AVOIDING FAMILIES AND
TUKEY FUNCTIONS ON THE NOWHERE DENSE IDEAL

SLAWOMIR SOLECKI AND STEVO TODORCEVIC

ABSTRACT. We investigate Tukey functions from the ideal of all closed
nowhere dense subsets of 2. In particular, we answer an old question
of Isbell and Fremlin by showing that this ideal is not Tukey reducible
to the ideal of density zero subsets of N. We also prove non-existence of
various special types of Tukey reductions from the nowhere dense ideal
to analytic P-ideals. In connection with these results, we study families
F of clopen subsets of 2" with the property that for each nowhere dense
subset of 2" there is a set in F not intersecting it. We call such families
avoiding.

1. INTRODUCTION

Let D, E with binary relations <p and <g, respectively, be directed par-
tial orders. A function f: D — FE is called Tukey if for each e € E there is
d € D such that f(z) <p e implies x <p d, that is, preimages of bounded
sets are bounded. If such a Tukey function from D to E exists, we write
D <7 FE and say that D is Tukey reducible to E. If both D <p E and
FE <r D, we write D =r F and say that D and E are Tukey equivalent.
Two directed orders are Tukey equivalent precisely when they are isomor-
phic to cofinal subsets of the same directed order. For more background on
Tukey reductions, we direct the reader to [3] and [14] and for applications
of this notion in the study of partial orders, in addition to these two papers,
the reader may consult [4], [5], [7], [8], [9], [13], [15], and [17].

Before outlining our results, we recall the background and history of one
of the questions on Tukey reductions that we consider in this paper, which
will give us an opportunity to recall notions and notation standard in the
area. Isbell [5] initiated the study of Tukey reductions among directed orders
coming from analysis and topology. He isolated four such orders:
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— NN, the set of all functions from N to N with the order equal to the
pointwise inequality between such functions;

— NWD, the ideal of closed nowhere dense subsets of 2 with inclusion
as the order relation;

— 2y, the ideal of subsets of N of density zero with inclusion, where
z C N has density zero if lim,, |z N {0,...,n}|/(n+1) =0;

— /{1, the ideal of those subsets z of N for which > _ 1/(n+1) < 0o
again taken with the inclusion relation.

Isbell proved in [5] that NY is Tukey below the other three orders, with Z
and ¢; strictly Tukey above it, and asked for the complete determination of
Tukey reductions among the orders above. Later, Fremlin [3] added to the
picture the directed order

nex

— &, the ideal of all compact Lebesgue measure zero subsets of 2N
with inclusion as the order relation.

He proved in [3] the following inequalities

NN <r S,LM

&, <t NWD <7 /4,

Eu <1 Zo <7 {3.
The proof of NWD <7 ¢; drew on an earlier important insight due to
Bartoszynski [1] and Raissonier—Stern [11] and some technical ideas of Paw-
likowski. Fremlin [3, 3M] raised the problem of determining weather the
Tukey reductions in the picture above are all the Tukey reductions among

the five orders involved in it. A moment’s thought convinces one that to
prove that this is so, it suffices to show that

(1a) NY %1 &,
(1b) NWD *1 Zo,
(1C) Z() JD—LT NWD.

Inequalities (la) and (1b) were again proved by Fremlin in [3, 3M], while
(1c) remained open [3, 3N(a)]. More recently, two non-reduction results that
follow from (1c) were proved by Louveau and Velickovié¢ [7], who showed

(2) 2y *r b,
and by Matrai, see [8], who showed
£, #7 NWD.

We complete this line of research with Theorem 3.5, which establishes (1c).
(We were informed by Tamés Mdatrai that he also independently proved (1c).
His proof will be published in a separate paper.)
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Our study of Tukey functions defined on NWD is contained in Section 3.
In [14], inequalities (1a), (1b) and (2) were extended and placed in a wider
context. Similarly here in Theorem 3.5, Subsection 3.3, we prove not only
(1c) but a broader non-reduction result: we show that NWD does not Tukey
reduce to any density-like analytic P-ideal. (For the definition of density-
like ideals see Subsection 3.1; the ideal Zj is in this class.) The proof
of this theorem combines combinatorial considerations concerning avoiding
families (see the next paragraph and Section 2) with topological arguments.
These arguments use results from [14] and the notion of the Ochan topology
from [16] and [10] that is developed further in Subsection 3.2. On the other
hand, also in Subsection 3.3, adapting methods of Fremlin from [3], we show
(Theorem 3.7(i)) that NWD does have a Tukey reduction, even a continuous
one, to all summable-like ideals. (For definition of summable-like ideals see
Subsection 3.1; the ideal ¢; is in this class.) We also show that all summable-
like ideals are Tukey equivalent to each other (Corollary 3.8). Furthermore,
in Subsection 3.4, we rule out some special types of Tukey reductions from
NWD to analytic P-ideals: those mapping bounded sets to bounded sets
(Theorem 3.9) and those produced with the use of a complete metric making
the union operation uniformly continuous (Theorem 3.10).

One of our main tools in proving Theorem 3.5 mentioned above is the
notion of an avoiding family. Our study of such families is described in
Section 2. By an avoiding family we understand a collection of clopen subsets
of 2N such that each nowhere dense set is disjoint from some clopen set
from the collection. We investigate functions from avoiding families F (or
sequences of such families) to sets Z. There is a natural notion of a large
subset of an avoiding family F: these are those subsets of F that have
empty intersection. By avoidance the whole family has this property and
by compactness each subset with empty intersection contains a finite such
subset. Any set Z can be equipped with a family B of its finite subsets
such that B is closed under taking subsets and it contains all singletons of
Z. We call such families B collectives and consider sets contained in B as
small subsets of Z. We make assumptions ensuring that B is rich enough,
for example, for each infinite subset X of Z there is an infinite subset Y
of X whose all finite subsets are in B or for each m € N there is a finite
subset F' of Z such that all m element subsets of Z \ F are in B. In our
study of functions f: F — Z, we are seeking incompatibilities, that is, we
are looking for large (i.e., with empty intersection) subsets of F that are
mapped by f to small (i.e., belonging to B) subsets of Z. The three main
results of Section 2 (Theorems 2.1, 2.4 and 2.8) have this form. Theorem 2.1
is instrumental in the considerations of Section 3.
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Convention. The symbol N stands for the set of natural numbers and
it contains 0. We will sometimes identify n € N with the initial segment
determined by it, that is, with {i € N: i < n}.

2. AVOIDING FAMILIES

2.1. Definitions and notation. Recall from the introduction two main
notions of this section. A family F of subsets of 2V is called avoiding if
each nowhere dense subset of 2V is disjoint from an element of F. We note
that families that are not avoiding are closed under taking finite unions and
taking subfamilies, that is, they form an ideal. For a set Z, B is called a
collective on Z if B is a family of finite subsets of Z, |JB = Z, and B is
closed under taking subsets.

The following notion comparing families of clopen sets will be relevant.
For families 7, F» of clopen sets, let Fo < Fi if for each V € Fy there
exists U € F; such that U C V.

We will now introduce some notions and notation concerning finite partial
functions from N to {0, 1} and sequences of such functions. If s is a function
from a finite subset of N to {0,1}, let

[s] = {z € 2V: s Ca}.

For a sequence (sg,...,si_1) of functions from finite subsets of N to {0, 1},
we put
[(s0,- - sk—1)[ = [J 4.
i<k
In particular, for the empty sequence we have |0 = ().

A family G of finite sequences of functions from finite subsets of N to
{0,1} is called avoiding if {]s[ : § € G} is avoiding. Note that G = {0} is
avoiding.

Let Gooo be the collection of all finite sequences (possibly empty) § =
(80,81,...,8k—1), for some natural number k, where each s;, i < k, is a
function from a subset of N to {0,1} whose domain is a non-empty finite
interval, and the sequence § is such that min dom(sg) = 0, maxdom(s;_1) +
1 = mindom(s;) for 1 <i < k. For § = (sg,...,Sk-1) € G<oo, we define

dom(s) = dom(sp) U - -- U dom(sg_1).
We say that the length of s as above is k, in symbols,
Ih(s) = k.

Let 2<N stand for the set of all functions defined on a proper non-empty
initial segment of N. If s € 2<N and dom(s) = {0, ..., k—1} for some k € N,
we write

Ih(s) = k.
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IfneN/lets[n=s]{0...,n—1}. In particular, if n > lh(s), then
s | n=s. For s,t € 2<N, we write

tls
if there is i € N in the domain of both s and t with s(i) # t(i). If t € 2<N
and 5= (sg,...,8k-1) € Geoo, We write

tls

if for each 7 < k there exists j € dom(t) N dom(s;) with ¢(j) # si(j).
Let G C Gooo. For s € 2<N define

(G)s ={5:(s)"5€G}

A family G C G- is called well-founded if for each sequence (s;);cn with
(Si)icn € G<oo for each n € N there exists ng such that the sequence (s;)i<n,
cannot be extended to a sequence in G. This notion of well-foundedness is
directly related to the following tree associated with G. Define

Tr(G)={sk:5€G, k<Ih(s)}.

It is clear that with the relation of end-extension Tr(G) is a tree and this
tree is well-founded precisely when G is well-founded. We call Tr(G) the
tree of G. If Tr(G) is well-founded, there is the usual notion of an ordinal
valued rank p associated with it [6, 2E]: for § € G- let

p(5,Tr(9)) = sup{p(t, Tr(9)) + 1: t € Tr(G), t 2 5},

with the convention that the supremum of the empty set is 0. For a well-
founded non-empty G, we let

rk(G) = p(0, Tr(G)).

We call this countable ordinal the rank of G. Note that rk(G) = 0 precisely
when G = {0}.

The above rank will be used in proofs by induction. Since these argu-
ments will involve an abuse of terminology, which frees the language from
unnecessary complications, we say a few words about them. We will be in-
ductively proving a statement for all avoiding well-founded families. We will
be given an avoiding well-founded family G C G, with rank a. We will
find s € 2<N such that (G)s is also avoiding. Strictly speaking (G)s is not a
subset of G-, but the family that is the image of (G)s by the map induced
by the unique order preserving bijection between [max dom(s) + 1,00) and
N is. This family is avoiding, well-founded, and its rank is less than a. So
the inductive assumption can be applied to it. We will write our arguments
as if the assumption were being applied to (G)s itself.
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2.2. Functions from avoiding families. The theorem below will be cru-
cial in proving the non-existence of a Tukey reduction from NWD to density-
like ideals.

Theorem 2.1. Let F,,, n € N, be avoiding families of clopen sets. Let
fn: Fn — Z for some set Z. Let B be a collective on Z such that for
each infinite subset Y of Z there exists an infinite set X CY all of whose
finite subsets are in B. Then for each ng € N there exist natural numbers
ny < --- < ng with ng < ny and clopen sets Uy € Fny, ..., U € Fy, such
that

(i) ﬂogigk Ui =10;
(i) {for (U1)s - fun (1)} € B.

We point out that in (ii) above the enumeration of the set starts with 1
not with 0; see Theorems 2.4 and 2.8.

Lemma 2.2. If F is an avoiding family of clopen subsets of 2V, then there
exists an avoiding family G C Geoo such that {]5[: s € G} < F.

Proof. Let G consist of all § € G, for which there exists U € F with
U C]|s[. It is clear that {]s[: s € G} < F. We claim that {|s[: § € G} is
avoiding. Let F' be nowhere dense. It is a standard observation that there
exists an infinite sequence (s;);en such that for each n, (s;)i<n € Geoo and
F' is disjoint with
{xe2V:3is; Cux}.

Since the set above is open and dense, there exists U € F contained in it.
Since U is compact, there exists n such that

UC{ze2V:3i<ns; Cx}=](si)icn|
Since (8;)i<n € Geoo, it follows that (s;)i<n € G and, obviously, |(s;)i<n] is
disjoint from F. O

Lemma 2.3. Let G C G be avoiding with ) & G. There exists tg € 2<N
such that for each s 2 tg there exists t O s with (G)y avoiding.

Proof. Consider B defined to be the set of all s € 2<N such that (G)s is not
avoiding. The non-avoidance of (G)s is witnessed by some nowhere dense
set. This set can be easily modified so that, for each s € B, we get a nowhere
dense subset Fy of 2V such that for each # € Fy, x | dom(s) is constantly

equal to 0 and FyN 5[ # 0 for each 5 € (G)s. Then
F=|]JF,
seB

is nowhere dense (as there are only finitely many s of length less than a given
natural number) and intersects all |(s) 5[ with s € B and with (s)"5 € G.
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Let A = 2<N\ B. It suffices to see that there is a ty such that each

2<N

element of extending tg is extended by an element of A. Otherwise,

each tg € 2<N can be extended to an element of
B' ={te2N:V¥sDtsec B}

Let B” be the set of all t € B’ that are minimal under inclusion sequences
in B'. For t € B”, pick z; € [t]. Then the set

(3) F'={z;:teB"yu 2\ | {[]: t € B'})

is in NWD since, by our assumption, | J{[t]: t € B’} is dense and, of course,
open. The set F’ intersects each [s] with s € A. Indeed, if [s] does not
intersect the second set in the union in (3), then

s] € J{lt]: te B'}.

It follows from this inclusion and from s ¢ B that there is t € B” with s C ¢,
so x4 € [s]. Therefore, F' intersects all [(¢)"¢[ for t € A and (t)"t € G.
The nowhere dense set F' U F’ intersects all |§[ with § € G and 5 # 0.
Since we assume that () € G, this statement contradicts our assumption that
G is avoiding. O

Proof of Theorem 2.1. We are given a sequence F,, n € N, of avoiding fam-
ilies and functions f,,. Note first that if () € F,, for infinitely many n, then
we are done since for each such n, {f,(0)} € B as B contains all singletons
of Z. Therefore, we can assume that () ¢ F,, for all n.

First we use Lemma 2.2 to find avoiding families G,, C G- such that

(4) {15]: 5 € G} < F.

Note that ) ¢ G,, for each n. Define f": G, — Z by letting f™(5) be equal
to fn(U) for some U € G, with U C]s[. Note that such a U exists by (4).
Note also that, given ng, it will suffice to find ny < --+ < ng with ng < ny
and 50 € Gy, - .., 5k € Gp, so that

k

(s =0 and {f"(51),...,f™(5x)} € B.

1=0

By Lemma 2.3, we can find ¢, € 2<N such that for a dense set of t
extending ¢,, we have that (G,); is avoiding. We can assume that

(5) h(t,) — oo as n — 0.

By going to a subsequence of (t,), we can also assume that there exists
zo € 2N such that for each s C z9 we have s C ¢, for large enough n. Now
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by extending t,, to some sequence in 2<N, which we will again call t,,, we
can guarantee that

(6) tn & w0

and that (Gy), remains avoiding. By this last condition, we can pick ¢, €
(G1)t,, such that

We now use (5) to go to a subsequence of (t,) and then re-enumerate it so
that for each n we have

max{lh(s): s C tp+1 and s C xo} > maxdom((t,) ty).
The equation above together with (6) and (7) imply that for p > n
(8) [(tn) " tu[ {z €2V t, Ca} =0,
It follows from (8) that for each sequence n; < ny < --- we have
() 1) "t = 1(tnn) " [0 () T -
k=1 k>2

Since by (5) the set (), |tn, [ is nowhere dense, the equality above implies
that for each sequence nqy < ng < --- we have

(9) ﬁ [(tn,) " tn, [ € NWD.
k=1

Consider the sequence (f"((t,) tn))n of elements of Z. If the range of
the sequence is finite, there is one value that is taken infinitely many times.
Since B is a collective on Z, the singleton consisting of this one value is in
B. If the range of the sequence is infinite, we apply to it our assumption on

B. In either case, we can pick n; < ng < --- so that ng < ny and for each k
we have
(10) {f”l(t;fnl),...,f"’f(t;fnk)} € B.

For this subsequence we also have (9). Since Gy, is avoiding, property (9)
allows us to find 59 € G, so that

o0

150[0 () Mt [ = 0.

k=1
By compactness, we can find kg with

ko

(11) 130[N m ]t;z\kfnk[ = 0.

k=1
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The theorem follows from (11) and (10) since 50 € Gy, ty, tn;, € Gn,, for
1<k <kg,and ng <ng <--- < ng,. O

One of the more interesting collectives B as in Theorem 2.1 is the family
By consisting of those finite subsets F of the set Z = 2<N for which we have,
for each [ € N,

{s[l:s€ FandlCdom(s)} <2.

We will let the reader check that this family fulfills the condition from the
assumption of Theorem 2.1. The following theorem shows that for the family
By we can do better than in point (ii) of Theorem 2.1 in the case when the
avoiding families F,, and the functions f, are equal for different n.

Theorem 2.4. Let F be an avoiding family of clopen subsets of 2N and let
f: F — 2N There exist Uy, ..., U, € F such that

() Mi<k Ui = 0;

Note that in point (ii) above the sequence starts at 0 and not at 1 as in
Theorem 2.1(ii).

The following lemma strengthens Lemma 2.2. Recall the definition of
well-fundedness of a family G C G-, from Subsection 2.1.

Lemma 2.5. If F is an avoiding family of clopen subsets of 2V, then there
exists an avoiding family G C Geoo such that G is well-founded and {]3][ :
segl < F.

Proof. By Lemma 2.2, it will suffice to show the following: given an avoiding
family G’ C G, there exists an avoiding family G C G’ for which T'r(G)
is well-founded. For 5 = (sg,...,8m—1),t = (to,--,tn—1) € G0, We write
5 < t if the following condition holds: m < n and for each ¢ < m there exists
J < nsuch that t; C s;. We leave it to the reader to check that < is a strict
partial ordering that is well-founded. Now, let G consist of all elements of
G’ that are <-minimal in G'.

The family G is avoiding since for any ¢ € G’ \ G there exists § € G with
5 < t, and hence with |5[ C Jt[. To see that G is well-founded, assume to-
wards a contradiction that it is not and consider an infinite sequence (¢;)jen
witnessing it. The set

{xe2V:35t; Ca}

is open and dense. Since G is avoiding, there is (sg,...,Sm—1) € G such
that |(so,...,Sm—1)[ is contained in this set. It is easy to see that this
containment implies that for each 7« < m there exists j; such that ¢;, C s;.
Let n be such that n > j;, for each i < m, and n > m. (In fact, the first
one of these conditions implies the second one.) By the choice of (;);en,
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there exists ¢ € G such that ¢ [ n = (¢;)j<n. It follows immediately that

5 < t' and both these sequences are in G, which contradicts the definition of
g. O

Recall the notion of t 1 5 for t € 2<N and 5 € G« from Subsection 2.1.
We would like to be a little more precise about point (i) in Theorem 2.4.
To this end we introduce the following notion. A subset of G- is called a
spherical configuration if it belongs to the smallest family of subsets of G
that

1. contains the set C whose only element is the empty sequence and

2. is closed under the following operation: from § € Gooo, t € 2<N such
that ¢ L 5, and C’ a spherical configuration on [(maxdom(t)) + 1,00), we
produce

C={stu{(t)"t:tel}.
Above, by C’ is a spherical configuration on [n,o0) we mean that the image
of C" in G- by the natural function induced by the unique order preserving
bijection between [n,o0) and N is a spherical configuration.

Note that spherical configurations are always non-empty.

Lemma 2.6. Let C be a spherical configuration. Then
({Isl:5€C}=0.

Proof. The proof is by recursion. Note first that if C’ is a spherical configura-
tion on [n, 00), then its intersection is empty precisely when the intersection
of the image of C' in G by the natural function induced by the unique
order preserving bijection between [n,o0) and N is empty.

If C = {0}, then
(Nsl:s€cy=10[=0.
Let C = {5} U{(t')"t : ' € C'} be obtained from appropriately chosen
§ and ¢’ and a spherical configuration C’ on [(maxdom(t')) + 1, 00) with
(12) ME1=0
t'ec’
using the operation described in point 2 of the definition of spherical config-

urations. Assume towards a contradiction that z € (\;]5[. Then = € ]3],
hence ¢ € x. Thus, € (e |t'| contradicting (12). O

Lemma 2.7. Let G C G be avoiding and well-founded. Let f : G — <N,
Then for each n € N there is a spherical configuration C C G such that

(i) f(5) In=f@) [ n forsteC;
(ii) for eachl €N,

{f(8) I1:5€C, 1 Cdom(f(5)} <2
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Proof. The proof is by induction on the rank of G. (Recall the definition of
rank of G from Subsection 2.1.) If the rank is 0, then G consist of the empty
sequence, and we take C = {0}.

Assume that « is a countable ordinal and the conclusion holds for all G
with rank strictly less than «. Let now G be avoiding, well-founded and of
rank «, and let n € N. If ) € G, we can take again C = {(}. So assume
) & G. We fix tg given by Lemma 2.3 applied to G. By recursion on i € N,
we construct s;, §;, C; so that

(i) si € 2<N and ¢y ¢ s;;
(ii) C; is a spherical configuration on [(max dom(s;)) + 1, 00) included in
(G)s:5
(ili) 5; = (s;) "t for some t € C;;
(iV) dom(si) 2 dom(§i_1), Si—1 | (1h(Si_1) — 1) C s, and s; L §;_q if
1> 0;
(v) f((si))"t) [n=f((s;)"t) I nforall ¢,t € C;

(vi) f((s;))7t) [ m; = f((s;)"t) | m; for all ¢, € C;, where m; is set to

be max;; dom(f(5;));

(vii) for each [ € N,

{f((s)"8) 11:t€Ciy 1 € dom(f((s:)" 1)} <2

Note that in point (vi), mg = 0.
Assume that the construction has been carried out. By (v) and the pigeon-
hole principle, there exist ¢ < j such that

Vi e Ci,t' € Ci (f((s:)71) [n=f((s;)" ) I n).
With these i, j, we define
C = {El} U {(Sj)/_\t_: te C]}
Note that (iv) implies that s; L 5;. Therefore, by point (ii), C is a spherical
configuration in G. By (iii), (v), and our choice of ¢ and j, Lemma 2.7(i)
follows. Finally, by (vi), and (vii), we get Lemma 2.7(ii).

Now we describe the construction of s;, §;, and C;. For the sake of con-
venience, set s_1 € 2<N to be a proper extension of ¢y, and let 5_1 = (s_1)
be the sequence with a single entry equal to s_;. Assume now that s; and
5; have been produced. We construct these objects for ¢ + 1 along with
Ciy1. First let t € 2<N be such that dom(t) properly contains dom(5;),
si | (Ih(s;) —1) Ctandt L . By (i), we have t D ty. It follows that there
exists s;11 2 t with (G)s,,, avoiding. We see right away that points (i) and
(iv) hold for ¢ + 1. Obviously the three of (G)
rank < a. Let

sis1 15 well-founded and has

n' = max(n, I§1<8,ZX dom(f(s;))).
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By inductive assumption on «, there exists a spherical configuration C;+1 C
(G)s;,, such that

— f((si41)7 ) I f((si41) ") [ ' for all £,# € Ciy1 and
— for each [ € N
Hf((six1)"t) [ 1:t € Cigq, L S dom(f((si+1) )} < 2.

We, of course, have (ii) for ¢ + 1 and the conditions above ensure that (v),
(vi), and (vii) hold, as well. Pick some ¢ € C;y1, and let 841 = (s;+1) " t.

(I

which makes point (iii) true.

Proof of Theorem 2.4. Let F be an avoiding family and let f : F — 2<N,
By Lemma 2.5, find G C G- such that G is avoiding, well-founded, and

{I5[:5€G} < F.
This last condition allows us to find for each 5 € G a set Us; € F with
(13) Us C 3.
Define g : G — 2V by
9(5) = f(Us).
By Lemma 2.7, there is a spherical configuration C C G such that for each
leN,

(14) H{g(3) 11:5€C, 1 Cdom(g(s))} <2
Now Lemma 2.6 together with relation (13) give that

ﬂ Ug - @

seC
This equality along with the definition of g and inequality (14) yield the
conclusion of the theorem. O

The existence, for each k, of an avoiding family with the property that
each k sets in it have non-empty intersection is crucial in proving the exis-
tence of Tukey reductions from NWD to ¢; [3] or more broadly to summable-
like ideals as in Theorem 3.7(i). Below in Corollary 2.10, we show that this
last property cannot be improved, that is, in each “tail” of an avoiding fam-
ily, one can find finite subfamilies of a fixed size with empty intersections.
We will deduce this corollary from the following stronger theorem.

Theorem 2.8. Let F be an avoiding family of clopen subsets of 2N and let
f+F — Z. Let B be a collective on Z with the property that for each m
there exists a finite set F' C Z such that all m element subsets of Z \ F are
in B. Then there are Uy, ...,U in F such that

(1) Ni<k Ui =0;
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First we show that a statement slightly stronger than the one in the
theorem above holds for avoiding and well-founded G C G .

Lemma 2.9. Let G C G be avoiding and well-founded. Let g: G — Z
for some set Z. Then either there exists finite ' C Z with g~*(Z \ F) not
avoiding or there exists m € N with the property that for each finite FF C Z
there exist Sg,...,5r € F such that

(1) Ni<y 15[ = 0;

(ii) {g(Js0]),---,9(|Sk])} has at most m elements and is included in Z\ F.

Proof. It will be convenient to introduce the following notion. We say that
g is condensed on F C Z if g~'(Z \ F) is not avoiding. Note that since
non-avoiding sets form an ideal, in the case when g is condensed on a finite
set, there exists a smallest, i.e., included in every other such set, finite set
on which it is condensed.

We continue with the proof. If the rank of G is 0, then G consists of
the empty sequence only and then ¢g=1(Z \ {g()}) is not avoiding since it
is empty. Assume the theorem holds for all ranks less than o > 0 and let
G have rank . If G\ {0} is non-avoiding, then the first alternative of the
conclusion of the lemma holds with F' = {g(0)}. If G\ {0} is avoiding, it is
easy to see that it suffices to prove the lemma for G \ {(}}. So assume that
0gG.

For ¢ € 2<N define g;: (G); — Z by

9:(5) = g((t)"%).

Note that by the recursive assumption, if (G); is avoiding, then the lemma
holds for g;. Define

Ag = {t € 2<N: g, is not condensed on a finite set}
A ={te 2<N: ¢, is condensed on a finite set}.

Fort € Aj,let F(t) C Z be the smallest (finite) set on which g; is condensed.
Note that if (G); is not avoiding, then clearly F(¢t) = () and that t € Ag
implies that (G); is avoiding. Note also that

AgU A = o<N,
Claim 1. If there are tg,t; € Ag with £y L ¢1, then the lemma holds for g.
Proof of Claim 1. The assumptions imply that (G);, and (G):, are both
avoiding, their trees have rank less than o and g¢, and g;, are not con-
densed on finite sets. Thus, we can find mo € N for (G), and m; € N for

(G)¢, as in the statement of the lemma. We claim that mg + m; works for
G. Indeed, pick F' C Z finite. Let

50,50 €95 (Z\ F) and 5p,...,5;, € g, (Z\ F)
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be as given by the inductive assumption. Then clearly

(to) 80,...,(to)ﬁggo,(tl)ﬁg[l),.. (tl) Skl

is a sequence contained in g~'(Z \ F) whose image under g has at most
mg + my elements. Also the sequence is such that

() 1to) 2N () (k)" s [ = 0.

k<ko k<ki
Indeed, if a point of 2V belongs t0 MNp<r, 1(to) 53l then it belongs to [to]
by the choice of 39,.. . Similarly if a point belongs to (<, [(t1)7s sil,
then it belongs to [tl] But since tg L 1, no point belongs to both [ty] and
[t4]. O

Claim 2. If for each finite ' C Z there are tg,t1 € Ay with ¢ty L t; and
F(to) \ F # 0 # F(t1) \ F, then the lemma holds for g.

Proof of Claim 2. Let F C Z be finite. Let tg,t; € Ay and 29,21 € Z be
such that tg L t1, zo € F(tg)\ F, and z1 € F(t1)\ F. By the choice of zy and
z1 and the fact that non-avoiding sets form an ideal, g%l(zo) and g; Y(z1)
are both avoiding. Thus, we can pick

5,... ,Ego € gt_ol(zo) and 55,...,5;, € gt_ll(zl)
so that
ﬂ ]59[=0 and ﬂ i[=0.
i<ko i<k

Then clearly the image under g of the sequence

(to) 80, ce (to)f\ggo, (tl)/\g(l), ce (tl)f\g}ﬂ

is {z0,21}. Also, by a simple argument as in Claim 1, the sequence is such
that

() 1tto)~s2ln () 1(t) sl = 0.

k<kg k<ky
Thus, the statement of the lemma holds with m = 2. O

It will suffice to consider the situation not covered by the two claims.
Assume therefore that the assumptions of both claims fail. We can then
pick zo € 2N, 2; € 2N, and a finite set F' C Z such that for each t € Ay we
have t C xy and for each t € Ay, either ¢t C x; or F(t) C F. It follows that
for each t € 2<N we have

(15) (97" (Z\ F)\ @), is not avoiding,

where
g/ = {(t()??tm) S g: to € xg or tg C xl}-
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Indeed, (15) is clear if t C xq, so if t € Ag, or if t C x1. The remaining case
iste Ay and ¢ € z1. But then

(6HZ\NF)ING), S (g7 (Z\ F))e C g7 (Z\ F(t),

and (15) follows.

From (15) and from () ¢ G, by Lemma 2.3, we get that ¢~ 1(Z \ F)\ ¢’
is not avoiding. Note that G’ is not avoiding either as witnessed by the
nowhere dense set {xg,71}. Thus, ¢g71(Z \ F) is not avoiding. It follows
that ¢ is condensed on the finite set F', and the lemma is proved. O

Proof of Theorem 2.8. By Lemma 2.5, we can find an avoiding, well-founded
family G C G-, with

(16) {lt[:te g} < F.

If we now define g: G — Z by letting g(t) be equal to f(U) for some U € F
with U C ]¢[, then by Lemma 2.9 either there is a finite set F' C Z with
g Y(Z \ F) non-avoiding or there exists m € N such that, for each finite
F C Z, there are sequences fo, ...,t; € G with (), Jt;[ = 0 and with the
set {g(#;): i < k} having at most m elements and being included in Z\ F. If
the second alternative holds, it also holds for f, and therefore the theorem
follows. If the first alternative holds, then ¢~!(F) is avoiding and hence,
by definition of g, f~!(F) is avoiding. Since the family of non-avoiding sets
is closed under taking finite unions, it follows in that case that there exists
z € F with f~1(2) avoiding. But then

N/ 'z =0

and compactness allows us to find sets Uy, ...,Uy € f~1(2) with (i). Point
(ii) holds as well since {z} € B as B, being a collective, contains all singletons
of Z. O

Corollary 2.10. Let F be an avoiding family of non-empty clopen subsets
of 2N, Then there exists m such that for each finite set F C F there are
Uo,...,Un € F\ F with migmUi =0.

Proof. If the conclusion of the corollary fails, then for each m € N there
exists a finite set F,, C F such that for all Uy,...,U,, € F \ F,, we have
MNi<m Ui # 0. Note that since all sets in F are assumed non-empty, we can
take Fy = 0. Let Z = F and consider the identity function f: F — Z. Let B
be the collective on Z = F consisting of all m + 1 element subsets of F \ F,
for each m. Now an application of Theorem 2.8 gives us a contradiction. [
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3. TUKEY FUNCTIONS FROM NWD TO ANALYTIC P-IDEALS

3.1. Analytic P-ideals. For finite subsets x,y of N, we write x < y if
max z < miny, with the convention that () < x < () for each z.

Let I be an analytic P-ideal of subsets of N, that is, we assume that for
each sequence x,, € I, n € N, there is x € I with x,, \ x finite for each n. By
convention we have that {k} € I for each k € N. By [12], we can fix a lower
semicontinous submeasure ¢ : 28 — R with

I = Exh(¢) = {z CN: li}Lngb(a:\{O,...,n—l}):O}.

We can always assume, and we do, that ¢({n}) > 0 for each n € N. For
x,y € I, define

(17) dy(w,y) = d(zAy).

It can be checked that dy is a complete separable metric on I; see [12]. We
call the topology induced by it on I the submeasure topology.

The following notion already played a role in [14]. We call an analytic
P-ideal I = Exh(¢) density-like if for each € > 0 there exists § > 0 such that
for each sequence (z,) of finite subsets of N with ¢(z,) < § and x,, < X, 41
for each n, there exist ng < n; < --- such that

o(Jan) <e
k

This property does not depend on the choice of ¢ representing I as Exh(¢),
since one quite easily sees that, for two such submeasures ¢/ and ¢”, for
each real number 7’ > 0 there is " > 0 such that, for all z C N, ¢"(z) <"
implies ¢'(z) < 7’. It is even easier to see that Zy is density-like as it is
equal to Exh(¢g) where

B lzN{0,...,n}
qﬁg(x)—stllp o1 .

Also we see directly from their definitions that the analytic P-ideals consid-
ered in [7, Section 4] are density-like. On the other hand, F, P-ideals, for
example {1, are not density-like, see [14, Section 6.2].

Lemma 3.1. Let I be an analytic P-ideal. The following conditions are
equivalent
(i) I is density-like;
(ii) for each € > 0 there exists 0 > 0 such that for each sequence (x,) of
sets in I with ¢(xy) < 9 for each n, there exist ng < ny < --- with

(b(U Tp,) <€
k
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Proof. Since finite subsets of N are in I, (ii) implies (i). To see that (i)
implies (ii), fix e > 0. For ¢/3 fix § > 0 as given by (i). We can assume that
d < ¢€/3. Let (z,,) be a sequence of sets in I with ¢(z,) < d for all n. By
going to a subsequence we can assume that x, — = in 2V for some z. By
lower semicontinuity of ¢ we have ¢(x) < §. Let y, C x, \ = be finite and
such that

Zﬁb(xn\@Uyn)) <

Wl ™

By going to a subsequence, we can assume that y, < y,+1 for each n. By
(i), there are ng < ny < --- such that ¢(|J, yn,) < €/3. It follows that

¢(Uxm> < ¢><Uym> +é(z) + ¢ (U Tn, \ (wam)

<6+5+6<
= - <e€
3 3 ’

as required. O

We call an analytic P-ideal I = Exh(¢) summable-like if there exists € > 0
such that for each § > 0 there exists a sequence (), of finite subsets of N
with z,, < z,+1 and such that for some k € N we have

(b(U Tp,) > € forall mg < -+ < ng.
i<k

Again, one sees easily that this definition does not depend on the choice of
¢ representing I. Of course the classes of density-like and summable-like
ideals are disjoint. It is easy to see that the ideal ¢; is summable-like as are
the ideals based on Tsirelson’s Banach space construction from [2] and [18].

The following simple lemma will not be used in this paper, but it seems
appropriate to prove it here.

Lemma 3.2. Let I be an analytic P-ideal. The following conditions are
equivalent
(i) I is summable-like;
(ii) there exists € > 0 such that for each 6 > 0 there is a sequence (zy,)
of sets in I with ¢(x,) < for each n and such that for some k € N
we have

(b(U Tp;) > € for allmg < -+ < .

i<k

Proof. Clearly (i) implies (ii). To see that (ii) implies (i), fix € > 0 as in
(ii). We claim that €/3 works for (i). Fix 6 > 0. We can assume that
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d < ¢/3. Point (ii) allows us to find a sequence (x,) of elements of I such
that ¢(zy,) < 6 and

k
o((Jzn) = e
=0

for all ng < --- < ng. As in the proof of Lemma 3.1, we can assume that
2, — x in 2Y and find finite sets yn C 2y, \ z such that y, < y,41, for each
n, and

€
S 6\ (e Up) < 5.
Then for each ng < --- < n; we have
k k k
¢ vn) = o({J wn) — () =Y 6 (wn, \ (£ U yn,))
i=0 i=0 i=0
S € €_c¢
‘T373° 3
as required. O

3.2. The Ochan topology. The topology considered in this subsection
was defined in [16, p.3]. A special version of it was developed earlier in [10]
as a topology on all closed (or even arbitrary) subsets of a topological space.
Even though we will be using only this special version, with an eye to future
applications, we chose to present the material and to prove our results for
the general notion.

Let D be a topological space with a partial order < on it that is closed as
a subset of D x D. Let 7 stand for the topology on D. The Ochan topology
on D is the topology whose basis consists of sets of the form

(18) [d,U={x€D:d<zand z e U},

where d € U C D and U is open with respect to 7. It is easy to see that sets
of the above form constitute a basis, that is, that the intersection of two sets
as in (18) is a union of such sets. Note that sets X that are dense with respect
to the Ochan topology, for short Ochan dense, are cofinal everywhere, that
is, for each T-open set U and d € U, there is ' € X NU with d < d’. Such
sets will be particularly important to us; see Corollary 3.4.

The following proposition gives the properties of this topology that will
be important for our applications. Recall the definition of a strong Choquet
space from [6, 8D]. Given a topological space X the strong Choquet game
is played by two players making the following moves: player I plays pairs
(U,x) with £ € U and U open in X; player II plays V' C X open. The
players take turns, with player I going first, and obey the following rules: if
player I played (U, x) in the n-th move, then the n-th move of player IT must
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fulfil z € V C U; if player II played V in the n-th move, then the n + 1-th
move (U, z) of player I must fulfil U C V. If

((UO):BO)a‘/O) (Ulalil)v‘/la .. )

is a run of the game, player II is declared its winner if (), V;, # 0. The space
X is called strong Choquet if player II has a winning strategy in the strong
Choquet game on X.

Proposition 3.3. Let D, 7 and < be as above.

(i) The Ochan topology on D refines the original topology T.
(ii) If 7 is completely metrizable, then the Ochan topology is strong Cho-
quet.

Proof. Point (i) is obvious.

(ii) Fix a complete metric p on D compatible with 7. We describe a
winning strategy o for II in the strong Choquet game for the Ochan topology.
Assume that the moves of the play so far were

a = (([do, U], e0), [90, V0, - - -,
([dn-1,Un-1], €n-1); [an—1, Va-1], ([dn, Unl, €n)),
where ([d;,U;],e;), i < n, were played by I and [¢;, V;], i < n, by II. We
assume that all the moves were legal, that is, that we have
d; €U, di <e; €U, q; €V,
di <qi<ej, e €V; CUi, qp < diyr, U1 C V.

(19)

Additionally we assume that our strategy o is such that if the move above
is played according to it, then ¢; = e;, the 7-closure of Vj is included in Uj,
and the p-diameter of V; is less than 1/(i + 1). Now to define o on position
(19), we let o(a) = [en, V|, where V,, is a 7-open set containing e,, whose
T-closure is contained in Uy, and whose p-diameter is less than 1/(n + 1).
This is a legal move of II, in fact, all the conditions mentioned above are
maintained.

It is clear that if II uses the above strategy, then, with the notation as in
(19), the set (), Vi, contains precisely one point, call it ¢, and ¢, — ¢ in 7 as
n — oo. Since ¢, < guy+1 for each n and < is closed in the product D x D,
where D is taken with 7, it follows that ¢, < ¢ for each n. Thus,

q € (\lgn, V2]

and ,,[¢n, V4] is non-empty as required of a winning strategy. O

In the context of the above proposition, it may be worth pointing out
that certain other properties of 7, like first countability or regularity, are
inherited by the Ochan topology from 7 [16, Lemmas 0.0, 0.1].
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Corollary 3.4. Let D, 7 and < be as above. Assume additionally that T
is Polish. Let Z be a second countable topological space. Let f: D — Z be
measurable with respect to the o-algebra generated by the subsets of D that
are analytic with respect to 7. Then there exists X C D such that X is
Ochan dense and f [ X is continuous, where X is taken with the Ochan
topology.

Proof. Since in an arbitrary topological space sets having the Baire property
form a o-algebra closed under operation A, see [6, 8.22, 29.14], we get,
from Proposition 3.3(i) and the fact that in Polish spaces analytic sets are
generated by operation A applied to closed sets [6, 25.7], that preimages
under f of open sets in Z have the Baire property with respect to the
Ochan topology. Since, by Proposition 3.3(ii), D with the Ochan topology
is Baire, see [6, 8.11, 8.15], and since Z is second countable, the conclusion
follows from [6, 8.38]. O

3.3. Arbitrary Tukey reductions from NWD to analytic P-ideals.

Theorem 3.5. There is no Tukey function from NWD to a density-like
ideal.

We will fix some notation for the remainder of the proof of Theorem 3.5.
Let I be a density-like ideal. Let ¢ be a lower semicontinuous submeasure
with I = Exh(¢). The equivalence of (i) and (ii) of Lemma 3.1 allows us to
find, for each € > 0, d(¢) > 0 such that for each sequence (x,) of sets in I
with ¢(xy,) < d(€) there exist ng < ny < --- such that ¢(|J, zn,) < e. We
can assume that d(e) < e. We can and will assume that ¢(N) < 1 and so
dy—diam(I) < 1. Therefore, we can take 6(1) = 1.

We also fix a metric on all compact subsets of 2V that is compatible with
the Vietoris topology and is such that that space has diameter less than 1.
For compact subsets K, L of 2V, we write

dist (K, L)

to indicate the value of that metric on the pair (K, L).

We will also consider the Ochan topology on NWD whose basis consists
of sets of the form (18). It is easy to see that in the case of NWD, we can
actually take the following sets as basic sets for the Ochan topology

(20) {LeNWD:K CLCU},

where K € NWD, U C 2N is clopen and K C U. We will denote the set
in (20) by [K, U] hoping that the reader can cope with the small notational
conflict with (18). For a function g defined only on a subset X of NWD, we
will write g([K, U]) for g(X N [K,U]).
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The following lemma will form a connection between our results on avoid-
ing families and Tukey functions.

Lemma 3.6. Let X C NWD be Ochan dense, and let g: X — I be con-
tinuous, where X is taken with the Ochan topology and I with the sub-
measure topology. Fix positive real numbers €,0; with j € N. Let K €
NWD and let U C 2N be a non-empty clopen set with K C U and with
dy—diam(g([K,U])) < 6(e). Then there exist clopen sets Vj,..., Vi and
compact sets Lo, ..., Ly € NWD for some k € N such that

(i) KCL; CVj forj <k

(i) Uj<r Vi = Us

(iii) dg—diam(g([L;, V;])) < 6; for j <k;

(iv) diSt(Lj,‘/}) < 5]' for j <k;

(v) 6(U,<p 9(L5) \ 9(K)) < 2e.

Proof. It will be convenient to change perspective and talk about covering
families rather than avoiding families. By a covering family we understand
a family of clopen subsets of 2V such that each element of NWD is a subsets
of some element of the family. It is clear that the complements of sets in
an avoiding family form a covering family and the complements of sets in a
covering family form an avoiding family.

For € > 0, define B, to consist of those finite subsets F' of I for which

(Vo € F ¢(x) > 6(€)) or ¢(| JF) <e.

Since 6(€) < €, Be is a collective on I. The condition from the assumptions
of Theorem 2.1 can be rephrased for B, and Z = [ as: for each infinite
sequence (z,,)y of elements of I there exist ng < n; < --- such that for each
k we have

{Zng, -, Zn,} € Be.
It is now clear from the definition of §(e) that B fulfills this condition.

Thus, Theorem 2.1 implies that if F,, are covering families of clopen sets

and fn: F, — I with ¢(fn(V)) < d(e) for all V' € F,, then there exist
ng < ---<ngand Vo € Fpy, ..., Vi € F,, such that

Uy =2
J<k

and {fn, (V1), .-+, fa, (Vi) } € Be. In view of ¢(fn;(V})) < d(e) for each j < F,

this last condition gives
S| o, (Vi) < 8(fno (V) +0( | f; (V)
(21) i<k 1<j<k
<€) + €< 2e
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Now let €, 6; for 7 € N, K and U be as in the assumptions. We can
assume that d;41 < d; for each j and, since U is homeomorphic to 2N that
actually U = 2. We claim that the family F,, of all clopen sets V C U for
which there exists L € NWD with

(22) K CLCV,dy—diam (g([L,V])) < 6n, dist(L,V) < d,

is a covering family. To see this let L’ C U be an arbitrary set in NWD.
Since X is Ochan dense, there exists L € X such that

KUL' CLCU and dist(L,U) < §,.
By continuity of g at L, there exists a clopen set V such that
LCV CU and dg—diam (g([L,V])) < Op.

This V' contains L’ and is as required by (22).
For V € F,, fix L = Ly as in (22). Define

fa(V) = g(Lv) \ g(K).
Since dy—diam (g([K,U])) < €, we have

d(fu(V)) <e.

Now we apply the statement shown in the first part of this proof to obtain
ng < --- < npand Vo € Fpy, ..., Vi € Fp, such that point (ii) holds and
by (21)

(23) (U fn; (V) < 26,

J<k
Define L;j = Ly;. Then after consulting the definition of f,,, we see that (23)
gives point (v). Points (i), (iii), and (iv) follow directly from the choice of
Ly and from the inequality d,; < d; for j < k. O

Proof of Theorem 3.5. Assume there is a Tukey function from NWD to I.
By [14, Theorem 5.3(i)], we can assume that the function is measurable with
respect to the o-algebra generated by analytic sets in the Vietoris topology
on NWD. Here [ is taken with the submeasure topology. Since the Vietoris
topology on NWD is Polish, by Corollary 3.4, there exists an Ochan dense
set X € NWD on which our Tukey function is continues if X is taken with
the Ochan topology and [ is taken with the submeasure topology. Let g
stand for the restriction of our Tukey function to the set X.
Fix a double sequence (€7);nen of positive real numbers such that

(24) Ze;‘ < 00.
j?n

Put
o =6(e).

J J
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By recursion on n € N, we produce i, € N, K7 € NWD and clopen subsets
Uj of 2N for j < i, so that
(i) K7 C U for j <ip;
(ii) Ujgin Uit = N,
(iii) dy—diam (g([KJn, U;@])) < 67 for j < in;
(iv) dist(K7,UL) < 07 for j <iy;
(v) if n > 0, then

o UaEm\ U aErh) <2 Y gt
J<in 1<in—1 i<in_1

Before proceeding with the construction, we show how to conclude the
proof assuming the existence of the objects above. Consider the family

(25) {K?": j <in,n €N}

of sets in NWD. By properties (ii), (iv), (24) and inequality 67 < €7, the
union of the family is dense in 2V, so the family is an unbounded subset of
NWD. On the other hand,

U 9(x9)

7<io
is in I as a finite union of sets from that ideal and

U U e\ ek = [ Uakrny | akr)

n>1 j<in i<ig n>1 \j<in i<ip_1

is in I by property (v) and by (24). It follows that

U{g ):j<in,neN}el

Thus, the image in I of the family given by (25) is bounded contradicting
our assumption that g is the restriction of a Tukey function to X.
We show now how to construct in, K7' € NWD and clopen sets UJ" for

j < i, with properties (i)—(v). We do it by recursion on n. In fact, we
will start the construction from n = —1 by setting i_; = 0, KO_1 = 0,
Uyt = 2N, and §;' = 1. Note that (i)-(v) hold ((v) vacuously). Now
we explain how to produce these objects for n > 0 assuming that they
have been constructed for smaller values of this parameter. This is done
by a recursive construction on ¢ < i, 1 that produces natural numbers j;
with jo < .-+ < jj;, closed nowhere dense sets L; and clopen sets V; for
Ji—1 < j < j; with the convention j_; = —1. This is done so that

(a) K™ C L C Vs

(0) Uji <y Vi = U0
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(c) dy—diam (g([L3, V}])) < &7

(d) dist(L, V}) < 5}“; » »

() d(Uj, ,<j<js 9(L5) \ g(K]™7)) < 2€ forn > 0.
Such a construction is accomplished by a direct application of Lemma 3.6
with K = KZ-"_1 and U = Ui”_1 and with the values of € and d;, j € N,
specified below. It suffices to notice that the assumptions of this lemma are
satisfied for these parameters. Indeed, if n = 0, this happens with ¢ = 1 and
0 = 5? since

dy—diam (g([K; ", Uy ")) < dg—diam(I) < 1 = d(e);

and if n > 0, this is the case with ¢ = e?_l and ¢; = 07 since, by our
inductive assumption (iii) on n — 1, we have

ds—diam (g([K7~,U771)) < o7t = o(e 7).

Once the construction above has been performed for all i < 4,_1, we
set i, = Ji, , and, for j < i, K} = L;’ and Uy = Vji, where 7 is the
unique natural number with j;_1 < j < j;. Now, for n, points (i), (iii) and
(iv) follow from (a), (c¢) and (d), respectively, point (ii) follows from (b)
and the inductive assumption on n — 1, and point (v) follows from (e) and
subadditivity of ¢. The theorem is proved. O

Using slight modifications of the techniques of Fremlin from [3, Theorem
3B(c), Theorem 2B], we will prove the following theorem. It is somewhat
curious that statement so general with respect to I holds true.

Theorem 3.7. Let I be a summable-like ideal.

(i) There is a continuous Tukey reduction from NWD to I, where NWD
s given the Vietoris topology and I the submeasure topology.

(ii) Let D be a partial order such that each two elements of D have a
mazximum. Assume D is equipped with a complete separable metric
p such that the binary maximum operation is uniformly continuous.
Then there is a Borel Tukey function from D to I, where D is taken
with the topology given by p and I with the submeasure topology.

Proof. This proof is but a modification of some ideas from [3] to a more
general setting. For this reason we will not write down all of its details.

(i) Fix € > 0 such that for each & € N we can find a sequence (zF),, of
finite non-empty subsets of N and py € N with 28 < 2%, ¢(zF) < 27% and

such that for each F* C N with at least p, elements, we have

o(|J k) > e

neF
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By going to subsequences we can assume that if (m,l) # (n, k), then z!
and zF are disjoint. Now let Fj consist of all clopen sets of the form
1(s0,81,---,8p—1)[, where for each i < pg, s; is a function from a finite
non-empty subset of N to {0,1}, & < mindom(sg), and for each i < py — 1,
dom(s;) < dom(s;4+1). It is not difficult to see that Fj is an avoiding fam-
ily and that the intersection of any pi elements of Fj is non-empty. Fix a
bijective enumeration of Fj:

Fr = {Uk: n eN}.

We define a Tukey function f: NWD — [ as follows. For L € NWD, let
g9r,: N — N be given by letting g1, (k) be the smallest natural number n with

UknrL=0.

Define
HL) =g, -
k

Since gzﬁ(x’;L(k)) < 27F we see that f(L) € I. We leave it to the reader to
check that f is a continuous function if NWD is equipped with the Vietoris
topology and I with the submeasure topology.

To see that f is Tukey, we need to show that for a € I the set

(26) {L e NWD: f(L) C a}

is bounded in NWD. Since a € I, we have ¢(a\ {0,...,q}) = 0as ¢ — oo
and, therefore, ¢(a \ {0,...,q}) < e for large enough ¢. Thus, there exists
ko such that for k > kg the set

A ={n: 2k Ca}

has fewer than pj elements. It follows that the clopen set

vE= () Us
neAg
is non-empty. It is also disjoint from each element of family (26). Note also
that if x € V¥ and y € 2N differs from z only on coordinates less than k,
then y € V*. Therefore, we get that the open set Uk>ko V¥ is dense. Since
it is disjoint from each set in family (26), the proof of (i) is completed.

(ii) As in point (i) we can fix € > 0, p; € N, and finite non-empty subsets
xk k,n € N, of N so that if (m,1) # (n,k), then 2, and z¥ are disjoint,
for each k € N we have ¢(z¥) < 27% and for each FF C N with at least py,
elements

s(|J =) > e
ner

By uniform continuity with respect to p of the maximum operation V
on D, we can pick Ax > 0 such that if /¥ C D has at most p; elements,
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F’ C D has at most pgy1 elements, and for each d’ € F' there is d € F with
p(d,d") < Ay and for each d € F there is d' € F’ with p(d,d’) < Ag, then

p(\/F.\/ F) <27".

We will assume that Ap 1 < Ap and Ag — 0 as k — 0.

To define a Tukey function from D to I, fix a countable dense subset
R={rn,: neN}of D. For d € D, let g;: N — N be such that g4(k) is the
first n € N with

A
(27) pld,ra) < 5.
This inequality immediately implies
(28) P(Tga(k)s Tgalhr1)) < Ak

Now let f: D — I be given by
f(d) = ngd(k)'
k

We leave it to the reader to check that f is Borel.
To see that f is Tukey, fix a € I. We need to see that

(29) {de D: f(d) Ca}

is bounded in D. As in point (i), since a € I, there is kg € N such that for
k > ko we have

[{n € N: zF C a}| < py.
It follows that for k > ko we get
{rgam s f(d) € a}] < Hga(k): f(d) € a}
< [{n: ap, C a}| < py.

Thus, by (28) and by the choice of Ay, for k > ko we get
P(\/{ng(k): f(d) C a}, \/{ng(k-I—l): f(d) Ca}) < 27k,

Since p is complete, it follows that the sequence

(\/Argam: F(d) S a})izk,

is convergent to some do, € D. From the definition of d,, and definition
(27) of g4, we easily see that d < do, for each d € D with f(d) C a. Thus,
dwo is the desired bound for set (29). O

Corollary 3.8. (i) Let I and J be analytic P-ideals. Assume that J is
summable-like. Then I <p J.
(ii) Let I, J be two summable-like ideals. Then I =1 J.
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Proof. (i) Since each analytic P-ideal has a complete metric making the
union operation uniformly continuous (namely the metric dy as in (17)
coming from a lower semicontinuous submeasure ¢ representing the ideal
as Exh(¢)), point (i) follows immediately from Theorem 3.7(ii).

(ii) follows immediately from (i). O

3.4. Special types of Tukey reductions from NWD to analytic P-
ideals. In the next theorem, we rule out the existence of Tukey reductions
mapping bounded sets to bounded sets from NWD to arbitrary analytic P-
ideals. Note that the Tukey reduction produced as in Theorem 3.7(i) are
continuous, so they map bounded sets to sets in which each sequence has
a bounded subsequence (that is, to pseudo-bounded sets). It may also be
worth pointing out that &, does admit a Tukey reduction to Zy that is
monotone increasing and so maps bounded sets to bounded sets; see the
proof of [3, 3K(b)].

Theorem 3.9. There is no Tukey function from NWD to an analytic P-
ideal I mapping bounded in NWD families of singletons to bounded subsets
of 1.

Proof. The conclusion of the theorem will follow from the claim.

Claim. Let X be a metric space, and let I be an analytic P-ideal. Let
f+ X — I be such that f(X) is unbounded. Then there exists £ C X that
is discrete and such that f(F) is unbounded.

To see how the claim implies the theorem, fix a Tukey function g: NWD —
I as in the statement of the theorem, and note that the existence of the
function f: 2N — T given by

f(@) = g({z})
would contradict the claim.

It suffices to show the claim for a countable metric space X. Assume
towards a contradiction that if £ C X is contained in the closure of a discrete
set, then f(F) is bounded. Fix also a lower semicontinous submeasure ¢
with I = Exh(¢) and a metric d on X. For r > 0 and = € X, we write

Br(z) ={y € X:d(z,y) <r}.

We first show that for each z € X we have
(30) Ve >03m € NVF C By, () finite (¢( | f(y) \ m) <e).

yeF

To prove it by contradiction, we assume that the conclusion fails, which
allows us to fix € > 0 and pick, for each m € N, a finite set Fj, C By, ()
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such that
(31) o(|J fly)\m)>e
yEFm

The set |J,, Fm is the range of a convergent sequence and, therefore, its
image {f(y): y € U,,, Fim} is bounded, that is,
UU rwer
m ye€Fm
This condition implies that for some mg € N we have
U U fly) \'mo) <e,
m yeFy,

contradicting (31) and proving (30).
Fix k € N. Using (30) and countability of X, we find a clopen disjoint
covering

{U*: n e N}
of X and mF € N such that for each n € N
(32) VF C UF finite (¢(| ] f(y ) < 27kmn=2),
yeF
For each k,n find a finite set F¥ C U¥ such that
(33) vy e Uy (fly)nmy € | f(2))
2€Fk

Notice that |J, F¥ is discrete since the covering {UF¥ : n € N} is disjoint. It
follows that f(J, F¥) is bounded in I. Let

a=Jr(JFH el

From (32) and (33) we conclude that

VF C Uy finite (¢(| ) f(y ) < 27k,
yeF

Thus, we have

(34) vF € X = Uy finite [ o(|J f(y) \ar) <D 27F 72 =27k

yeF
Let mj; € N be such that
plag \ my) < 2781,
From this inequality and from (34), we get

(35)  VF C X finite (¢(| ] f(y) \mi) <277 1427 =27h
yeF
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Lower semicontinuity of ¢ and (35) give

s(|J fly)\my) <27F,

yeX

hence (J,cx f(y) is in I contradicting our assumption that f(X) is un-
bounded. O

In [3, 2B], Fremlin proves a general result ensuring Tukey reducibility
of a directed order to ¢1; in Theorem 3.7(ii) we use his method to do the
same for an arbitrary summable-like analytic P-ideal in place of £;. Fremlin’s
method is based on the existence of a complete metric making the maximum
operation uniformly continuous. We show in the result below that this
method cannot be used to construct a Tukey function defined on NWD as
long as the metric involved has some connection with the Vietoris topology.
Note that &£, does have a metric with the property mentioned above, as
do all analytic P-ideals. For analytic P-ideals this is the metric given by
(17). For &, such a metric is defined as follows. For K € &,, let UF be the
smallest under inclusion subset of 2" that is the union of sets of the form [s]
with s € 2<N and 1h(s) = n. (For the definition of 2<V see Subsection 2.1.)
For K,L € &, set

d(K, L) = sup (U, UL),

where p is the Lebesgue measure on 2. We leave it to the reader to check
that d is a complete metric on £, compatible with the Vietoris topology and
making the union operation uniformly continuous.

Theorem 3.10. There is no complete metric d on NWD compatible with the
Vietoris topology and making the binary operation of taking union uniformly
continuous.

Proof. Towards a contradiction assume that there exists a metric as in the
statement of the theorem. Fix such a metric d on NWD. Using uniform
continuity of the union operation, we can find positive real numbers ¢,
n,1 € N, so that for all K, Ko € NWD

if d(K1, K2) < 6}, then VL € NWD d(LU Ky, LU Kp) <2771,

Recursively on n one can construct sequences s;' € 2<N 50 that
(i) Vn {s?: i € N} is a maximal antichain in 2<N;
(i) Vn,j3i s} & s?“;
(iii) d—diam({K € NWD : 0 # K C [sI']}) < 6P
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We leave it to the reader to perform this construction. Pick now z}' € oN
with s C 2 and define

Fn = (QN\U[S?])u{xg? :k <n,j €N}

By (i) and (i) above, F™ is an element of NWD. Note that F"*! is the
increasing union over k of sets F}' € NWD given by

B = o (U 5D eyt it 2 st ).
i<k
Note that F}' | \ F}’ is compact, non-empty and is included in [s}!] and that
F' N [s}] is non-empty. It follows by point (iii) and by the choice of 67, that
we have
AR} Fy) < 27,

Therefore, since F = F™ and F]! — Ftlas k — oo, we get

d(Fn+1,Fn) < 22—n—k—1 _ 2—n’
k

which makes the sequence (F™),, d-Cauchy and therefore, by completeness
of d, convergent to an element of NWD. Using continuity of union one easily
shows that (F™),, is bounded. However, it is easy to see using points (i) and
(ii) that |J,, F™ is dense in 2N, which gives a contradiction. O

A careful reading of the above proof reveals that we use little of the
assumption of compatibility of the metric d with the Vietoris topology. The
only properties needed for the argument are:

— for each z € 2V and each € > 0 there is an open subset U of 2N such
that z € U and the d-diameter of {K € NWD: () # K C U} is less
than ¢;

— if F € NWD, (F}) is an increasing sequence of elements of NWD
such that F'is the closure of | J,, F}, and (F}) d-converges, then (F})
d-converges to F.

3.5. Unbounded pseudo-bounded sets. Recall from [5] that a subset A
of a directed order is called pseudo-bounded if each sequence in A contains
a bounded subsequence. When proving Tukey inequivalence of NN with Z
and with ¢, Isbell [5] used the following property of Zy and of ¢;: each
function from it to itself maps some unbounded set to a pseudo-bounded
set. He asked [5, p.653] whether the same property holds for NWD hoping
in this way to distinguish NN from NWD. The non-reduction NWD & NY
was later proved in [3]. We use this result to answer Isbell’s question in the
affirmative. In fact, we prove below a general proposition.
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Recall the notion of a basic order, which was introduced in [14]. We call a
partial order with a metrizable separable topology basic if it has a continuous
binary maximum operation, each bounded sequence has a convergent sub-
sequence, and each convergent sequence has a bounded subsequence. Both
analytic P-ideals and o-ideals of compact subsets of a compact metrizable
space are basic, see [14]. Recall from [14, Theorem 4.1] that if the topology
on a basic order is analytic, then it is Polish.

Proposition 3.11. Let D be a directed order with D & NN, and let E be
an analytic basic order. Then for each f: D — E there exists an unbounded
subset of D whose image under f is pseudo-bounded in E.

Proof. Let p be a complete metric on E compatible with the topology. Fix
n € N and cover F with sets U, i € N, so that
1
n+1
Define g: D — NN so that for d € D we have

f(d) € Ug"(d)(n).

Since D £p NN ¢ is not a Tukey function. It follows that there exists an
unbounded set A C D such that g(A) € NV is bounded by some function
in NN, This condition and completeness of p on E easily imply that f(A)
is pre-compact. Thus, each sequence of elements of A has a subsequence
convergent in E and, therefore, a subsequence bounded in E. It follows that
f(A) is pseudo-bounded. O

p—diam(U;") <

In connection with the next corollary, recall from [14] that if an analytic
basic order is not locally compact (which for analytic P-ideals and analytic
o-ideals of compact sets happens in all but the most trivial cases), then
NN <7 E, for example, NN <7 NWD.

Corollary 3.12. Let E be an analytic basic order. Assume that NN <p
E. Then E 4£r NN if and only if each function from E to E maps some
unbounded set to a pseudo-bounded set.

Proof. The implication = is just Proposition 3.11 applied with D = FE.
The implication < was already essentially known to Isbell. Here is its
proof. Suppose that E <7 NN. Recall that NN <7 E is our background
assumption. Fix Tukey functions f: N¥ — E and ¢g: E — NN. Consider
fog: E— E. Let B C E be unbounded. Then g(B) is unbounded in NN,
as g is Tukey, and it is easy to see that there is a coordinate n € N such
that for some sequence (by) in B we have g(bg)(n) — oo as k — oo. So each
subsequence of (g(bx)) is unbounded. Since f is Tukey, each subsequence of
(f o g(bg)) is unbounded, hence f o g(B) is not pseudo-bounded. O
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