposed by Alain
Louveau. For examples of ideals given by formula (2.1) in the special
case of countable F see [9, Theorem 2].

2. Compact measure zero sets with respect to a finite Borel measure
on E; more generally, for a non-empty o-compact (in the weak™
topology) set M of finite Borel measures on E, the ideal

(2.2) {K e K(E) :Vue M p(K) =0}
For ideals given by the general formula (2.2) see [3], [4, p.31], [§].
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3. Compact zero sets with respect to a Hausdorff measure, see [4, p.31].

4. Given n € w, compact subsets of F of topological dimension < n;
for definiteness we consider here, say, the covering dimension. See
[15, p.152].

5. Z-sets for E = [0,1]“. Recall that a compact set K C [0,1] is a
Z-set if for any continuous function f : [0,1]“ — [0,1]* and for any
€ > 0 there exists a continuous function g : [0,1]* — [0,1]* that is
uniformly e-close to f and whose range is disjoint from K. See [15,
p.307].

6. The ideals associated with analytic P-ideals of subsets of w as follows:
let I be an analytic P-ideal of subsets of w, for K € K(2¥), put K € Z
iff for some x € I, {y Nz : y € K} is meager in P(x), see [18, p.55].
Recall that an ideal of subsets of w is a P-ideal if for any z, € I,
n € w, there exists x € I with z,, \ x finite for each n.

We will give now the arguments that the ideals above fulfill (x).

1. Obviously, if F = {E}, formula (2.1) gives the ideal of all compact
nowhere dense subsets of E. So it suffices to check that ideals given by (2.1)
have (x). In fact, it will be enough to do it only for F that is assumed to
be compact. Indeed, if F = |J,, F,, with F,, compact, then if for each n the
ideal defined via (2.1) using F,, has (x), then it immediately follows that so
does the ideal defined using F.

Fix therefore a compact non-empty family F and let Z be the ideal defined
by (2.1) using F. Fix a countable topological basis B of E. For U,V € B
with U C V consider the set

Fuv={LNV:LeFand LNU # 0}.

By compactness of F it follows that
(2.3) VL' € Fyy3L € F(LNU #0and LNV C L').

Moreover, using (2.3), the following equality is rather easy to show and we
leave proving it to the reader

(24) I={KeKk(E):YU,VeBUCVVLe FyyL¢K}.

Thus, by (2.4), it suffices to show that given K,, € Z, n € w, and U,V € B
with U C V, there exists open O C E with U,, Kn € O and such that O
contains no elements of Fyy .

To produce such a set O, we will need the following fact. If O’ C E is
open and such that O’ does not contain an element of Fu,v, then for any
K € T, O'UK does not contain an element of Fuv. To see this, assume that
L' € Fyy is such that L' C O’ U K. Using (2.3) pick L € F with LNU # 0
and with LNV C L. f LNV C O/, then LNV C O contradicting our
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assumption on O'. Thus, @ # (LNV)\ O'. Tt follows that (LNV)\ O’ is a
non-empty relatively open subset of L € F and it is clearly contained in K,
so K ¢ T, contradiction.

Now since Ky € 7, it does not contain elements from F7y. Using com-
pactness of Ko and of Fg7y, we find an open set O with Ko C Op and with
Oy not containing an element of Fy/y7. Assume we have an open set O,, with
KoU---UK, C O, and with O,, not containing sets from Fu,v. Using the
fact proved above, we see that O,, U K, .1 does not contain sets from Fuv.
Now using compactness of O,, UK, 1 and of Fuv, we find an open set Oy 41
containing O,, U K,,;1 and such that no compact subset of O,,;1 is in Fuv.
Once this recursive construction is carried out, let

O:UOn.

This open sets is clearly as required.

2. As in point 1, we can limit our considerations to the situation when
F is compact. If K,, n € w, are compact and such that u(K,) = 0 for
each n, then, given n and € > 0, by compactness of F we can find a single
open set O, such that K, C O, and u(O,) < €/2""1, see [7, Theorem
17.20(iii)]. Therefore, O = |J,, Oy, is an open set containing | J,, K;, and with
measure < € with respect to each y € M. Repeating this construction for
a sequence of of positive reals € converging to 0 and taking the intersection
of the resulting open sets gives a G5 with the required properties.

3. Essentially the same proof as for 2 works here.

4. We only need to point out here that the notion of dimension applies
to all subsets of the given ambient compact metric space, that the union of
countably many compact sets of dimension < n has dimension < n, see [15,
Theorem 3.2.8], that each set of dimension < n is contained in a G5 set of
dimension < n, as follows from [15, Theorem 3.2.5], and that subsets of sets
of dimension < n have dimension < n, see [15, Theorem 3.2.9].

5. This follows from Corollary 5.3.6, Lemma 5.1.3(2), and Lemma 5.1.7(6)
of [15] and the observation that the subset s = (0,1) of [0,1]* is a Gs.

6. Let K, € Z, n € w, and let =, € I be such that {y Nz, :y € K,,} is
meager in P(x,). Since I is a P-ideal, there is « € I with z,, \ z finite for
each n. Then {y Nz :y € K,} is meager in P(z) for each n. Let G C P(x)
be a Gy set such that P(z) \ G is dense in P(x) and

{yﬁw:yEUKn}gG.

Then {y € P(w) : yNz € G} is a Gs, |J,, Ky is included in it, and all
compact sets included in it are in Z as witnessed by .
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We point out now one general condition implying property (). Recall
that a family Z of compact subsets of F is thin if there is no uncountable
family of pairwise disjoint compact sets not in Z and Z is called calibrated if
for any compact set K C E, if K(K \ J,, K») C Z for some K,, € I, n € w,
then K € Z. So, for example the ideal of compact subsets of measure zero
with respect to a Borel probability measure is calibrated, while the ideal on
nowhere dense subsets of an uncountable compact space is not.

Proposition 2.2. If 7 C K(E) is calibrated and thin, then it has (x).

Proof. Let K,, € I, n € w. Let {L, : n € w} be a maximal family of
compact subsets of E \ |J,, K;,, which are pairwise disjoint and not in 7.
This family is countable by thinness. Let G = E'\ |J,, Ln. Then G is a G5
containing | J,, K. Let K C G be compact. By maximality of {L,, : n € w},
K(K\ U, K») CZ. Thus, by calibration K € Z. So, G witnesses that (x)
holds for the sequence (K,,). O

As an application of property (%), we deduce a result of Zeleny [20].
The original argument in [20] was rather different and used the fact that
coanalytic sets admit coanalytic ranks.

Corollary 2.3 (Zeleny [20]). Let Z C KC(E) be calibrated, thin, and coana-
lytic. Then T is Gs.

Proof. By Proposition 2.2, 7 has (x) and hence by Proposition 2.1(ii), it is
a Gjs. O

As shown in the proposition below one cannot remove the assumption
that Z be thin in Proposition 2.2 even if 7 is assumed to be Gs.

Proposition 2.4. There exits a calibrated Gs ideal of compact subsets of
2¢ that does not have (x).

The proof of Proposition 2.4 is postponed till the end of Section 6, where
a general construction of G5 ideals without (*) is described.

3. REPRESENTATIONS OF IDEALS WITH (*)

We prove a representation theorem for Gs ideals with (x). This repre-
sentation is somewhat analogous to Choquet’s representation of alternating
capacities of order oo, see [2], [13, pp.30-35], [7, 30.4]. Its proof is, however,
different.

It follows from Proposition 2.1(ii) that coanalytic families with (%) are
Gs. However, we will carry out the proof of the representation assuming
only coanalyticity of the family. This does not make the argument more
complicated and, since the form of this representation implies easily that
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the family is a Gg ideal, we will have yet another proof that coanalytic
families with () are G ideals.
The operation A* is defined in (1.1).

Theorem 3.1. Let T C IC(E) be coanalytic and non-empty. Then T has (x)
if and only if there exists a compact set F C K(E) such that

K €T < K*NF is meager in F.

Proof. Assume that 7 is coanalytic, non-empty, and has (x). We construct
a family F C IC(F) as in the conclusion of the theorem. Let

E'=E\| J{U : U open and U € T}.

Clearly E’ is compact. Since Z is a o-ideal, for K € K(FE) we have that
K eZifand only if KNE' € ZNK(E'). Tt follows that is suffices to find
F C K(E') as in the conclusion of the theorem for the coanalytic, nonempty,
having property (*) family ZNK(E’). Thus, we can, and will from this point
on, assume that £’ = E. Note that since Z is a o-ideal, all sets in ZNKC(E’)
are nowhere dense in E’. Therefore, we will assume from this point on that
all sets in 7 are nowhere dense in E.

It 7 = {0}, let F = {E}. Thus, from this point on we assume that
Z C K(F) is coanalytic, has property (%), consists of only nowhere dense
sets, and contains {z} for some z € E. Recall first the operation A™ defined
n (1.2). In the course of the argument, we will prove the following condition,
which therefore is also equivalent to (x) and is of some interest:

there exist compact F, C K(E), n € w, that are upwards closed
with Fp,41 C F,, and such that for K € K(E)

K €7 = Vn K*NF, is meager in F,
K ¢71=3n K" NJF, is dense in F,.

Note that, since K* is compact and contains K, the second part of the
above condition implies that K* O F,, for all but finitely many n.

Fix a continuous surjection f : w* — K(E)\ Z. Such a function exists
since 7 is coanalytic. First we note that for any nonempty, closed set F' C
w®, there exists a non-empty, relatively open in F' set U C F' such that

(3.1) V(K))iew CTIL € K(E) (LN|JK; =0 and Vo € U f(z) N L # 0).
l

Assume towards contradiction that this fails. Let U;, ¢ € w, be an open
basis for F' consisting of nonempty sets. The failure of the above condition
allows us to pick for each i a sequence (K}) C T so that for each compact
L C E\ |, K] there exists x € U; with f(z) N L = §. Let now (K,)
enumerate {K; : [,i € w}. By (*), we can now pick a G5 set G so that
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U, Kn € G and K(G) CZ. Let Lj, j € w, be compact and chosen so that
E\ G =J;L;. Note that for each z € F, f(z) ¢ T and, therefore, f(z)
intersects some L;. Additionally, for each j, the set {x € F': f(z)NL; # 0}
is closed in F'. Thus, by the Baire Category Theorem, there exist ¢ and j
with U; C {z € F: f(z)NL; # 0} which gives an immediate contradiction
with the fact that L; C E\ |, K&.

For F C w¥ closed define

F=F\ U{U : U C F relatively open and fulfilling (3.1)}.

Define further FO = ¥, Fot! = Fa and F* = (,_, F* if X is a limit
ordinal. There exists a countable ordinal § such that F#*+! = F8 and by
the argument from the previous paragraph F° = . It follows that w* can
be represented as a countable union of (not necessarily open) sets fulfilling
(3.1). Putting them in one sequence, we obtain F,, n € w, whose union is
w* and with (3.1) holding for each F,,. Let £, = f[F},].
Now for each n let
K, =({K": KecL,}.
Note that each K, is compact. We claim that
(3:2) V(KD) ((K) €T =K, 2| JKD).
I
Indeed, if K, C |J, K for some (K;) C Z, then for each L € K, LN K; # ()
for some I. This means, by the definition of K, that for each compact L,

VK €L, LNK #0) = (Ln|JK #0).
l

This however directly contradicts (3.1) for F,, since L], = f[F,].
Let

Kn=K,\ U{Z/{ : U C K, relatively open and 3(K;) CZ U C UKl*}
l

Then K, is compact and by (3.2) nonempty. Note also that
(3.3) K €T = K*NK, is meager in K,.

Otherwise, since K* is compact, there would be a V C K,, nonempty, rela-
tively open in ), such that V C K*. Then it is easy to see that

VY C U{U : U C K, relatively open and such that 3(K;) CZ U C UKZ*},
!

so VN K,, = 0, contradiction. Note also that for compact K
(3.4) K¢gI=InkK,CK".
Indeed, if K ¢ Z, then for some ng, K € L, , so Kp, € K}, € K*.
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Now we use the sets k), to produce F,, as in the condition at the beginning
of the proof. Let V", i € w, be an open basis of K,, consisting of non-empty
sets. Let F,, be the closure of the following set

(3.5) {LeK(E):Vi,j<nV] ¢ (E\L)}.

It is easy to check that each F, is upwards closed and that F,,+1 C F,.
Let K € Z, and let n € w. Let L be in the set given by (3.5). Since, by
(3.3), for all j < n, K* N K; is nowhere dense in ICj, we have that, for all
1,J <mn,
(E\NL)UK)*

does not contain Vij . Therefore, we can find an open set U containing K
and such that for all 4, 7 < n we still have

(3.6) V) ¢ (E\LUU)" = (E\(L\U))"

Let L' = L\ U. By (3.6) and the definitions of F,, and U, we see that L’ is
in F, \ K*. Since F, is closed upward, for any finite set ' C E'\ U, we have
that L” = L’ U F is an element of F,, \ K*. By manipulating the sets U and
F (making U close to K and F close to L N U in the Vietoris topology), we
can make L” to be as close to L as we wish. (We use here the assumption
that all elements of Z, in particular K, are nowhere dense.) Thus, we found
an element of F,, \ K* arbitrarily close to an arbitrary element of the set
given by (3.5). Since the set defined by (3.5) is dense in F,,, we have just
shown that F,, \ K* is dense in F,,. Since it is also open, K* N F,, is meager
in Fp,.

Let now K € K(E)\Z. Then, by (3.4), for some n and some (in fact, all)
i <n, we have V" C K*. Let L be in the set given by (3.5). We will show
that KN L ¢ Z, hence K+ is dense in F,,. Note that

K*C(E\L)*U(KnL*

The first of the sets in the union on the right hand side does not contain V"
by (3.5) and is compact. Therefore, the second set, (K N L)*, intersected
with I, is not meager in IC,, as V;» C K*. It follows by (3.3) that KNL ¢ 7.
Thus, the required properties of the sequence F,, are proved.

Fix now ¢ with {zo} € Z. Note that since {x¢} is nowhere dense, z is
not isolated. Thus, we can find sets W,, C E, n € w, such that each W,, is
the interior of its closure, each neighborhood of zy contains all but finitely
many sets W,,, and W, 1 is properly included in W,,. Define

F=\J{F\W,:F e F,}.

We claim that F is such that K € 7 if and only if K* N F is meager.
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Assume that K € Z, and suppose towards a contradiction that K* N F
is not meager in F, that is, it has non-empty interior in F. Then, since
U AF\ W, : F € F,} is dense in F, for some n, the relative interior of

K*N{F\W,:F € F,}

in the set {F\W,, : F € F,,} is non-empty. This implies that there are open
sets U, Uy, ...,U, C E with Up,...,U, C U and such that the set

37 {F\W,:FeF, F\W,CU, and Vi <p (F\W,)NU,; # 0}

is non-empty and included in K*. Non-emptiness of the set in (3.7) implies
that U; \ W,, # () for each ¢ < p. Since W, is the interior of its closure, we
can find non-empty open sets U, i < p, with U/ C U;, U/ N W,, = ). Using
closure of F,, under taking compact supersets and non-emptiness of each U/
and of the set in (3.7), we see that for some F € F,

F\W, CU and Vi <p (F\W,)NU; #0.
Thus, the set
(3.8) {(FeF,: FCUUW, and Vi < p FNU} # 0}

is non-empty. Also the set defined in (3.8) is included in K* since each of
its elements contains an element of the set given by (3.7) and since K* is
closed upward. Thus, K* N F,, is not meager as it contains the non-empty
relatively open in F,, set (3.8), contradicting K € Z.

Now assume that K ¢ Z. Since Z is a o-ideal and {x¢} € Z, there exists
m > 1 such that K \ W,,_1 € Z. Thus, there exists ng with (K \ Wy,—1)* 2
Fno- Since the sequence (F,,) is decreasing, we can assume that ng > m. It
follows that

{F\ Wy, : F € Fpy} CK*.

Using compactness of K* and the fact that the sequence (F,) is decreasing
as is the sequence (W), we get from the formula above that

(3.9) U {F\W.: FeF.}cK"

n>ngo
Pick now a non-empty open set U with U C Wy,,_1 \ Wp,. Since all sets
in Z are nowhere dense, U contains a compact set M ¢ Z. Consequently,
there exists ¢ € w with M* 2 F,. Since F,, C F4 or F4 C Fp,, we see that
some element of F,,, intersects M, and therefore it intersects U. Thus, since
Wi NU = 0, the set

(FeF:FNU +0}
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is non-empty. It is also clearly open in F. Now, from (3.9) and the fact that
U C Wy for all k < ng, we get

{(FeF:FNU#0}C | J{F\Wy:FeFR}C K,
n>no
which proves that K* N F is not meager.

Now for the opposite implication in the theorem. Let F C K(E) be as on
the right hand side of the equivalence of the theorem. Let K,,, m € w, be
such that for each m

K} NF is meager in F.

We can pick Ly € F, k € w, so that for each k,m, Ly ¢ K, and {Ly : k € w}
is dense in F. Define G = E\|J, Ly. Clearly G is a G and contains (J,, K.
Moreover, if K C G is compact, then K* is compact and does not contain
any of the sets Ly; thus, K* N F is nowhere dense in F. U

After the present work was completed Maya Saran proved in [17] that
given a compact family F as in Theorem 3.1 above and assuming that 7
consists only of nowhere dense sets, one can modify F to obtain an upward
closed compact family that still represents Z by the formula from this theo-
rem. Note that the assumption that sets in Z are nowhere dense is necessary
here.

We will give now a representation of calibrated G5 ideals with (x). (The
definition of a calibrated family is given in Section 2 in the remark preceding
Proposition 2.2.) This representation provides a characterization of such
ideals. Note that by Proposition 2.4 property (%) cannot be removed from
the left hand side of the equivalence in the theorem below.

Recall the operations A* and A" defined in (1.1) and (1.2). Note that
AT C A*. Furthermore, if K € K(E) and 7 is a o-ideal, then K+ = {L €
KE): LK ¢T}.

Theorem 3.2. Let Z C K(F) be coanalytic and non-empty. Then T has (%)
and is calibrated if and only if there exists a compact set F C K(E) such
that

K eI < K*NF is meager in F

< KT N F is meager in F.

Proof. We first show the implication from the left to the right. Since 7 is
coanalytic and has (x), there exists a compact set F C K(F) as in Theo-
rem 3.1. We prove that the displayed condition holds for this compact set.
Of course, it suffices to see the second equivalence. The direction = is ob-
vious since K € Z implies that K* N F is meager in F and K+ C K*. To
prove <, assume that K ¢ Z. Let U C F be the relative interior in F of
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(K*\ Kt)NF. Pick K; € (K*\ KT)N F so that {K; : | € w} is dense in
U. Of course, if U = (), then we do not pick the sequence (K;). Note that
forall I, K;N K € Z. Since K ¢ 7, using calibration of Z, we get a compact
set L ¢ T with L € K\ |J;K;. Then L* C K* and K; ¢ L* for each I.
Now, L* N F is not meager in F, so it has a nonempty interior in F. Let
us denote this interior by V. Since for all I, K; € V, we have VNU = 0.
Thus, K*\ K is nowhere dense in V. Since V C K*, it implies that KT NV
contains a dense open subset of V, hence K has nonempty interior in F.
Now, we prove the other implication. By Theorem 3.1, Z has property
(). We need to see calibration. Let K and K, p € w, be elements of K(E)
such that K ¢ 7, K, € 7, K, C K. We show that there is M € K(F) such
that M ¢ Z and M C K \|J, K;. Since K ¢ Z, by our assumption, K+ NF
is not meager in F. Since Z has property (x), we can find a G5 set G such
that Up K, C G and K(G) C Z. Fix now compact sets My, k € w, so that
K\ G =, M. Forany L € K(E), if L € KT, then LN K ¢ Z, which
implies LN K ¢ G. Thus, K™ C |J, M}. Since K N F is not meager in
F, we see that for some ko, M,jo N F is not meager in F, so My, ¢ Z. Since
My, € K\ U, Kp, we are done. O

We point out that both conditions in Theorem 3.2 are equivalent to the
existence of a closed set F C K(E) such that
K €T & K*NF is meager in F
< {(L1,L2): KNLjiNLy#0} is meager in F x F.

Indeed, assuming that a compact family F C K(F) is such that, for K €
K(E), K € 7 if and only if K* N F is meager in F, we have

K nF={l1eF: LinK ¢T}

={LieF: {LeeF: (LinK)NLy#0} is not meager in F}.
From this, by the Kuratowski-Ulam theorem, we infer that K ™N.F is meager
in F precisely when {(Li,L2) : KN Ly N Ly # 0} is meager in F x F.

It follows, therefore, that the condition above is equivalent to the second
condition in the conclusion of Theorem 3.2.

4. PROPERTY (*) AND TUKEY REDUCTION

As is customary I will denote by NWD the ideal of compact nowhere
dense subsets of 2. It is a G ideal with (x).

Given two partial orders (P, <p) and (Q,<g) we say that P is Tukey
reducible to (), in symbols P <p @, if there exists a function f : P — Q
such that for each ¢ € Q, {p € P : f(p) <¢ ¢} is bounded in P. We consider
below ideals of compact sets as partial orders where the order relation is
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equal to inclusion between sets in the ideal. Tukey reduction among ideals
of this sort has been studied in a number of papers, see for example [5],
[10], and [19]. It is a question of some interest whether each G5 ideal of
compact sets is Tukey reducible to NWD, see [10, p.194, Question 3]. The
following theorem shows that it is so for Gy ideals with (x). However, after
completion of the present work, Justin Moore and the author [16] showed
that the answer to the question is negative for general Gy ideals of compact
sets.

Theorem 4.1. IfZ C K(E) is a Gs ideal with (x), then
7 <r NWD.

Proof. Let X be a metric compact space with a metric d. Let L C K C X
be both compact, and let f € w* be increasing. Define, taking 1/0 = oo,
1
ULES —{reX: 2 ¢ Land ¥n (d(z,L) < — = d(z,K) < —)}
n f(n)
for L # (), and if L = 0, let
1
UVES = fzp e X - dlz, K) < —}.
{ (@) < 57}
Claim. (i) ULKS is open.
(i) KNULKS = K\ L.
(iii) If M is a compact subset of X with MNK = L, then MNUHKS = ()

for some increasing f € w”.

Proof of Claim. All this is completely clear for L = (). So assume L # (). We
leave the proof of (i) and (ii) to the reader. To see (iii), let M be compact
with M N K = L. Define f(0) =0 and for n > 0 let

1 1
- -1
), S - 1),
where [-] stands for the entire part function, the infimum is taken to be co

if the set to which it is applied is empty, and, of course, é =0.
Assume that x¢ € L and

f(n) =1+ max{[(inf{d(z,K) : x € M, d(z,L) >

1 1
4.1 Vn (d(xg, L) < — = d(zg, K) < —).
(41) (de0, L) <+ = d(ao. K) < 725)
We need to see that xg ¢ M. Assume towards contradiction that xqg € M.
Since zg ¢ L, we can find an ng such that d(zo, L) < 1/ng and d(xo, L) >

1/(no+1). Then from (4.1) we have d(zg, K) < 1/f(ng), so
f(n()) < 1/d({£0,K)

1
< (inf{d(z,K) : x € M, d(z,L) >

- 1})71 < f(no),
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contradiction. The claim is proved.
Fix now a compact set F C IC(FE) with the properties as in Theorem 3.1.
We will now find a Tukey reduction from 7 to

{F € K(F) : F is nowhere dense in F} x w®,

where w* is taken with the order of pointwise inequality. This will be enough
since by [5] the ideal of compact nowhere dense subsets of any compact
metric space is Tukey reducible to NWD and

NWD x w* <p NWD x NWD <p NWD.

Pick K € 7. Let

LE=K*NnF.
We will apply Claim to X = K(E) with some fixed metric d. Claim (iii)
allows us to pick fX € w* increasing so that

(4.2) K*nUF" =y,
Define ¢ : 7 — NWD x w* by

O(K) = (L5, ).
We check now that ¢ is a Tukey reduction. It suffices to show that given
any F' C F compact nowhere dense in F and f € w“, which can be assumed
to be increasing, the set {K : £K C F, f& < f} is bounded in Z, that is,

all of its members are included in a fixed element of 7.
If L5 C F and f% < f, then

1 1
Z/{:UF,}-vf:{K/I K’%Fanand(K,,F) S gid(K/,f) < W}

Ly

C{K': K' ¢ £ and Vn d(K', LK) < —

1
E = d(K/,f) <
— U['K’]:)fK‘

Note now that
(a) U is open by Claim (i).
(b) for K with £X C F and fX < f, we have K* NU = () by the above
calculation and by (4.2).
(¢c) F\ F=FnNU by Claim (ii).
By (a), {K € K(E): K*NU =0} is compact and, therefore, so is
M=|J{K eKk(E): K*nU =0}

Moreover, M* = J{K* : K*NU = 0}, hence M* NU = (). Now, it follows
from (c) that M* N F C F which is nowhere dense in F. Thus, we have
M € Z. Furthermore, for each K € K(E) with £X C F and fX < f, by
(b), we have K C M. This finishes the proof. O
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One can give an alternative proof of Theorem 4.1 above. Instead of ap-
plying Theorem 3.1, one can apply its consequence the condition of The-
orem 5.4(iii) together with a criterion of Fremlin from [5, Proposition 3C|
used much like it is in the proof of [5, Corollary 3E].

5. PROPERTY (%) AND TRANSFINITE RANKS

In this section, we will introduce a rank measuring to what extent closure
of a G5 ideal 7 under taking finite unions is reflected by approximations to
T, where by an approximation to Z we understand here a closed downward,
open set Y C K(E) withZ CU .

Let Z C KC(F) be closed downward and non-empty, and let & C K(E) be
open, closed downward. Define

addz(U) > 0 <= U # 0;
addz(U) > o+ 1 <= VK € 73U C FE open (K C U and
addz({L € K(E): UUL €U}) > a);
addz(U) > A <= addz(U) > « for each o < X if A is limit.

Note that the set {L € K(E) : UU L € U} in the definition above is open
and closed downward if U is, so the application of addz to it is justified.
Note also that the last two clauses of the above definition can be replaced
by one

addz(U) > a <=V < aVK € 73U C E open (K C U and
addz({L € K(F) : UULEe ut) > 6).

It follows immediately from the definition that, for & C IC(E) open, closed
downward and for an ordinal 3, addz () > 8 implies addz(U) > « for all
a < 3. (We are using here Z # ().)

We point out that addz(Uf) > 1 is equivalent to saying that Z C U, and
that addz(U) > 2 is equivalent to the condition asserting that for any K € 7
there exists an open set U C E such that K C U and UU L € U for all
Lel.

Some conditions ensuring some degree of closure under taking unions of
open, closed downward families containing a given ideal have been consid-
ered before. For example, they are implicit in the proof of [8, Lemma 7] and
explicit in [10, p.194]. Note however that these conditions are very strong,
in particular, each of them easily implies addz(U) > wy.

The following lemma is easily proved by induction on the value of the
rank.

Lemma 5.1. Let Z and J be closed downward, non-empty families of com-
pact subsets of E and let U,V C K(E) be open, closed downward. If T C J
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andU CV, then
adds(U) < addz(V).

We have the following lemma saying that addz(U) after reaching w; is
arbitrarily large.

Lemma 5.2. Let T C K(E) be closed downward and non-empty, and let
U C K(E) be closed downward and open. Then addz(U) > wi implies
addz(U) > a for each ordinal «.

Proof. A moment of thought tells us that it suffices to show that addz (i) >
w1 implies addz(U) > wy + 1. For each a < wy, let

U*={K €U :3U D K open (addz({L € K(E) : UUL €U}) > a)}.

By our assumption addz(U) > wi, each U® contains Z. Moreover Us C Yy~
if 5 > o and each U“ is open in K(E). Since IC(E) has countable basis, it
follows that there exists ag such that U* = U for o > «g. This implies
that

{K €U :3U D K open (addz({L € K(E): UUL €U}) > w1)}
contains U*° and so contains Z, hence addz(U) > wy + 1. O
We will view addz (i) as the ordinal
sup{a < wy : addz(U) > a}.

Note that the supremum on the right hand side is attained. In view of
Lemma 5.2, this ordinal captures all the information contained in the rank.

Proposition 5.3. Let Z C K(E) be a non-empty family of sets.

(i) Z is a closed downward Gy if and only if T = (), Uy, for a sequence
of open, closed downward families Uy, .

(i) If T = ), Un, with U, C K(E) open and closed downward, and
addz(U,) > 2 for each n, then T is a o-ideal.

Proof. We leave proving (i), which is well known, to the reader. To see (ii)
assume that 7 is not a o-ideal. By an observation due to Kechris [6] (see also
[11, Lemma 2.1]) we can find compact sets Ky and Ly such that Ly C K,
Ly €I, Ky ¢ Z, and for each open set V with Lo CV, Ko\ V € Z. Since
Ky ¢ Z, we can fix an n with Ko ¢ U,. Since addz(U,,) > 2, there exists
open V D Lg such that VU K € U, for each K € Z. Since Ko\ V € Z,
VU(Ko\V) €U, Butthen Ko C VU (Ky\V) € Uy, so K € U,,
contradiction. O
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The ideal Z; constructed in Theorem 6.1 shows that the implication in
point (ii) of the proposition above cannot be reversed even if Z is assumed
to be Gjy.

In light of Proposition 5.3, it is natural to consider the following ordinal
as a rank measuring additivity of a closed downward G family Z of compact
sets

sup{a < wi @ IUn)new Un C K(E) open and closed downwards,
(5.1) I= mb{n, and addz(U,,) > « for each n)}.
n
The theorem below shows that property (*) is equivalent to having the
largest possible value w; of this rank.

Theorem 5.4. For non-empty T C KC(E) the following conditions are equiv-
alent:
(i) Z is Gs and has (x);
(ii) for each o < wy there exist U, C K(E), n € w, open and closed
downward and such that T =, Un and addz(Uy,) > o;
(iii) there exist U, C K(E), n € w, open and closed downward and such
that T = (,,Un and for each K € U, there exists m with KUL € U,
for each L € Up,.

Proof. (ii)=-(i) We will produce a countable family A of open, closed down-
ward families & with

addz(U) > wy and T=({U:U € A}.

Let K C K(E) be a non-empty compact set disjoint from Z. We start
with proving that there exists V' C K relatively open and non-empty such
that

(5.2) Va < w3 (addz(U) > a and U NV = ().

Fix a countable basis B of the topology on K consisting of non-empty sets.
By (ii), for each a < wy there exist Uy with addz(Uy) > a and T =), U.
Thus, we can find V,, € B such that V,, "YU = @ for some n. Since B is
countable, there exists a fixed V € B with V' = V|, for uncountably many
a < wy. This V clearly works.

Now fix V' as above and let

V={KeK(E):VLeV L K}.

This set is open and closed downward and, by (5.2), it contains for each
a < wy an open and closed downward family ¢ with addz(U) > «. Since,
by Lemma 5.1, the rank addz is bigger on bigger families, we have addz (V) >
w1. Note also that VNV = (). Now iterating this argument one produces a
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transfinite sequence of open and closed downward sets V¢ and sets Ve C K
(each of which is the intersection of a closed subset and an open subset of
KC) with § < & for some countable ordinal & such that addz(Ve) > wi,
VeN Ve =0, and K = g, Ve. In particular, we have KN (e, Ve = 0.
Since by (ii) the complement of Z is a countable union of compact sets, we
obtain the desired family A.

Having a countable family A of open, closed downward U with addz(U) >
w and with Z = N{U : U € A}, to show (x) for 7 it suffices to prove the
following: if U is an open, closed downwards family with addz () > w; and
K, € I, n € w, then there exists open W C FE such that Un K, C W
and JIC(W) C U. We now prove this statement. We construct open, closed
downward W, with addz(W,) > w; and open sets W,, C E as follows.
Put Wy = U. Assume W, has been defined. Since addz(W,) > w1, by
Lemma 5.2, we have addz(W,,) > w; + 1, and therefore the family

{K €W, :3U 2 K open (addz({L € K(E) : UUL € W,,}) > w1)}
contains Z. Pick W,, C F open so that K,, C W,, and
addz({L € K(E) : W, UL € W,,}) > w1.
Let
Wht1 ={L e K(E): W, UL e W,}.

After completing the above construction, define W = (J,, W,. Clearly
U,, K € W. It remains to show that (W) CU. Let K C W be compact.
Fix N with K C WyU- - -UWp. By the very definitions of W and Wy we ob-
tain Wy € Wy and then inductively, assuming W, 1 U---UWx € Wyi1,
we get

WaU Wy U UWy) € W,

Thus, ultimately we have
WoU---UWn eWy =U.

Therefore K € U.

(iii)=(ii) From the definition of the rank addz, one checks that, for each
ordinal o < wy, for a sequence U, as in (iii) we have addz(U,) > « for each
n. This is done by induction on « for all n simultaneously.

(i)=-(iii) Since Z has property (*) and is G5, we can find a compact subset
F of K(FE) as in Theorem 3.1. Let V;, i € w, be an open basis of F consisting
of non-empty sets. Now for K € K(FE), let K € U, precisely when

Vi<nVi\ K*#0.

It is easy to check that each U, is closed downward, open, and that 7 =
(,,Un- To see that the sequence (Uy,), fulfills the condition in point (iii),



20 SLAWOMIR SOLECKI

let K € U,. Find m > n large enough so that for each i < n there exists
i' <m with V;y CV;\ K*. Then clearly K U L € U, for any L € U,y,. O

The implication (iii)=(i) in the theorem above can be established directly
with a compactness argument. In fact, this argument is implicit in the proof
of [8, Lemma 7] and can be used to show the following. If Z = (1, U, and
for each n and each K € U, the set {L € K(F) : K UL € U,} contains
Z, then 7 has (x). Note that the property of U,, in the assumption of this
implication easily gives that addz(U,) > w;.

Games. The results of Section 6 will need a closer analysis of the rank
addz. Originally, this goal was achieved by introducing a new rank derrz,
whose definition and basic properties are stated in the following subsection.
Subsequently, Alain Louveau indicated that the same goal can be reached
with a game theoretic approach. Since this point of view gives a more
intuitive presentation, we opted for it in this final version of the paper. The
definitions of the games below and modifications of the proofs of Lemmas 6.3
and 6.4 to the game theoretic context are due to Louveau.

Given a downward closed, non-empty family Z C K(FE), an open, down-
ward closed family &4 C K(FE), and an ordinal «, we define the following
game Go(Z,U). Tt is played by two players. Player I plays K; € Z and
ordinals & < « so that &1 < & for all ¢ > 0, while Player II plays open
sets U; C E so that K; C U; and U; C Uiy1 for all ¢ > 0. The players take
turns with Player I making the first move. Note that the empty sequence is
the only run of the game Go(Z,U). A run of the game G,(Z,U) terminates
with a move of Player II after finitely many steps since there is no strictly
decreasing sequence of ordinals. If & = 0, we declare Player II the winner of
the run of the game Go(Z,U) if and only if U # 0. (So saying that Player 11
has a winning strategy in Go(Z,U) is a complicated way of expressing the
condition U # (.) If @ > 0 and U, is this last move of Player II, Player II is
declared the winner of the run of G, (Z,U) if U, € U.

We have the following lemma connecting the games G, (Z,U) with the
rank addz (). This is the only result about the games that will be used in
the sequel.

Lemma 5.5. Let T be a closed downward, non-empty family of compact
subsets of E and let U be a closed downward, open family of compact subsets
of E. Then for each ordinal «

(5.3) addz(U) > a <= II has a winning strategy in Go(Z,U),

Proof. The lemma is proved by a straightforward induction on «. Indeed,
for a = 0, (5.3) holds since both sides of it are equivalent to U # (). To see
that (5.3) holds for limit o assuming it holds for all ordinals < « it suffices
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to notice that if Player II has a winning strategy in G¢(Z,U) for each £ < a,
then he also has a winning strategy in Go(Z,U). Showing (5.3) for a + 1
assuming that it holds for « requires only noticing that after Players I and
IT make their first moves (Ko, &), Uy in Got1(Z,U), the rest of the run of
the game is a run of the game

Ge,(Z,{L € K(E): UgUL € U}).
0

There is another game connected directly to property (x). The game
G(Z,U) is played by two players taking turns with Player I playing K; € 7
and Player II playing U; C E open so that K; C U; and U; C U, 1 for all
i > 0. Player II wins a run of G(Z,U) if U; € U for each i. The following
result can be proved.

(i) Player II has a winning strategy in G(Z,U) if and only if Player IT
has a winning strategy in Go(Z,U) for each o < wy.

(ii) Z has property (x) if and only if T = (), cyUn with II having a
winning strategy in G(Z,Uy,) for each n.

We omit a detailed proof of the above fact leaving it to the reader. We
only notice that the proof of point (i) consists of a standard argument used
in analyzing open games. Point (ii) follows from point (i), Lemma 5.5, and
Theorem 5.4.

Another rank. Let us make the following observation. Let Z C K(E)
be closed downward and non-empty. An application of the Baire category
theorem proves that the following two conditions are equivalent.

~-IfKeK(F), K,eTforncw,and K =, Ky, then K € T.
— For any K € K(F)\Z, there exists L C K, () # L € K(F) such that
for any open set Uif UNL # 0, then UNL ¢ T.

Of course, the first one of these conditions says that Z is a o-ideal, while
the second one asserts the existence of a perfect with respect to Z part in
each compact set not in Z. The two conditions give rise to two ranks on
approximations of a closed downward, non-empty family Z. Approximations
are understood as either closed downward, open sets containing Z or closed
upward, closed sets disjoint from Z, and the two ranks measure invariance
of the first type of approximations under taking unions and invariance of
the second type of approximations under taking perfect parts. The first one
of these ranks, called addz, was introduced above. The second one, called
derz, is introduced below. This second rank will not be used in the remained
of this paper but may be of some independent interest.
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Let Z C IC(E) be closed downward and non-empty. For F C IC(E) closed
upward, that is, closed under taking compact supersets, define

d7(F)={Lek(E): 3K e FLC K and K \ L € }.

Note that dz(F) is closed upward, dz(F) 2 F, and if 7 is an ideal, then
dz(dz(F)) = dz(F).
(E)

Let F CK be closed and closed upward. For a < wy define d$(F) as
follows:
A7 (F) = F;
7" H(F) = dz(dg(F));
2F) = | dg(F) if A is limit.
a<A

The last two equalities in the definition above can be replaced by one
= | dz(af(#))
B<a

Now define a rank derz on closed, upward closed subsets F of K(E) by
letting
derz(F) > a < d¥(F)NZ = 0.
The following fact, whose proof we omit, shows that the two ranks intro-
duced in this section are closely related.
Let T C K(FE) be closed downward and non-empty, and let U C K(FE) be
open and closed downward. Then we have

addz(U) = 1+ derz(K(E) \ U).

6. UNBOUNDEDNESS OF THE RANK

The aim of this section is to prove a theorem showing that there exist G
ideals of compact sets with arbitrary countable positive value of the rank
defined by (5.1). For the sake of the short discussion below, set

add(Z) = sup{a < w1 :IUn)new Un € K(E) open and closed downwards,
I= ﬂlx[n, and addz(U,,) > « for each n)}

for a non-empty, downward closed G5 family Z C K(FE). By Proposition 5.3
for any such 7 we have 0 < add(Z) < w;. By Theorem 5.4, add(Z) = w;
is equivalent to Z having property (*) and Section 2 gives a large number
of examples of G5 ideals with (). In the theorem below we complete the
picture, that is, for each ordinal a with 1 < o < w; we construct a G ideal
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Z,, with add(Z,) = . The main combinatorial tool in the construction will
be certain objects coming from the structure theory of Banach spaces.

Theorem 6.1. For each 0 < o < wy, there exists an ideal I, of compact
subsets of 2 with the following three properties

(i) there exist open, closed downward U, C K(E), n € w, with

Lo = ﬂl/ln and addz, (U,) = « for each n;

(ii) if Zo = ﬂn Vi where each V, s open and closed downward, then
there exists n with addz, (Vy) < a.

(iii) Z, contains all singletons of 2 and each non-meager subset of 2%
that has the Baire property contains a compact subset not in Z.

It can be calculated that for Matrai’s G5 ideal J from [14] the following
is true: if J = (), Vo with V,, € K(E) open and downward closed, then
addz(V,) = 1 for some n. In this respect J is similar to the ideal Z; from
the theorem above. These two ideals are however distinct. For example,
one can check that Z; is translation invariant, while 7 is not (when 2 is
treated as the infinite countable product of Z/2). In fact, each ideal Z,, from
Theorem 6.1 is translation invariant.

We introduce now combinatorial objects, called block sequences, families
of which will be important in defining ideals of compact sets whose existence
is asserted in Theorem 6.1. These objects resemble block sequences used in
the study of Banach spaces, see [1].

Let FF be the family of all non-empty partial functions from w to {0, 1}
whose domains are finite intervals. For two such functions s and t we write

s <t<= (i <jforall i€ dom(s)and j € dom(t)).

By a block sequence we mean a sequence § = (S, ..., S,) of elements of FF
with sg < s1 < --+ < s,. A block sequence can be empty. For two block
sequences § = (Sg, ..., 8y) and t = (to, ..., t), let
§<t<=(si<tjforalli<mandj<n).
In particular, § < () < 5 for any block sequence 5. For a block sequence
5= (so,-.-,5n), define the domain of 5 by
dom(s) = dom(sp) U --- U dom(sy,).

We introduce now a certain operation on families of block sequences. Let
B be a non-empty family of non-empty block sequences. Define

i(B) = BU{s :5 is a block sequence and

dn ({s € FF : 57 s € B, mindom(s) < n} is infinite)}.
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Define i°(B) = B and, for a countable ordinal «,
i*T1(B) = i(i*(B))

and, for a limit countable ordinal A,

Let
r(B) =sup{a <w; : 0 €i%(B)}.

Note that since all sequences in B are assumed to be non-empty, the set
{a <wy:0¢i*B)} is non-empty and the sup in the above definition is an
ordinal < wy.

We show now how to associate an ideal of compact sets with each family
of block sequences. We treat block sequences as codes for sets that are
both closed and open, for short clopen sets, and certain sequences of block
sequences as codes for closed sets. Here is how the decoding is done. For a
block sequence § = (sp,...,s,), let

|s[]={z€2¥:Ji<ns; Cx}.

Let us explicitly point out that |[= 0. Note that the set ]3[ is clopen. An
infinite sequence (5x)x of block sequences is called increasing if for each k we
have 5 < Sgy1. Similarly a finite, possibly empty, sequence (5x)r<n of block
sequences is called increasing if for each £ < N — 1 we have §; < 5;41. For
an increasing sequence of block sequences (5 )k, or (Sg)r<n if the sequence
is finite, let

(6.1) [(5k)x) = [ \15k] and [(5k)k<n] = ) )5kl

k k<N
These sets are clearly closed. We explicitly point out that for the empty
increasing sequence () we have [)] = 2¢. Note however that (@), where ) is
the empty block sequence, is an increasing sequence of block sequences and
[(0)] = 0.

Let B be a non-empty family of non-empty block sequences. Let IN(B)
stand the set of for all increasing, finite or infinite, sequences with entries in
B. Define

R(B) ={[S]: S € IN(B)}.
Define further
I(B)={K € K£(2¥) : VL € R(B) K N L is meager in L}.

Note that since ) € IN(B), we have 2 = [()] € R(B). Thus, all sets in
Z(B) are nowhere dense and the following lemma is obvious.
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Lemma 6.2. For any non-empty family B of non-empty block sequences,
Z(B) is a o-ideal of compact sets such that all sets in Z(B) are nowhere
dense.

Lemma 6.3. Let B be a non-empty family of non-empty block sequences
and let a be a countable ordinal. If r(B) > «, then there exist open, closed
downward families Uy, n € w, such that T(B) = (,,Un and addz(p) (Uyn) > «
for each n.

Proof. We start with a general estimate on the rank of certain closed down-
ward, open families of closed sets. Let a non-empty family B’ of non-empty
block sequences be given. Consider the family

(6.2) U={K € K(2*):30 clopen (K C O and VL € R(B') L £ O)}.
Claim. addI(B/) (Z/[) Z ’l"(B/).
Proof of Claim. For a countable ordinal § define

INg :IN(B/)U{(go,...,gj) 1S < - <8y,

Vk < J 5, € B', and 55 € i’(B")}.
Note that INyg = IN(B’).
We now establish the following observation.

Observation 1. Let S, € INg, n € w, be such that [S,] — L as n — oo for
some compact set L C 2. Then L contains a set of the form [T] for some

T € INgy;.
We split our proof of it into several cases. We say that an increasing

sequence of block sequences S has length m if S = (Sg,...,8,-1), and §;
is called the i-th element of S. If S is infinite, we say that it has infinite
length.

Case 1. For each m there exits M such that for each S,, of length > m
the maximum of the domain of the m-th element of .S,, is < M.

In this case, it is easy to check that there exits T' € INg C INgy; such
that [S,] — [T] = L as n — oo. To see this, we consider two cases. If
there exits N such that for infinitely many n the length of .S, is < N, then
by going to a subsequence we can assume that all .S, have the same finite
length. Then T can be taken to be a sequence of the same length that is the
constant value of a subsequence of (Sy,),. If the lengths of S, go to infinite
as n — 00, then a sequence of infinite length 7' can be found that is the
limit of a subsequence of (Sy,),, in which case T' € IN(B’) C INg

Case 2. There exists m for which there exists a subsequence S, , k € w,
of the sequence S,, n € w, such that each S,, has length > m and the
maxima of the domains of the m-th elements of S, go to co as k — oo.



26 SLAWOMIR SOLECKI

Fix m = mg smallest with the property as in Case 2. Assume also, by
going to a subsequence, that each S, has length > mg and the maxima of the
domains of the mo-th elements of S,, go to oo as n — co. Let (sg,...,s} )
be the block sequence that is the mg-th element of S,,.

Subcase 2a. minsy — oo as n — 0.

In this case, it is easy to see that there exists T' € IN(B’) C INgy; with
length mg such that [T] = L. The sequence T is obtained by taking the
limit of a subsequence of (S, [ mg),. (Note that it is possible for mg to be
equal to 0, in which case T =) and [T] = L = 2¥.)

Subcase 2b. There exits N such that for infinitely many n we have
min SZ‘n < N.

By going to a subsequence, we can assume that for all n we have min s} <
N. In this case, it is easy to see, using the fact that i**1(B’) = i(i%(B")),
that there exits 7' € INgy; of length mg such that [T] C L. The sequence
T is obtained by taking the limit of a subsequence of

((Sn T mo) " ((50,- -5 Skp—1)))n-

(Note that it is possible for k, to be 0. In this case, (so,...,Sk,—1) is the
empty sequence, so [(S, | mo) " ((s0,...,5%,-1))] = 0 and § € #T1(B).)
Thus, the observation claimed above is proved.

Let

Us ={0:0 C 2% clopen and [S] € O for S € INg)}.

Note that Uy is the family of all clopen sets in the family U given by (6.2).
We make the following observation.

Observation 2. Assume K € Z(B') and O € Us. Let £ < . There exists
O" € Ug such that KUO C O'.

To prove the observation, assume towards a contradiction that the con-
clusion fails. This assumption allows us to find a sequence S, € IN¢, n € w,
and a compact set L C K U O such that [S,] — L as n — oo. Now, by
Observation 1, L contains a set of the form [T] with 7" € INgy; C INg.
Note that by the definition of INg for such T either T' € IN(B’) or [T is
clopen. Thus, in either case, no relatively open, non-empty subset of [T is
contained in K. (We are using here the assumption that K € Z(B’) and
also its consequence: K is nowhere dense.) It follows that [T]\ O is empty,
implying that [T'] C O and contradicting O € Ug.

Now we construct a winning strategy for Player II in G (Z(B’),U), which
will establish the claim by Lemma 5.5. The existence of a winning strategy
for Player II in Go(Z(B’),U) is clear since U # (). Let o > 0. Assume that
Player I in her first move plays Ky € Z(B') and £ < «. By Observation 2
with O = 0 € Uy, there is Uy € Ug, with Ko C Up. This is Player II’s move.
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Assume n > 0 and suppose that Player I played K,,_1 and &,_1 in her n — 1-
st move and that Player II responded with playing U,_1 € Ug,_,. In the
n-th move, if it occurs, let Player I play K,, € Z(B') and &, < &,—1. Using
Observation 2, Player II responds by playing U,, € U, with K,,UU,,_1 C U,.
This is a winning strategy since the last move Player II makes, after Player
I played K, and &, = 0, is U, € Uy C U. The claim is proved.

Let now B be a non-empty family of block sequences with r(B) > «. Let
s € FF. Put

Bs ={(s)}U{s€ B:(s) <5}
It is easy to check that r(B) > « implies r(Bs) > «. Let
U, = {K € K(2¥) : 3O clopen (K C O and VL € R(B,) L ¢ O)}.

Note further that since each element of R(Bs) is a non-empty clopen set
or is a non-empty relatively clopen subset of an element of R(B), we have
Z(B) C I(Bs). Using this inclusion along with Lemma 5.1 and with Claim,
we get

(63) a < addI(Bs)(Z/IS) < addI(B) (L{s)
‘We now show that

I(B) = \Us.

The inclusion C is clear from (6.3) since a > 1. To see the other inclusion,
let K € K(E)\ Z(B). Then there is (tx)r € IN(B), finite or infinite, with
K N [(tk)x] having non-empty interior in [(#x)r]. This easily translates into
the existence of s: {0,...,n —1} — {0, 1} for some n € w for which

(6.4 l(s)IC K
or for which there is kg such that (s) < t, and
(6.5) [(f1)e] € K,

where t, = (s) and ¢}, = tg,+x—1 for £ > 0. Note further that |(s)[, [(t})x] €
R(Bs) and so K ¢ Us by (6.4) or (6.5), as required. O

Lemma 6.4. Let B be a non-empty family of non-empty block sequences
and let o be a countable ordinal. Assume that all finite subsets of 2¥ are in
Z(B). Assume further that for each N € w

r({5:5 € B and min(dom(s)) > N}) < a.

If I(B) = (), Vn for some open, closed downward families V,,, n € w, then
for some n, addzg)(Vn) < a.
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Proof. Let V,,, n € w, be open, closed downward and such that Z = (), Vy.
Consider

fi{(Gn)eBY :50<51 <} = K(E)\Z
given by f((8,)) = [(5,)]. This is a continuous function if B% is given the
product topology with B being discrete and the domain of f is Gs. By the
Baire category theorem, there exits ng such that f~1(KX(E) \ V,,) has non-
empty interior in the domain of f. It is easy to check that in this situation

there are sg,...,5,, € B such that 59 <--- < 3, and
(6.6) {[(50y...,5m,8)] : § € B and 5, < §} CK(E) \ Vy,-
Set

By={s€B:5> 35y} and Sy = (S0,...,8m)-
By our assumption we have
r(Bpy) < a.

So «a, ng, By, and Sy are fixed.

We claim that addz(p)(Vn,) < a. In order to prove this inequality, in
light of Lemma 5.5, it will suffice to find a winning strategy for Player I
in the game Go11(Z(B),Vn,). We will need some auxiliary objects. For
5 € i%T1(By) \ By, let 7(3) be the unique & such that 5 € i¢*1(By) \ i¢(By).
To each such § we associate

(tm(8))mew, F(3), x(5),
where (t,,(5))m is a sequence of elements of FF, F(5) is a finite subset of
2%, and z(8) is a function from w \ {0,...,k — 1}, for some k € w, to 2.
This assignment is produced as follows. Setting & = r(S), we require, for
each m, 57t,,(5) € i¢(By) and, if & > 0, 5 t,,(5) € Bo. Furthermore,
setting & = mindom(z(5)), we require k¥ = mindom(¢,,(5)) for each m,
max dom(t,,(5)) — 0o as m — oo, and z(8)(j) = t,,(5)(y) for j > k and
large enough m. Note that the sequence (t,,(5)),, and the function z(3)
exist by the definition of the operation ¢ and by compactness of 2“. Finally,
we let
F(3) ={z € [So] : | dom(z(5)) = z(5)}.

Note that each F'(S) is finite, so it is an element of Z(B).

At stage n of the game, Player I will produce a block sequence §,. As
long as 5, € i*"(By) \ By, this block sequence will determine Player I's
n-th move in Go4+1(Z(B), Vn,) by the formulas

(6.7) K, = F(5,) and &, =1(5,).

At stage 0, Player I chooses the empty block sequence as 53. By as-
sumption, 39 = 0 € i*"1(By) \ By, so r(0) is defined and is < . Thus,
formulas (6.7) give a legal move of Player I in the game. After stage n is
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completed, Player I has produced Sy, ..., s, and her moves are given by for-
mulas (6.7). They were answered by Player II playing open sets Uy, ..., U,
with U; C U;41 for all i < n. We assume recursively that for each i < n we
have

(6.8) (S0 5i+1] € Us.
To determine 5,41 for Player I, find ¢ € w large enough so that
(6.9) {re2?:yeK,zq=y]q} CU,.
Now find m large enough so that
i (50) () = 2(50) ()
for all j € dom(z(s,)) with j < g. We let
Sp+1 = Sp, tm(Sn)-
Note now that since K, = F(5,), it follows from (6.9) that
[So (tm(5))] = {x € [So] : & [ dom(tm(5n)) = tm(5n)} € Un.

It follows from this inclusion, from the inductive assumption (6.8), and from
U; C U, for i < n that we have

(S0 8n+1] = [Sg 8] U [SG (tm(5n))] € Un.

Thus, (6.8) holds for ¢ = n. Note that the above procedure of finding 5,1
can be performed for an arbitrary value of &, > 0. However, if additionally
&n > 0, then, by the definition of ¢,,(5,), we see that r(5,41) is defined and
is < &,. Thus, Player I can make her n + 1-st move according to formulas
(6.7).

We claim that the above description produces a winning strategy for
Player I. Indeed, assume a run of the game is played according to this
strategy. Assume we reached a stage p at which Player I played £, = 0.
Note that after Player II made his last, p-th, move U,, Player I can still
produce a block sequence 5,1, which then is an element of By. Since from
(6.8) for i = p we have

[Sé\gpﬂ] < Upa
by (6.6), we obtain U, & Vy,, witnessing the loss of Player II. O
A family B of block sequences is called a hedge if for any tg < t1 <ty < - --

with ¢; € FF there exists k € w with (tg,...,tx) € B. The reader may
compare this definition with the definitions of a front and a barrier from [1].

Lemma 6.5. Let B be a hedge. Each non-meager subset of 2% that has the
Baire property contains a compact subset not in Z(B).
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Proof. 1t will suffice to prove the conclusion for a Gy set that is dense in some
open non-empty subset of 2¢. Let now Uy, n € w, be open subsets of 2* and
let s € FF be such that each U, is dense in |(s)[ and the Gs set in question
is ,, Un. For each n pick t} € FF, k € w, such that s < tj <t} <--- and,
for each k,

[N - ) S Un

This is easily done using density of U, in |(s)[. Note that our assumption
that B is a hedge implies that for any sequence ty < t; < --- of elements of
FF and any ko there exists k1 > ko such that (¢4, ...,t ) € B. Using this
reformulation, we can recursively find sy, 51, -+ € B such that 50 < 51 < ---
and for each n,

Sn = (thy, -5 ty,)

for some ky < k; depending on n. It follows that ](s)[N]s,[C U, and,
therefore,

0 #1()[N(5n)n] =1(s)[N[ V150l S () Ui

Since (5,)n € IN(B), the above inclusion shows that (1), U, contains a non-
empty relatively clopen subset of a set from R(B), hence a compact set not
in Z(B). O

Finally a general lemma.

Lemma 6.6. Let Z C K(E) be closed downward and non-empty, and let
Ui, Uy C K(E) be open and closed downward. Let o be an ordinal. If
addz(Ur) > a and addz(Us) > «, then addz (U NUz) > .

Proof. This is proved by induction. For o = 0 it amounts to the observation
that if ¢, and Uy are non-empty, then, since U; and Uy are closed downward,
0 € Uy and O € Uy, so Uy N Uy is non-empty. The rest of the induction
argument is equally easy and is left to the reader. ([

Proof of Theorem 6.1. For a family B of block sequences and n € w, let
(B), = {5 € B:n < mindom(s)}.

For each 0 < o < wy, we will produce a family of block sequences B, such
that

(a) each block sequence in B, has length > 2,
(b) By is a hedge,
(¢c) r(Ba) > «a,

(d) 7((Ba)n) < a for each n € w.
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It follows from the first of these conditions that no set in R(B,,) has isolated
points; thus, Z(B,) contains all singletons of elements of 2. This, together
with (b) which, by Lemma 6.5, implies that each non-meager subset of
2¢ with Baire property contains an element not in Z(B,) give (iii) of the
theorem. Condition (d) combined with Lemma 6.4 and point (iii) of the
theorem yield point (i) of the theorem. Condition (c) and Lemma 6.3
produce a sequence U, of open, closed downward families with (), U, =
I(Ba) and addz(p,)(Us) > . By Lemma 6.6, we can assume that for each
n we have U, O U,+1. By point (ii) of the present theorem, we have that
for some n, addz(p,)(Un) < @, hence, by Lemma 5.1, this inequality holds
for all large enough n. We get point (i) of the theorem by deleting a finite
initial segment of the sequence (U,,),. Thus, the theorem will be proved
once the sets B, have been produced.
Let

(6.10) By = {(s0,51) : 0,51 € FF and sp < s1}.

One easily checks conditions (a), (b), (c), and (d).

Assume the construction has been carried out for all @ < «g. Let sy,
k € w, be an injective enumeration of FF. Let By, kK € w, be hedges
fulfilling (a) and such that r(Bj) < r(Bg+1), for any a < ag there is k& with
r(Bk) > a, and for each k and n we have ag > 7((Bg)r). Such families exist
by our recursive assumption. Define

Bao = U{(Sk)f\f t e (Bk)maxdom(sk)}'
k

Conditions (a) and (b) for B,, follow readily from the definition of this
family. To show condition (c), note that, by our choice of By and by the
fact that r(Bg) < 7((Bk)maxdom(sy))s for each o < ag there is only finitely
many k with (sg) € i*(Ba,). Thus, the smallest ordinal « with (s) €
i%(Bq,) for infinitely many k is > «g. It follows that () & i“°(B,,), hence
7(Bag) = . On the other hand, again by the choice of By, for each n € w,
(si) € i*((Bag)n) for each k such that mindom(sg) > n. Since there exist
infinitely many k& with mindom(sg) = n + 1, we get 0 € i ((Byy)n)-
Thus, 7((Bag)n) < ap. O

We still need to prove Proposition 2.4. This proposition shows that in
Proposition 2.2 one cannot remove the assumption of thinness, that is, for
Gy ideals calibration alone does not imply property (). One can modify
the ideals Z,, from Theorem 6.1 so that they retain the properties from that
theorem and additionally become calibrated. However, we will only present
an argument showing calibration of the ideal Z;.
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Proof of Proposition 2.4. Recall that the ideal Z7 from Theorem 6.1 is de-
fined to be Z; = Z(B1), where B; is given by (6.10). We prove that this
ideal is calibrated. This will suffice since it follows from Theorem 6.1 and
Theorem 5.4 that Z; does not have (x). Thus, we need to prove that if
K, €Zi,n €w, and K € K£(2¥) \ 71, then K \ |J,, K, contains a compact
set not in Z7. Since each compact set not in Z; contains a set of the form

(6.11) L =1[((s), (s0,51); (50, 51): (5, 5), - )]

where, for each n, s,s{,s} € FF and s < 58 < 5(1) < 8(1] < s% < ---, and
each compact set in Z; has nowhere dense intersection with such a set L, it
suffices to show that for a set L as above and for any compact sets L, C L,
n € w, that are nowhere dense in L there is a set of the form (6.11) contained
in L'\ U,, Ln. This is done as follows. Since Lg is nowhere dense in L, it is
easy to see that there exist mg € w and i, ..., i, € {0,1} such that

(6.12) {re2¥:sCxand S?OA--~AS?;OO Cxz}NLy=0.

By the same argument, there exist ng > mo and img41, - - -, in, € {0,1} such
that
(6.13) {re2¥:sCxand smOHA---“sZ?O Caz}nNLy=0.

im0+1
Note that s ~ -7 870 and s7°T17 ...~ ™ may not be elements of FF
0 zmo Zm0+1 'L’rLO
since their domains may not be intervals. Let tJ be an element of FF that ex-

83100 9), max dom(s?:noo )] as

—~

tends S?OA . and with the interval [min dom(s

1= —
mot+l ™ |~ gno

its domain. Similarly let tJ be an element of FF extending Simo1 imy

and whose domain is the interval [min dom(szzf’oi), max dom(s?fo)]. Then,
by (6.12) and (6.13), we have

[(s), (£, 1)) N Lo = 0.

In a similar fashion, we find t(l),t% € FF and mi,n; € w so that ng <

1~ . . . .
my < ni, t extends sgf’otl 327;11 for some choice of inyi1,...,0m, €
no+1

{0,1} and its domain is the interval [min dom(sin0+1
?;1;11“ e 3?:1 again for some choice of iy, 11,...,0,, € {0,1}
and its domain is the interval [min dom(s?:nllfrl1
[(5), (t3,t1)] N Ly = 0. Continuing in this way, we obtain tJ, ¢} € FF so that
in the end we have

[(8)7 (t87t(1])7 (t(1)7t%)7 s ] N ULn == @

),maxdom(s?:nll)], t
extends s

), max dom(s?ﬂl1 )], and finally

Note that our choice of ¢, 9, té, t%, ... was arranged so that

[(s), (£6,89), (t5, t1), -1 € L.
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Obviously, the set [(s), (t3,9), (t3,t1),...] is of the form (6.11), so we are
done. O
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