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1 Linear Algebra

1.1 Vector spaces

De�nition 1.1.1. Let F be a �eld. A vector space over F is a set V of elements,
called vectors, equipped with two operations + : V � V ! V (addition) and � :
F � V ! V (scalar multiplication) such that (V; +) is an abelian group, and the
following compatibilit y relations hold:

1. (distributivit y) a;b 2 F, v; w 2 V ) a(v + w) = av + aw, (a + b)v = av + bv,

2. (associativit y of multiplication) a(bv) = (ab)v,

3. (identit y) 1v = v.

Here 1 denotesthe unit element of F. Notice that we typically omit the notation �
for scalarmultiplication, writing av = a � v.

Examples 1.1.2. 1. n-dimensionalEuclideanspaceRn is a vector spaceover R.

2. The spaceC[0; 1] of continuousfunctions on the interval [0; 1] is a vector space
over R.

3. Let k = 0; 1; 2; : : :. The spaceCk [0; 1] of functions f on the interval [0; 1]
whosekth derivative f (k) exists and is continuous is a vector spaceover R.
Similarly, the spaceC1 [0; 1] of functions on [0; 1] for which f (k) exists for all
k, is a vector spaceover R.

4. R is a vector spaceover Q (seeExercise1.1.17).

5. This examplerequiressomebasic
uency in abstract algebra. Let p bea prime
and let K be a �nite �eld of characteristic p. Then K is a vector spaceover
Zp.

6. Let V be a vector spaceover F, and let W � V be closedunder addition and
scalarmultiplication: v; w 2 W, a 2 F ) v + w 2 W, av 2 W. Then W is a
vector spaceover F (called a (vector) subspace of V).

7. Let W be a vector subspaceof V, both over a �eld F. De�ne a relation on V
as follows: v � v0 i� v � v0 2 W. Then � is an equivalencerelation on V, and
the collection of equivalenceclassesV= � is a vector spaceover F. This space
is called the quotient space of V by W, and is written V=W. We typically
write elements of V=W in the form v+ W, v 2 V, with the understandingthat
v + W = v0+ W i� v � v0, i.e., v � v0 2 W.



8. Let V and W be vector spacesover F. The product spaceV � W equipped
with the operations (v; w) + (v0; w0) = (v + v0; w + w0) and a(v; w) = (av; aw)
is a vector spaceover F. It is called the direct sumof V and W, and is written
V � W.

Exercise 1.1.3. Verify the claims in the various parts of Example 1.1.2.

Throughout this course,we will work almost entirely with either the �eld R of
real numbers or the �eld C of complexnumbers. From now on we omit the phrase
\over F".

Let S be any set. A set R � S is calledco�nite if SnR is a �nite set. A function
� : S ! F is called essentially zero if f s : � (s) = 0g is a co�nite subsetof S.

De�nition 1.1.4. Let V be a vector space. A set S � V is said to be linearly
independentif whenever � : S ! F is essentially zero,and

X

s2 S

� (s)s = 0;

then � is identically zero. A set S � V is linearly dependent if it is not linearly
independent.

Notice that the sum
P

s2 S � (s)s only involvesa �nite number of nonzeroterms,
henceis well-de�ned.

De�nition 1.1.5. Let V be a vector space,and let S � V. A linear combination
of elements of S is an element of V which may be written in the form

X

s2 S

� (s)s

for someessentially zero function � : S ! F. The span of S is the set span(S) of
linear combinations of elements of S.

De�nition 1.1.6. A setB � V is a basisif B is linearly independent and span(B) =
V.

Theorem 1.1.7. Every vector space admits a basis.

Proof. Wewill useZorn's Lemma: every partially orderedsetP, such that all totally
orderedsubsetsof P admit upper boundsin P, hasmaximal elements.

Let V be a vector space,and let L be the collection of all linearly independent
subsetsof V , partially orderedby inclusion. Let (Si ) i 2 I be a chain in L , i.e. a totally
orderedsubset. We claim that

S
i Si is in L , i.e.,

S
i Si is linearly independent. If

� :
S

i Si ! F is essentially zero and
P

s2[ i Si
� (s)s = 0, then � (s) 6= 0 only for

�nitely many elements si 1 ; : : : ; si m in
S

i Si . Then there exists an index k so that
si j 2 Sk for all j = 1; : : : ; m. SinceSk is linearly independent, we concludethat � is
identically zeroas desired.

Zorn's lemma guaranteesthe existenceof a maximal element B in L . We claim
that V = span(B). To do this, we will show that v =2 span(B) ) B [ f vg is linearly



independent. Supposethat v =2 span(B) and there existsan essentially zerofunction
� : B [ f vg ! F such that

� (v)v +
X

w2 B

� (w)w = 0:

If � (v) 6= 0, then v =
P

w2 B (� � (w)
� (v) )w, which contradicts the fact that v =2 span(B).

Thus � (v) = 0. But then X

w2 B

� (w)w = 0;

sinceB is linearly independent we �nd � � 0 and soB [ f vg is linearly independent.

Corollary 1.1.8. Any linearly independentsetS in a vector space V can be extended
to a basis.

Proof. Repeat the proof of the theorem,replacingL with the collectionof all linearly
independent subsetsof V which contain S.

Theorem 1.1.9. Any two basesfor a vector space V havethe samecardinality.

Proof. We consider the �nite cardinality case. Suppose that V has a basis B =
f v1; : : : ; vmg consistingof m elements. It su�ces to prove that every collection of
m + 1 elements in V is linearly dependent. (Why?) Let C = f w1; : : : ; wm+1 g be
such a collection. Considerthe expression

� = c1w1 + � � � cm+1 wm+1 :

Sinceeach wj may be written asa linear combination of the elements of B , � may be
written asa linear combination of v1; : : : ; vm . Setting � = 0 generatesa systemof m
linear homogeneousequationsin the m + 1 variablesc1; : : : ; cm+1 , which necessarily
has a nontrivial solution. But such a nontrivial solution is clearly equivalent to a
linear dependenceamongthe vectorsw1; : : : ; wm+1 .

The in�nite cardinality casecan be treated by trans�nite induction. We omit
the proof.

De�nition 1.1.10. Let V bea vector space.The number of elements in a basisof V
is called the dimensionof V and written dim V. We say that V is �nite dimensional
if dim V < 1 .

Example 1.1.11. The standard basisfor Rn is the collectionof n vectorse1; : : : ; en ,
where the coordinates of ej are equal to 0 in all entries except for the j th entry,
wherethe coordinate is equal to 1.

Exercise 1.1.12. Let V be a vector spaceof dimensionn, and let S be a set of n
linearly independent elements of V . Then S is a basisfor V .

Exercise 1.1.13. Let V = W1 � W2 be �nite dimensional. Then dim V = dim W1 +
dim W2.



Exercise 1.1.14. Let W bea subspaceof a �nite dimensionalvector spaceV. Then
dim V = dim W + dim V=W. (This result will also follow asan easyconsequenceof
Theorem1.2.21.)

Let B be a basisfor a vector spaceV and let S � V . For each s 2 S, there exist
scalars� sb such that

s =
X

b2 B

� sbb:

De�nition 1.1.15. The matrix M SB := (� sb)s2 S;b2 B is called the transition matrix
of S with respect to B.

Lemma 1.1.16. Let B and S be basesfor V with transition matricesM SB = (� sb)
and MB S = (� bs). Then

I = MB SMSB = MSB MB S:

Note that MSB and MB S may be in�nite matrices, in which casethe meaningof
the matrix multiplications may not be immediately clear. However, the fact that the
coe�cien ts � sb de�ne essentially zero functions of s and b, provided the remaining
variable is �xed, ensuresthat the notion of matrix multiplication is well-de�ned for
such matrices.

Proof. For b2 B, we have

b=
X

s2 S

� bss =
X

s2 S

X

b02 B

� bs� sb0b0 =
X

b02 B

 
X

s2 S

� bs� sb0

!

b0:

By the linear independenceof B , we �nd
X

s2 S

� bs� sb0 = � bb0;

where � bb0 denotesthe Kronecker delta function: � bb0 = 0 if b 6= b0 and � bb = 1. In
other words,

MB SMSB = I :

The other direction is similar.

Exercise 1.1.17. What is the cardinality of a basisfor R over Q?



1.2 Linear Maps

De�nition 1.2.18. Let V and W be vector spaces.A map T : V ! W is called
linear if

T(av + bw) = aT(v) + bT(w)

for all v; w 2 V and a;b2 F. We usethe terms linear mapand linear transformation
interchangeably. An isomorphism is a bijective linear map. Two vector spaces
V and W are called isomorphic (written V ' W) if there exists an isomorphism
T : V ! W.

A few easyobservations:

1. T(V) is a subspaceof W.

2. If W1 is a subspaceof W, then T � 1(W1) := f v 2 V : T(v) 2 W1g is a subspace
of V.

3. If S : U ! V and T : V ! W are linear, then T � S : U ! W is linear.

4. If T is a bijective linear map, then T � 1 is linear.

5. If T is surjective, then dim V � dim W. If T is injective, then dim V � dim W.
In particular, isomorphicvector spaceshave the samedimension.

Examples 1.2.19. 1. V = Rn , W = Rm , A an m � n real matrix, T(v) = Av.

2. V = Ck [0; 1], W = Ck� 1[0; 1], T(f ) = f 0.

3. W a subspaceof a vector spaceV, T : V ! V=W given by T(v) = v + W.
This examplewill be important for us in later work. The map T : V ! V=W
is called a quotient map.

De�nition 1.2.20. The kernel of a linear map T : V ! W is

ker(T) = f v 2 V : T(v) = 0g:

The rangeof T is range(T) = T(V).

Theorem 1.2.21 (Rank{Nullit y Theorem). Let T : V ! W be a linear map.
Then

V ' ker(T) � range(T)

and
dim ker(T) + dim range(T) = dim V:

Corollary 1.2.22. Let W be a subspace of a vector space V. Then V ' W � V=W
and dim V=W = dim V � dim W.

Proof. Apply Theorem 1.2.21 to the linear map Q : V ! V=W given by Q(v) =
v + W.



Corollary 1.2.23. Let V be a �nite dimensional vector space and let T : V ! V
be linear. Then T is injective if and only if T is surjective.

Proof. T is injective if and only if dim ker(T) = 0. T is surjective if and only if
dim range(T) = dim V.

Exercise 1.2.24. Show that Corollary 1.2.23is falsefor in�nite dimensionalvector
spaces;a linear self-mapof such a spacecan be injective without being surjective,
and vice versa.

Proof of Theorem 1.2.21. Let S1 = (vi ) i 2 I be a basis for ker(T), and let T(S2),
S2 = (wj ) j 2 J , be a basisfor range(T). We claim that S1 [ S2 is a basisfor V . This
su�ces to completethe proof, sincewe may then exhibit an isomorphismbetween
V and ker(T) � range(T) by sendingvi to (vi ; 0) and wj to (0; T(wj )).

First, we show that S1 [ S2 is linearly independent. Let � : S1 [ S2 ! F be
essentially zero,with

0 =
X

v2 S1 [ S2

� (v)v =
X

i

� (vi )vi +
X

j

� (wj )wj :

Then

0 = T(0) = T

 
X

i

� (vi )vi +
X

j

� (wj )wj

!

=
X

j

� (wj )T(wj )

sincevi 2 ker(T). SinceT(S2) is a basisfor range(T), we seethat � (wj ) = 0 for all
j 2 J . Thus

0 =
X

i

� (vi )vi ;

sinceS1 is a basisfor ker(T) we concludethat � (vi ) = 0 for all i 2 I . Thus � � 0
and we have shown that S1 [ S2 is linearly independent.

Next, we show that S1 [ S2 spansall of V . Given any v 2 V, we may write T(v)
as a linear combination of the elements of T(S2):

T(v) =
X

j

� (wj )T(wj )

for a suitable essentially zero function � : S2 ! F. Then v �
P

j � (wj )wj 2 ker(T)
whence

v �
X

j

� (wj )wj =
X

i

� (vi )vi

for someessentially zerofunction � : S1 ! F. This exhibits v asa linear combination
of S1 [ S2, as desired.

Any linear map may be factored through its kernel by an injective linear map.

Prop osition 1.2.25. Let T : V ! W be a linear map, and let Q : V ! V=ker(T)
be the quotient map Q(v) = v + ker(T). Then there existsa unique injective linear
map T0 : V=ker(T) ! W suchthat T 0 � Q = T.



Proof. De�ne T0(v+ ker(T)) = T(v). This is well-de�ned: if v0+ ker(T) = v+ ker(T)
then v0 � v 2 ker(T) so T(v0 � v) = 0, i.e., T(v0) = T(v). It is obviously linear.
To seethat it is injective, suppose that T 0(v + ker(T)) = T0(v0 + ker(T)). Then
T(v) = T(v0) so v � v0 2 ker(T) and v + ker(T) = v0+ ker(T).

The collection of all linear mapsfrom V to W is denotedby L(V; W). Of partic-
ular interest is the spaceL(V; V) of linear mapsof V into itself. Note that any two
such maps can be addedand multiplied (composition), and multiplied by a scalar.
Thus L(V; V) is an exampleof an algebra. It is typically not commutativ e, since
S � T neednot equal T � S. Furthermore, L(V; V) typically contains zerodivisors,
elements S;T 6= 0 such that S � T = 0. For example, choose S and T so that
range(S) � ker(T).

The set of invertible elements in L(V; V) forms a group. The isomorphismtype
of this group depends only on the dimension of V , and on the scalar �eld F. It
is called the general linear group of dimensionn = dim V over F, and denotedby
GL(n; F).

Given S 2 GL(n; F), the transformation T 7! STS� 1 is an invertible linear map
of L(Fn ; Fn ), i.e., an element of GL(N; F), whereN = dim L(Fn ; Fn ). It is called a
similarity transformation, and the mapsT and STS� 1 are said to be similar to each
other.

Exercise 1.2.26. Verify that similarity transformations of V = Fn are elements of
GL(N; F), N = dim L(V; V). What is the value of dim L(V; V)?

Linear maps from V to the base�eld F are called linear functionals on V. The
spaceL(V; F) of linear functionals on V is alsoknown asthe dual space of V , and is
sometimesdenotedV � .

Exercise 1.2.27. Let V be a �nite dimensionalvector spaceof dimensionn, with
basisv1; : : : ; vn .

1. Show that every element v 2 V can be written uniquely in the form v =P n
i=1 � i vi .

2. Show that the functions ki : V ! F given by ki (v) = � i , where � i is as in the
previouspart, are linear functionals on V.

3. Show that every linear functional T on V can be written in the form T =P n
i=1 ai ki , for someai 2 F.

4. Show that the mapping T 7!
P n

i=1 ai vi de�nes a (non-canonical)isomorphism
betweenV � and V. Concludethat dim V � = dim V.

Exercise 1.2.28. Let P be the vector spaceof polynomials over C with degree
strictly lessthan n, and let a1; : : : ; an 2 C and c1; : : : ; cn 2 C be arbitrary. Show
that there is an element p 2 P so that p(ai ) = ci for all i = 1; : : : ; n.



Matrix represen tations of linear maps: If T : V ! W is a linear map and C,
resp.B , are basesfor V resp.W, then each element c 2 C can be written uniquely
in the form

c =
X

b2 B

� cbb:

In the �nite-dimensional case,the matrix M = [T]C;B = (� cb)c2 C;b2 B is called the
matrix representationfor T with respect to the basesC and B.

Lemma 1.2.29. Let A and B be basesfor V, let C and D be basesfor W, and let
T : V ! W be a linear map. Then

[T]D ;A = MD C [T]C;B MB A :

Corollary 1.2.30. If A and B are basesfor V and T 2 L(V; V), then

[T]A;A = MAB [T]B ;B MB A = MAB [T]B ;B M � 1
AB :

In particular, the matrices [T]A;A and [T]B ;B are similar.



1.3 Geometry of linear transformations of �nite-dimensional
vector spaces

Instead of beginning with the algebraic de�nitions for determinant and trace, we
will take a geometricperspective. This is arguably moreenlightening, asit indicates
the underlying physical meaningfor thesequantities.

Weassumethat the notion of volumeof opensetsin Rn is understood. In fact, we
will only needto work with the volumesof simplexes,which admit a simplerecursive
de�nition (seeDe�nition 1.3.34). The de�nition relieson the geometricstructure of
Rn , speci�cally the notions of perpendicularity (orthogonality) and distance,which
we take as known.

De�nition 1.3.31. An oriented simplex in Rn is the convex hull of a set of n + 1
vertices. More precisely, the simplex spannedby points a0; : : : ; an 2 Rn is

S = [a0; : : : ; an ] = f x 2 Rn : x =
P n

i=0 � i ai for some� i � 0 with
P

i � i = 1g:

The orderof the verticesmatters in this notation, i.e., [a0; a1; : : : ; an ] and [a1; a0; : : : ; an ]
are di�erent as simplices(although they de�ne the sameset in Rn ).

An oriented simplex S is called degenerate if it lies in an (n � 1)-dimensional
subspaceof Rn .

Exercise 1.3.32. Show that [a0; : : : ; an ] is degenerateif and only if the vectors
a1 � a0; : : : ; an � a0 are linearly dependent.

Our considerationswill be invariant under rigid translations of Rn , so we may
(and will) from now on assumethat a0 = 0, sincewe may identify [a0; : : : ; an ] with
[0; a1 � a0; : : : ; an � a0].

Next, wewould like to assignan orientation O(S) to each nondegenerateoriented
simplex S. We will classifyall such simplexesas either positively oriented (O(S) =
+1) or negatively oriented (O(S) = � 1), so that the following requirements are
satis�ed:

1. (anti-symmetry) The orientation of S is reversedif any two verticesai and aj

of S are interchanged.

2. (continuity) The orientation O(S(t)) is constant whenS(t) = [0; a1(t); : : : ; an (t)]
is a continuous family of nondegeneratesimplexes.

3. (normalization) The orientation of the standard n-dimensionalsimplex Sn
0 =

[0; e1; : : : ; en ] is +1.

Here (ej ) denotesthe standard basisfor Rn , seeExample 1.1.11.

Prop osition 1.3.33. There is a unique notion of orientation for simplexesin Rn

satisfying thesethree requirements.

Proof. ConsiderthosesimplexesS = [a0; : : : ; an ] which may be deformedby a con-
tinuous family of nondegeneratesimplexesto the standard simplex. That is, there
exist n continuous functions aj : [0; 1] ! Rn , j = 1; : : : ; n, so that (i) aj (0) = ej for



all j , (ii) aj (1) = aj for all j , and (iii) S(t) = [0; a1(t); : : : ; an (t)] is nondegeneratefor
all 0 � t � 1. We call each of thesesimplexespositively oriented and assignit the
orientation O(S) = +1. Otherwise we call S negatively oriented and assignit the
orientation O(S) = � 1. It is straightforward to check that all three requirements
are satis�ed in this case.

De�nition 1.3.34. The n-volumeof a simplex S = [0; a1; : : : ; an ] � Rn is

Voln (S) =
1
n

Voln� 1(B )h;

whereB = [0; a1; : : : ; baj ; an ] is a baseof S (the notation meansthat the point aj is
omitted from the list a1; : : : ; an ) and h is the altitude of S with respect to B, i.e., h
is the distancefrom aj to the (n � 1)-dimensionalhyperplane� containing B. (To
begin the induction, we let Vol1 be the standard length measurefor intervals on the
real line R1.) To simplify the notation, we drop the subscripts,writing Vol = Voln
for every n. Notice that Vol(S) = 0 if and only if S is degenerate.

The signed volumeof S is

signVol(S) = O(S) Vol(S):

Prop osition 1.3.35. The signed volumesatis�es the following properties:

1. signVol(S) = 0 if and only if S is degenerate.

2. signVol([0; a1; : : : ; an ]) is a linear function of the vertices a1; : : : ; an .

The �rst claim is obvious by the de�nition of O(S) and Vol(S). To prove the
secondclaim, it is enoughto considersignVol([0; a1; : : : ; an ]) asa function of an (by
anti-symmetry). From the de�nitions we have

signVol([0; a1; : : : ; an ]) =
1
n

Voln� 1(B ) � O(S)h:

The expressionO(S)h represents the signed distance from an to �. This is nothing
more than a particular coordinate function, if coordinates in Rn are chosenso that
oneaxis is perpendicular to � and the remaining n � 1 axesare chosento lie in �.
Exercise1.2.27(2) shows that this is a linear function.

We now cometo the de�nition of determinant.

De�nition 1.3.36. Let A be an n � n matrix whosecolumns are given by the
vectorsa1; : : : ; an . The determinant of A is equal to

det(A) = n! � signVol([0; a1; : : : ; an ]):

An immediate corollary of Proposition 1.3.35is

Prop osition 1.3.37. The determinant satis�es the following properties:

1. (antisymmetry) det(A) is an alternating function of the columnsof A; its sign
changeswhentwo columnsof A are interchanged. In particular, det(A) = 0 if
two columns of A are identical.



2. (multilinearity) det(A) is a linear function of the columns of A.

3. (normalization condition) det(I ) = +1, where I is the n � n identity matrix,
with columns e1; : : : ; en (in that order).

4. det(A) = 0 if and only if the columns of A are linearly dependent.

5. det(A) is unchanged if a multiple of one column of A is added into another
column.

In fact, the determinant is the unique function on n � n matricessatisfying parts
1, 2 and 3 of Proposition 1.3.37.

Part 1 is immediatefrom the propertiesof O(S) and Vol(S). Parts 2 and 4 follow
from Proposition 1.3.35and Exercise1.3.32. To verify part 3, we �rst compute

Vol(Sn
0 ) =

1
n

Vol(Sn� 1
0 )

so
Vol(Sn

0 ) =
1
n!

and
det(I ) = n! � signVol(Sn

0 ) = n!O(Sn
0 ) Vol(Sn

0 ) = (n!)(+1)(
1
n!

) = 1:

Finally, part 5 follows from antisymmetry and multilinearit y.
The determinant is a multiplicativ e function:

Theorem 1.3.38. det(AB ) = det(A) det(B) for n � n matricesA; B .

Exercise 1.3.39. Usethe uniquenessassertionfor the determinant function to prove
Theorem1.3.38. Hint: In the casedetA 6= 0, considerthe function

C(B) =
det(AB )

detA
:

Show that C satis�es Proposition 1.3.37parts 1, 2 and 3. Note that, upon writing
out B = (b1; : : : ; bn ) in columns,we have

C(b1; : : : ; bn ) =
det(Ab1; : : : ; Abn )

detA
:

For the casedetA = 0, usea continuity argument.

De�nition 1.3.40. The ij th minor of an n� n matrix A = (aij ) is the (n� 1)� (n� 1)
matrix ~A ij obtainedby deletingthe i th row and j th columnof A. The adjoint matrix
of A is the matrix adj A = (bij ), where

bij = (� 1)i + j det ~A j i :

Lemma 1.3.41. (1) For each j , detA =
P n

i=1 (� 1)i + j aij det ~A ij .
(2) A adj A = detA � I .



Proof. To prove (1) we begin with the special case

A =
�

1 0
0 ~A11

�
;

where the zerosdenoterows (and columns) of zero entries. The map ~A11 7! detA
clearly satis�es parts 1, 2 and 3 of Proposition 1.3.37,whencedetA = det ~A11 in
this case.Next, the case

A =
�

1 �
0 ~A11

�

(where � denotesa row of unspeci�ed entries) follows from part 5. Finally, the
general casefollows by antisymmetry and multilinearit y of the determinant. We
leave the full details as an exerciseto the reader.

To prove (2), we compute the entries of C = A adj A = (cij ):

cii =
nX

k=1

(� 1)i + kaik (adj A)ki

=
nX

k=1

(� 1)i + kaik det ~A ik = detA

by (1), while for i 6= j ,

cij =
nX

k=1

(� 1)j + kaik (adj A)kj

=
nX

k=1

(� 1)j + kaik det ~A j k = detA0
ij

where A0
ij is the n � n matrix whosecolumns are the sameas those of A, except

that the j th column is omitted and replaced by a copy of the i th column. By
antisymmetry, detA0

ij = 0 so
cij = det A � � ij

and the proof is complete.

Part (1) of Lemma 1.3.41is the well-known Laplace expansion for the determi-
nant.

De�nition 1.3.42. A matrix A is invertible if detA 6= 0. The inverseof an invertible
matrix A is

A � 1 =
1

detA
adj A:

Lemma 1.3.41(2)yields the standard properties of the inverse:

A � A � 1 = A � 1 � A = I :

Prop osition 1.3.43. The determinant of a linear transformation T : Rn ! Rn is
independentof the choice of basis of Rn .



Proof. Changing the basis of Rn corresponds to performing a similarity transfor-
mation T 7! STS� 1. Denoting by A 7! BAB � 1 the matrix representation of this
transformation with respect to the standard basisof Rn , we have

det(BAB � 1) = det(B) det(A) det(B � 1) = det(A):

Becauseof this proposition, we may write det(T) for T 2 L(Rn ; Rn) to denote
the determinant of any matrix representation [T]B ;B for T. Moreover, the notion of
invertibilit y is well-de�ned for elements of L(Rn ; Rn ).

Corollary 1.3.44. Let T be a linear map of Rn to Rn . Then

j det(T)j =
Vol(T(S))

Vol(S)

for any nondegenerate simplexS in Rn .

This corollary provides the \true" geometric interpretation of the determinant:
it measuresthe distortion of volume induced by the linear map.

De�nition 1.3.45. The trace of an n � n matrix A with columnsa1; : : : ; an is

tr( A) =
nX

i =1

ai � ei :

Here v � w denotesthe usual Euclidean dot product of vectors v; w 2 Rn . If ai =
(ai; 1; : : : ; ai;n ) then tr( A) =

P n
i=1 aii .

Exercise 1.3.46. 1. Show that trace is a linear function on matrices: tr( A+ B) =
tr( A) + tr( B) and tr( kA) = k tr (A).

2. Show that tr( AB ) = tr( BA) for any n � n matrices A and B.

Prop osition 1.3.47. The trace of a linear transformation T : Rn ! Rn is indepen-
dent of the choice of basis of Rn .

Proof. Changing the basis of Rn corresponds to performing a similarity transfor-
mation T 7! STS� 1. If A 7! BAB � 1 denotesthe matrix representation of this
transformation with respect to the standard basisof Rn , then

tr( BAB � 1) = tr( AB � 1B) = tr( A)

by Exercise1.3.46(2).

Becauseof this proposition, we may write tr( T) for T 2 L(Rn ; Rn ) to denotethe
trace of any matrix representation for T.



1.4 Spectral theory of �nite-dimensional vector spaces and
Jordan canonical form

De�nition 1.4.48. Let V be a vector spaceand let T 2 L(V; V). An element
� 2 F is called an eigenvalueof T if there exists a nonzerovector v 2 V (called an
eigenvector for � ) so that Tv = �v .

Equivalently, if we denote by I the identit y element in L(V; V), then � is an
eigenvalue of T if and only if

ker(�I � T) 6= 0:

The set of eigenvaluesof T is called the spectrum of T, and is written SpecT.

Exercise 1.4.49. Let � be an eigenvalue for a linear transformation T on a vector
spaceV. The set of eigenvectorsassociated with � is a vector subspaceof V .

For the rest of this section,weassumethat V is a �nite-dimensional vector space,
de�ned over an algebraicallyclosed�eld F (typically C).

De�nition 1.4.50. The characteristic polynomial for a linear transformation T on
V is

pT (� ) = det(�I � T):

Here � denotesan indeterminate variable, and the computation of the determinant
is understood in terms of the formulas from the previous section in the �eld F[[� ]]
of rational functions in � with coe�cien ts from F.

The Cayley{Hamilton theoremstatesthat A satis�es its own characteristic poly-
nomial.

Theorem 1.4.51 (Ca yley{Hamilton). For any linear transformation T on a
�nite-dimensional vector space V, the identity pT (T) = 0 holds.

Proof. By the invarianceof determinant with respect to basis,wemay choosea basis
B for V and study the matrix representation A = [T]B ;B . By Lemma 1.3.41(2),

(�I � A) adj(�I � A) = det(�I � A)I = pA (� )I : (1.4.52)

Set

adj(�I � A) :=
nX

k=0

Bk � k ;

whereBn = 0, and set

pA (� ) :=
nX

k=0

ck � k ;

wherecn = 1. Then (1.4.52)gives

nX

k=0

ck � k I = (�I � A) adj(�I � A) = (�I � A)
nX

k=0

Bk � k

= � AB 0 +
nX

k=1

(Bk� 1 � AB k)� k :



Thus Bn� 1 = I , � AB 0 = c0I , and

Bk� 1 � AB k = ck I ; for k = 1; : : : ; n � 1.

Multiplying by Ak gives

AkBk� 1 � Ak+1 Bk = ckAk ; for k = 1; : : : ; n � 1.

Finally,

pA (A) =
nX

k=0

ckAk = An +
n� 1X

k=1

(AkBk� 1 � Ak+1 Bk) � AB 0 = 0:

By the fundamental theoremof algebra,each n � n matrix hasn complexeigen-
values(counted with multiplicit y).

Exercise 1.4.53. Show that pT (� ) = � n � (tr T)� n� 1 + � � � + (� 1)n detT for any
T. Deducethat the sum of the eigenvaluesof T is tr T and that the product of the
eigenvaluesis det T. (Eigenvaluesmust be counted accordingto multiplicit y.)

The set of polynomials in F[� ] which vanish on T forms an ideal I (I is closed
under addition and closedunder multiplication by elements of F[� ].) SinceF [� ] is
a principal ideal domain, there exists an element mT 2 F[� ] so that I = (mT ), i.e.,
every element of I is a multiple of mT . We can and do assumethat mT is monic,
and we call it the minimal polynomial for T. Obviously pT is divisible by mT .

In the principal theorem of this section(Theorem 1.4.57)we give, amongother
things, a geometricdescription of the characteristic and minimal polynomials. To
obtain this description, we introducea generalizationof the notion of eigenvector.

De�nition 1.4.54. A nonzerovector v 2 V is a generalized eigenvector of T with
eigenvalue � if (�I � T)kv = 0 for somepositive integer k.

For a given eigenvalue � of T, considerthe increasingsequenceof subspaces

N1(� ) � N2(� ) � � � �

whereNk(� ) = ker(( �I � T)k). Sincetheseare all subspacesof a �nite-dimensional
vector spaceV, they eventually stabilize: there exists an index K so that NK (� ) =
NK +1 (� ) = � � � . We denoteby d = d(� ) the smallestsuch index, i.e.,

Nd� 1(� ) ( Nd(� ) = Nd+1 (� ) = � � � :

d(� ) is called the index of � . Thus the nonzeroelements of Nd(� ) are preciselythe
generalizedeigenvectorsassociated with � .

Lemma 1.4.55. For each j , d(� j ) � n = dim V.



Proof. Let � = � j and d = d(� j ) asabove, and let v 2 Nd(� )nNd� 1(� ). To prove the
result, it su�ces to establishthat the d vectorsv, (�I � T)(v), . . . , (�I � T)d� 1(v)
are linearly independent. Supposethat a0; : : : ; ad� 1 2 F satisfy

d� 1X

k=0

ak(�I � T)k(v) = 0: (1.4.56)

Applying (�I � T)d� 1 to both sidesgives

a0(�I � T)d� 1(v) = 0

soa0 = 0. Returning to (1.4.56)and applying (�I � T)d� 2 to both sidesgivesa1 = 0.
Continuing in this fashion,we �nd that ak = 0 for all k. The proof is complete.

We now state the main theorem of this section, a combination of the classical
spectral theorem for transformations of �nite-dimensional vector spacesand the
Jordan canonicalform for matrix representations of such transformations.

Theorem 1.4.57 (Sp ectral theorem and Jordan canonical form). Let T 2
L(V; V) be a linear transformation of an n-dimensionalvector space V with distinct
eigenvalues� 1; : : : ; � m . Then

1. V = N 1 � � � � � N m , where N j := Nd(� j )(� j ). Moreover, T : N j ! N j and
(� j I � T)jN j is nilpotent, in fact, (� j I � T)n jN j = 0.

2.
pT (� ) =

Y

j

(� � � j )dim N j
(1.4.58)

and
mT (� ) =

Y

j

(� � � j )d(� j ) : (1.4.59)

3. For each j there existsa block diagram of generalized eigenvectors f v j
il g, where

i = 1; : : : ; kj and l = 1; : : : ; pj
i , whichforms a basisfor thegeneralized eigenspace

N j . Here pj
1 � pj

2 � pj
3 � � � � ,

P
i pj

i = dim N j and

(T � � j I )(vj
il ) = vj

i;l � 1

for all relevant j , i and l.

4. The full collection B =
S m

j =1 f vj
il g forms a basis for V . With respect to that

(ordered) basis, [T]B ;B is a block diagonalmatrix with Jordan blocks.

A k � k matrix J is a Jordan block if it takesthe form

J =

0

B
B
B
B
B
@

� 1 0 � � � 0
0 � 1 � � � 0
0 0 � � � � 0
...

. . .
...

0 0 � � � 0 �

1

C
C
C
C
C
A



Remark 1.4.60. (1) The Jordan canonicalform of a matrix is uniquely determined
by the following data:

� the valuesand multiplicities of the eigenvalues� j ,

� the block diagrams f vj
il g associated with each � j , speci�cally, the number of

rows kj and the values

f dim N i (� j )=N i � 1(� j ) : j = 1; : : : ; m; i = 1; : : : ; kj g:

In other words, any two similar matrices have all of this data in common,and any
two matrices which have all of this data in commonare necessarilysimilar.

Exercise 1.4.61. For each j , show that � j is the only eigenvalueof TjN j : N j ! N j .

Examples 1.4.62. (1) Let

A =

0

@
1 1 � 1
0 1 0
0 0 1

1

A

and let T : C3 ! C3 be the linear transformation T(v) = Av. The only eigenvalue
is � = 1, of multiplicit y r = 3. Thus the characteristic polynomial pT (� ) = (� � 1)3.
A computation gives

A � I =

0

@
0 1 � 1
0 0 0
0 0 0

1

A

and(A� I )2 = 0, sod = d(1) = 2 andmT (� ) = (� � 1)2. The vectorse1 ande1+ e2+ e3

span the eigenspaceN1(1), while N2(1) = C3. Choosing a vector in N2(1) n N1(1),
e.g., v12 := e1 + e2 we compute (T � I )(v12) =: v11 := e1. (Note: to simplify the
notation, sincethere is only oneeigenvalue to keeptrack of in this example,we omit
it from the notation.) To complete a basis for C3, we chooseany other element
of N1(1), e.g., v21 = e1 + e2 + e3. Relative to the basis B = f v11; v12; v21g, the
transformation T takesthe Jordan canonicalform

[T]B ;B =

0

@
1 1 0
0 1 0
0 0 1

1

A :

(2) Let

A =

0

B
B
B
B
@

2 1 1 1 1
0 2 0 � 1 � 1
0 0 2 1 1
0 0 0 2 0
0 0 0 0 2

1

C
C
C
C
A

and let T : C5 ! C5 be the linear transformation T(v) = Av. As before, the
only eigenvalue is � = 1, of multiplicit y r = 5. Thus the characteristic polynomial



pT (� ) = (� � 2)5. A computation gives

A � 2I =

0

B
B
B
B
@

0 1 1 1 1
0 0 0 � 1 � 1
0 0 0 1 1
0 0 0 0 0
0 0 0 0 0

1

C
C
C
C
A

and (A � 2I )2 = 0, so d = d(1) = 2 and mT (� ) = (� � 2)2. The vectors e1,
e2 � e3 and e4 � e5 span the eigenspaceN1(2), while N2(2) = C5. Choosing two
vectors in N2(2) n N1(2), e.g.,v12 := e1 + e2 and v22 = e1 + e2 + e3 � e4 we compute
(T � 2I )(v12) =: v11 := e1 and (T � 2I )(v22) =: v21 := e1 + e2 � e3. To completea
basisfor C5, we chooseany other element of N1(2), e.g.,v31 = e1 + e2 � e3 + e4 � e5.
Relative to the basis B = f v11; v12; v21; v22; v31g, the transformation T takes the
Jordan canonicalform

[T]B ;B =

0

B
B
B
B
@

2 1 0 0 0
0 2 0 0 0
0 0 2 1 0
0 0 0 2 0
0 0 0 0 2

1

C
C
C
C
A

:

We now start the proof of Theorem1.4.57.

Lemma 1.4.63. Generalized eigenvectors associated with distinct eigenvaluesare
linearly independent.

Proof. Let � 1; : : : ; � m be distinct eigenvaluesof a transformation T : V ! V of an
n-dimensionalvectorspaceV, andsupposethat v1; : : : ; vm areassociatedgeneralized
eigenvectors. Supposethat

a1v1 + � � � + amvm = 0; (1.4.64)

we must show that aj = 0 for all j .
Let j be arbitrary. Choosek � d(� j ) so that vj 2 Nk(� j ) n Nk� 1(� j ). Applying

the operator
(� j I � T)k� 1

Y

j 0=1 ;:::;m:j 06= j

(� j 0I � T)n

to each sideof (1.4.64) yields

aj (� j I � T)k� 1
Y

j 0=1 ;:::;m:j 06= j

(� j 0I � T)n (vj ) = 0: (1.4.65)

(Here we usedLemma 1.4.55.) For each j 0 = 1; : : : ; m, j 0 6= j , we write � j 0I � T =
(� j 0 � � j )I + (� j I � T). Expanding (1.4.65)using the Multinomial Theoremgives

aj

(

(� j I � T)k� 1
Y

j 0=1 ;:::;m:j 06= j

(� j 0 � � j )n +
terms divisible by

(� j I � T)k

)

(vj ) = 0:



Hence
aj

Y

j 0=1 ;:::;m:j 06= j

(� j 0 � � j )n

| {z }
6=0

(� j I � T)k� 1(vj )| {z }
6=0

= 0

so aj = 0.

Lemma 1.4.66. The collection of all generalized eigenvectors spans V.

Proof. We prove this by induction on n = dim V. The casen = 1 is obvious.
Given V and an eigenvalue � of T 2 L(V; V), we begin by establishing the

decomposition
V = ker(�I � T)n � range(�I � T)n : (1.4.67)

Let V1 = ker(�I � T)n and V2 = range(�I � T)n and supposethat v 2 V1 � V2. Then
(�I � T)nv = 0 and (�I � T)nu = v for someu. But then (�I � T)2nu = 0 so u
is a generalizedeigenvector for T and so (by Lemma 1.4.55)(�I � T)nu = 0. Thus
v = 0. The Rank-Nullit y theorem gives the equality of dimensionsn = dim V =
dim V1 + dim V2 which, together with the fact that V1 \ V2 = f 0g, shows (1.4.67).

Since � is an eigenvalue of T, V1 6= 0 so dim V2 < n. Thus the inductive hy-
pothesis applies to V2 and TjV2 2 L(V2; V2). We concludethat V2 is spannedby
generalizedeigenvectors of TjV2 , hencealso of T. Clearly, V1 is also spannedby
generalizedeigenvectorsof T. This �nishes the proof.

Proof of Theorem 1.4.57(1). The decomposition V = N 1 � � � � � N m follows from
Lemmas1.4.63and 1.4.66. The fact that T : N j ! N j is a consequenceof the
observation that T commutes with (� j I � T)n for each j . Finally, it is clear that
(� j I � T)n jN j = 0. This �nishes the proof.

Exercise 1.4.68. Give an alternate proof of the decomposition V = N 1 � � � � � N m

using the division algorithm for polynomials:

If P and Q are polynomials in F[� ] with no commonzeros,then there
exist A; B 2 F[� ] so that AP + BQ � 1.

(Hint: Induct to get a similar statement for m-tuples of polynomialsP1; : : : ; Pm with
no commonzeros. Then apply this to the polynomials P1(� ) = (� � � 1)d(� 1 ) , . . . ,
Pm (� ) = (� � � m )d(� m ) .

Proof of Theorem 1.4.57(2). We will prove the identit y (1.4.59). The other identit y
(1.4.58)will follow asa consequenceof the Jordan canonicalform in part (3) of the
theorem.

Form the polynomial
Q(� ) =

Y

j

(� � � j )d(� j ) :

In order to show that Q = mT , it su�ces to prove that Q(T) = 0 and that Q divides
any polynomial P with P(T) = 0.



Let v 2 V be arbitrary. By part (1), we may write v =
P

j 0 vj 0 with vj 0 2 N j 0
.

In the j 0th term of the expansion

Q(T)(v) =
X

j 0

Y

j

(T � � j I )d(� j )(vj 0)

wecommute the operators(T � � j I )d(� j ) sothat the term with j = j 0 actson vj 0 �rst.
Sincethat term annihilates vj 0 we �nd Q(T)(v) = 0. Thus Q(T) = 0 as desired.

Next, supposethat P 2 F[� ] satis�es P(T) = 0. Fix an index j and write

P(� ) = c
Y

zk 6= � j

(� � zk)� k � (� � � j )�

for somevalueszk ; c 2 F and nonnegative exponents � k ; � . We may alsoassumethat
c 6= 0. Let v 2 N j be arbitrary. Then (T � � j I )� (v) 2 N j and P(T)(v) = 0. By
Exercise1.4.61the operator c

Q
k(T � zk I )� k is one-to-oneon N j , so(T� � j I )� (v) = 0.

Sincev wasarbitrary, (T � � j I )� annihilates all of N j , so � � d(� j ). Repeating this
for each index j provesthat Q divides P. This �nishes the proof.

To prove part (3) of the theorem,we needthe following

Lemma 1.4.69. Let T 2 L(V; V 0) and let W � V, W 0 � V 0 be subspaces so
that W = T � 1(W 0) and ker(T) � W. Then there exists a one-to-onemap ~T 2
L(V=W; V 0=W0) so that Q0� T = ~T � Q, where Q : V ! V=W and Q0 : V 0 ! V 0=W0

are the canonical quotient maps.

The proof of this lemma is an easyextensionof Homework #1, Problem 3(a),
apart from the claim that ~T is one-to-one. Let us sketch the proof of that claim.
The map ~T is de�ned by the identit y ~T(v + W) := T(v) + W 0. If

~T(v1 + W) = ~T(v2 + W);

then T(v1) + W 0 = T(v2) + W 0 soT(v1 � v2) 2 W 0 and v1 � v2 2 ker(T) + T � 1(W 0) =
ker(T) + W = W. Thus v1 + W = v2 + W and we have shown that ~T is injective.

Proof of Theorem 1.4.57(3). For the purposesof this proof, we �x j and write d =
dj , � = � j , N = N j , and so on.

We begin by choosinga basisf vj
i;d gi for Nd(� )=Nd� 1(� ). We now apply Lemma

1.4.69with V = Nd(� ), W = V 0 = Nd� 1(� ), W 0 = Nd� 2(� ) and with the trans-
formation in the lemma (called T there) given by T � �I . Check that all of the
hypothesesare veri�ed. The lemma ensuresthat the quotient map

T̂ � �I : Nd(� )=Nd� 1(� ) ! Nd� 1(� )=Nd� 2(� )

is one-to-one.Thus the images(T � �I )(vj
i;d + Nd� 1(� )) are linearly independent in

Nd� 1(� )=Nd� 2(� ); wewrite thesein the form vj
i;d � 1+ Nd� 2(� ) and completethem to a

basisf vj
i;d � 1gi of Nd� 1(� )=Nd� 2(� ). We repeat the processinductively, constructing

basesf vj
i;l gi for N l (� )=N l � 1(� ). (In the �nal casewe assumeN0(� ) = f 0g.) The

result of all of this is a set of vectors f vj
il g which forms a basis for N = N j . (See

Homework #1, Problem 3(b) for a similar claim.)



Proof of Theorem 1.4.57(4). By part (3),

T(vj
il ) =

(
� j v

j
il + vj

i;l � 1 if 1 < l � pj
i ,

� j v
j
il if l = 1

for all j = 1; : : : ; m, i = 1; : : : ; kj . Consequently, the matrix representation of T
with respect to the basisB consistsof a block diagonal matrix madeup of Jordan
blocks with diagonalentries � j , as asserted.



1.5 Exp onentiation of matrices and calculus of vector- and
matrix-v alued functions

Throughout this section,all matrices are de�ned over the complexnumbers.

De�nition 1.5.70. The Hilbert-Schmidt norm on n � n matrices is

jjAjj H S :=

 
nX

i;j =1

jaij j2
! 1=2

; A = (aij ):

Exercise 1.5.71. Verify that jj � jj H S is a norm, i.e., jj0jj H S = 0, jj cAjj H S =
jcj jjAjj H S, and jjAB jj H S � jjAjj H SjjB jj H S for all n � n matricesA; B and c 2 F.

De�nition 1.5.72. Let A be an n � n matrix. The matrix exponential eA is de�ned
to be

eA =
1X

j =0

1
j !

A j :

Lemma 1.5.73. The in�nite sum in the de�nition of eA converges.

Proof. Let EN (A) :=
P N

j =0
1
j !A

j denotethe N th partial sum. Then

EM (A) � EN (A) =
NX

j = M +1

1
j !

A j

so

jjEM (A) � EN (A)jj H S �
NX

j = M +1

1
j !

jjAjj j
H S ! 0 as M ; N ! 1 .

The conclusionfollows.

Exercise 1.5.74. Show that eA+ B = eA eB if A and B commute. Show that in
generaleA+ B and eA eB can disagree.

Lemma 1.5.75. Let A; S be n � n matrices with S invertible. For every power
seriesf (t) =

P
j cj t j converging on C we havef (S� 1AS) = S� 1f (A)S.

Proof. By uniform convergenceit su�ces to check this for polynomials. By linearity
it su�ces to check this for monomials. Finally,

(S� 1AS) j = S� 1AS S� 1A � � � AS S� 1AS| {z }
j repetitions

= S� 1A j S:

How do we calculate eA in practice? Let B = S� 1AS be the Jordan canon-
ical form for A. Thus B is a block diagonal matrix with blocks in Jordan form.
In this caseeA = SeB S� 1, so it su�ces to describe eB for matrices B in Jordan
canonicalform. Matrix exponentiation factors acrossblock diagonaldecomposition
of matrices,so it su�ces to describe eJ for a matrix J consistingof a singleJordan
block.



Prop osition 1.5.76. Let J be an n � n Jordan block:

J =

0

B
B
B
B
B
@

� 1 0 � � � 0
0 � 1 � � � 0
0 0 � � � � 0
...

. . .
...

0 0 � � � 0 �

1

C
C
C
C
C
A

Then

eJ =

0

B
B
B
B
B
@

e� e� 1
2e� � � � 1

(n� 1)! e
�

0 e� e� � � � 1
(n� 2)! e

�

0 0 e� � � � 1
(n� 3)! e

�

...
. . .

...
0 0 � � � 0 e�

1

C
C
C
C
C
A

:

Proof. Let

A =

0

B
B
B
B
B
@

0 1 0 � � � 0
0 0 1 � � � 0
0 0 0 � � � 0
...

. . .
...

0 0 � � � 0 0

1

C
C
C
C
C
A

so J = �I + A. By Exercise1.5.74,eJ = e�I eA = e� (eA ). SinceA is nilpotent of
step n,

eA = I + A +
1
2

A2 + � � � +
1

(n � 1)!
An� 1 =

0

B
B
B
B
B
@

1 1 1
2 � � � 1

(n� 1)!

0 1 1 � � � 1
(n� 2)!

0 0 1 � � � 1
(n� 3)!

...
. . .

...
0 0 � � � 0 1

1

C
C
C
C
C
A

:

This �nishes the proof.

The theory of matrix exponentials can alsobe developed via systemsof ODE's.

Theorem 1.5.77. Let A be an n � n matrix and let j 2 f 1; : : : ; ng. The j th column
of eA is the solution x(1) at time t = 1 to the ODE

x0(t) = Ax(t); x(0) = ej :

Proof. Expanding both sidesasseriesshows that x(t) = etA x0 is the solution to the
initial value problem

x0(t) = Ax(t); x(0) = x0:

Choosingx0 = ej and evaluating at t = 1 �nishes the proof.



The function t 7! etA is an exampleof a matrix-valued function. To �nish this
section,we describe a few results from the calculusof such functions.

We considerfunctions v : [a;b] ! Fn and A : [a;b] ! Fn� n taking values in a
�nite-dimensional vector spaceor the spaceof n � n matrices over F. Continuity
and di�erentiabilit y of such functions is de�ned in the usual way. (We use the
usual Euclidean norm on Fn , and the Hilbert-Schmidt norm on Fn� n .) Most of
the standard rules of di�erentiation hold true, but there are somecomplications
in the matrix-valued casedue to the possibility of non-commutativit y. The chain
rule for di�erentiating matrix-valued maps need not hold in general. Indeed, if
A : [a;b] ! Fn� n is a di�erentiable matrix-valued map, then

d
dt

A j = _A � A j � 1 + A _A A j � 2 + � � � + A j � 1 � _A;

where _A = dA
dt . In particular, if A(t) and _A(t) commute for somevalue of t, then

d
dt A

j = j A j � 1 _A and
d
dt

p(A)(t) = p0(A)(t) _A(t)

for every polynomial p. Even if A(t) and _A(t) do not commute, we still have

d
dt

tr p(A)(t) = tr (p0(A)(t) _A(t))

sincethe trace function is commutativ e.
To conclude, we describe a remarkable connection between determinant and

trace. Roughly speaking, trace is the derivative of determinant. Considerthe func-
tion t 7! detA(t) for some matrix-valued function A satisfying A(0) = I . We
may write A(t) = (a1(t); : : : ; an(t)) in terms of columns with aj (t) = ej , and view
t 7! det(a1(t); : : : ; an (t)) as a multilinear function valued on n-tuples of vectors.
Then

d
dt

det(a1; : : : ; an ) = det( _a1; a2; : : : ; an ) + � � � + det(a1; a2; : : : ; _an );

evaluating at t = 0 gives

d
dt

detA(t)

�
�
�
�
t=0

= det( _a1(0); e2; : : : ; en ) + � � � + det(e1; e2; : : : ; _an (0))

= _a11(0) + � � � _ann (0) = tr _A(0):

More generally, if Y(t) is any di�erentiable matrix-valued function and Y(t0) is
invertible, then

d
dt

logdetY(t)

�
�
�
�
t= t0

= tr
�

Y � 1(t0) _Y(t0)
�

:

To prove this, set A(t) = Y(t0)� 1Y(t0 + t) and apply the precedingresult.


