MATH 225 Chapter 1 Review

e A system of equations has either
(1) no solution, or
(2) exactly one solution, or
(3) infinitely many solutions

e Elementary Row Operations
(1) (Replacement) Replace one row by the sum of itself and a multiple of another row.
(2) (Interchange) Interchange two rows.
(3) (Scaling) Multiply all entries in a row by a nonzero constant.

o If the augmented matrices of two linear systems are row equivalent, then the two
systems have the same solution set.

e Kach matrix is row equivalent to one and only one reduced echelon matrix.

e A linear system is consistent if and only if the rightmost column of the augmented
matrix is not a pivot column, that is, if and only if an echelon form of the augmented
matrix has no row of the form

0---0b]  withb#0.

If a linear system is consistent then the solution set contains either a unique solution
(when there are no free variables), or infinitely many solutions (when there is at least
one free variable).

e If 7 and ¥ in R? are represented as points in the plane, then u + v corresponds to the
fourth vertex of the parallelogram whose other vertices are 0, i, 7.

e A vector equation z19] + 2oU3 + - - - + Uy, = b has the same solution set as the linear
system whose augmented matrix is

-

[d1 d2 --- dp b
In particular, b can be generated by a linear combination of di,...,d, if and only if
there exists a solution to the above linear system.
e If A is an m X n matrix with columns a7, ..., d,, and if b is in R™, the matrix equation
AZ=}b

has the same solution set as the vector equation
T10, 4 TV + -+ + Tplp = b
which in turn has the same solution set as the system of linear equations whose auge-
mented matrix is
[d1 a3 --- dp b).
e The equation AZ = b has a solution if and only if b is a linear combination of the
columns of A.
e Let A be an m x n matrix. Then the following statements are logically equivalent.
That is, for a particular A, they are all true or they are all false.
(1) For each b in R™ the equation AZ = b has a solution.
(2) The columns of A span R™.
(3) A has a pivot position in every row.



The homogeneous equation AZ = 0 has a nontrivial solution if and only if the equation
has at least one free variable.
Suppose the equation AZ = b is consistent for some given b, and let p be a solution.
Then the solution set of AZ = b is the set of all vectors of the form w = p + vy, where
vy, is any solution to the homogeneous equation AZ = 0.
An indexed set of vectors {v1,...,9,} in R” is said to be linearly independent if the
vector equation

101 + T202 + - - - 4+ TpUp =0
has only the trivial solution. The set {vi,...,9,} is said to be linearly dependent if
there exist weights c1,...,cp, not all zero, such that

c1v1 +cava + -+ Uy =0

The columns of a matrix A are linearly independent if and only if the equation AZ = 0
has only the trivial solution.

A set of two vectors {v7, 03} is linearly dependent if and only if one of the vectors is a
multiple of the other.

An indexed set S = {v1,...,9,} of two or more vectors is linearly dependent if and
only if at least one of the vectors in S is a linear combination of the others. In fact, if
S is linearly dependent, and 4} # 0, then some v (with j > 1) is a linear combination
of the preceding vectors v1,...,v; 1.

If a set comtains more vectors than there are entries in each vector, then the set is
linearly dependent. That is, any set {vi,...,9p} in R" is linearly dependent if p > n.
If a set S = {v1,...,U,} in R" contains the zero vector, then the set is linearly depen-
dent.



