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1 Linear Algebra

1.1 Vector spaces

De nition 1.1.1. Let F bea eld. A vector space over F is a setV of elemetts,
called vectors, equipped with two operations+ :V V! V (addition) and

F V! V (scalar multiplication) sud that (V;+) is an abelian group, and the
following compatibility relations hold:

1. (distributivit y) a;b2 F,v;w2 V) a(v+ w) = av+ aw, (a+ bv = av+ by,
2. (assaiativity of multiplication) a(bv) = (abyv,
3. (identity) 1v = v.

Here 1 denotesthe unit elemen of F. Notice that we typically omit the notation
for scalarmultiplication, writing av= a v.

Examples 1.1.2. 1. n-dimensionalEuclideanspaceR" is a vector spaceover R.

2. The spaceC|0; 1] of cortinuousfunctions on the interval [0; 1] is a vector space
over R.

3. Let k = 0;1;2;:::. The spaceCX[0;1] of functions f on the interval [0;1]
whosekth derivative f K) exists and is cortinuous is a vector spaceover R.
Similarly, the spaceC?* [0; 1] of functions on [0; 1] for which f ) exists for all
k, is a vector spaceover R.

4. R is a vector spaceover Q (seeExercisel.1.17).

5. This examplerequiressomebasic uency in abstract algebra. Let p be a prime
and let K be a nite eld of characteristic p. Then K is a vector spaceover
Zp-

6. Let V be a vector spaceover F, andlet W V be closedunder addition and
scalarmultiplication: v;w2 W, a2 F) v+w2 W,av2 W. ThenW isa
vector spaceover F (called a (vector) subspce of V).

7. Let W be a vector subspaceof V, both over a eld F. De ne a relation onV
asfollows: v v%i v V%2 W. Then is an equivalencerelation onV, and
the collection of equivalenceclasses/= is a vector spaceover F. This space
is called the quotient space of V by W, and is written V=W. We typically
write elemeits of V=W in the form v+ W, v 2 V, with the understandingthat
v+ W=Vv+Wi v Vie,v V02 W,



8. Let V and W be vector spacesover F. The product spaceV W equipped
with the operations (v;w) + (Vw9 = (v+ v&w+ w9 and a(v;w) = (av; aw)
is a vector spaceover F. It is calledthe direct sumofV and W, and is written
vV W,

Exercise 1.1.3. Verify the claimsin the various parts of Example 1.1.2.

Throughout this course,we will work almost ertirely with either the eld R of
real numbers or the eld C of complexnumbers. From now on we omit the phrase
\over F".

Let S beany set. A setR Siscalledco nite if SnR isa nite set. A function

:S! Fiscalledessentialy zen if fs: (s)= 0gisaco nite subsetof S.

De nition 1.1.4. Let V be a vector space. A setS V is said to be linearly
independentif whenewer :S! Fisessetially zero,and
X
(s)s=0
s2S

then is identically zero. A setS V is linearly degndentif it is not linearly
independen.

. P , :
Notice that the sum _,5 (s)s only involvesa nite number of nonzeroterms,
henceis well-de ned.

De nition 1.1.5. Let V be a vector space,andlet S V. A linear combination
of elemetts of S is an elemen of V which may be written in the form
X
(s)s
s2S

for someessetially zerofunction :S! F. The span of S is the set span(S) of
linear combinations of elemerts of S.

De nition 1.1.6. AsetB V isahasisif B islinearly independent andspanB) =
V.

Theorem 1.1.7. Every vector space admits a hasis.

Proof. Wewill useZorn's Lemma: every partially orderedsetP, sud that all totally
orderedsubsetsof P admit upper boundsin P, has maximal elemeits.

Let V be a vector space,and let L be the collection of all linearly independert
subsetsof V, partially orderedbyéinclusion. Let (Siéz. beachainin L, i.e. atotally
ordeéedsubset We claim that | §; isF;n L,i i Si is linearly independen. If

S ! F is essetally zero andS 2 1S (s)s = 0, then (s) 6 0 only for
mtely mary elemets s;;;:::;s;,, in; S;. Then there exists an index k so that
s, 2 S forallj = 1;:::;m. SinceSy is Imearly independen, we concludethat s
idertically zeroas deswed.

Zorn's lemmaguararteesthe existenceof a maximal elemen B in L. We claim

that V = spanB). To do this, we will showv that v 2 span(B) ) B[ fvgislinearly



independen. Supposethat v 2 spanB) and there existsan essetially zerofunction
B[ fvg! F sud that

(V)v+ (w)w = 0
w2B
If (v) 6 0,thenv = P w2 ( %)W, which cortradicts the fact that v 2 span(B).
Thus (v) = 0. But then X
(w)w = 0;
w2B

sinceB is linearly independen we nd OandsoB [ fvgislinearly independer.
U

Corollary 1.1.8. Any linearly independentsetS in a vector space V can be extendel
to a basis.

Proof. Repeatthe proof of the theorem,replacingL with the collectionof all linearly
independer subsetsof V which cortain S. O

Theorem 1.1.9. Any two basesfor a vector space V havethe samecardinality.

Proof. We considerthe nite cardinality case. Supposethat V has a basisB =

sud a collection. Considerthe expression
= Wit Cm+1 Wi+t

Sinceeat w; may be written asa linear corrbination of the elements of B, may be
written asalinear combination of vq;:::;vy,. Setting = 0generatesa systemof m

The in nite cardinality casecan be treated by trans nite induction. We omit
the proof. O

De nition 1.1.10. Let V beavector space.The number of elemetts in a basisof V
is calledthe dimensionof V and written dimV. We say that V is nite dimensional
if dmV < 1.

Example 1.1.11. The standad basisfor R" is the collectionof n vectorse;;:::;e,,
where the coordinates of g are equalto O in all ertries except for the jth ertry,
wherethe coordinate is equalto 1.

Exercise 1.1.12. Let V be a vector spaceof dimensionn, and let S be a setof n
linearly independen elemetts of V. Then S is a basisfor V.

Exercise 1.1.13. LetV = W; W, be nite dimensional. ThendimV = dim W, +
dim Wos.



Exercise 1.1.14. Let W beasubspaceofa nite dimensionalvector spaceV. Then
dimV = dimW + dimV=W. (This result will alsofollow asan easyconsequencef
Theorem1.2.21.)

Let B be a basisfor a vector spaceV andlet S V. For ead s2 S, there exist
scalars ¢, sud that X
S= sbb:
b2 B

De nition  1.1.15. The matrix Msg = ( sh)s2s:ep IS called the transition matrix
of S with respectto B.

Lemma 1.1.16. Let B and S be basesfor V with transition matricesMsg = ( )
andMgs = ( ps). Then

| = MgsMsg = MsgMsgs:

Note that Msg and Mgs may bein nite matrices, in which casethe meaningof
the matrix multiplications may not be immediately clear. Howeer, the fact that the
coe cients g, de ne essetially zerofunctions of s and b, provided the remaining
variable is xed, ensuresthat the notion of matrix multiplication is well-de ned for
sud matrices.

Proof. For b2 B, we have

X X X
b= bsS = bs stbO: bs sb? o
s2S s2S 2B 2B s2S

By the linear independenceof B, we nd

X
bs sk = DbiPs
s2S

where .p denotesthe Kronedker delta function: pp = 0if b6 Pand ,,= 1. In
other words,
MBSM SB = l:

The other direction is similar. O

Exercise 1.1.17. What is the cardinality of a basisfor R over Q?



1.2 Linear Maps

De nition 1.2.18. Let V and W be vector spaces.A map T :V ! W is called
linear if
T(av+ bw) = aT(v) + bT(w)

forallv;w 2 V anda;b2 F. We usethe terms linear map and linear transformation
interchangeably An isomorphismis a bijective linear map. Two vector spaces
V and W are called isomorphic (written V ' W) if there exists an isomorphism
T:V! W.

A few easyobsenations:

1. T(V) is a subspaceof W.

2. If W, is asubspaceof W, then T 1(W,) := fv2 V :T(v) 2 W,gis asubspace
of V.

3.fS:U! VandT:V! W arelinear,thenT S:U! W islinear.
4. If T is a bijective linear map, then T ! is linear.

5. If T issurjective,thendimV  dimW. If T isinjective,thendimV  dimW.
In particular, isomorphicvector spaceshave the samedimension.

Examples 1.2.19. 1. V=R",W=R", Aanm n real matrix, T(v) = Av.
2.V = CK0;1],W = C* Y[0;1], T(f)=fC

3. W a subspaceof a vector spaceV, T : V! V=W givenby T(v) = v+ W.
This examplewill be important for usin later work. The mapT : V! V=W
is called a quotient map.

De nition 1.2.20. The kernelof alinearmapT :V! W is
ker(T) =fv2V :T(v) = 0g:
The rangeof T isrange(T) = T(V).

Theorem 1.2.21 (Rank{Nullit y Theorem). LetT :V ! W be a linear map.
Then
V' ker(T) range(T)

and
dimker(T) + dimrange(T) = dim V:

Corollary 1.2.22. Let W be a subspce of a vector sppace V. ThenV ' W V=W
anddimV=W = dimV dimW.

Proof. Apply Theorem 1.2.21to the linear map Q : V ! V=W given by Q(v) =
v+ W. O



Corollary 1.2.23. LetV be a nite dimensionalvector sppee andlet T : VIV
be linear. Then T is injective if and only if T is surjective.

Proof. T is injective if and only if dimker(T) = 0. T is surjective if and only if
dimrange(T) = dimV. O

Exercise 1.2.24. Show that Corollary 1.2.23is falsefor in nite dimensionalvector
spaces;a linear self-mapof sud a spacecan be injective without being surjective,
and vice versa.

Proof of Theorem 1.2.21. Let S; = (vj)i2; be a basis for ker(T), and let T(S,),
S; = (Wj)j2a, be a basisfor ranggT). We claimthat S;[ S; is a basisfor V. This
su ces to completethe proof, sincewe may then exhibit an isomorphismbetween
V and ker(T) range(T) by sendingyv; to (vi; 0) and w; to (O; T(w;)).

First, we show that S; [ S; is linearly independen. Let :S;[ S,! F be
essetially zero,with

X X X
0= (V)v = (Vi)vi + (W )w; :
v2S:1[ Sz i j

Then I
X X X
0=T@O)=T (Vi)vi + (Wjw; = (W) T (w; )
i j j
sincev; 2 ker(T). SinceT(S,) is a basisfor range(T), we seethat (w;) = 0O for all
j 2J. Thus X
0= (Vi)Vi;
i
sinceS; is a basisfor ker(T) we concludethat (v;) = Oforalli 2 I. Thus 0
and we have shovn that S; [ S; is linearly independen.
Next, we shav that S;[ S, spansall of V. Givenany v 2 V, we may write T (V)
asa linear conmbination of the elemens of T(S,):

X
T(v) = (W) T (w;)

P
for a suitable essetally zerofunction :S,! F. Thenv i (W)w; 2 ker(T)
whence X X
v (wj)w; = (Vi)vi
i i
for someessetially zerofunction :S;! F. This exhibitsv asalinear conbination
of S;[ S,, asdesired. O

Any linear map may be factoredthrough its kernel by an injective linear map.

Prop osition 1.2.25. LetT : V! W bealinear map,andlet Q:V ! V=ker(T)
ke the quotient map Q(v) = v + ker(T). Then there existsa unique injective linear
map T°: V=ker(T) ! W suchthat T® Q=T.



Proof. De ne Tqv+ ker(T)) = T(v). This is well-de ned: if v°+ ker(T) = v+ ker(T)
thenv® v 2 ker(T) soT(V® V) = 0,i.e., T(V) = T(v). It is obviously linear.
To seethat it is injective, supposethat TYv + ker(T)) = TYv°+ ker(T)). Then
T(v) = T(V) sov V%2 ker(T) andv + ker(T) = v°+ ker(T). O

The collection of all linear mapsfrom V to W is denotedby L (V; W). Of partic-
ular interest is the spaceL (V; V) of linear mapsof V into itself. Note that any two
sud maps can be added and multiplied (composition), and multiplied by a scalar.
Thus L(V; V) is an exampleof an algeba. It is typically not comnutative, since
S T neednot equal T S. Furthermore, L(V;V) typically contains zerodivisors,
elemens S;T 6 Osudhthat S T = 0. For example, chooseS and T so that
rangeS) ker(T).

The set of invertible elemertts in L(V;V) forms a group. The isomorphismtype
of this group dependsonly on the dimensionof V, and on the scalar eld F. It
is called the geneal linear group of dimensionn = dimV over F, and denoted by
GL(n; F).

Given S 2 GL(n;F), the transformation T 7! STS 1!is an invertible linear map
of L(F";F"), i.e., an elemen of GL(N;F), whereN = dimL(F";F"). It is calleda
similarity transformation, and the mapsT and STS ! aresaidto be similar to eah
other.

Exercise 1.2.26. Verify that similarity transformations of V = F" are elemens of
GL(N;F), N = dimL(V;V). What is the value of dim L (V;V)?

Linear mapsfrom V to the base eld F are calledlinear functionalson V. The
spaceL (V; F) of linear functionals on V is alsoknown asthe dual space of V, and is
sometimesdenotedV .

Exercise 1.2.27. Let V bea nite dimensionalvector spaceof dimensionn, with

1. §hoN that ewery elemen v 2 V can be written uniquely in the form v =
n
iz1 Vi

2. Show that the functionsk; : V! F givenby ki(v) = ;, where ; is asin the
previouspart, are linear functionalson V.

3. §hoN that ewery linear functional T on V can be written in the form T =
", aik;, for somea; 2 F.

P
4. Shaw that the mapping T 7!~ ., av; de nes a (non-canonical)isomorphism
betweenV andV. Concludethat dmV = dimV.

Exercise 1.2.28. Let P be the vector spaceof polynomials over C with degree



Matrix representations of linear maps: If T:V ! W isalinear mapandC,
resp.B, are basesfor V resp.W, then ead elemen c2 C can be written uniquely
in the form X
c= cob:
b2 B

In the nite-dimensional case,the matrix M = [T]c.e = ( cb)c2ces IS called the
matrix representationfor T with respectto the basesC and B.

Lemma 1.2.29. Let A and B be basesfor V, let C and D be basesfor W, and let
T:V! W bealinear map. Then

[Tlo:a = Mpc[TlcgMea:
Corollary 1.2.30. If A andB are basesfor V and T 2 L(V;V), then
[Tlaa = Mag [Tle:eMga = Mag [TlegM,g:

In particular, the matrices[T]a.a and[T]g.g are similar.



1.3 Geometry of linear transformations of nite-dimensional
vector spaces

Instead of beginning with the algebraic de nitions for determinart and trace, we
will take a geometricperspective. This is arguably more enlightening, asit indicates
the underlying physical meaningfor thesequartities.

We assumethat the notion of volumeof opensetsin R" is understood. In fact, we
will only needto work with the volumesof simplexeswhich admit a simplerecursive
de nition (seeDe nition 1.3.34). The de nition relieson the geometricstructure of
R", speci cally the notions of perpendicularity (orthogonality) and distance, which
we take as known.

De nition  1.3.31. An oriented simplexin R" is the corvex hull of a setofn+ 1

P P
S=J[ay::;an]=fx2R":x= i”:O ia, forsome ; Owith . ;= 1g:

are di erent assimplices(although they de ne the samesetin R").
An oriented simplex S is called degeneate if it liesin an (n  1)-dimensional
subspaceof R".

a; ;iina, @ arelinearly dependert.

[0; a1 iihan ).

Next, we would like to assignan orientation O(S) to eat nondegenerateriented
simplex S. We will classifyall sud simplexesas either positively oriented (O(S) =
+1) or negatively oriented (O(S) = 1), sothat the following requiremens are

satis ed:

1. (anti-symmetry) The orientation of S is reversedif any two verticesa; and g
of S are interchanged.

is a cortinuous family of nondegeneratesimplexes.

3. (normalization) The orientation of the standard n-dimensionalsimplex S§ =

Here (g ) denotesthe standard basisfor R", seeExample 1.1.11.

Prop osition 1.3.33. There is a unique notion of orientation for simplexesin R"
satisfying thesethree requirements.

Proof. Considerthose simplexesS = [ap;:::;an] which may be deformedby a con-
tinuous family of nondegeneratesimplexesto the standard simplex. That is, there
exist n cortinuousfunctions & : [0;1]! R",j = 1;:::;n, sothat (i) a(0) = g for



al0 t 1. Wecall eah of thesesimplexespositively oriented and assignit the
orientation O(S) = +1. Otherwise we call S negatively oriented and assignit the
orientation O(S) = 1. It is straightforward to ched that all three requiremens
are satis ed in this case. O

De nition  1.3.34. The n-volumeof asimplexS = [0;a;;:::;a,] R"is

is the distancefrom g to the (n  1)-dimensionalhyperplane cortaining B. (To
beginthe induction, we let Vol, be the standard length measurefor intervals on the
real line R.) To simplify the notation, we drop the subscripts, writing Vol = Vol,
for every n. Notice that Vol(S) = 0if and only if S is degenerate.

The signel volumeof S is

sign\ol(S) = O(S) Vol(S):
Prop osition 1.3.35. The signal volumesatis es the following properties:

1. sign\wol(S) = 0 if and only if S is dggeneate.

The expressionO(S)h represets the signal distance from a, to . This is nothing
more than a particular coordinate function, if coordinatesin R" are chosenso that
oneaxisis perpendicularto  and the remainingn 1 axesare chosento lie in .
Exercisel.2.27(2) shows that this is a linear function.

We now cometo the de nition of determinart.

De nition 1.3.36. Let A bean n n matrix whosecolumns are given by the

An immediate corollary of Proposition 1.3.35is
Prop osition 1.3.37. The determinant satis es the following properties:

1. (antisymmetry) det(A) is an alternating function of the columnsof A; its sign
changeswhentwo columnsof A are interchangel. In particular, det(A) = O if
two columns of A are identical.



2. (multilinearity) det(A) is a linear function of the columnsof A.

3. (normalization condition) det(l) = +1, where | is the n n identity matrix,

4. det(A) = 0if and only if the columnsof A are linearly degendent.

5. det(A) is unchangd if a multiple of one column of A is addeal into another
column.

In fact, the determinart is the unique function onn n matricessatisfying parts
1, 2 and 3 of Proposition 1.3.37.

Part 1isimmediatefrom the propertiesof O(S) and Vol(S). Parts 2 and 4 follow
from Proposition 1.3.35and Exercisel1.3.32. To verify part 3, we rst compute

Vol(S)) = %VOI(S{,‘ h

SO
Vol(SD) = +
ol(Sy) = nl

and
det(l) = n! sign\Vol(Sj) = n!O(Sy) Vol(Sg) = (n!)(+1)( %) =1L

Finally, part 5 follows from antisymmetry and multilinearit y.
The determinart is a multiplicativ e function:

Theorem 1.3.38. det(AB) = det(A) det(B) for n n matricesA; B.

Exercise 1.3.39. Usethe uniquenessassertionfor the determinart function to prove
Theorem1.3.38. Hint: In the casedetA 6 0, considerthe function
det(AB)
C(B)= ———=:
(B) detA

Shaw that C satis es Proposition 1.3.37parts 1, 2 and 3. Note that, upon writing

For the casedetA = 0, usea cortinuity argumert.

De nition  1.3.40. Theij th minor ofann n matrix A = (g;)isthe(n 1) (n 1)
matrix Aj obtainedby deletingthe ith row andjth columnofA. The adjoint matrix
of A is the matrix adjA = (b; ), where

hj = ( 1)i+j detKji:

P o
Lemma 1.3.41. (1) For eachj, detA= ' ( 1)*/a; detA;.
(2) AadjA = detA 1.



Proof. To prove (1) we beginwith the special case

1 0
A% 0 Ay
wherethe zerosdenoterows (and columns) of zero entries. The map Ay, 7! detA
clearly satis es parts 1, 2 and 3 of Proposition 1.3.37,whencedetA = detA;; in
this case.Next, the case
1

0 Ay

(where denotesa row of unspeci ed ertries) follows from part 5. Finally, the
general casefollows by antisymmetry and multilinearity of the determinart. We
leave the full details as an exerciseto the reader.

To prove (2), we computethe ertries of C = AadjA = (¢ ):

A =

xXo " ‘
Gi = (1) aw(adjA)
k=1
X .
= ( 1)"*ay detAy = detA
k=1
by (1), while fori 6 j,
G = ( 1)j+kajk(adj A)kj
k=1
= ( 1) ay detAj = detAp
k=1

WhereAfj’ isthe n  n matrix whosecolumns are the sameas those of A, except
that the jth column is omitted and replacedby a copy of the ith column. By
antisymmetry, detA? = 0so

G = detA i
and the proof is complete. O

Part (1) of Lemma 1.3.41is the well-known Laplae exmnsion for the determi-
nart.

De nition 1.3.42. A matrix A isinvertibleif detA 6 0. Theinverseof aninvertible
matrix A is

1 .
Al= TetA adj A:

Lemmal.3.41(2)yields the standard properties of the inverse:
AA=ATA=I:

Prop osition 1.3.43. The determinant of a linear transformationT : R" ! R" is
independentof the choie of basis of R".



Proof. Changing the basis of R" correspnds to performing a similarity transfor-
mation T 7! STS . Denoting by A 7! BAB ! the matrix represetation of this
transformation with respect to the standard basisof R", we have

det(BAB 1) = det(B) det(A) det(B 1) = det(A):
O

Becauseof this proposition, we may write det(T) for T 2 L(R";R") to denote
the determinart of any matrix represemation [T]g.g for T. Moreover, the notion of
invertibilit y is well-de ned for elemens of L(R"; R").

Corollary 1.3.44. LetT be alinear map of R" to R". Then

Vol(T(S))

jdet(Ti = o)

for any nondegeneate simplexS in R".

This corollary providesthe \true" geometricinterpretation of the determinart:
it measureghe distortion of volume induced by the linear map.

De nition 1.3.45. Thetraceofann n matrix A with columnsay;:::;a, is

xn
tr(A) = a §:

i=1

Herev w denotesthe usu@ Euclidean dot product of vectorsv;w 2 R". If g
(&1;::0@n) thentr(A) = L, a&.

Exercise 1.3.46. 1. Showthat traceisalinearfunction on matrices: tr(A+B)
tr(A) + tr(B) and tr(kA) = ktr(A).

2. Shaw that tr(AB) = tr(BA) for any n n matricesA and B.

Prop osition 1.3.47. The trace of a linear transformationT : R" ! R" is indepen-
dent of the choice of basis of R".

Proof. Changing the basis of R" correspnds to performing a similarity transfor-
mation T 7! STS 1. If A 7! BAB ! denotesthe matrix represetation of this
transformation with respect to the standard basisof R", then

tr((BAB 1) = tr(AB !B) = tr(A)
by Exercisel.3.46(2). O

Becauseof this proposition, we may write tr(T) for T 2 L(R"; R") to denotethe
trace of any matrix represetation for T.



1.4 Spectral theory of nite-dimensional vector spaces and
Jordan canonical form

De nition  1.4.48. Let V be a vector spaceand let T 2 L(V;V). An elemen
2 F is called an eigenvalueof T if there existsa nonzerovectorv 2 V (called an
eigenvetor for ) sothat Tv= v.
Equivalently, if we denoteby | the idertity elemen in L(V;V), then is an
eigervalue of T if and only if

ker(1 T)6 O:
The set of eigervaluesof T is called the spectrum of T, and is written SpecT.

Exercise 1.4.49. Let be an eigervalue for a linear transformation T on a vector
spaceV. The set of eigervectors assaiated with  is a vector subspaceof V.

For the rest of this section,we assumehat V is a nite-dimensional vector space,
de ned over an algebraically closed eld F (typically C).

De nition  1.4.50. The characteristic polynomial for a linear transformation T on
Vis

pr( )= det(l T):
Here denotesan indeterminate variable and the computation of the determinart

is understood in terms of the formulas from the previous sectionin the eld F[[ ]]
of rational functionsin  with coe cien ts from F.

The Cayley{Hamilton theoremstatesthat A satis esits own characteristic poly-
nomial.

Theorem 1.4.51 (Cayley{Hamilton). For any linear transformation T on a
nite-dimensional vector space V, the identity pr(T) = 0 holds.

Proof. By the invarianceof determinart with respectto basis,we may choosea basis
B for V and study the matrix represetation A = [T]g.s. By Lemma1.3.41(2),

(I Aadj(l A)=det(I A)l =pa( )l: (1.4.52)
Set
X
adji(  A):= B¢k
k=0
whereB,, = 0, and set
X k
pa( ) = G
k=0
wherec, = 1. Then (1.4.52) gives
X X
a “I=(1 Aadj(l A=(1 A B¢k
k=0 k=0

X
ABo+ (Bx 1 ABy) “

k=1



ThusB, 1=1, ABy= l, and
Bx 1 ABy = cl; fork=1;:::;n 1.
Multiplying by Ak gives
A*B 1 A¥IB, =A%,  fork=1;:::;n 1.
Finally,

Xn 1
pa(A) =  cAK= A"+  (A*By 1 A¥1By) ABy= O
k=0 k=1

O

By the fundamertal theoremof algebra,eacy n  n matrix hasn complexeigen-
values(counted with multiplicit y).

Exercise 1.4.53. Shovthat pr( )= " (trT) " 1+ + ( 1)"detT for any
T. Deducethat the sum of the eigervaluesof T istr T and that the product of the
eigervaluesis detT. (Eigervaluesmust be courted accordingto multiplicit y.)

The set of polynomialsin F[ ] which vanishon T formsanideall (I is closed
under addition and closedunder multiplication by elemens of F[ ].) SinceF[ ]is
a principal ideal domain, there existsan elemen my 2 F[ ] sothat | = (my), i.e.,
ewvery elemen of I is a multiple of my. We can and do assumethat mt is monic,
and we call it the minimal polynomial for T. Obviously pr is divisible by m+.

In the principal theorem of this section(Theorem 1.4.57) we give, among other
things, a geometric description of the characteristic and minimal polynomials. To
obtain this description, we introduce a generalizationof the notion of eigervector.

De nition  1.4.54. A nonzerovectorv 2 V is a genenlized eigenvetor of T with
eigervalue if (I  T)*v = 0 for somepositive integer k.

For a given eigervalue of T, considerthe increasingsequenceof subspaces

Ni()  Nz()
whereNy( ) = ker((1  T)X). Sincetheseare all subspace®f a nite-dimensional
vector spaceV, they eventually stabilize: there existsan index K sothat N ( ) =
Nk:1( )= . Wedenoteby d = d( ) the smallestsud index, i.e.,

Ng 1( ) ( Na( ) = Ngs1 () =

d( ) is calledthe index of . Thus the nonzeroelemens of Ny4( ) are preciselythe
generalizedeigervectors assaiated with

Lemma 1.4.55. For eachj, d( ;j) n=dmV.



Proof. Let = jandd= d( ;) asabove,andletv 2 Ng( )nNg 1( ). Toprovethe

result, it su ces to establishthat the d vectorsv, (| W), ..., (1 T)d ()
are linearly independen. Supposethat ag;:::;ay 1 2 F satisfy
X 1
a(l  T)Xv) =0 (1.4.56)
k=0

Applying (1 T)Y ! to both sidesgives
a(l T)'v)=0

soay = 0. Returning to (1.4.56)and applying (1  T)¢ 2 to both sidesgivesa; = 0.
Cortinuing in this fashion,we nd that a, = O for all k. The proof is complete. [

We now state the main theorem of this section, a combination of the classical
spectral theorem for transformations of nite-dimensional vector spacesand the
Jordan canonicalform for matrix represetations of sud transformations.

Theorem 1.4.57 (Spectral theorem and Jordan canonical form). LetT 2
L(V;V) be a linear transformation of an n-dimensional vector space V with distinct

1. V = Nt N™, whee NI := Ng¢,)( j). Moreover, T : N/ ! NI and
(i1 Tjni is nilpotent, in fact, ( ;1  T)"j,; = 0.
2. v .
pr( )= ( P (1.4.58)
j
and Yy
me( )= () (1.4.59)

i

3. For eachj there existsa black diagram of genealized eigenvetors f v} g, whee
=1k andl = 1_;:::;p'i,whic_hformsab_asisfor the genealized eigenspce
N/. Herep, p, p; , ;pl =dimN! and

(T 1)) = Vg;l 1
for all relevantj, i andl.

S .
4. The full collection B = 7, fv) g forms a kasis for V. With respect to that

(ordered) basis, [T]g:g is a bloclé diagonalmatrix with Jordan blacks.

A k k matrix J is a Jordan black if it takesthe form

1
0

0
1 0
0 1 0
j=B0 0 0
00 0



Remark 1.4.60. (1) The Jordan canonicalform of a matrix is uniquely determined
by the following data:

the valuesand multiplicities of the eigervalues j,

the block diagramsfvflg asseiated with ead ;, speci cally, the number of
rows kj and the values

In other words, any two similar matrices have all of this data in common,and any
two matrices which have all of this data in commonare necessarilysimilar.

Exercise 1.4.61. Foread j, shavthat ; isthe only eigervalueof Tjy; : NI ! NJ.

Examples 1.4.62. (1) Let 0 1
11 1
A=@ 1 0A

00 1

andlet T : C3! C3 bethe linear transformation T(v) = Av. The only eigervalue
is = 1, of multiplicit y r = 3. Thus the characteristic polynomialpr( )= (  1)3.
A computation gives 1

1

A | = 0A
0

8°
o o
OO

and(A 1)?2=0,sod=d(1)= 2andmy( )= ( 1)°. Thevectorse, ande;+e,+e;
spanthe eigenspaceN (1), while N»(1) = C3. Choosinga vector in N,(1) nN1(1),
e.g.,Viz := e + e we compute (T 1)(vyp) =: vi; := €. (Note: to simplify the
notation, sincethere is only oneeigervalue to keeptrack of in this example,we omit
it from the notation.) To complete a basisfor C3, we chooseany other elemen
of N;(1), e.g.,, Vo1 = e, + & + e3. Relative to the basisB = fvyi;Vvi5; V210, the
transformation T takesthe Jordan canonicalform

0 1

110
[T]B;B = @0 1 OA .
001

1

0 1 1
2 1 1
0 2 O
000 O 2

and let T : C° ! C® be the linear transformation T(v) = Av. As before, the
only eigervalueis = 1, of multiplicit y r = 5. Thus the characteristic polynomial

(2) Let

O ONPFk

>
I
goomo



pr( )= (  2)°. A computation gives

0 1
011 1 1
000 1 1
A 22=B000 1 1
00 O O
000 O O

and (A 21)2=0,s0d=d(1) = 2andmy( ) = (22 The vectors ey,
e e ande, e spanthe eigenspaceNy(2), while N,(2) = C°. Choosing two
vectorsin N,(2) nN1(2), e.g.,vip:= e+t e andv,, = e+ e, + €5 € We compute
(T 2)(vyp) =2 vii:= e and (T  20)(v») =: Vo1 .= e+ & €. Tocompletea
basisfor C°, we chooseany other elemen of N1(2), €.9.,Va1 = e+ & €+ € 6.
Relative to the basis B = fvi1;Vis; Vo1, Voo, V310, the transformation T takes the

Jordan canonicalform 0 1
21000
02000
[T]B;B = 0 0 2 1 Op:
002
00O0O02

We now start the proof of Theorem1.4.57.

Lemma 1.4.63. Genemlized eigenvetors assaiated with distinct eigenvaluesare
linearly independent.

eigervectors. Supposethat
V1 + + anVm = O; (1464)

we must show that a; = O for all j.

Let j be arbitrary. Choosek d( j) sothat v; 2 Ni( j) NNk 1( ;). Applying
the operator %
(1 T)k? (ol T)

j9=1;:m:j%8j

to ead side of (1.4.64)yields

Y
a( I T)H! (o T)(v) =0 (1.4.65)
j%=1;:m:j%j

(Here we usedLemma1.4.55.) For eah j°= 1;:::;m, %6 j, wewrite ol T =

(jo )+ (1 T). Expanding (1.4.65)usingthe Multinomial Theoremgives
( k 1 Y

g (1 T) (o )"+

jO%=1;mmej %8 (

terms divisible by

jI T)k (Vj) =0



Hence Y

g ( 0 _)n o k 1(V‘ =0
,'Iozl;:::;m:j OS{'Z J J }F : gg) J?
60

sog = 0. ]
Lemma 1.4.66. The collection of all genesrlized eigenvetors spans'V.

Proof. We prove this by induction on n = dimV. The casen = 1 is ohvious.
Given V and an eigervalue of T 2 L(V;V), we begin by establishing the
decompsition

V=ker(l T)" range(l T)": (1.4.67)
LetV, = ker(l T)"andV,=range(l T)" andsupposethat v2 V; V,. Then
(I T)"v= 0and (I T)"u = v for someu. But then (| T)>u=0sou

is a generalizedeigervector for T and so (by Lemma1.4.55)(1  T)"u= 0. Thus
v = 0. The Rank-Nullity theorem givesthe equality of dimensionsn = dimV =
dimV; + dim V, which, together with the fact that V;\ V, = f0g, shavs (1.4.67).
Since is an eigervalue of T, V; 6 0 sodimV, < n. Thus the inductive hy-
pothesisappliesto V, and Tjy, 2 L(V,;V,). We concludethat V, is spannedby
generalizedeigervectors of Tjy,, hencealso of T. Clearly, V; is also spannedby

generalizedeigervectorsof T. This nishes the proof. O
Proof of Theorem 1.4.57(1). The decompsition V.= N 1_ N™ follows from
Lemmas1.4.63and 1.4.66. The fact that T : N/ ! N! is a consequencef the
obsenation that T comnutes with ( ;1  T)" for eat j. Finally, it is clear that
( ;I T)"y; = 0. This nishes the proof. O
Exercise 1.4.68. Give an alternate proof of the decompmsitionV = N1 N™

using the division algorithm for polynomials:

If P and Q are polynomialsin F[ ] with no common zeros,then there
existA;B 2 F[ ] sothat AP + BQ 1.

(Hint: Induct to geta similar statemert for m-tuples of polynomialsPy;:::; Py with
no common zeros. Then apply this to the polynomials Py( ) = ( )90
Pu()=(  m)¥m.

Proof of Theorem 1.4.57(2). We will prove the idertity (1.4.59). The other idertity
(1.4.58) will follow asa consequencef the Jordan canonicalform in part (3) of the
theorem.

Form the polynomial Y

Q)= ( )9
j

In orderto show that Q = my, it su ces to provethat Q(T) = 0 andthat Q divides
any polynomial P with P(T) = 0.



P .
Let v 2 V be arbitrary. By part (1), we may write v = ;oVjo With Vjo 2 NI°,
In the j %h term of the expansion

X Y .

Q(T)(v) = (T N (vo)

io i
we commnute the operators(T ;1) i) sothat the term with j = jCactsonvjo rst.
Sincethat term annihilatesvjo we nd Q(T)(v) = 0. Thus Q(T) = 0 asdesired.
Next, supposethat P 2 F[ ] satises P(T) = 0. Fix anindexj and write
Y
P()=c ( zJ* ( i)

6

for somevaluesz; c 2 F and nonnegatiwe exponerts ; . We may alsoassumethat
c6 0. Let v2 N/ bearbitragy. Then (T ;1) (v) 2 N/ and P(T)(v) = 0. By
Exercisel.4.61the operatorc = (T zl) « isone-to-oneonN’, so(T ;1) (v) = O.
Sincev wasarbitrary, (T ;1) annihilatesall of N/, so d( ;). Repeating this
for eat index | provesthat Q dividesP. This nishes the proof. O

To prove part (3) of the theorem, we needthe following

Lemma 1.4.69. Let T 2 L(V;V9 andletw V, W° VO e subspces so
that W = T Y(W9 and ker(T) W. Then there exists a one-to-onemap T 2
L(V=W.VEWY sothat Q° T=T Q,wheeQ:V! V=W andQ®: Vol v&we°
are the canonical quotient maps.

The proof of this lemma s an easyextensionof Homework #1, Problem 3(a),
apart from the claim that T is one-to-one. Let us sketch the proof of that claim.
The map T is de ned by the identity T(v+ W) := T(v) + WO If

T(vi+ W) = T(v2 + W);

then T(vy) + WO= T(vp)+ WPsoT(v; V») 2 Wlandv, v, 2 ker(T)+ T Y(W9 =
ker(T)+ W = W. Thusv; + W = v, + W and we have shavn that T is injective.

Proof of Theorem 1.4.57(3). For the purposesof this proof, we x j and write d =
d, = ;,N=NJ andsoon.

We begin by choosinga basisfv.,g for Ng( )=Ng 1( ). We now apply Lemma
1.4.69with V = Ng( ), W = V%= Ny 1( ), W°= Ng »( ) and with the trans-
formation in the lemma (called T there) givenby T | . Ched that all of the
hypothesesare veri ed. The lemmaensuresthat the quotient map

T I :Ng( )=Ng 1( )! Ng 2( )=Ng 2( )

is one-to-one.Thus the images(T | )(v{';d + Ny 1( )) arelinearly independert in
Ng 1( )=Ng 2( ); wewrite thesein the form v{;d 1+ Ng 2( ) andcompletethemto a
basisfv{;_d 10 of Ng 1( )=Ng 2( ). We repeat the processinductively, constructing
basesfv{;I g for Ni( )=N, 1( ). (In the nal casewe assumeNgy( ) = f0g.) The

result of all of this is a set of vectors f v} g which forms a basisfor N = NI. (See
Homework #1, Problem 3(b) for a similar claim.) O



Proof of Theorem 1.4.57(4). By part (3),

¢ |
T) = vp vy g iF1<T g,
! v if 1=1
forallj = 1;:::;m, i = 1;:::;k. Consequetly, the matrix represemation of T

with respect to the basisB consistsof a block diagonal matrix made up of Jordan
blocks with diagonalertries ;, asasserted. O



1.5 Exp onentiation of matrices and calculus of vector- and
matrix-v alued functions

Throughout this section, all matrices are de ned over the complexnumbers.

De nition 1.5.70. The Hilbert-Schmidtnorm onn n matricesis
|

X0 C1=2
iAjjns = jay j° , A= (g):
i;j =1
Exercise 1.5.71. Verify that jj jjus is @ norm, i.e., jjOjus = O, jjcAjjus =
jGjiAjjns, and jjABjjus  jiAjjinsiiBjins for all n n matricesA; B andc2 F.

De nition 1.5.72. Let A beann n matrix. The matrix expnential € is de ned
to be
X o1
eA = — I

=0 ]
Lemma 1.5.73. The in nite sumin the de nition of & convemes.

P .
Proof. Let Ey (A) = jN:O J%AJ denotethe Nth partial sum. Then

A
EM (A) EN (A) = —'AJ
j=M+1 77
SO
IEm(A)  En(Aljns —jiAjiks! 0 asM;N! 1.
j=M+1 77
The conclusionfollows. O

Exercise 1.5.74. Shav that e**B = e*e® if A and B comnute. Shawv that in
generale**B and e*€® candisagree.

Lemma 1.5.45. Let A;S be n n matrices with S invertible. For every power
seriesf (t) = ; gt conveming on C we havef (S *AS) = S *f (A)S.

Proof. By uniform convergencedt su ces to ched this for polynomials. By linearity
it su ces to ched this for monomials. Finally,

(S AS) = B IAS S 1A{Z AS S 1A§ =S IAls:
| repetitions

O

How do we calculate €* in practice? Let B = S !AS be the Jordan canon-
ical form for A. Thus B is a block diagonal matrix with blocks in Jordan form.
In this casee® = SeBS 1, soit suces to descrite € for matrices B in Jordan
canonicalform. Matrix exponertiation factors acrossblock diagonaldecompmsition
of matrices, soit su ces to descrite €’ for a matrix J consistingof a single Jordan
block.



Prop osition 1.5.76. LetJ beann n Jordan black:

0 1
1 0 0
0 1 0
j=BO O 0
00 0
Then 0 . L, 1
e e se G 11)!e
0O e e o2 12)!e
g =B0 0 e RO
0 0 0 e
Proof. Let 0 1
01 O 0
00 1 0
A=BO0 0O O 0
00 0O O
soJ = | + A. By Exercisel.5.74,e’ = e' " = e (¢"). SinceA is nilpotent of
stepn,
0 1
11 % (nil)!
» L L Brr o
eA=I+A+§A+ +(n D = 3
00 0 1
This nishes the proof. O

The theory of matrix exponertials can alsobe dewloped via systemsof ODE's.

Theorem 1.5.77. LetA beann n matrix andletj 2 f1;:::;ng. The jth column
of € is the solution x(1) at time t = 1 to the ODE

xqt) = Ax(t); x(0) = §:

Proof. Expanding both sidesas seriesshows that x(t) = e” xq is the solution to the
initial value problem
xqt) = Ax(t); x(0) = Xo:

ChoosingXx, = g and evaluating at t = 1 nishes the proof. O



The function t 7! €* is an exampleof a matrix-valued function. To nish this
section, we descrite a few results from the calculusof sud functions.

We considerfunctionsv : [a;b ! F" and A : [a;b]! F" " taking valuesin a
nite-dimensional vector spaceor the spaceof n n matrices over F. Cortinuity
and di erentiabilit y of sud functions is de ned in the usual way. (We use the
usual Euclidean norm on F", and the Hilbert-Schmidt norm on F" ".) Most of
the standard rules of di erentiation hold true, but there are somecomplications
in the matrix-valued casedue to the possibility of non-comnutativit y. The chain
rule for di erentiating matrix-valued maps need not hold in general. Indeed, if
A:[a;b! F" "isadierentiable matrix-valued map, then

%AjzA_Aj L4y AAA 24 4+ AT A

where A_= ‘fj—’t*. In particular, if A(t) and A(t) comnute for somevalue of t, then
4Al = jAl 1A and

d
ap(A)(t) = pYA)(H)ALL)
for every polynomial p. Evenif A(t) and A(t) do not commute, we still have
d
5t I PEAXD) = tr (PYA)(DA(D)
sincethe trace function is comnutativ e.
To conclude, we descritle a remarkable connection between determinart and

trace. Roughly speaking, trace is the derivative of determinart. Considerthe func-
tion t 7! detA(t) for some matrix-valued function A satisfying A(0) = |. We

ewvaluating at t = O gives

d
at detA(t) =

I
o
@

=
e
—~
o
hourd
P
£
j—

+
+
o
)

=
P
P
2
o
N

a;(0) +  an{0) = tr A(0):

More generally if Y(t) is any di erentiable matrix-valued function and Y (ty) is
invertible, then

%IogdetY(t) =tr Y to)Y(to)
t=to

To prove this, setA(t) = Y (to) Y (to+ t) and apply the precedingresult.



