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2 Metric and topological spaces

2.1 Metric spaces

The notion of a metric abstracts the intuitive concept of “distance”. It allows for
the development of many of the standard tools of analysis: continuity, convergence,
compactness, etc. Spaces equipped with both a linear (algebraic) structure and a
metric (analytic) structure will be considered in the next section. They provide
suitable environments for the development of a rich theory of differential calculus
akin to the Euclidean theory.

Definition 2.1.1. A metric on a space X is a function d : X x X — [0, 00) which is
symmetric, vanishes at (z,y) if and only if x = y, and satisfies the triangle inequality

d(z,y) < d(z,z) +d(z,y) for all z,y,z € X.

The pair (X, d) is called a metric space.

Notice that we require metrics to be finite-valued. Some authors consider allow
infinite-valued functions, i.e., maps d : X x X — [0,00]. A space equipped with
such a function naturally decomposes into a family of metric spaces (in the sense
of Definition 2.1.1), which are the equivalence classes for the equivalence relation
x ~y if and only if d(z,y) < co.

A pseudo-metric is a function d : X x X — [0,00) which satisfies all of the
conditions in Definition 2.1.1 except that the condition “d vanishes at (x,y) if and
only if x = y” is replaced by “d(x,z) = 0 for all ”. In other words, a pseudo-metric
is required to vanish along the diagonal {(x,y) € X x X : = = y}, but may also
vanish for some pairs (z,y) with = # y.

Exercise 2.1.2. Let (X, d) be a pseudo-metric space. Consider the relation on X
given by x ~ y if and only if d(x,y) = 0. Show that this is an equivalence relation,
and that the map d/ ~ on the quotient space X/ ~ given by

(d/ ~)([z], [y]) := d(z,y)

is well-defined. Show that d/ ~ is a metric on X/ ~. The space (X/ ~,d/ ~) is
called the quotient metric space for (X,d); it is a canonically defined metric space
associated with the given pseudo-metric space.

Every norm on a vector space defines a translation-invariant metric.

Definition 2.1.3. Let V be a vector space over F =R or F = C. A norm on V is
amap ||-]|: V — [0,00) so that

e (nondegeneracy) ||v|| = 0 if and only if v = 0;

e (homogeneity) ||lav|| = |a|||v]| for all @ € F and v € V;



e (sub-additivity) ||v + w|| < ||v]| + ||w]| for all v,w € V.

If || - ]] is a norm on V, then d(v,w) := |[v — w|| defines a metric on V. It
is translation invariant in the following sense: d(u + v,u + w) = d(v,w) for all
u,by,w e V.

Here are a few examples of metric spaces. The first two are translation invariant
metrics arising from norms on (finite-dimensiional) vector spaces.

Examples 2.1.4. 1. The Euclidean metric on R” is the translation invariant
metric associated to the Euclidean norm

)1/2

[|x]]2 := (xf—l-—l—ﬁl , x=(T1,...,Tp).

We usually abbreviate ||x||2 = |z| in this case.

2. More generally, let 1 < p < oo and define the [P norm on R™ by

(JzalP + - + |2 ?)?, 1< p < oo,
|||, = B
maX{|$1|a~~~v|xn|}v p = 0.

The translation invariant metric associated with || - ||, is called the [P-metric
on R".

3. Let X = {a,b,c} and set d(a,b) =1, d(b,c) = 2, d(a,c) = 3. Can you find a
triangle in R? which realizes these distances?

4. (The French railway' metric) Let X = R? and define

dy) = |z —y|, if x = ay for some a > 0,
= |z| + |y|, otherwise.

Definition 2.1.5. Let (X, d) be a metric space. The (metric) ball with center x € X
and radius r > 0 is the set

B(z,r) ={y € X : d(z,y) < r}.

Note that this is the open ball with this center and radius. Notice also that
neither the center nor the radius of a metric ball is necessarily well-defined. For
example, in the metric space of Example 2.1.4(3) we have B(a,1.5) = B(b,1.5) =
B(b,2). For this reason, we have chosen a notation for metric balls which identifies
the center and radius explicitly.

Definition 2.1.6. Let (X, d) and (Y, d’) be metric spaces. We say that (X, d) embeds
isometrically in (Y, d’) if there exists a function ¢ : X — Y so that d'(i(x1),i(xs)) =
d(xl,x2) for all X1, To € X.

lor Champaign-Urbana Mass Transit District!



If X admits an isometric embedding in Y, then—from the point of view of metric
geometry—we may as well consider X as a subset of Y: all metric properties of X
are inherited from the ambient space Y.

The triangle inequality in Examples 2.1.4(1) and (2) is usually called the Minkowski
inequality. We prove it, as well as the fundamental Holder inequality in the following
theorem.

Theorem 2.1.7 (H6lder and Minkowski inequalities for R"). Let v,w € R"
and let 1 < p,q < oo with

1 1
42 =1 (2.1.8)
p q
(we interpret = =0). Then
o w| < [o]lp[[wllg (2.1.9)

(where v - w denotes the usual dot product) and
v+ wllp < [lv]lp + [[wl]p. (2.1.10)
A pair of real numbers p and ¢ satisfying (2.1.8) is called a Hélder conjugate pair.

Lemma 2.1.11 (Young’s inequality). For all Hélder pairs p,q and all s,t > 0,

st
st < — 4+ —.
p q
There is a simple geometric argument which shows this lemma. Consider the
function ¢ = sP~! in the first quadrant {(s,t) : s,t > 0}. The fact that p and ¢
form a Holder conjugate pair means that the inverse of this function is s = 971
The terms = and £ represent areas of certain regions bounded by the graph of this
function and the s- and t-axes, respectively. The union of these two regions contains
the rectangle [0, s] x [0, ¢], which proves the lemma.

Exercise 2.1.12. Fill in the details in the above argument.

Proof. First, we prove Holder’s inequality (2.1.9). By the homogeneity of the norms

[|- 1|, and || - ||, it suffices to assume that ||[v]|, = ||w||, = 1. If v = (vy,...,v,) and
w = (wy,...,w,), then
- Jvil” | Jwi]?
0w <Y foil fwil <=+
i=1 R q

by Young’s inequality
vl P wl|? 1 1
_ | ||p+@:_+_:1.
P q p q

To prove Minkowski’s inequality (2.1.10), we write

n
[lo+wllf < foi +wil? (Jui] + Jwil)
i=1



(why?)
n (r=1)/p n 1/p n 1/q
< (Z |v; + wi|p> (Z |Ui‘p> + (Z ‘wi|q>
i=1 i=1 i=1

by Holder’s inequality
= llv+wlp=" (ol + lwlly) -

Dividing by ||v 4+ w|[5~" finishes the proof.



2.2 Maps between metric spaces

In this section we discuss classes of mappings between metric spaces. We begin with
the most well-known class, the continuous maps.

Definition 2.2.13. A map [ : (X,d) — (Y, d’) between metric spaces is continuous
if for every xg € X and € > 0 there exists 6 > 0 so that d(x,z¢) < ¢ implies

d'(f(x), f(wo)) <€
Equivalently, f(B(xg,0)) C B(f(zo),€).

The reformulation of continuity in terms of the action of the map on open sets
will allow us to extend the definition of continuity to a more general class of spaces
(topological spaces) later in this chapter.

Definition 2.2.14. An open set in a metric space is a (possibly empty) union of
(open) balls.

Notice that we make no restriction on the type (disjoint or not) or cardinality of
the union; any union of open balls defines an open set. The empty union is allowed,
i.e., the empty set is understood to be an open set.

Lemma 2.2.15. Let U be a set in X. The following are equivalent.
(1) U is an open set,

(2) For every xg € U there exists v = r(xg) > 0 so that B(xo,7) C U.
Proof. Suppose (2) is valid. Then

U C U B(ZL’(),T’(SL’(])) cU
xroeU
so equality holds and U is a union of open balls. Thus (1) is true.

For the converse, suppose that U is an open set and let xy € U. Then xy €
B(xy,0) C U for some 7 and § > 0 and so

Ty € B(l’o,(s - d(l’o,i(}l)) - B(ZL’l,é) cU.
Thus the condition in (2) holds for this z¢ with r(z) = 6 — d(xg, 1) > 0. O

Proposition 2.2.16. Let f : (X,d) — (Y,d) be a function. The following are
equivalent.

(1) f is continuous,
(2) For every open set V in'Y, the preimage U = f~Y(V') is open in X.

Proof. Suppose (2) is valid and let o € X, € > 0 be given. Set V = B(f(xo),€).
Since Visopenin Y, U = f~}(V) is open in X, so (by Lemma 2.2.15) U is the union
of open balls centered at every point of U. In particular, there is a ball B(x,d) C U,
so f(B(xg,0)) C f(U) =V = B(f(x0),€). Hence f is continuous.

Now suppose that f is continuous, and let V be open in Y. Let g € U :=
f7HV) and choose € so that B(f(zg),e) C V. By hypothesis, there is § so that
f(B(zg,0)) C B(f(z0),€) C V, ie., B(xg,0) C U. Since xy was an arbitrary point
of U, U is open. O



Here are some important classes of examples of continuous functions.

Definition 2.2.17. A map f: (X,d) — (Y, d') is Lipschitz if there exists L < oo so
that d'(f(x1), f(z2)) < Ld(x1,z2) for all x1, 25 € X.

Every Lipschitz function is continuous; check that the choice § = €/ L works for
any point xg € X and € > 0. We often emphasize this by using the term Lipschitz
continuous.

Lipschitz functions are one of the basic workhorses of modern analysis; their
role in the modern theory of analysis on metric spaces is comparable to the role of
smooth functions in standard real analysis.

In many situations, it’s enough to know that a Lipschitz-type condition holds at
each point of zy (with Lipschitz constant L depending on z).

Definition 2.2.18. A map f : (X,d) — (Y, d') is locally Lipschitzif for each zq € X
there exists 7 > 0 so that f|p,,r) is Lipschitz.

Examples 2.2.19. 1. Distance functions are Lipschitz. Fix zqg € X and define
f:X —[0,00) by f(z) =d(x,z0). Then f is 1-Lipschitz as a map from (X, d) to
R with Euclidean metric. Indeed, for all xq, 2 € X,

|f(x1) = f(z2)] = |d(x1,20) — d(22, 20)| < d(21, 22)

by the triangle inequality.

2. Every C! function f : R — R is locally Lipschitz. (C' means continuously
differentiable: f’ exists and is continuous.) To prove this, we need to use the fact
that a continuous (real-valued) function defined on a closed and bounded set in R is
necessarily bounded. (We will prove a more general version of this fact later on in
these notes.) We will show that f is Lipschitz on any closed and bounded subset of
R. It’s enough to do this for any closed interval I. By the preceding remark, there
exists L < oo so that |f'(z)| < L for all € I. For any two points a,b € I, there
exists ¢ € [a,b] so that f(b) — f(a) = f'(¢)(b— a) (Mean Value Theorem). Then

|f(b) = f(a)] < L|b— qf
so fl| is Lipschitz.

Remark 2.2.20. Holder functions are generalization of Lipschitz functions. A
function f : (X,d) — (Y,d') is Hélder (or Hdélder continuous) with exponent «,
0 < a < 1, if there exists L < oo so that d'(f(z1), f(z2)) < Ld(z1,29)* for all
X1, To € X.

Exercise 2.2.21. In Problem 4(a) of Homework #3, we observed that the function
d° defines a metric on X whenever d is a metric on X. Let f : X — R be a function.
Show that f : (X,d) — R is e-Holder continuous if and only if f : (X,d°) — R is
Lipschitz continuous.

Definition 2.2.22. The modulus of continuity of a function f : (X,d) — (Y,d’) is
the function

wy(r) = sup{d'(f(z), f(y)) : d(w,y) <r}.

Notice that wy may take on the value +oo.



For example, if f is Lipschitz with constant L, then ws(r) < Lr. If f is Holder
with exponent o and constant L, then wg(r) < Lr®.

Definition 2.2.23. A function f : (X,d) — (Y,d') is uniformly continuous if
lim, ,ows(r) = 0. Equivalently, f is uniformly continuous if for all € > 0 there
exists 6 > 0 so that for all z, 2y € X, d(z,x¢) < § implies d'(f(x), f(xg)) < €.

It’s worth reiterating how this differs from the usual notion of continuity; in the
definition of uniform continuity the choice of 4 must be made independently of the
point .

To conclude this section, we discuss the Lipschitz equivalence of the [P metrics
on R™.

Two metrics d and d’ on a space X are called Lipschitz equivalent if the identity
map from (X,d) to (X,d') and its inverse are Lipschitz continuous. In a similar
manner, we define the notions of Hélder equivalence, uniform equivalence, etc. All
of these notions are equivalence relations on the collection of all metrics on X.

Proposition 2.2.24. Fizn € N. The [P metrics || - ||,, 1 < p < oo on R" are all
mutually Lipschitz equivalent.

Proof. It’s enough to show that || - ||, and || - ||~ are Lipschitz equivalent. In fact,
we will show that
Y|l < ||2]]oo < |[2]], (2.2.25)

for all z € R™. Recall that [|z]l = max; |z, and ||z||, = (32, |z:[P)Y/?, where
x = (z1,...,2,). The right hand inequality in (2.2.25) is obvious. For the left hand
inequality, compute

el = |wil? < nl|z],
i
and take pth roots. O

Remark 2.2.26. In fact, any two norms on a finite-dimensional vector space define
Lipschitz equivalent translation invariant metrics.

Exercise 2.2.27. From (2.2.25) it easily follows that
n” Y allg < Jlall, < n'?llall,

for all 1 < p,q < oo and all z € R”. However, these are not the best constants for
the Lipschitz equivalence of (R", || - ||,) and (R™, || -||;). Show that

lllg < llzlly < ntP=H4 ],

forall 1 < p < g < oo and all z € R". (Hint: one direction follows from Hélder’s
inequality, using the Holder conjugate pairs % and ﬁ. For the other direction,
compare Exercise 4(a) on Homework #3.)



2.3 Sequences, complete metric spaces, and completions

Definition 2.3.28. A sequence in a set X is a function ¢ : N — X. We usually
write o(n) = x,, and denote the full sequence by (x,).

Definition 2.3.29. A sequence (z,) in a metric space (X, d) converges to x if for
all € > 0 there exists N < oo so that

d(Tp, Too) < €

for all n > N. A sequence (x,) is convergent if it converges to some point. We will
use the notations
lim z, = 2o (or limz, = z)
n

n—oo
or
Ty — T (N — 00)

interchangeably:.

Examples 2.3.30. (1) Let (X, d) be R with the Euclidean metric. Then () — 0.
(2) Let (X,d) be R™ with the Euclidean metric. Then (€, moam) — (0,...,0).
Here n mod m denotes the remainder upon dividing n by m.

Exercise 2.3.31. Let d be the discrete metric on a set X: d(x,y) =1 if z # y and
d(z,z) =0 for all . Which sequences in X converge? What do they converge to?

Proposition 2.3.32. Let f : (X,d) — (Y,d') be a function. The following are
equivalent.

(1) f is continuous,

(2) For every convergent sequence (z,) in X, (f(x,)) is convergent in Y and
f(lim, z,,) = lim,, f(x,).

Proof. First, assume that f is continuous and let (z,) be a convergent sequence in
X converging to To.. Fix € > 0. Then there exists 6 > 0 so that d(z,z,) < §
implies d'(f(z), f(zx)) < €. On the other hand, there exists N < oo so that
d(xp, Too) < 0 for all n > N. Hence d'(f(z,), f(2s)) < € for all n > N, which shows
that lim,, f(z,) = f(2x).

We prove the other direction by contradiction. Suppose f is not continuous.
Then there exists o € X and € > 0 so that for all § > 0 there is x = z(¢,d) so that
d(zo,x) < & and d'(f(wo), f(z)) > e. We apply this for § = -, k € N to produce
a sequence (zy), z, = x(€, ) so that d(zg, zx) < 1 and d'(f(zo), f(zx)) > €. Then
xp — xo but f(xr) 4 f(x), which contradicts the assumption. O

Cauchy sequences are sequences in a metric space which “should” converge. A
complete metric space is a space in which every sequence which “should” converge
actually does converge.

Lemma 2.3.33. If (z,) is a convergent sequence in a metric space (X,d), then for
all € > 0 there exists N < oo so that d(z,, ) < € whenever n,m > N.



Proof. Suppose that z, — z.. Given € > 0 choose N so that d(z,,7«) < %e
whenever n > N. If n,m > N, then d(x,, %) < d(Tn, Too) + d(Too, Tm) < %e+ %e =
€. ]

Definition 2.3.34. A sequence (z,) is Cauchy if the conclusion of Lemma 2.3.33
holds. A metric space (X, d) is complete if every Cauchy sequence is convergent.

Examples 2.3.35. (1) R is complete; Q is not complete. (Why?)

(2) (R™,]| - ||,) is complete for any n and any 1 < p < oco. Let’s check this
for n = p = 2. Suppose that ((x,,y,)) is Cauchy in R? (Euclidean metric). Since
|Zn = T | < (@0, Yn) = (@, Y) |2 a0 Y = Y| < (@05 Yn) — (T, Ym)||2, (2) and
(yn) are Cauchy in R. Since R is complete, there exist points zs,ys € R so that
Ty — Too and Y, — Yoo. We claim that (z,,9n) — (Teo, Yoo). Given € > 0 choose
Ny and N; so that |z, — zo| < €/v/2 for all n > Ny and |y, — yoo| < €/v/2 for all
n > Ny. Let N be the maximum of N; and Ny. If n > N then

||($n>yn) - ($maym)||2 = (|xn - xm|2 + |yn - ym|2)1/2 < (2(6/\/5)2)1/2 = €.
This shows that (2,,9n) = (Zso, Yoo), as desired.

Lemma 2.3.36. Uniformly continuous functions maps Cauchy sequences to Cauchy
sequences.

Proof. Let f : (X,d) — (Y,d) be uniformly continuous and let (z,) in X be a
Cauchy sequence. Let € > 0 and choose § > 0 as in the definition of uniform
continuity. Since (z,) is Cauchy there exists N so that d(z,,z,) < ¢ whenever
n,m > N. Then d'(f(z,), f(xm)) < € for all such n,m, so (f(x,)) is Cauchy. O

Definition 2.3.37. A set C' C X is closed if X \ C is open.

Lemma 2.3.38. C' is closed if and only if the following holds:
Whenever (z,,) C C is a convergent sequence, then lim,, x, € C. (2.3.39)

Proof. Suppose that C'is closed and that x., = lim,, x, with (x,) C C and 2, & C.
Since X \ C' is open, there exists § > 0 so that B(z,d) C X \ C. This implies that
d(Z oo, ) > 6 for all n, which contradicts the assumption that =, — Z.
Conversely, suppose that C'is not closed, but (2.3.39) holds. Then X \ C' is not
open, so there exists 2o, € X \ C so that for all 6 > 0, B(z,0) NC # 0. Apply
this for § = +, k € N to produce a sequence (zj) C C with d(ze,x)) < 1. Thus
T — Too. Hence (zy) is a convergent sequence in C, but xo, = limpxp € X \ C,
which contradicts (2.3.39). O

Arbitrary intersections of closed sets are still closed, since arbitrary unions of
open sets are still open.

Definition 2.3.40. A set A C X is dense if every nonempty open set O in X has
nonempty intersection with A.

For example, the rationals Q are dense in the reals R.



Remark 2.3.41. By Lemma 2.2.15, A is dense in X if and only if every open ball
B(zg,r) has nonempty intersection with A. Choosing r = 1 for each k € N, we

obtain that A is dense in X if and only if every point in X is the limit of a sequence
from A.

Definition 2.3.42. Let A C X. The closure of Ais A=\, closed.ace C-

Being an intersection of closed sets, the closure of a set is a closed set. Clearly
A C A for any A.

Lemma 2.3.43. For any set A C X, A is dense in A.

Proof. Suppose not. Then there exists O open in X so that ONA # § but ONA = 0.
Let C = X\ O; C is a closed set. Since ONA=0, Ac CnNA. Since O_ﬂA;ﬁ@,
CNACA. Since C'N A is closed, we have contradicted the definition of A. O

We now turn to the notion of the completion of a (non-complete) metric space.
We give the traditional definition via equivalence classes of Cauchy sequences. In
the next section, we give an alternate description of the completion which is more
algebraic.

Definition 2.3.44. Given two sequences T = (x,) and § = (y,) in a set X, we can
define a new sequence TV 7y = (z,) by setting 29, 1 = x, and 2y, =y, for alln € N.
This interleaves the elements of the sequences T and y. We call TV 7 the join of T
and 7.

We now define an equivalence relation on the set of all Cauchy sequences in a
metric space (X, d): two such sequences T and 7 are equivalent if and only if 7V g
is Cauchy. We denote the set of equivalence classes for this equivalence relation by
X, and call it the completion of X.

Notice that the notation which we use for the completion is the same as that
which we used for the closure of a set. After Theorem 2.3.47 this will cause no
confusion.

Exercise 2.3.45. Show that the relation in this definition is in fact an equivalence
relation.

Note that there is a natural embedding ¢ of X into X given by z + (z,z,7,...).
We now want to equip the completion with a metric so that this becomes an isometric
embedding.

Lemma 2.3.46. The functiond : X xX — [0, 00) given by d([Z], [7]) = lim,, d(x,,, yp),
T = (), §= (Yn), is well-defined.

Proof. 1It’s enough to show that if T = (z,) ~ Z = (2,) and ¥ = (y,) are Cauchy
sequences, then lim, d(z,,y,) = lim, d(z,,y,). By the triangle inequality, this will
follow if we can show lim,, d(z,, z,) = 0. Since T ~ Z, TVZ =: W = (w,) is a Cauchy
sequence. In other words, for all € > 0 there exists N so that m,n > N implies
d(wy, wy,) < €. We may assume that N = 2M +1 is odd. From the definition of the
join, we have

d(Tp, ) < €, d(Tp,2m) <€, and d(z,,zm) <€



for all n,m > M. In particular, d(z,, z,) < € for all n > M. Thus lim,, d(z,, z,) =
0. O

Another way to think about this is as a quotient metric space arising from a
pseudometric space (see Exercise 2.1.2). In fact, the collection of all Cauchy se-
quences in (X, d), with the metric d from the lemma, forms a pseudometric space,
and (X, d) is precisely the quotient metric space.

Theorem 2.3.47. 1. (7, 3) 1s a complete metric space,

2. the embedding v - X — X given above is an isometric embedding so that 1(X)
is dense in X.

The proof is an abstract version of the classical argument used to construct the
real numbers as a completion of the rational numbers. In the next section, we will
give an alternate description of the completion of a metric space (X, d) as a subset
of a certain space of functions defined on X.

Proof. We omit the proof that d is a metric on X. The completeness of (X, d) will
follow once we prove part 2, using Lemma 2.3.48. (Apply the lemma with A = ¢(X)
and Z = X, and observe that if (z,) is a Cauchy sequence in X, then ([¢(z,)])
converges to [(x1, z2, 3, ...)].)

The fact that ¢ is an isometric embedding is obvious, since «(z) is the constant
sequence (r,z,x,...) and d([Z], [7]) = lim, d(z, ).

Let € > 0 and let [Z] € X. Since T = (xy, z2,...) is Cauchy, there exists N so
that d(z,,x,,) < € for all n,m > N. Let oy = (xn,zn, TN, ...) = t(xy). Then

a([ﬂ? [@]) = linln d(xna yn) = li};n d(xna iN) <k,

so B([7],€) N u(X) # 0. By Remark 2.3.41, +(X) is dense in X. O

Lemma 2.3.48. Let (Z,d) be a metric space, and let A C Z be a dense subset.
Suppose that every Cauchy sequence in A converges to some element of Z. Then
(Z,d) is complete.

Proof. The proof is a classical diagonal argument in the spirit of Cantor. Suppose
that (z,,) is a Cauchy sequence in Z. Since A is dense in Z, each z,, is the limit of
a Cauchy sequence (a,,) in A. We now make a diagonal construction. For each m,
choose N,, so that d(am,, Gmn) < 27™ whenever n,n’ > N,,. Consider the sequence
(@mp,, ). Given € > 0, pick M so that 2™ < ¢/3 and d(2,,, z,v) < €/3 whenever
m,m’ > M. Since d(anny,,,2m) = lim, d(amn,,, Gmn) < 27M < €/3, we conclude
that

€ € €
d(amNm7 am’Nm/) S d(amNm7 Zm) + d(Zm, Zm’) + d(Zm/, am’Nm/) < g + g + g = €.
Thus (anmy,,) is a Cauchy sequence in A. By assumption, it converges to some
element z € Z. It’s easy to check (exercise) that lim,, z,, = z. Hence (Z,d) is
complete. O



Proposition 2.3.49. Let A be dense in (X,d) and let f : A — (Y, d') be a uniformly
continuous function valued in a complete metric space. Then there exists a unique
uniformly continuous function f : X — 'Y so that f|4 = f|a. Moreover, the modulus
of continuity of the extension agrees with that of the original function:

w? = qu. (2350)

Proof. By Remark 2.3.41, each z € X is the limit of a sequence (a,) from A.
Define f(z) = lim,, f(a,). Notice that the limit exists since (a,) is Cauchy, hence
(by Lemma 2.3.36) (f(a,)) is Cauchy, hence (since (Y, d') is complete) (f(ay,)) is a
convergent sequence. We need to show that the limit is independent of the choice
of sequence. Let (b,,) be another sequence in A with limit « and let € > 0. Choose
0 > 0 so that d(zq1,22) < 9, 1,29 € A, implies d(f(z1), f(x2)) < e. Choose N so
that 5

d(ap,x) < 3

and

)

for all n,m > N. Thus d(a,,b,) < 0 so d(f(an), f(bm)) < € for all n,m > N.

Sending n — oo gives d(f(z), f(by)) < € for all m > N. Thus lim,, f(b,) = f(z).
If x € A we may choose (a,) to be the constant sequence a, = z, which shows that
fla = fla. Finally, let us show (2.3.50). Given x1, x5 € X with d(zq,22) < 9, we
may choose (a,) and (b,) in A converging to x; and x5 respectively. We may as well
assume that 5 d
max{d(a,, 1), d(b,, x2)} < w

for all n. Then, for all n € N, we have

d(an,by) < d(an,x1) + d(zy, x9) + d(z2,b,) < 0

SO

d'(f(21), f(w2)) = limd'(f(an), f(bn)) < wp(9).
Thus wy < wy; the other direction is trivial. O

Theorem 2.3.51. The completion of a metric space is unique, in the following
sense. If (Y,d') is a complete metric space and /' : (X,d) — (Y, d') is an isometric
embedding so that /' (X) is dense in'Y, then there exists an isometry I of (X, d) onto
(Y,d') so that Tov="1'.

Proof. The map ¢/ o™ : t(X) — Y is an isometric embedding, hence 1-Lipschitz.

By Proposition 2.3.49, there exists a 1-Lipschitz map I : (X,d) — (Y,d’) so that
Tor =1 Similarly 1o (/)7! : /(X) — X is an isometric embedding, hence 1-
Lipschitz, so there exists a 1-Lipschitz map J : (Y,d) — (X,d) so that J o/ = «.
Composing these formulas gives J o I =id on ¢(X) and [ o J = id on //(X). This
implies that I|,(x) is an isometry onto its image, hence I is an isometry. Similarly
J is an isometry; since J is the inverse of I we conclude that I is onto. O



2.4 Function spaces

In this section, we introduce the notion of function spaces, i.e., spaces of functions
between metric spaces, which we equip with various metrics. The goal of this section
is to prove a theorem characterizing the completion of a metric space (X,d) as a
subset of a particular function space over X.

The basic function space which we consider is the space of all continuous functions
between two metric spaces.

Definition 2.4.52. For metric spaces (X, d) and (X', d'), let
C(X,Y)={f:X —=Y] f is continuous}
be the space of all continuous functions from (X, d) to (Y, d').

A “natural” distance function to consider on this space is the maximum metric
do(f, g) = sup d'(f(2), g(2)).
zeX

This satisfies all of the properties of a metric except that it may take on the value
+o00. For example, the distance between the functions f(x) = 1 and g(x) = =
(X =Y =R) is +00. For this reason, we will most often work with the following
subspace of C(X,Y).

Definition 2.4.53. Let (X,d) and (Y,d') be metric spaces and let yo € Y. We
define

Co(X,Y) ={f € C(X,Y) : sup d'(f (), y0) < o0}

zeX
to be the space of all bounded continuous functions from (X, d) to (Y, d').

Notice that, while the definition of C,(X,Y) depends on the choice of yq, the
set of functions so obtained remains the same if y, is changed. Indeed, if y; € Y is
another point, then

sup d'(f(x), yo) — sup d'(f (), y1)| < d'(yo, 1) < 00.

Exercise 2.4.54. Show that the maximum metric dy, is a metric on Cy(X,Y).

Example 2.4.55. Let X = {a, b} be a space of two points, with the discrete metric
d(a,b) = 1, and let Y = R. Then every function from X to Y is continuous and
bounded. In fact, we can identify Cy(X,R) with R? by identifying f with its range
(f(a), £(b)). In this case, (Cy(X,R), dy) is isometric with (R?, ||-||) (the I metric).

Remark 2.4.56. Suppose that (Y,d') = (V,]|| - ||) is a vector space over F = R
or ' = C equipped with a translation invariant metric arising from a norm. Then
Cy(X,Y) has the structure of a vector space, and d, is a translation invariant metric
arising from a norm on Cy(X,Y’). The vector space structure on Cy(X,Y") is given
by

(af + Bg)(z) = af(z) + By(x),
where f,g € Cy(X,Y), 2z € X and «, § € F, while the norm on Cy(X,Y) is given by

LfI] = sup [|f(@)]]-
zeX



Exercise 2.4.57. Verify the claims in the preceding remark.

A special case in the above definitions is (Y, d') = R, i.e., the case of real-valued
functions on (X, d). In this case, we abbreviate

C(X,R) = C(X), and Cy(X,R) = Cy(X).

We are now ready to give an alternate description of the completion of a metric
space as a subset of the function space Cp(X). The embedding of (X, d) in Cy(X)
in (2.4.60) is due to Kuratowski.

We need the following elementary lemma.

Lemma 2.4.58. Every closed subset of a complete metric space is complete (in the
induced metric).

Proof. Let (X,d) be a complete metric space, and let C' be a closed subset of X.
Let (z,,) be a Cauchy sequence in C. Since (X, d) is complete, (z,) converges to a
limit 2., in X. Since C is closed, zo, € C. Thus (C,d) is complete. O

Theorem 2.4.59. Let (X, d) be a metric space and (Y,d') be a complete metric
space. Then (Cy(X,Y),ds) is a complete metric space.

Proof. Suppose that (f,) is a Cauchy sequence of bounded continuous functions
with respect to d. Then (f,(z)) is a Cauchy sequence in Y for each x € X; by the
completeness of Y there exists f(x) = lim,, f,(x). We must show that f € Cp(X,Y),
and that de(fn, f) — 0.

Let € > 0, and choose N so that

€

for all n,m > N. For each x € X we may choose m = m(x) > N so that

d'(fnlx). f(2)) < <.
Then .

JUM@J@D<§
for alln > N and x € X, so

sup doo(fn, f) < <

n>N 3

Thus doo(fn, f) — 0. Moreover, if § > 0 is chosen so that d(x,z;) < § implies
d'(fn(z), fn(z1)) < €/3, then

d'(f (), f(21)) < d'(f(2), fn(@)) + d'(fn (), f(21)) + d'(f(21), f(21))
<§+§+§:€.

Thus f is continuous. Finally,
sup d/(f(l’), yO) < sup d/(fN(x)a yO) + doo(fa fN) <00

so f e Gp(X,Y). 0O



We now fix a point xy € X and consider the map e from (X, d) to (C(X),d)
given by
e(@)(y) = d(z,y) — d(o,y). (2.4.60)

Proposition 2.4.61. The map e is an isometric embedding of (X, d) into (Cp(X), ds)-

Proof. First, we check that e(z) is a bounded function for each z € X. This is
immediate from the triangle inequality:

sup |e(x)(y)| = sup |d(z,y) — d(zo,y)| < d(x, z0) < 0.
yeX yeX

Next, we check that e is an isometry. On the one hand, we have

doo(e(1), €(22)) = Sup le(21)(y) — e(z2)(y)] = Sup |d(z1,y) — d(x2, )| < d(1, 72).

On the other hand,

doo(e(21), e(22)) > le(z1)(22) — e(x2)(w2)] = d(21, 72).

O

Theorem 2.4.62. (e(X),d.) is isometric with the completion (X,d) (defined in
the previous section).

Proof. By Lemma 2.4.58, the closure of (X)) in Cy(X) is complete with respect to
the metric do. Now the conclusion follows from the uniqueness up to isometry of
the completion (X, d). O

One disadvantage of the Kuratowski embedding is that the receiving space Cj,(X)
depends on the source space X.

Definition 2.4.63. A metric space is separable if it admits a countable dense subset.
For example, R™ is separable for each n.

Definition 2.4.64. The space (*° consists of all bounded sequences of real numbers,
e.g., v = (z,) € £> if and only if z,, € R for all n and sup,, |z,| < co. We equip £
with the maximum metric

doo(x>y) = Sup |$n - yn|> r = (xn)vy = (yn)

Exercise 2.4.65. Prove that (£*°,d,) is complete but not separable.

The embedding in the following theorem is due to Frechét. It exhibits a universal
embedding space for separable metric spaces.

Theorem 2.4.66. FEvery separable metric space admits an isometric embedding in

(0, dy).



Observe that the target space in this theorem is universal, i.e., does not depend
on the source. One potential criticism, however, is that this target is itself not
separable. There do exist separable metric spaces which contain isometric copies of
every separable metric space. We do not discuss this in these notes.

Proof. Let {x1,x,...} be a countable dense subset of X. Define i : X — (> by
Z(l’)n = d(IL‘, $n) - d(x0> zn)
Observe that

li(2) = i(®)lleo = sup |d(, 20) = dly, 2| < d(2,y)

for all x,y € X. Conversely, let x,y € X. There exists a subsequence x,,, Zp,,. ..
which converges to y. Then

d(z,y) = lim d(z, 2,,) = d(y, 2n,)| < supld(z, zn) — d(y, 22)| = |li(2) = i(y)l].

k—o0
Thus ¢ is an isometric embedding. O

The embedding in Theorem 2.4.66 is due to Frechet.
We will discuss other embedding theorems for metric spaces in Part 111 of these
notes.



2.5 A famous example

In this section we want to identify the completion of C([0,1]) with respect to the
metric

dl(f,g)=||f—g||1=/0 () — g(0)] dt.

The integration here is in the sense of Riemann.

Let us denote the completion C'([0, 1]) by £. Elements of £ are equivalence classes
of Cauchy sequences of continuous functions on [0, 1]; it is not clear yet whether they
can be identified with actual functions on [0, 1]. By the end of this section, we will
understand in what sense such an identification can be made. Until then, we’ll
denote the metric in the completion by d; rather than || - ||; to avoid confusion. We
will say that a sequence (f,,) converges in L to a limit f if dy(f,, f) — 0.

We begin by observing that the (Riemann) integral, thought of as a continuous
linear functional on C([0,1]), can be extended to a continuous linear functional on

L. Let us write 1
1(£) = £l = / F(t)dt.

Observe that [ is a 1-Lipschitz linear map from C([0, 1]) to R:

I(f) = I(g)] < / £(8) — g() dt = dy(f. 9).

Lemma 2.5.67. I can be extended to a 1-Lipschitz linear map from L to R. Fur-
thermore, f > 0 implies I(f) >0 for all f € L.

In the preceding lemma, we gave an inequality of the form f > 0 for an element
f € L. The meaning of this inequality is not immediately clear. We say that f > 0,
f € L, if fis the limit in (C([0,1)),]| - ||1) of a sequence of positive continuous
functions. For f,g € L, we say that f < gifg— f > 0.

Proof. The existence of the extended map [ : £ — R and its regularity (1-Lipschitz)
are an easy application of Proposition 2.3.49. Linearity of the extension follows
from linearity of the original map I : C([0,1]) — R by passing to the limit. A
similar argument establishes the coercivity estimate: f > 0 implies I(f) > 0 for all

fecrL. a

Elements of £ are equivalence classes [(f,)] of Cauchy sequences of continuous
functions on [0, 1] (relative to || - ||1). By the lemma, to each such equivalence class
f there corresponds a number (the “integral” of f); this correspondence is linear,
monotone and 1-Lipschitz from (L£,|| - ||1) to R. This extension of the Riemann
integral is called the Daniell integral. A different, but equivalent, approach to com-
pleting the Riemann integral, due to Lebesgue, consists in first defining a notion
of measure, then proceeding via the direct construction of Lebesgue measure, open
sets, and then (Lebesgue) measurable and integrable functions. We will say more
about the Lebesgue theory at the end of this section.



Theorem 2.5.68 (Monotone Convergence Theorem). Let (f,,) be an increasing
sequence of elements of L so that sup,, I(f,) < co. Then there exists f € L so that
fn converges in L to f and I(f) = lim, I(f,).

Notice that all of the elements f,,, n =1,2,3,..., and f are elements of £, hence
equivalence classes of Cauchy sequences in X.

Proof. By monotonicity, (I(f,)) is an increasing sequence of real numbers which is
bounded above. Hence L = lim,, I(f,,) exists. For all € > 0 there exists N so that

L—e<I(fy)<I(f,) <L

for all n > N. It follows that (f,) is a Cauchy sequence in (£, d;): n,m > N implies

dl(fmfm) = ](|fn - fm|) = ](fn) - ](fm) <€

Completeness of (£, d;) yields the limit element f € £. The final claim comes from
the continuity of the integral, see Lemma 2.5.67. O

Now we're prepared to show how the elements of £ can be viewed as functions. To
do this, it’s necessary to pass to another quotient space, i.e., to impose an equivalence
relation on the space of functions from [0, 1] to R. To get a handle on this equivalence
relation, let’s begin with the following natural question: if (f,) is a sequence in
C([0,1]) converging in L to the zero function f,(x) = 0, how large can the set of
points = € [0, 1] be on which f,,(x) does not converge to 07

Example 2.5.69. The sequence f,(x) = 2™ shows that convergence of (f,(z)) to
zero can fail at a single point (z = 1).

Exercise 2.5.70. Show that convergence of (f,(x)) to zero can fail at a countable
set of points.

The length |U] of an open interval U = (a,b) C R is equal to b — a.

Definition 2.5.71. A set A C [0, 1] is said to have measure zero if for all € > 0 there
exists a collection of open intervals U;, i € N, so that A C U;U; and ), |U;| < e.

Examples 2.5.72. 1. The rationals Q N [0,1] have measure zero. In fact, for
any € > 0 the sequence of open intervals U; = (¢ — 27" 'e, ¢ + 27" 1€) covers
QN0,1] ={q1,¢,...} and has ), |U;| = €/2. (The same argument shows that any
countable subset of [0, 1] has measure zero.)

2. [0,1] does not have measure zero. In fact, if {U;} is any collection of open
intervals with [0, 1] C U;U;, then ) . |U;| > 1. To prove this, we appeal to the Heine-
Borel theorem, which we will state and prove in the following section. It implies
that [0, 1] is compact: from every collection of open intervals covering [0, 1] we can
select a finite subcollection which still covers [0,1]. Choose such a subcollection
Ui17 ooy 