A RAMSEY THEOREM FOR STRUCTURES WITH BOTH
RELATIONS AND FUNCTIONS

SEAWOMIR SOLECKI

ABSTRACT. We prove a generalization of Promel’s theorem to finite
structures with both relations and functions.

1. INTRODUCTION

The classical Ramsey theorem [11] has been generalized in two (among
other) important, independent directions. First, Graham and Rothschild [3]
extended Ramsey’s theorem from finite sets to finite parameter sets, objects
more general than sets, whose particular examples include also partitions.
(Parameter sets are sometimes called combinatorial cubes.) Second, Abram-
son and Harrington [1] and Nesetfil and Radl [6], [7] extended Ramsey’s the-
orem to finite relational structures, that is, sets equipped with relations, for
example, hypergraphs. These two distinct developments were brought to-
gether in a common generalization due to Promel [9], who proved a Ramsey
theorem for finite parameter sets appropriately enriched to form relational
structures. (We refer the reader to point 2 of Section 4 for the statement of
Préomel’s theorem in the terminology adopted in this paper.)

The two main goals of the present paper are as follows. First, frequently
in mathematics structures are equipped not only with relations but also
with functions, for example, algebras in the sense of universal algebra or
structures in the sense of model theory. We give a generalization of Promel’s
theorem to situations where structures have both relations and functions,
with relations interpreted in a way specific to Ramsey theory. (We show how
to derive Promel’s theorem from our Theorem 1 in point 2 of Section 4.)
Second, if we disregard the above generalization, the argument given in the
present paper provides a new proof of Promel’s theorem. For more on the
proof of our theorem see the introductory paragraph of Section 3.
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Recently deep connections have been found [2], [4], [8] between finite
Ramsey theory (in particular, the Ramsey theorems mentioned above) and
topological dynamics (in particular, extreme amenability). These connec-
tions with topological dynamics prompted the research of this paper and I
hope that the methods presented here will make further applications in this
area possible.

In Section 2, we formally introduce all the notions needed to state and
prove our theorem in full generality, and we state the theorem. We follow
this section with Section 3 containing a proof of the theorem. We have to
make some choices in our presentation (for example, we use rigid surjections
rather than parameter sets). We make them so that the notions we use
fit naturally our arguments and give what seems to be the most general
result, in the present context, that can be proved with our methods. In
Section 4, we indicate how to reformulate statements about rigid surjections
to obtain statements about parameter sets, and we comment on relations of
our main result to the theorems of Promel and of Abramson and Harrington
and NeSetfil and Rodl.

Conventions. A natural number n is identified with the set of its predeces-
sors {0,...,n — 1} with the natural linear ordering on them. In particular,
0 = (. For a set A, |A| stands for its cardinality. By a d-coloring we
understand a coloring with d many colors.

2. DEFINITIONS AND STATEMENT OF THE THEOREM

Linear orders and rigid surjections. If K and L are linear orders, we
call a function s : L — K a rigid surjection if it is surjective and the images
of initial segments of L are initial segments of K. The composition of two
rigid surjections is a rigid surjection.

The definition of rigid surjections comes from [10, p.164] and corresponds
to the notion of partition; see also point 1 in Section 4. We point out that
the notion of rigid surjection can be obtained by “dualizing” the notion of
an increasing injection. If K and L are linear orders, f : K — L is an
increasing injection if it is injective and the preimages of initial segments
in L are initial segments in K. Rigid surjections are obtained by reversing
the arrow in K — L and changing injection to surjection and preimages to
images.

Bi-structures and epimorphisms. Bi-structures defined below are much
like model theoretic structures in that function symbols and relation symbols
are interpreted in them. However, while function symbols are interpreted
as in model theory, relation symbols are interpreted differently. This is an
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important feature of the theory already present, in a different setup and in
a slightly smaller generality, in Promel’s paper [9].

Let £ be a set of symbols, called a language, consisting of relation symbols
and function symbols. The language £ can be empty. Each symbol in £
has a non-negative integer associated with it, which is called the arity of the
symbol. By an L-bi-structure we understand a non-empty set X along with
interpretations of symbols from £, which is implemented as follows:

— with each function symbol F' € L of arity r we associated a function
FX : X" — X, where X" represents the set of all functions from r
to X;

— with each relation symbol R € L of arity r we associated a set
RX C r¥X, where X represents the set of all functions from X to r.

Recall that here a natural number r is identified with the set of its prede-
cessors, that is, r = {0,...,r — 1}.

For two L-bi-structures X,Y, a function f : X — Y is called an epi-
morphism if it is surjective, for each function symbol F' € £ of arity r and
n € X", we have

(2.1) FY(fon) = f(F*(n),
and for each relation symbol R € £ of arity » and each v € ¥, we have
(2.2) v € RY <= o f e RX.

We will write R¥ () for v € RX.

Ramsey theorem for linearly ordered bi-structures. Our aim is to
prove the following theorem.

Theorem 1. Let L be a language. Let d > 0 be a natural number. Let K, L
be linear orders that are also L-bi-structures. There exists a linear order M
that is an L-bi-structure such that

(i) for each d-coloring of the set of all epimorphic rigid surjections from
M to K there exists an epimorphic rigid surjection fo : M — L such
that

{fofo:f:L— K an epimorphic rigid surjection}

is monochromatic;
(ii) each pair of distinct points of M is mapped by some epimorphic rigid
surjection to two distinct points of L.

Point (ii) of the theorem above allows us to transfer some properties of L
to M. For instance, if a certain identity involving interpretations of function
symbols holds in L, then point (ii) implies that it holds in M as well.



4 SLAWOMIR SOLECKI

3. PROOF OF THE BI-STRUCTURAL RAMSEY THEOREM

A very flexible and influential method for proving Ramsey-type theorems
for structures was developed by Nesetiil and Roédl. Constructions using
this method consist of two separate amalgamation procedures: the first one
called the partite lemma and the second one called the partite construc-
tion. (The adjective “partite” comes from the type of objects, called partite
structures, that are used in these procedures.) Various applications of the
above method differ essentially only in the first part. In the present paper,
we follow this general approach in spirit, however, we will not use partite
structures and our procedures will not be amalgamations. The main new
contribution is again the first part of the proof (Lemma 3), in which rather
than building the desired object by amalgamating small objects, we start
with a large object and obtain the desired object as its subset. Additionally,
we do not use, as is usual, partite structures, instead we replace them with
certain combinatorial objects, which are generalizations of parameter sets.

In order to prove Theorem 1, it will be necessary to show a more general,
but also more technical, result—Theorem 2. First we will introduce the
notions needed to formulate this more general result. We will then devote
the remainder of this section to its proof. We will be careful about details
in this argument.

Objects and functions between them. Let £ be a language. Objects
are pairs (X, K) where X is a finite £-bi-structure and K is a linear order
with K C X. An object is called linear if X = K.

Let X = (X,K) and Y = (Y, L) be objects. A function f : Y — X
is called a epimorphism from Y to X if f is an epimorphism from Y to
X, f(L) = K, and f | L is a rigid surjection from L to K. So being an
epimorphism from one object to another requires more than just being an
epimorphism between the underlying bi-structures. Let

(),

be the set of all epimorphisms from Y to X. If f; and fs are epimorphisms
from )Y to X and from Z to ), respectively, then fi o fs is an epimorphism
from Z to X. If fy € (i)E, let

(), somirenir< ()= (),

We point out that the notion of object can be obtained by “dualizing” the
notion of partite structures. Recall that a partite structure can be viewed
as a structure together with a surjection from it onto a linear order. An
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object can be viewed as a bi-structure together with an injection from a
linear order into it.

Ramsey theorem for objects. We fix a language £ for the remainder of
this section.

Theorem 2. Let d > 0 be a given natural number. Let X be a linear object,
and let Y be an object. Then there exists an object Z such that

(i) for any d-coloring of (f,)E there exists fy € (i)E such that

N
< x).° fo
E
18 monochromatic;

(ii) for distinct points z1, z in Z there is an epimorphism from Z to Y
mapping z1 and zo to distinct points.

To derive Theorem 1 from the theorem above, fix two L-bi-structures
K and L that are also linear orders and a natural number d > 0. Let
X = (K,K) and Y = (L,L) be the linear objects obtained by viewing
the first element of each pair as and L-bi-structure and the second one as
a linear order. After applying Theorem 2 to these objects, we obtain an
object Z = (Z, M'). Now, we linearly order Z into a linear order M so that
M’ forms an initial segment of M and make M into an L-bi-structure by
retaining the interpretations of symbols from Z. It is easy to check that so
defined M fulfills the conclusion of Theorem 1.

Proof of Theorem 2. We fix first some notation concerning Hales—Jewett
lines that will be useful in what follows. Given a natural number N and a
finite set P, by a line £ in PY we understand a pair £ = (&, ), where u C N
is non-empty and € = (ex)ren\u € PN\v_ We denote the set u by

d(e),
and for k € N\ d(¢) we let
(O)k = €.
For f € PN, we write, with some abuse of notation,
fer
if fI(N\u)=c¢eand f | u is constantly equal to an element of P. This
fixed value of the sequence f | u will be denoted by

((f)-
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Let X = (X,K), Y = (Y, L) be objects, and let sp : L — K be a rigid
surjection from L to K. We write

Y, 80
X Jg
for the set of all epimorphisms f from ) to X such that f [ L = sp.

Lemma 3. Let d > 0 be given. Let X be a linear object whose linear order
is K, let Y = (Y, M) be an object, and let so : M — K be a rigid surjection.
Then there exists an object Z = (Z, M) such that

(i) for any d-coloring of (Z/FSO)E there exists fo € (i)E such that
Y.s
< X0> ° fo
E

is monochromatic;
(ii) for distinct points z1, zo in Z there is an epimorphism from Z to Y
mapping z1 and zz to distinct points.

(V%0
= (),

(Note that the argument below works even in the case P = {).) Fix a large
natural number N so that the Hales—Jewett theorem [5, p.1338] holds for
PN for d colors, and let

Proof. Let

Q={l:0=(gu),0 £uC N, ec PN\"},

that is, Q is the set of all lines in P". Consider the following subset Z of
vy

(Ye)eeq € Z =
Ve, by € QVf ((f € 6y and f € by) = 01(f)(ye,) = L2(f) (ye,))-

The set Z will be the underlying set of the object (Z, M) as in the conclusion
of the lemma. We will need to specify how the linear order M is placed inside
of Z and how the symbols from L are interpreted in Z. Before doing this,

we will define a number of auxiliary functions.
First define pu: M — Y@ by letting for £ € Q

(3'1) ,u(a:)g = .

So pu(x) = ((x)e)ecq is the sequence indexed by ¢ € @ constantly equal to
x. Note that for any ¢y € Q and f € £y, we have {o(f)(u(x)e) = so(x). It
follows that u(z) € Z so, in fact, p: M — Z. Clearly p is injective.
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Let k < N. We define v, : Y — Y9 by describing, for a given y € Y, a
sequence (V;(y)e)req- Fix £ € @, and let

ey = {y if ke d();
BT minfz € M : so(z) = (On(y)}, it k & d(0).

We claim that the range of vy is included in Z so, in fact, v, : Y — Z. To
show that v (y) defined above is in Z fix ¢1,¢3 € Q and f such that f € ¢,
and f € 3. Set yy, = v(b)e, and s, = v(y)e,, and let f;, stand for the

k-th entry in the sequence f. We need to see that 1(f)(ye,) = C2(f)(ye,)-
By the obvious symmetry, three cases need to be considered:

ke d(ty)Nd(l), k€ d(ey)\ d(f), and k & d(¢1) U d(Ly).

In the first case,

G(F)(ye) = frly) = () (ye,)-

For the other two cases set
xo =min{z € M : so(x) = (l2)r(y)}.

Observe that for any f € (y),(so) we have f(xo) = so(xo). With this in mind
and with the above notation for z, in the second case, we have

G(f)(e) = fe(y) = (L2)k(y) = so(zo) = L2(f)(z0) = L2(f)(Ye,)-

Finally, in the third case, we get

G(f)(ye) = G(f) (o) = so(zo) = La(f)(x0) = La(f) (yey)-

Thus, vk(y) is in Z.
Finally, for ¢y € @, define a function fy, : Z — Y by letting

(3:2) foo ((Ye)eeq) = Yeo-
We note for future reference that for y € Y
(3.3) foo(ve(y)) =y, if k € d(l).

Now we describe how the linear order M is placed inside of Z: we use the
function u defined above and its injectivity to identified M with the range
of u.

Our object (Z, M) will be completely defined as soon as we interpret in
Z the symbols from £, which we do as follows. Note that for a function
symbol F € L of arity » and (y})geQ, .. (y})eeq each taken from Z, we
have that (FY (y},...,9}))ecq is an element of Z. This is so since, for any
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(1,02 € Q and f with f € ¢1 and f € {3, £1(f) and f5(f) are epimorphisms
from Y to K, and therefore

GOE (- u5)) = FR (G

Ui (N Wi,)

)(

)Wey), - () ()

= (N (EY (Y, - Y1)
)

Thus, we can define for ((y})ecq,-- - (Y))ieq) € Z

F2(()eeqs - Wiee@) = (FY (g, yi))eeq-

We will now describe the interpretation of the relation symbols from L.
Let R be such a symbol of arity r. We have the following claim.

Claim. Let £1,¢5 € Q and let v1,7v2 : Y — r. The equality v; o fo, = 720 fo,
implies that RY (1) if and only if RY (v2).

Proof of Claim. Assume that v; o fy, = v20 fs,. To prove the claim we need
to consider two cases. First assume that there exists k € d(¢1) Nd(¢3). Fix
such a k. Then, by (3.3), for each y € Y we have

1Y) =710 fr, Wk(y)) = 72 0 fo, (Ve (y)) = 12()-

Thus, v1 = 7.

Now assume d(¢1) Nd(¢2) = 0. Pick k1 € d(¢1) and ko € d(¢2). Note that
by our assumption ky & d(¢1) and ki & d(¢2), so we can set g1 = ({1)g, and
g2 = (02)k, . We claim that for y1,y2 € Y,

(3-4) g1(y1) = g2(y2) = m(y1) = 72(y2)-
Assume then that g1(y1) = g2(y2), and let
zo = min{z € M : g1(y1) = g2(y2) = s0(x)}.
Note that by definition of v, and v, we have
fos vk, (92)) = w0 = fo, (ko (91))-
From this formula and from (3.3), we get

Y1(y2) = 71 0 fo, (W, (¥2)) = 2 © for (Wi, (y2)) = Y2(20)

(3:5) Yo(y1) = 72 © fo, (Vry (y1)) = 71 © fo, Wy (92)) = 71(20).

By definition of u we get

(3.6) Y1(w0) = 71 0 fo, (11(z0)) = Y2 © fo, ((z0)) = Y2(20)-

By combining (3.5) with (3.6) we have 71 (y1) = 72(y2) as required.
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It follows from (3.4) and from surjectivity of g; and go that there exists
v : K — r such that 734 = yog; and 79 = v 0 gs. Since g; and g9 are
epimorphisms, we have

RY (1) © R¥(7) & R (12),

which is the conclusion of the claim.

For v' : Z — r, define RZ(v') to hold if and only if there exists £ € Q
and v : Y — r such that RY (y) and 7' = yo f;. The claim implies that this
definition does not depend on the choice of £ and ~ for a given 4/ (which is
important below in checking that each f; is an epimorphism).

The definitions above describe the £-bi-structure Z, and hence the object
(Z,M).

Let £ € Q. We claim that f, is an epimorphism from Z to ). Clearly
from (3.1) we get that fyou(x) =z for v € M. Further, from the definition
of the interpretation of the symbols from £ in Z, we see that we only need
to check that fy is surjective. This property follows from (3.3) applied to a
ke d(?).

Note now that point (ii) of the lemma is witnessed by the epimorphisms
fe with £ € Q.

It remains to check point (i). For each & € PV we define an epimorphism
ge from Z to X as follows. Let £y € Q be such that € € ¢y. For (y)ecq € Z,
let

9e((ye)eeq) = €o(€)(ye,)-
Note that the definition of Z insures that gz does not depend on the choice
of £y. Note further that

(3.7) gz = Lo(€) © fry,
hence gz, being the composition of two epimorphisms, it is an epimorphism.
Fix a d-coloring ¢ of (sz) Then ¢ induces a d-coloring of PV by
PN s e — c(ge).

By the Hales—Jewett theorem, we can fix £y € () such that the above coloring
is constant on all € € PV with € € ¢5. We now claim that the set

yaSO
("), oo

is monochromatic. Indeed, let h € (y )’fo), and define &, € PV by requiring

that (én)r = h if k € d({p), and (éx)r = (Yo)r if k € d(p). Then, by (3.7),
h‘ o ff() = EO(éh) o ff() = géh'

Thus, ¢(h o fy,) = ¢(ge,), which does not depend on h since e, € £y. It
follows that (i) holds. O



10 SLAWOMIR SOLECKI

Proof of Theorem 2. Let X = (K,K) and Y = (Y,L). Let M be a linear
order obtained by applying the Graham-Rothschild theorem [5, p.1361] to
linear orders K and L with d colors. So for any d-coloring of all rigid
surjections from M to K there exists a rigid surjection j : M — L such
that the same color is assigned to all s o j as s runs over the set of all
rigid surjection from L to K. (This formulation of the Graham—Rothschild
theorem, which uses rigid surjections rather than partitions, will be applied
later on in the proof. See Section 4 point 1.)
Define
Yo— v,

Set hj : Yo — Y to be the projection on the j-th coordinate for j € (ALJ)E
We identify the linear order M with a subset of Yy via the following injection

fro = M — Yy given by po(z) = (u(x);); with
po(z); = j(z)

where j runs over (]\L/[ ) - For a function symbol F' € F of arity r we let

FY((y;);) = (FY (9)));-
For a relation symbol R € £ of arity r, for v € r¥° we let RY?(v) if and only
if there exists v/ € r¥ and j € (]\L/[)E such that RY (/) and v =+’ o f;. Note
that if v o fj, = ¥4 0 fj,, then 7] = 5. (If j1 # jo2, then additionally both ~{
and ~} are constant functions.) Thus, the definition of RY0 does not depend
on the choice of 7/ and j.

Note that each f; is an epimorphism from ) to V.

Let {sq: 1 < ¢ <t} be an enumeration of all rigid surjections from M to
K. We now define objects ), for 0 < ¢ <t. The object )y has already been
constructed. If ), is defined, let V,41 be the object obtained in Lemma 3
when applied to X, ), and s;. Define

Z =Y.

Note that point (ii) of the theorem holds for }Jy. One easily checks by
induction that for any 0 < ¢ < ¢ if this property holds for ), it holds for
Yy+1, which verifies point (ii) of the theorem.

To see point (i), let ¢ be a k-coloring of (3;;) p- By considering the re-
striction of ¢ to (ygft)E, we obtain f; € (yfil)E from Lemma 3(i). Having

yt yq—l—l)
ft € (yt_l)E')"'?fq-‘rl € ( yq E7

with ¢ > 1, consider the restriction of ¢ to (yq)’(s‘?)E o fg410---0 fi, and apply
. . .. Y, Vq—1,8
Lemma 3 to this d-coloring obtaining f, € (yqfl)E such that ( Y ‘1) 5O

produced
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fq© fq+1 0+ 0 f; is monochromatic with respect to c. This way we obtain

ft7 ceey fl-
Now, it is easy to check that for g € (Jj?)E, the value of

c(go fio---ofq)

depends only on the rigid surjection g | M : M — K. To see this let
g1, 92 € (XE’)E be such that g1 [ M = go | M = s, for some 1 < g <t. Then,
since

Vi-1,8
91Of10"'0fq—1,92Of10"'0fq—1G( q)é q) ,
B

we get
c(grofio---ofi)=c((grofio---ofy_1)ofyo---0fr)
=c((g2o fio - 0o fgm1)ofgo---ofr) =clgao fio-- o fr).

Thus, we can consider a d-coloring ¢’ of rigid surjections from M to K
which is an arbitrary extension of the function

gl M —c(gofio---ofy),
for g € ()i)) - By the choice of M and the construction of )y, there exists
je (JZI)E such that the set

(%) o1

is monochromatic with respect to ¢’. Thus, the set

is monochromatic with respect to c. It follows that

Jo=hjo fio---0fi € <§>

witnesses that point (i) of the theorem holds for the coloring c. O

E

4. COMMENTS AND REFORMULATIONS

In point 1 of this section, we indicate how to translate statements involv-
ing partitions and parameter sets into statements about rigid surjections.
Further, in point 2, we state Promel’s theorem and show how to derive it
from Theorem 1. Note that Promel’s theorem for partitions follows from
Theorem 1 for languages with relation symbols only, while the derivation
of Promel’s theorem for the more general setting of parameter sets involves
languages with function symbols (of arity 0, that is, constant symbols). In
point 3, we comment on the relation of Promel’s theorem to the results of
[1], [6], and [7].
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1. Graham and Rothschild’s and Promel’s theorems are usually stated
in terms of partitions or, more generally, A-parameter sets, where A is a
finite set. (Partitions are (-parameter sets.) As pointed out in [10, p.164],
rigid surjections are in a functorial bijection with partitions. Given a rigid
surjection f : L — K one obtains a partition Py of L into | K| preimages of
points in K under f, and vice versa given a partition P of L into | K| sets
one obtains a rigid surjection fp : L. — K by mapping each point of the
element of P with the ¢-th minimal point to the i-th point of K. These two
operations reverse each other. Moreover, composition of rigid surjections
corresponds in a natural way to taking coarser partitions. Quite similarly,
A-parameter sets are in a functorial bijection with those rigid surjections
from a linear order L to a linear order K, both with at least |A| elements,
that map the i-th element of L to the i-th element of K for each ¢ < |A].
We call such surjections |A|-rigid surjections.

2. We will explain now how Promel’s theorem follows from Theorem 1.
First, we will restate Promel’s theorem using the notions from point 1 above.
We ask the reader to consult [9, Theorem 4.1] for the original statement.
In Promel’s theorem for A-parameter sets, one assumes the following con-
vention: the language £ contains only relation symbols of arity r > |A],
the underlying sets of L-structures are linear orders K of size > |A|, and a
relation symbol R € L of arity r is interpreted as a subset of all |A|-rigid
surjections from K to a linear order of size r > |A|. In this situation, we
will identify this last linear order with r = {0,...,r — 1} with its natural
order. (This notion of interpretation is more restrictive, but non-essentially
so, than the one adapted by us in Section 2.) Once these interpretations are
defined one defines epimorphisms as in formula (2.2).

Now Prémel’s theorem can be translated into the following statement.
With the above conventions, given two linear orders K and L with |K|,|L| >
|A| on which symbols from L are interpreted as above, there exists a linear
order M with interpretation of symbols in L as above so that for any d-
coloring of all epimorphic |A|-rigid surjections from M to K there exists an
epimorphic |A|-rigid surjection fo: M — L such that the set

{fofo:f:L— K is an epimorphic |A|-rigid surjection}

is monochromatic.

To obtain this statement from Theorem 1, consider the language L as
above and augment it to a language £’ by adding |A| distinct constant
symbols, that is, function symbols of arity 0. To make the description
below easier, we linearly order the new constant symbols. Given two linear
orders K and L that interpret symbols from £ with the convention described
above, we make them into £’-bi-structures by interpreting the i-th constant
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symbol in £’ as the i-th element in K and keeping the old interpretations of
relation symbols from £. We do the same with L. We now apply Theorem 1
and obtain an L’-bi-structure M that is also a linear order. Note that
Theorem 1(ii) implies that distinct constant symbols are interpreted in M
as distinct elements. Let m be a permutation of M that preserves the order
on M among all elements that are not interpretations of constants and maps
the interpretation of the i-th constant symbol of £’ to the i-th element of
M. Now given an interpretation RM of a relation symbol R € L of arity r
from the conclusion of Theorem 1 define a new interpretation of R by letting

(4.1) RMO ={y:M — r:~is an |A|-rigid surjection and v om € RM},

where in the expression v : M — r we view r as a linear order of size r. With
these new interpretations, the resulting structure fulfills the conclusion of
Promel’s theorem. In fact, if fj is a function gotten from the conclusion of
Theorem 1, then fyo 7! ensures that the conclusion of Prémel’s theorem
holds. We leave verifying details of this argument to the reader. We only
point out as hints that if f : M — L is an £’-epimorphism that is a rigid
surjection, then fozn™' : M — L is an |A|-rigid surjection, and that if
h: M — L is an |A]-rigid surjection and v : L — r, then

v o h is an | A|-rigid surjection <= ~ is an | A|-rigid surjection.

From the above two assertions it follows that if f : M — L is an L'-
epimorphism, then for~!: M — L is an L-epimorphism with the interpre-
tation of relation symbols in M given by (4.1).

3. We recall that a derivation of the theorem of Abramson and Harrington
[1] and Nesetfil and R6dl [6], [7] from Promel’s theorem is presented in
Prémel’s original paper [9, Corollary 4.3].
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