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My research interests are in operator algebras and operator spaces (which are areas in
functional analysis), and their application to problems in quantum information theory and
quantum game theory. I am also interested in noncommutative harmonic analysis and how
ideas from harmonic analysis on groups can be applied to quantum groups. The finite-
dimensional versions of the problems I consider involve the matrix algebras Mn(C) and
provide many interesting and accessible questions that I could work on with undergradu-
ates.

1. Quantum Information Theory

In classical information theory, “letters” such as 0 and 1 are transmitted from the sender
to the receiver. No other assumptions need be made; it is irrelevant whether these “letters”
are symbols on a page or electrical currents in a wire. It is also discrete; each bit is either
0 or 1.

In quantum information theory, bits are replaced by quantum bits or qubits, elements of
norm one in the two-dimensional complex Hilbert space C2. If we write |0〉 and |1〉 for the
basis elements of C2, then a qubit of the form α|0〉+β|1〉, |α|2 + |β|2 = 1, is a probabilistic
blend of the two letters |0〉 and |1〉, which is one of the differences from the classical theory.
In quantum information theory, these qubits and the ways in which they are transmitted are
also assumed to obey the usual mathematical description of quantum mechanics. Quantum
information theory is studied both for its own sake and for its applications to quantum
computing and quantum cryptography.

For simplicity, let’s consider the finite-dimensional case. Let H = `n2 (C) be a n-
dimensional complex Hilbert space and then the bounded linear operators on H are given
by the n × n matrix algebra B(H) ' Mn(C). If ρ ∈ B(H), then its absolute value |ρ|
is equal to (ρ∗ρ)1/2 and its trace norm is ‖ρ‖1 = Tr(|ρ|), where Tr denotes the canonical
trace on Mn(C). Let S1(H) denote Mn(C) endowed with the norm ‖ · ‖1. A matrix ρ is a
state if it is positive semidefinite and has trace norm 1. This is called a state as it is inter-
preted as completely describing the physical situation we are considering. An experiment
or measurement corresponds to a set of positive operators {Ex}mx=1 in Mn(C) satisfying∑m

x=1Ex = IdMn(C). We then interpret Tr(ρEx) as the probability of outcome x given
initial state ρ.

An operator space is a normed space E together with an isometric inclusion of E into
B(H), the bounded linear operators on the Hilbert space H. This inclusion E ⊆ B(H)
induces an inclusion of the matrices Mr(E) into Mr(B(H)) ' B(H ⊗ `r2) and thus induces
a norm ‖·‖r (a matrix norm) on Mr(E). In general, there are many different inclusions of a
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given normed space E into B(H) resulting in distinct operator space structures. Operator
spaces now have a well-developed theory with many applications to operator algebras (see
[5] and [13]). As we shall see, they also have many applications in quantum information
theory.

If Φ is a map between operator spaces E and F , there are induced maps Φr = idMr⊗Φ :
Mr(E) → Mr(F ) given by Φr((eij)) = (Φ(eij)). The map Φ : E → F is said to be com-
pletely bounded if ‖φ‖cb = supr ‖Φr‖ < ∞. If the operator spaces are self-adjoint and
unital, then they also have order structures inherited from their inclusions into B(H); the
map Φ is completely positive if each Φr is positivity-preserving. In classical information
theory, signals are sent through channels. In quantum information theory, quantum infor-
mation is sent through quantum channels ; this corresponds to applying completely positive
trace-preserving maps to our initial state.

Together with my colleagues in the Mathematics and Quantum Information group at
Universidad Complutense Madrid, I am studying how operator space theory sheds new light
on problems in quantum information. One example is my ongoing joint work with David
Perez Garcia in quantum game theory. In a two-prover, one-round game, two players Alice
and Bob are sent questions (xA, xB) by a referee, Charlie. They send responses (yA, yB)
back to Charlie, who decides using some function F (xA, xB, yA, yB) whether this is a valid
response (whether they win the game). We consider a quantum version of this scenario.

In a quantum entangled game (as in [12]), Alice and Bob share a state ρ = |φ〉〈φ| ∈ S1(H)
with the referee Charlie. Here |φ〉〈φ| is the projection onto |φ〉, a vector of norm one in
H = HA⊗HB⊗HC . Alice (Bob) only has access to the Hilbert spaceHA (HB, respectively).
Alice (Bob) applies a quantum channel (a completely positive trace-preserving map) to
B(HA) (B(HB), respectively) and thus to the state ρ. This provides the response that
is returned to the referee, Charlie, to be measured against a system of measurements
{E1 = |γ〉〈γ|, E0 = 1 − E1} on HA ⊗HB ⊗HC . (Here |γ〉 is a vector of norm one in the
Hilbert space H.) The outcome 1 is taken as success for Alice and Bob and the outcome 0
as failure, so Charlie’s measurement will give the probability of success for the particular
strategy that Alice and Bob have used. The value of the quantum game is the supremum
over all strategies for Alice and Bob of the probability of success.

However Alice and Bob have an extra resource (entanglement) at their disposal. They
share an arbitrary state |ψ〉〈ψ| where |ψ〉 is a norm one vector in HA′ ⊗ HB′ . Without
communicating, they can nonetheless use this entanglement to affect the outcome. Alice
(Bob) now applies a quantum channel toHA⊗HA′ (HB⊗HB′ , respectively). If dim(HA′) =
r, we have HA ⊗ HA′ ' HA ⊗ `r2. We are thus working in B(HA ⊗ `r2) = Mr(B(HA); we
are working with operator spaces, leading to the following result:

Theorem 1.1. Suppose that Alice and Bob are playing a quantum entangled game with
initial state |φ〉〈φ| and operator valued measurements {E1 = |γ〉〈γ|, E0 = 1 − E1} (as
above). Let MAB = TrC(|φ〉〈γ|), where TrC denotes the partial trace over HC.

Let S1(HA) and S1(HB) be given their canonical operator space structure as the dual
spaces of B(HA) and B(HB) respectively. Let S1(HA)⊗̂S1(HB) denote the operator space
tensor product of S1(HA) and S1(HB). Then the value of the quantum entangled game is
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equal to
‖MAB‖2S1(HA)⊗̂S1(HB).

However this is merely the starting point of our research into quantum games. In [12],
one particular quantum game is presented for which an infinite amount of entanglement is
required; if HA′ and HB′ are of a fixed finite-dimension, then Alice and Bob cannot attain
the value of the game. Our research expands on this, clarifying which games can be won
with probability one and which games will require an infinite amount of entanglement. This
provides an example of an interesting problem that would be accessible to undergraduates.
This result states that even very simple games can be extremely hard to play optimally;
the example in [12] is in 9 dimensions but there should be an example of such a game in
4 dimensions. This would be suitable for a student who felt comfortable with vectors and
matrices and who was interested by the game theory or information theory involved and
would not require the more advanced concepts mentioned above.

Parallel repetition theorems are also of great interest in quantum game theory; these
compare the value ω(G) of a game to the value ω(G⊗n) of the game where Alice and Bob
play n copies of the game simultaneously and win only if they win all n copies of the game.
Using operator space theory results, we are making great progress in understanding in what
situations parallel repetition theorems hold for this type of quantum game, [3]. Together
with other members of the Mathematics and Quantum Information research group at
UCM, we are also considering issues related to Tsirelson’s problem, an important problem
in quantum information which has been shown to be related to Connes’ embedding problem
/ the QWEP conjecture, an important open problem in operator algebras, [6].

2. Locally Compact Quantum Groups

One strand in the field of noncommutative harmonic analysis is to extend ideas and
results from harmonic analysis on groups to locally compact quantum groups. With this
in mind, I studied the noncommutative Lp-spaces associated with locally compact quantum
groups. I used these to define an Lp-Fourier transform for locally quantum groups and to
show that this Fourier transform satisfies the Hausdorff-Young inequality. With my thesis
advisor Prof. Z.J. Ruan, I showed how to obtain a completely contractive action of L1(G)
on Lp(G) and proved a link between the approximation properties of the quantum group
G and the approximation properties of the noncommutative Lp-space Lp(G).

A (von Neumann algebraic) locally compact quantum group G consists of a quadruple
(L∞(G),Γ, φ, ψ), where L∞(G) is a von Neumann algebra, Γ is a *-homomorphism from
L∞(G) to L∞(G) ⊗ L∞(G) satisfying (ι ⊗ Γ) ◦ Γ = (Γ ⊗ ι) ◦ Γ, and φ and ψ are weights
on L∞(G) satisfying certain conditions. A von Neumann algebra is a self-adjoint, strong-
operator-topology closed subalgebra of B(H), the bounded linear operators on H.

The definition of a locally compact quantum group can be motivated by considering the
group case. A locally compact group G has a left Haar measure µ such that µ(gA) = µ(A),
for all measurable subsets of G and g ∈ G (and similarly a right Haar measure ν). In this
situation the von Neumann algebra L∞(G) is the algebra of bounded measurable functions
L∞(G, µ); this is viewed as capturing all the topological and measure-theoretic information
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pertaining to G. The group structure is captured by the co-multiplication Γ : L∞(G, µ)→
L∞(G×G, µ× µ), which is given by Γ(f)(s, t) = f(st). Since f(s(tu)) = f((st)u), for all
s, t, u ∈ G, we have that (ι⊗ Γ) ◦ Γ = (Γ⊗ ι) ◦ Γ. The weights φ and ψ correspond to the
integrals against the left and right Haar measures on G. Kac algebras are an especially
well-behaved type of locally compact quantum group. We also note that as L∞(G) is a von
Neumann algebra, there exists a unique Banach space L1(G) such that L1(G)∗ = L∞(G).

Let G be a locally compact group with right Haar measure ds. Then L1(G) acts con-
tractively by right convolution both on L1(G) and on L∞(G):

(Θr
1(f)(g)) (t) =

∫
G

g(ts)f(s) ds,

(Θr(f)(h)) (t) =

∫
G

h(ts)f(s) ds,

for f, g ∈ L1(G), and h ∈ L∞(G). Clearly these two actions agree on L1(G) ∩ L∞(G).
Interpolating between these two cases yields a right action of L1(G) on Lp(G). Junge,
Neufang, and Ruan’s paper [7] discusses how L1(G) can be represented on B(L2(G)),
where G is a Kac algebra; using this as a starting point, I showed how to represent L1(G)
on Lp(G). Our treatment of the Kac algebra case also generalizes the action of the Fourier
algebra A(G) on the noncommutative Lp-spaces Lp(V N(G)) (as studied by Daws in [4]).

If a locally compact group G satisfies certain approximation properties, then the non-
commutative Lp-space Lp(V N(G)) associated with its group von Neumann algebra will
satisfy various operator space approximation properties; this was shown in [8]. By adapt-
ing arguments from [8] and [9], I extended these results to discrete Kac algebras.

Theorem 2.1. If G is a discrete Kac algebra with the approximation property, then Lp(Ĝ)
has the operator space approximation property. If G is a weakly amenable discrete Kac
algebra, then Lp(Ĝ) has the completely bounded approximation property.

These results can be found in my thesis [2]; Professor Ruan and I are working together
to extend these results and expect to publish a paper shortly.

Let G be a locally compact abelian group with Haar measure µ and dual group Ĝ. The
Fourier transform of a function f ∈ L1(G, µ) is defined by

F1(f)(ξ) = f̂(ξ) =

∫
G

f(s)ξ(s)dµ(s), ξ ∈ Ĝ.

Clearly, ‖F1(f)‖∞ ≤ ‖f‖1. For a suitably normalized Haar measure µ̂ on Ĝ, if f ∈
L1(G, µ) ∩ L2(G, µ), then we have ‖F1(f)‖2 = ‖f‖2 and the Fourier transform extends

to a unitary, F2, from L2(G, µ) onto L2(Ĝ, µ̂). Interpolating between these cases yields

the Hausdorff–Young inequality: for 1 ≤ p ≤ 2, 1
p

+ 1
q

= 1, Fp : Lp(G, µ)→ Lq(Ĝ, µ̂) is a

contraction, i.e., ‖Fp(f)‖q ≤ ‖f‖p.
For f ∈ L1(G, µ), let λ(f) denote the operator on L2(G, µ) given by λ(f)(g) = f ∗ g.

As f̂ ∗ g = f̂ ĝ, the operator λ(f) is unitarily equivalent to the operator f̂ ∈ L∞(Ĝ, µ̂)

acting by multiplication on L2(Ĝ, µ̂). Inspired by this, Kunze dealt with the unimodular
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group case by making the definition F1(f) = λ(f). The group von Neumann algebra

V N(G) is generated by {λ(f) | f ∈ L1(G)} and plays the role of L∞(Ĝ). Using the
noncommutative Lp spaces associated with a trace on V N(G), Kunze showed in [10] that
the Hausdorff–Young inequality holds for unimodular groups. When G is not unimodular,
one has to consider the noncommutative Lp-spaces of Haagerup and Connes. Using these,
Terp extended the Hausdorff–Young inequality to locally compact groups in [16] by using
the following definition for the Fourier transform:

Definition 2.2. Let G be a locally compact group with modular function ∆. Let f ∈
Lp(G), 1 ≤ p ≤ 2, 1

p
+ 1

q
= 1. The Lp-Fourier transform of f is the operator Fp(f) on

L2(G) given by

Fp(f)ξ = f ∗∆1/qξ, ξ ∈ D(Fp(f)),

where D(Fp(f)) = {ξ ∈ L2(G) | f ∗∆1/qξ ∈ L2(G)}.

Terp showed that Fp(f) ∈ Lq(V N(G)), where Lq(V N(G)) is a non-commutative Lq
space constructed using the Plancherel weight on the group von Neumann algebra V N(G),
and showed that the Hausdorff–Young inequality holds. This is the definition that shall
be extended to the locally compact quantum group case.

Let G be a locally compact quantum group with dual locally compact quantum group
Ĝ. Let φ be the normal, semi-finite, faithful (nsf) Haar weight on L∞(G) and let φ′ be
a nsf weight on the commutant L∞(G)′. Let d = dφ

dφ′ be the spatial derivative of φ with

respect to φ′. Similarly, let φ̂ be the Haar weight on L∞(Ĝ), let φ̂′ be a nsf weight on

L∞(Ĝ)′, and let d̂ = dφ̂

dφ̂′ . Let Lp(G) and Lp(Ĝ) be the spatial non-commutative Lp-spaces

constructed using φ′ and φ̂′ respectively. Noncommutative Lp-spaces are quite technical;
for further details, I refer to [17].

Let πl(A0) be the set of entire elements x such that σφα(x) ∈ Nφ ∩N∗φ for all α ∈ C, and

let πl(A
2
0) = {xy : x, y ∈ πl(A0)}. Let L be the set of x ∈ L∞(G) such that there is a

normal linear functional φx in L1(G), the predual of L∞(G), satisfying φx(y) = φ(yx) for
y ∈ πl(A

2
0). For each x ∈ L, there is a corresponding element Up(j

∗(x)) in Lp(G). (For

x ∈ A2
0, we have Up(j

∗(x)) = d1/2pσφi/2p(x)d1/2p.)

Theorem 2.3. The Lp-Fourier transform Fp is the map from Lp(G) to Lq(Ĝ) such that

Fp (Up(j
∗(x)) = λ (φx) d̂

1/q,

for x ∈ L. This map is a contraction, i.e., ‖Fp‖ ≤ 1.
For x ∈ πl(A2

0), there is a more explicit description of Fp:

Fp
(
d1/2pσφi/2p(x)d1/2p

)
= λ(φx)d̂

1/q, x ∈ πl(A2
0).

If φ is a state, we have the simpler expression:

Fp(xd1/p) = λ(φx)d̂
1/q, x ∈ L∞(G).

This result can be found in [1] and [2].
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