
Summary for Final Exam

Ma y 5, 2008

� V ery imp ortan t In tegration T able

�
R

xr dx = x r +1

r +1 + C for r 6= � 1 �
R

1
x dx = ln jxj + C for x 6= 0 � sinxdx = � cosx + C

� cosxdx = sin x + C �
R

sec2 xdx = tan x + C �
R

secx tan xdx = secx + C

� csc2 xdx = � cot x + C �
R

cscx cot xdx = � cscx + C �
R

exdx = ex + C

�
R

e� xdx = � e� x + C �
R

tan xdx = � ln j cosxj + C �
R

1p
1� x2 dx = sin � 1 x + C

�
R

1
1+ x2 dx = tan � 1 x + C �

R
1

jx j
p

x2 � 1
dx = sec� 1 x + C

6.2 In tegration b y parts

� In tegration b y parts :

R
udv = uv �

R
vdu

� Use In tegration b y parts to ev aluate the in tegral

1.

R
x sin(6x)dx

2.

R
e2x cosxdx

3.

R cos( 1
x )

x2 dx

4.

R
sec2 xetan xdx

5.

R
cosx ln(sin x)dx

6.3 T rigonometric T ec hniques of In tegration

�
R

sinm x cosn xdx
Case 1. m : o dd

First, isolate one factor of sinx . Then replace an y factors of sin2 x with 1� cos2 x and mak e

the substitution u = cosx .

6.

R
cosx sin4 xdx
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Case 2. n : o dd => Similarly , y ou can do!

Case 3. m and n : ev en

In this case, w e can use the half-angle form ula for sine and cosine to reduce the p o w ers in

the in tegrand.

� : Half-angle form ulas : sin2 x = 1
2(1 � cos 2x) , cos2 x = 1

2(1 + cos 2x) .

7.

R
cos2 xdx

�
R

tanm x secn xdx
Case 1. m : o dd

First, isolate one factor of secx tan x . Then replace an y factors of tan2 x with sec2 x � 1 and

mak e the substitution u = secx .

8.

R
tan x sec3 xdx

Case 2. n : ev en

First, isolate one factor of sec2 x . Then replace an y factors of sec2 x with 1+tan 2 x and mak e

the substitution u = tan x .

9.

R
tan x sec4 xdx

Case 3. m : ev en and n : o dd

Replace an y factors of tan2 x with sec2 x � 1 and then use a sp ecial reduction form ula to

ev aluate in tegrals of the form

R
secn xdx .

� Sp ecial reduction form ula :

R
secn xdx = 1

n� 1 secn� 2 x tan x + n� 2
n� 1

R
secn� 2 xdx . n > 1.

10.

R
secxdx

� T rigonometric Substitution

Case 1. Supp ose that an in tegrand con tains a term of the form

p
a2 � x2

for some a > 0
Hin t : T ak e x = asin� where � �

2 � � � �
2 .

11.

R1
0

xp
4� x2 dx

Case 2. Supp ose that an in tegrand con tains a term of the form

p
a2 + x2

for a > 0.

Hin t : T ak e x = a tan � where � �
2 < � < �

2

12.

R
5p

x2+9
dx

Case 3. Supp ose that an in tegrand con tains a term of the form

p
x2 � a2

for a > 0.

Hin t : T ak e x = asec� where � 2 [0; �
2 ) [ ( �

2 ; � ]
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13.

R p
x2 � 25

x dx for x > 5

6.4 In tegration of rational functions using partial fractions

� a1x+ b1
(a2 x+ b2)( a3 x+ b3 ) = A

a2x+ b2
+ B

a3x+ b3

14. Use the metho d of partial fractions to ev aluate the in tegral

R
22x

x2 � 5x� 24dx .

6.6 Improp er in tegrals

Theorem 1. F undamen tal Theorem of Calculus I If f is c ontinuous on [a; b] and F is

an antiderivative of f , then

Rb
a f (x)dx = F (b) � F (a) .

�
Rb

a f (x)dx = lim n!1
P n

i =1 f (ci )� x .

If f (x) ! 1 (or �1 ) at some p oin t in [a; b], then the limit de�ning

Rb
a f (x)dx is meaningless.

In this case, w e call this in tegral an improp er in tegral.

� If f is con tin uous on [a; b) and jf (x)j ! 1 as x ! b� , w e de�ne the improp er in tegral

of f on [a; b] b y

Rb
a f (x)dx = lim R! b�

RR
a f (x)dx . Similarly , if f is con tin uous on (a; b] and

jf (x)j ! 1 as x ! a+ , w e de�ne the improp er in tegral of f on [a; b] b y

Rb
a f (x)dx =

limR! a+
Rb

R f (x)dx
In either case, if the limit exists, w e sa y that the improp er in tegral con v erges.

� If f is con tin uous on [a; b], except at some p oin t c 2 (a; b) and jf (x)j ! 1 as x ! c, w e

de�ne the improp er in tegral of f on [a; b] b y

Rb
a f (x)dx =

Rc
a f (x)dx +

Rb
c f (x)dx . If b oth

Rc
a f (x)dx and

Rb
c f (x)dx con v erge, w e sa y that the improp er in tegral

Rb
a f (x)dx con v erges.

If either of the improp er in tegrals

Rc
a f (x)dx or

Rb
c f (x)dx f div erges, then w e sa y that the

improp er in tegral

Rb
a f (x)dx div erges.

� If f is con tin uous on [a;1 ) , w e de�ne the improp er in tegral

R1
a f (x)dx to b e

R1
a f (x)dx =

limR!1
RR

a f (x)dx . Similarly , w e can de�ne for

Ra
�1 f (x)dx .

� If f is con tin uous on (�1 ; 1 ) , w e write

R1
�1 f (x)dx =

Ra
�1 f (x)dx +

R1
a f (x)dx for an y

constan t a.

R1
�1 f (x)dx con v erees <=>

Ra
�1 f (x) and

R1
a f (x)dx con v erge.

15. Determine if the in tegral

R64
0

3p
64� x dx con v erges and, if so, ev aluate it.

Theorem 2. (Comp arison T est) Supp ose that f and g ar e c ontinuous on [a;1 ) and 0 �
f (x) � g(x) for al l x 2 [a;1 ) .
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(i) If

R1
a g(x)dx con v erges, then

R1
a f (x)dx con v erges, also.

(ii) If

R1
a f (x)dx div erges, then

R1
a g(x)dx div erges, also.

16. Determine the con v ergence or div ergence of

R1
0

1
x+ ex dx and

R1
0 e� x2

dx .

17. If limx!1 f (x) = 1 , then

R1
0 f (x)dx div erges.(T/F)

18. If limx!1 f (x) = 0 , then

R1
0 f (x)dx con v erges.(T/F)

7.1 Mo deling with di�en tial equations

� Gro wth and Deca y Problems

Assume that y0(t) = ky(t) . =>

y0(t )
y(t) = k . Then in tegrate b oth parts.

=>

R
1
y dy = ln jyj + C1 and

R
kdt = kt + C2 => ln jyj = kt + C for some C .

If y(t) > 0, then ln y(t) = kt + C . => y(t) = ekt eC = Aekt
if w e let eC = A .

W e sa y that Aekt
is called a general solution and k is the gro wth constan t.

The equation y(t) = Aekt
is called an exp onen tial gro wth la w for k > 0. The equation

y(t) = Aekt
is called an exp onen tial deca y la w for k < 0.

� Doubling time : the time it tak es for the n um b er of things to double.

� Newton's La w of Co oling

If w e let y(t) b e the temp erature of the ob ject at time t and let Ta b e the temp erature of

the surroundings(the am bien t temp erature, whic h w e assume to b e constan t), w e ha v e the

di�eren tial equation y0(t) = k[y(t) � Ta].

In the case of co oling, w e assume that Ta < y (t) .

=> ln jy(t) � Taj + C1 =
R y0(t )

y(t)� Ta
dt =

R
kdt = kt + C2

=> ln(y(t) � Ta) = kt + C for some c
=> y(t) � Ta = ekt + c

=> y(t) = Aek t + Ta .

19. Supp ose some quan tit y is increasing exp onen tially with gro wth rate r . Sho w that the

doubling time is

ln 2
r .

20. A freshly ino culated bacterial culture con tains 300 cells. When the culture is c hec k ed

20 min utes later, it is determined that there are 690 cells presen t. Assuming exp o en tial

gro wth, determine the n um b er of cells presen t at an y time t (measure in min utes) and �nd

the doubling time.

8.1 Sequences of Real n um b ers

Theorem 3. Squeeze Theorem Supp ose that f ang1
n= n0

and f bng1
n= n0

ar e c onver gent se-

quenc es b oth c onver ging to the limit L . If ther e exists n1 � no such that for al l n � n1 ,

an � cn � bn , then f cng1
n= n0

c onver ges to L , to o.
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� n! = 1 � 2 � ::: � n for n � 1 and 0! = 1 .

(i) The sequence f ang1
n= n0

is increasing if a1 � a2 � ::: � an � an+1 � :::

(ii) The sequence f ang1
n= n0

is decreasing if a1 � a2 � ::: � an � an+1 � :::

� If a sequence is either increasing or decreasing, it is called monotonic.

� If

an +1

an
< 1 then an is decreasing.

� If

an +1

an
< 1 then an is decreasing.

� W e sa y that the sequence f ang1
n= n0

is b ounded if there is a n um b er M > 0 for whic h

jan j � M , for all n .

Theorem 4. � Every b ounde d, monotonic se quenc e c onver ges.

21. Determine the limits of the sequences. Justify y our answ er.

� f 3n2 � n� 1
5n2+4 n+1 g1

n=1

� f 1
n4 cos(2n5)g1

n=1 .

� f
p

n2 � 3n � ng1
n=2

� f n4+ n� 8
4n4 � n2+10 g1

n=1

� f 1
n3 sin(3n4)g1

n=1 .

� f
p

9n2 + n � 3ng1
n=2

8.2 In�nite Series

� De�nion of in�nite seriesP 1
k=1 ak = lim n!1

P n
k=1 ak = lim n!1 Sn = S.

Theorem 5. F or a 6= 0 , the ge ometric series

P 1
k=0 ark

c onver ges to

a
1� r if jr j < 1 and

diver ges if jr j � 1. (Her e, r is r eferr e d to as the r atio.)

Theorem 6. If

P 1
k=1 ak c onver ges, then limk!1 ak = 0 .
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� K-th T erm test for Div ergen t

If limk!1 ak 6= 0 , then the series

P 1
k=1 ak div erges.

22. Determine whether the series con v erges or div erges. F or con v ergen t series �nd the sum

of the series.

�
P 1

k=1
7

2k

�
P 1

k=1
2

k(k+2)

�
P 1

k=1
5

3k

�
P 1

k=3
1

(k� 2)k

8.3 The In tegral T est and Comparison T ests

Theorem 7. (In tegral T est) If f (k) = ak for al l k = 1; 2; ::; f is c ontinumous and

de cr e asing, and f (x) � 0 for x � 1, then

R1
1 f (x)dx and

P 1
k=1 ak either b oth c onver ge

or b oth diver ge.

� P-Series

The P-series

P 1
k=1

1
kp con v erges if p > 1 and div erges if p � 1.

Theorem 8. (Error Estimate for the In tegral T est) Supp ose that f (k) = ak for al l

k = 1; 2; :::; wher e f is c ontinuous and de cr e asing, and f (x) � 0 for al l x � 1. F urther,

supp ose that

R1
1 f (x)dx c onver ges. Then the r emainder Rn satis�es 0 � Rn =

P 1
k= n+1 ak �R1

n f (x)dx .

23. Determine the n um b er of terms needed to obtain an appro ximation to the sum of the

series

P 1
k=1

1
k3 correct to within 10� 5

.

Theorem 9. (Comparison T est) Supp ose that 0 � ak � bk for al l k .

(i) If

P 1
k=1 bk c onver ges, then

P 1
k=1 ak c onver ges, to o.

(ii) If

P 1
k=1 ak diver ges, then

P 1
k=1 bk diver ges, to o.

Theorem 10. (Limit Comparison T est) Supp ose that ak ; bk > 0 and that for some value

L , limk!1
ak
bk

= L > 0. Then either

P 1
k=1 bk and

P 1
k=1 ak b oth c onver ge or they b oth diver ge.

24. Use the Limit Comparison T est to determine whether (a)

P 1
k=3

p
k+1p
k3+1

and (b)

P 1
k=3

p
k2+1p

k4+3 k
is con v ergen t or div ergen t.

25. Determine whic h of the series is con v ergen t or div ergen t. Justify y our answ er!

(a)

P 1
k=3

k+2
4k
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(b)

P 1
k=4

k+1
k3

(c)

P 1
k=0 (� 1)k3k

(d)

P 1
k=0 (� 1)k2k

8.4 Alternating Series

Theorem 11. Supp ose that limk!1 ak = 0 and 0 < a k+1 � ak for al l k � 1. Then, the

alternating series

P 1
k=1 (� 1)kak c onver ges.

26. Determine whic h of the series is con v ergen t or div ergen t. Justify y our answ er!

(a)

P 1
k=0 (� 1)k cos(1

k2 )

(b)

P 1
k=0 (� 1)k sin( 1

k2 )

Theorem 12. Supp ose that limk!1 ak = 0 and 0 < a k+1 � aK for al l k � 1. Then the

alternating series

P 1
k=1 (� 1)kak c onver ges to some numb er S and the err o in appr oximating

S by the n -th p artial sum Sn satis�es jS � Sn j � an+1 .

27. Determine ho w man y terms are needed to estimate the sum of the series

P 1
k=0 (� 1)k+1 2

k
to within 0.0001.

8.5 Absolute con v ergence and the Ratio T est

F or an y series

P 1
k=1 ak , if

P 1
k=1 jak j is con v ergen t, then the original series is absolutely

con v ergen t. If

P 1
k=1 ak con v erges, but

P 1
k=1 jak j do esn't con v erge, then these are called

conditionally con v ergen t series.

Theorem 13. (Ratio T est) Given

P 1
k=1 ak , with ak 6= 0 for al l k , supp ose that limk!1 j ak +1

ak
j =

L . Then,

(i)if L < 1, the series c onver ges absolutely.

(ii)if L > 1(or L = 1 ), the series diver ges.

(i)if L = 1 , ther e is no c onculusion.

Theorem 14. (Ro ot T est) Given

P 1
k=1 ak , supp ose that limk!1

k
p

jak j = L . Then,

(i)if L < 1, the series c onver ges absolutely.

(ii)if L > 1(or L = 1 ), the series diver ges.

(i)if L = 1 , ther e is no c onculusion.
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26. Determine whic h of the series is absolutely con v ergen t or div ergen t. Justify y our answ er!

(a)

P 1
k=0 (� 1)k+1 4

2k+1

(b)

P 1
k=0

cos(k)
k3

(c)

P 1
k=0 (� 1)k+1 2p

k+3

(d)

P 1
k=0

sin(k)
k3

8.6 P o w er Series

�
P 1

k=0 bk(x � c)k = b0 + b1(x � c) + b2(x � c) + b3(x � c)3 + :::

The in terv al (c � r; c + r ) on whic h a p o w er series con v erges is called the interval of

convergence.

The constan t r is called the radius of convergence.

27. Find a p o w er series represen tation of f (x) ab out c = 0 . Also, determine the radius and

in terv al of con v ergence.

(a) f (x) = 2
1� x

(b) f (x) = 3
1+ x2

(c) f (x) = 2x
1� x3

(d) f (x) = 2
4+ x

28. Determine the radius and in terv als of con v ergence.

(a)

P 1
k=3

k2

(k)! (x + 1) k

(b)

P 1
k=1

2k

k! (x � 3)k

29. Find a p o w er series represen tation and radius of con v ergence.

(a) f (x) = 3 tan � 1 x

(b) f (x) = ln(1 + x2)

(c) f (x) = 2x
(1� x2 )2

8.7 T a ylor Series

� Taylor series expansion forf :

P 1
k=0

f ( k ) (c)
k! (x � c)k
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� Construct the T a ylor series expansion for f (x) = ex
, ab out x = 0 (i.e tak e c = 0 .

� The T aly or p olynomial of degree n for f expanded ab out x = c

- Pn (x) =
P n

k=0
f ( k ) (c)

k! (x � c)k

Theorem 15. (T a ylor's Theorem) Supp ose that f has (n + 1) derivatives on the interval

(c� r; c + r ) for some r > 0. Then for x 2 (c� r; c + r ) , f (x) � Pn (x) and the err or in using

Pn (x) to appr oximate f (x) is Rn (x) = f (x) � Pn (x) = f ( n +1) (z)
(n+1)! (x � c)n+1

, for some numb er

z b etwe en x and c.

� The error term Rn (x) is often called the remainder term.

Theorem 16. Supp ose that f has derivatives of al l or ders in the interval (c � r; c + r ) , for

some r > 0 and lim Rn (x) = 0 , for al l x in (c � r; c + r ) . Then the T aylor series for f
exp ande d ab out x = c c onver ges to f (x) , that is, f (x) =

P 1
k=1

f ( k ) (c)
k! (x � c)k

, for al l x in

(c � r; c + r ) .

30. Find the T a ylor series for f (x) = sin x , expanded ab out x = �
2 .

31. Expand f (x) = ln( x) in a T a ylor series ab out a con v enien t p oin t, and use a T a ylor

p olynomial of degree 4 to appro ximate the v alue of ln(1:1). Then estimate the error in this

appro ximation.

32. Find the Maclaurin Series (i.e. T a ylor series ab out c = 0 ) of f (x) = cos 2x and its

in terv al of con v ergence.

33. Find the T a ylor series of f (x) = 1
x ab out c = � 1 and determine the in terv al of con v er-

gence.

34. Use a T a ylor series to v erify

P 1
k=1

(� 1)k +1

k = ln 2 .

� V ery imp ortan t kno wn T a ylor series

sin(x) =
P 1

k=0
(� 1)k

(2k+1)! x2k+1
for x 2 (�1 ; 1 )

sin(x) =
P 1

k=0
(� 1)k

(2k)! (x � �
2 )2k

for x 2 (�1 ; 1 )

ex =
P 1

k=0
1
k!x

k

cos(x) =
P 1

k=0
(� 1)k

(2k)! x2k
for x 2 (�1 ; 1 )

ln x =
P 1

k=1
(� 1)k +1

k (x � 1)k
for x 2 (0; 2]

tan� 1 x =
P 1

k=0
(� 1)k

2k+1 x2k+1
for x 2 (� 1; 1)

35. Find the n um b er of terms in the T a ylor series for f (x) = ln x expanded ab out x = 1
that will guran tee an accuracy of at least 10� 10

in the appro ximation of (a) ln(1:1) and (b)

ln(1:5).
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36. Use a kno wn T aly or to conjecture limx! 0
sin(x2 )� x2

x6 .

37. Use a kno wn T a ylor p olynomial with n nonzero terms to estimate

R1
0 tan � 1xdx for n = 5 .

38. Supp ose the in�nitely di�eren tiable function f (x) has

P 1
k=0 ek(x � 3)2k

as the T a ylor

series expanded around 3.

(a) State the v alues of f 0(3) and f 00(3) .

(b) Determine the T a ylor p olynomials P2(x) and P4(x) for the giv en T a ylor series.

(c) Find the radius of con v ergence and the in terv al of con v ergence of the giv en T a ylor series.

39. Supp ose the in�nitely di�eren tiable function f (x) has

P 1
k=0 e3k(x � 1)2k

as the T a ylor

series expanded around 1.

(a) State the v alues of f 0(1) and f 00(1) .

(b) Determine the T a ylor p olynomials P2(x) and P4(x) for the giv en T a ylor series.

(c) Find the radius of con v ergence and the in terv al of con v ergence of the giv en T a ylor series.

40. Use a kno wn T a ylor series to �nd the T a ylor series for f (x) = x3e2x
expanded ab out

x = 0 .

41. Use a kno wn T a ylor series to �nd the T a ylor series for f (x) = x2e3x
expanded ab out

x = 0 .

42. Use a kno wn T a ylor series to �nd the v alue of the limit limx! 0
sin(x2 )� x2

x6 .

43. Use a kno wn T a ylor series to �nd the v alue of the limit limx! 0
e� x 4

� 1
x4 .

8.9 F ourier Series

� A function f is p erio dic of p erio d T > 0 if f (T + x) = f (x) for all x in the domain of f .

� Fourier Series on the with period 2q interval [� q; q]
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a0
2 +

P 1
k=1 [ak cos(k�x

q ) + bk sin(k�x
q )] where a0 = 1

q

Rq
� q f (x)dx , ak = 1

q

Rq
� q f (x) cos(k�x

q )dx
bk = 1

q

Rq
� q f (x) sin( k�x

q )dx

44. Find the F ourier Series of the function on the in terv al [�; � ].

(a) f (x) = x .

(b) f (x) =

(
x + 1; if � 1 � x < 0

1 � x; if 0 � x � 1

45. The 2 � periodic even function f (x) is giv en on the in terv al � 1 � x � 1 b y the form ula

f (x) =

(
2 � x; if 0 � x � 1

x + 2; if � 1 � x < 0

(a) Sk etc h the graph f (x) and displa y at least three p erio ds.

(b) Determine all F ourier co e�cien ts of the function f (x) .

(c) State the F ourier series of f (x) explicitly , using y our results from part (b) .

9.1 Plane Curv es and parametric equations

� Giv en an y pair of functions x(t) and y(t) de�ned on the curv e D , the equations x = x(t)
and y = y(t) are called parametric equations.

46. Find parametric equations for the line segmen t joining the p oin ts (1,2) and (4,7).

47. Supp ose that a missile is �red to w ard y our lo cation from 500 miles a w a y are follo ws a

�igh t path giv en b y the parametric equations.

x = 100t , y = 80t � 16t2
, for o � t � 5.

T w o min utes later, y ou �re an in tercepter missile from y our lo cation follo w the �igh t path

x = 500 � 200(t � 2), y = 80(t � 2) � 16(t � 2)2
, for 2 � t � 7.

Determine whether the in tercepter missile hits the target.

48. Let the closed curv e C b e giv en b y the parametrization x = cos(t); y = 2 sin(t) with

0 � t � 2� .

(a) Eliminate the parameter t to �nd an x � y equation of the curv e C .

(b) Find the slop e of the tangen t line to the curv e C at t = �
4 .

(c) Calculate the area enclosed b y the curv e C .(See section 9.2)
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(d) Set up, but do not ev aluate, the in tegral for the arc length of the curv e C .(See section

9.3)

49. Let the closed curv e C b e giv en b y the parametrization x = 3 sin(t); y = cos(t) with

0 � t � 2� .

(a) Eliminate the parameter t to �nd an x � y equation of the curv e C .

(b) Find the slop e of the tangen t line to the curv e C at t = �
4 .

(c) Calculate the area enclosed b y the curv e C .(See section 9.2)

(d) Set up, but do not ev aluate, the in tegral for the arc length of the curv e C .(See section

9.3)

9.2 Calculus and parametric equations

50. Iden tify all p oin ts at whic h the plane curv e x = cos 2t , y = sin 3t has a horizon tal or

v ertical tangen t line.

Theorem 17. Supp ose that x0(t) and y0(t) ar e c ontinuous. Then for the curve de�ne d by

the p ar ametric e quations x = x(t) and y = y(t) ,

(i) if y0(c) = 0 and x0(c) 6= 0 , ther e is a horizontal tangent line at the p oint (x(c); y(c))

(ii) if x0(c) = 0 and y0(c) 6= 0 , ther e is a vertic al tangent line at the p oint (x(c); y(c))

Let the p osition b e giv e b y (x(t); y(t)) for di�eren tiable functions x(t) and y(t) .

� The horizon tal comp onen t of v elo cit y : x0(t)

� The v ertical comp onen t of v elo cit y : y0(t)

� The sp eed :

q
x0(t)2 + y0(t)2

51. F or the path of the scram bler x = 2 cost + sin 2t , y = 2 sin t + cos 2r , �nd the horizon tal

and v ertical comp onen ts of v elo cit y and sp eed at times t = 0 and t = �
2 , and indicate the

direction of motion. Also determine all times at whic h the sp eed is zero.

Theorem 18. (Area Enclosed b y a curv e De�ned P arametrically)

Supp ose that the p ar ametric e quations x = x(t) and y = y(t) with c � t � d describ e a curve

that is tr ac e d out clo ckwise exactly onc e, as t incr e ases fr om c to d, and wher e the curve do es

not interse ct itself, exc ept the initial and terminal p oints ar e the same. Then the enclose d

ar e a is given by A =
Rd

c y(t)x0(t)dt = �
Rd

c x(t)y0(t)dt .

If the curve is tr ac e d out c ounter clo ckwise, then the enclose d ar e a is given by A = �
Rd

c y(t)x0(t)dt =
Rd

c x(t)y0(t)dt .
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52. Find the area enclosed b y the ellipse

x2

a2 + y2

b2 = 1 .

9.3 Arc length and surface area in parametric equations

Theorem 19. (Arc length for a curv e de�ned parametrically)

F or the curve de�ne d p ar ametric al ly by x = x(t) , y = y(t) a � t � b, if x0
and y0

ar e

c ontinuous on [a; b] and the curve do es not interse ct itself (exc ept p ossibly at a �nite numb er

of p oints), then the ar c length s of the curve is given by s =
Rb

a

q
x0(t)2 + y0(t)2dt .

53. Find the arc length of the curv es

� x = cos 4t , y = sin 4t

� x = t cost and y = sin 4t for � 1 � t � 1

9.4 P olar Co ordinates

W e describ e the p oin t b y the ordered pair (r; � ) and refer to r and � as p olar co ordinates for

the p oin t.

Ev ery p olar co ordinate represen tation (r; � ) of the p oin t (x; y) where x 6= 0 m ust satisfy

r 2 = x2 + y2
, tan � = y

x , x = r cos� and y = r sin� .

54. Sk etc h the graph of the p olar equation r = sin 2� .

55. Sk etc h the graph of the p olar equation r = 2 sin � and �nd a corresp onding x � y
equation.

56. Find a p olar equation corresp onding to the giv en rectangular equation x2 + y2 = x .

9.5 Calculus and P olar Co ordinates

W e can think of r = f (� ) and so x = r cos� = f (� ) cos� and y = r sin� = f (� ) sin � .

dy
dx j � = a = f 0(a) sin a+ f (a) cos a

f 0(a) cos a� f (a) sin a .

57. F or the three leaf rose r = sin 3� , �nd the lo cation of all horizon tal tangen t lines

and in terprete the sigini�cance of these p oin ts. F urther, at the three p oin ts where jr j is a

maxim um, sho w that the tangen t line is p erp endicular to the line segmen t connecting the

p oin t to the origin.
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No w, consider the area enclosed b y the p olar curv e de�ned b y the equation r = f (� ) and

the ra ys � = a and � = b where f is con tin uous and p ositiv e on the in terv al a � � � b.

A =
Rb

a
1
2[f (� )]2d� .

58. Find the area of one leaf of the rose r = sin 3� .

59. Find the area inside the limmacon r = 3 + 2 cos � and outside the circle r = 2 .

� Arc length of a p olar cuv e s =
Rb

a

q
x0(t)2 + y0(t)2dt =

Rb
a

q
[f 0(� )]2 + [ f (� )]2

.

60. Find the arc length of the cardioid r = 2 � 2 cos� .
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