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Putnam Training Session 3

Tools: Basic Inequalities

1. Cauchy’s Inequality
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2. Arithmetic-Geometric Mean Inequality: If a; > 0,
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3. Jensen’s inequality: A real-valued function f(x) is called convex if
f((x1422)/2) < (f(x1)+ f(x2))/2 for all real x4y, x5. If f(z) is convex,
and p; > 0, > p; = 1, then for any real x;

f (ZZ%%) < szf(xl)

Problem Set 4: Inequalities

1. Given n positive real numbers with sum 1, show that the sum of the
squares of these numbers is at least 1/n.

2. Given n positive real numbers ay, ..., a,, define
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(The number H is called the harmonic mean of the numbers a;.)
Show that H < G, where G = (a; ...a,)"" is the geometric mean of
the a;’s.

3. Let aq,...,a, be positive integers, and let by, ...,b, be a permutation
of the a;’s. Show that >  (a;/b;) > n.

4. Suppose f is a nonnegative function defined on the interval [0, 1] and
satisfying fol f(z)?dz = 1. What is the maximum value of fol f(x)2*092dz?
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5. Let zy,...,x, bereal numbers with 0 < z; < 1, and let x = (1/n) > " | z;
be the arithmetic mean of these numbers. Show that

n . . n
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i=1 Li L

6. Let u, v, w be real numbers. Show that

u+v+w Sloge +63+e .

When does equality hold?

7. Suppose 1, ..., T, are positive real numbers with y_ " |, z; = 1. Show

that . .
Z z;log z; < log Z 2.
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