Con temp orary Mathematics

Hyp erbolic and quasisymmetric structure of hyperspaces

Leonid V. Kovalev and Jereny T. Tyson

Abstra ct. A hyperspace is a space of nonempty closed sets equipped with
the Hausdor metric. Among the subjects considered in this paper are Gro-
mov hyperbolicit y, quasisymmetric equivalence and bi-Lipsc hitz embeddings
of hyperspaces.

1. Intro duction

Let (X; d) beametric space.We denoteby CL(X ) the hyperspaceof nonempty
closedsubsetsof a metric spaceX , equipped with the Hausdor distance

D(A;B)=inff >0:A N (B)andB N (A)g;

where N (A) = fx 2 X : dist(x; A) g is the closed -neighborhood of A X.
If there is no such , the distance between A and B is innite. Notice that if
D(A;B) < 1, then the abovein m um is attained. The distance D is a metric on
CL(X) if and only if X is bounded. For unbounded X the set CL(X) naturally
splits into an in nite collection of disjoint metric spaces. The most notable of
these is H(X), the space of nonempty bounded closed subsetsof X. Howevwer,
we are also interested in other componerts of CL(X ). Each of them has a form
H(X;C) = fA 2 CL(X) : D(A;C) < 1g for someC 2 CL(X). Note that
H(X;C) = H(X) if and only if C is bounded. Also, let H¢(X) = fA 2 H(X) :
A is gedadesically convexg denote the hyperspaceof boundedclosedcornvex sets. An
open ball with certer x and radius r will be denoted by B (x; r).

Most of the existing researt on hyperspacesequipped with the Hausdor dis-
tance is focusedon H(X) and its subsetssuch as H°(X). However, the spaces
H(X;C) with C unbounded do arise naturally. As an example, consider a Lips-
chitz quotient mappingf : X ! Y, whereX and Y are metric spaces.Recall that
f is called a Lipschitz quotient [4] if there exist two constartis 0< | L < 1 suc
that

B(f (x);Ir) f(B(xr)) B(fX);Lr); x2X;r>0:
A Lipschitz quotient f : X ! Y inducesa map G : CL(Y) ! CL(X) sudh that
Gt (A) = f (A). It is easyto chek that G is bi-Lipschitz on ead componert
of CL(Y). However, in many interesting casesGs doesnot map H(Y) into H(X);
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instead Gt (H(Y)) is contained in H(X;C) for someunbounded set C. Even the
simplest elemerts of H(Y), namely singletonsfyg, can be mapped by Gs into sets
with rather complicated structure [11, 26]. It remains an open question whether
Gt (fyg) is always a discrete setwhen X = Y = R", n > 2. See[4, 19, 22] for
more on this problem.

The spacesH (X ; C) with C unboundedare typically larger and more complex
than H(X). For instance,H (X)) is separablewheneer X is proper (i.e. sud that all
of its closedbounded subsetsare compact). By contrast, H(X ; C) is non-separable
if X is connectedand C is unbounded (Theorem 5.1). Furthermore, large classes
of metric spacesadmit isometric or bi-Lipschitz embeddingsinto H(X ; C).

Section 2 is concernedwith hyperspacesof special classesof metric spaces:
Gromov hyperbolic, CAT(0) and length spaces. We attempt to determine the
extent to which sud properties of X are inherited by H(X) or other componerts
of CL(X). Sections3 and 4 are focusedon mappings between hyperspaces. The
following classof mappings has been of much interest recertly [15].

Definition 1.1 Let X and Y be metric spaces. An injective mapping f :
X 1 Y iscalled quasisymmetrig or -quasisymmetric,if there is a homeomorphism
:[0;1)! [0;1) such that
dy (f (x1); f (x3)) dx (X1;X3)
dy (f (x2); f (X3)) dx (X2;X3)
for any distinct points x1;X2;X3 2 X.

In general,a quasisymmetric mapping f : X ! Y doesnot lift to a quasisym-
metric mapping of H(X). We call f hyperquasisymmetric if it does. Theorem 3.4
provides two characterizations of such maps, which arise naturally in the context
of Gromov hyperbolicity and bi-Lipschitz homogeneiy. In x4 we consider a no-
tion of dimension of metric spaceswhich is invariant under hyperquasisymmetric
mappings.

2. Geodesics in hyp erspaces

Throughout the paper all recti able curves are assumedto be parametrized
proportional to the arclength, unless stated otherwise. A metric space(X;d) is
calledalengthspace if for any x;y 2 X andany > Othereisacurve :[0;1]! X
such that (0) = x, (1) = y and the length of is at most d(x;y) + . If such
existsevenfor = 0, then X is called a geodesic space. Every proper length space
is geadesic[14, 27].

The hyperspaceH (X ) of a geadesicspaceX neednot be gedadesicitself, asis
demonstrated by the following example from [10]. Let X be the Banach spacecy,
namely, the spaceof all real-valued sequencegorvergingto 0. Let

A =1fx2cy:xp =1+ 1=nfor an odd number of n's, and x, = 0 otherwiseg;

B =fx2c: Xy = 1+ 1=nfor an even number of n's, and x, = 0 otherwiseg:
One can seethat A;B 2 H(X) and D(A;B) = 1, but N;=(A) \ N;=»(B) =
?, hencethere is no gealesic connecting A to B. If X is assumedto be both

gedadesicand compact, then H (X)) is geadesicaswell [10], however, the assumption
of compactnessis somewhatrestrictiv e.

Theorem 2.1 Let X = (X;d) be a length space. Then H(X;C) is a length
space for all C 2 CL(X).
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Pr oof. Choosea number > 1. For eah x;y 2 X, let , :[0;1]! X
be a curve of length at most d(x;y) sudh that ,,(0) = x and ,, (1) = y. By
our corwvertion, y is parametrized proportional to its arclength, which implies
d( xy (S); xy (1) js tjd(x;y) forall0 s<t 1.

Let A;B 2 H(X;C)andletE = f(a;b) 2 A B :d(a;b) D(A; B)g. By
the de nition of the Hausdor metric,

2.1) A(E)=A and 5(E)=B:

where A; g arethe coordinate projectionson A B.
De ne afunction ag from [0; 1] to the power set of X asfollows:

re (1) = f a(t) 1 (a;b) 2 Eg:
Then ag (t) is closed,and cortained in the closed 2D (A; B)-neighborhood of A.
Thus ag :[0;1]! H(X:C). By (2.1), as (0) = A and ag (1) = B. We claim
that g is arectiable curve of length at most 2D (A; B), although it neednot

be parametrized proportional to the arclength. Let sandt begiven,0 s<t 1.
For eath (a;b) 2 E

d( a(s); an(t)) js tid(a;b)  ?js tjD(A; B);

which implies

(2.2) D( ag (8); as (1)) s tiD(A;B):

Thus the length of Az doesnot exceed 2D(A;B). Since > 1 is arbitrary,
H(X;C) is a length space.

Cor ollar y 2.2. Let X be a proper geodesicspace. Then H(X ; C) is a geodesic
space for all C 2 CL(X).

Pr oof. Since X is proper, for any a 2 X and any B 2 CL(X) there exists
b2 B sud that d(a;b) = dist(a;B). This and the fact that X is a geadesicspace
allow us to carry out the proof of Theorem 2.1 with = 1. Then (2.2) takesform

D( ag (s); as (1)) Js tiD(A;B):
Since ag (0) = Aand ag (1) =B,
D(A;B) D( ag(0); as(s) + D( ag(S); as (1)) + D( a8 (1); as (1)
(s+js tj+1 t)D(A;B)
= D(A;B):
Thus equality holds throughout, and we concludethat
D( as (5); as (1) =js tiD(A;B)
forall A;B2H(X;C)andall0 s<t 1.

Remark 2.3. In general, geadesicsin H(X ;C) are not unique, even if they
are unique in X. Howewer, if :[0;1]! H(X;C) is a geadesicbetweenA and B,
then for every t 2 [0; 1] the inequalitiesD(( t);A) tD andD((t);B) (1 t)D
imply

(t) Nwo(A)\ Ng 4o (B);

where D = D(A;B). If the setsNp (A)\ Ny yp(B) are not too large, this
obsenation can be usedto prove the uniqguenessof a geadesicbetweenA and B.
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It is interesting to determine which properties of metric spacesare inherited by
their hyperspaces.The following proposition provides a negative result of this kind.
We refer to [9] for de nitions of Gromov hyperbolic spacesand CAT(0) spaces.

Pr oposition 2.4. Let X be a proper geodesic space. The hyperspace H(X ; C)
is Gromov hyperholic if and only if X is bounded.

Pr oof. If X is bounded,then sois H(X ; C), and bounded spacesare trivially
Gromov hyperbolic.

Supposethat X is unbounded. Pick two points a;b 2 X at distance L from
ead other. Let C°= CnB(a;3L) andlet 4 :[0;1]! X be a geadesicconnecting
ato b. The Hausdor distance betweenany two of the setsC°[ fag, C°[ fbg and
G=Co (01 isequalto L. For0 t 1let gagpg(t) = CO[ f ap(tl)g,

fage(t) = Co  ap([0;tL]), and grpg(t) = CO[ ap([tL; 1]). Theseare geadesicsin
H(X;C). Forevery t the setsC {46 (t) and C[ ¢ pg(t) contain at leastone of
the points a and b. It follows that the distancein H(X ;C) from C°[ f agf bg(1=2)
to CO[ tage([0;1])[  &1ug([0; 1]) is equalto L=2. SinceL canbe arbitrarily large,
H (X ; C) is not Gromov hyperbolic.

Despite Proposition 2.4, onecan nd large (unbounded) subsetsof H(X) that
are Gromov hyperbolic, provided that X is CAT(0) and Gromov hyperbolic. To
this end, we intro duce uniformly bounded hyperspaces

HL(X)=fA 2 H(X):diamA Lag:

Unfortunately, the analogueof Corollary 2.2 is falsefor H| (X ). Indeed, let S(R) =
fx 2 R" : jxj = Rg be a sphere equipped with the intrinsic metric. Choose
h2 (OR)andlet A = fx 2 S(R) : x, = hg, B = fx 2 S(R) : x, = hg.
Clearly D(A; B) = 2Rsin !(h=R). Using Remark 2.3 we nd that there is only
one geadesicconnecting A to B in H(X), namely

A (1) = £x 2 S(R) : xn, = Rsin(sin }(h=R)(1 2t))g:
Sincediam g (1=2) = R, it follows that H| (S(R)) is not geadesicfor any L <
R.

Pr oposition 2.5. If X is a proper CAT(0) space, then H (X) is a geodesic
space for all L 0.

Proof. GivenA;B 2 H_ (X), let ag beasin the proof of Theorem 2.1 (with
=1). Let = g and °= Lup, wherea;a’2 A and b;b°2 B. Sincein CAT(0)
spacesthe distance function is corvex [9, p. 176], we have
d( (1) At) @ vd( (0); A0) +td( (1); @) @ HL+t =L
Thusdiam g (t) L asrequired.
Remark 2.6. Under the assumptionsof Proposition 2.5 the spaceH | (X ) does
not have to be a CAT(0) spaceitself. Indeed,let X = R, A= [0;1] and B = [1;2].
The paths (t) = [t; 1+ t] and
Q) = [t; 1+ t]n(1=2;1=2+ 2t); 0 t 1=2
[t; 1+ t]n(2t 1=2;3=2); 1=2 t 1

are both geadesicsfrom A to B in H1(R). Nonuniquenessof geadesicsimmediately
implies that H1(R) is not a CAT(0) space[9, p. 160].
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Theorem 2.7. Let X be a proper CAT(0) space. If X is -hyperbolic, then
Hy(X) is “hypertolic, where °degendson and L. Furthermore, the Gromov
boundaries of X and H_ (X) are quasisymmetri@ally equivalent.

Proof. Let s: H_(X)! X be a mapping suc that s(A) 2 A for every
A 2 H| (X) (the existenceof such s follows from the Axiom of Choice). Let A and
B betwo setsin H_ (X), and let D = D(A; B), d = d(s(A);s(B)). Sinces(A) 2
Np(B) Np+_(fs(B)g), we haved D + L. Conversely A N (fs(A)g)
Ng+L(B) and B Ngs 1 (A), which meansthat d D L. Thusthe mapping s
is a (1; L)-quasi-isometry. SinceH (X ) admits a quasi-isometricembeddinginto a
-hyperbolic space,it is “hyperbolic with %= 9L; ) [9, p. 402]. By [9, p. 436]
the mapping s inducesa quasisymmetric mapping @ : @, (X)! @X. Sinces is
surjective, sois @.

Wenow turn to the hyperspaceof convexsetsH (X ) and its subspaceH{ (X) =
H¢(X)\ H_(X). Corollary 2.2 fails for H¢(X ), which can be seenas follows. As
before, let S(R) = fx 2 R" : jxj = Rg be a sphere equipped with the intrinsic
metric. Chooseh 2 (O;R) andlet A = fx 2 S(R) : x5, hg, B = fx 2 S(R) :
Xn = Rg. Clearly A; B 2 H°(S(R)) and D(A; B) = R. Supposethat :[0;1]!
HC(S(R)) is a gealesic segmei joining A to B. Choosethree points a;b;c 2 A
so that the geadesictriangle 4 (a;b;c) in S(R) with vertices a, b and ¢ contains
the point p = (0;0;:::;R) in its interior. For all sucien tly smallt > 0 the set

(t) must contain points a° B’ and c® such that the interior of the geadesictriangle
4 (a% % Y alsocontains p. SinceA; is geadesically convex, we have P 2 A, hence
D(A;B) = R = D(A; B). This is a contradiction.

Once again, the condition CAT(0) savesthe day. When X is a CAT(0) space,
the geadesicsin X are unique, which allows us to de ne the convexi cation map
corv : H(X) ! HC¢(X) asfollows: corv(A) is the intersection of all geadesically
convex closedsets containing A. To prove that the hyperspacesof corvex subsets
of CAT(0) spacesare gealesic, we require the following lemma.

Lemma 2.8. If X is a proper CAT(0) space, then the convexi cation map conv :
H(X)! H¢(X) is a contraction.

Pr oof. GivenA 2 H(X), onecanwrite corv(A) asthe closureof anincreasing
union of setsA,, whereAp = A and A, +1 isthe union of all geadesicsjoining points
of Am. To prove that cornv is a cortraction, it suces to show D(Am+1;Bm+1)
D(Am;Bn) for all m, or equivalertly, just for m = 0. For every a 2 A; there
exist a geadesicsegmen  : [0;1]! X suchthat (0); (1) 2 Aand (t) = a
for somet. Choose another geadesic ©: [0;1] ! X sothat 9%0); Y1) 2 B,
d( (0); 40)) D(A;B), andd( (1); 1)) D(A;B). Usingthe corvexity of the
distance function in CAT(0) spaceg[9, p. 176], we obtain

dia A1) td( (0); A0)+ (1 t)d( (1); Y1) D(A;B):
Since qt) 2 By, it followsthat A;  Npap)(B1). Interchanging the roles of A
and B, we obtain D(A1;B;) D(A; B), asrequired.

Cor ollar y 2.9. If X is a proper CAT(0) space, then H(X) and Hf (X ) are
gedesic spacesfor all L 0.

Pr oof. By virtue of Corollary 2.2, Proposition 2.5 and Lemma 2.8 the proof
reducesto the following simple obsenation. If is a geadesicin a metric space
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Y,and T :Y ! Y is a contraction that xes the endpoints of , then T is a
geddesicin T(Y).

3. Mappings of hyperspaces

Every continuous mapping f : X ! Y induces a mapping G; : CL(Y) !
CL(X) asfollows: Gf(A) = f %(A). In general G; is not continuous, and can
even map two setsat nite distance from ead other into setsat in nite distance.
Indeed, let X = f(x;y) 2 R? :x > 0g[ f(x;0)2 R?:x 0g, Y = R, and de ne
f :X 1 Y byf(x;y) = x. Obviously D(Gs (f0g); Gs (f1g)) = 1 . Obsenwe that
f is an open mapping, i.e. for any x 2 X andr > 0O thereis > 0 such that
B(f(x); ) f(B(x;r)). Howewer, cannot be chosenindependertly of r. This
leadsus to the following de nition, which appeared,e.g. in [19].

Definition 3.1 A mappingf : X ! Y betweentwo metric spacesX;Y is
called co-uniformly continuous if there exists an increasingfunction ~ : (0;1 ) !
(0;1 ) such that B(f (x);~ (r)) f(B(x;r)) forall x2 X andall r > 0.

If f : X I Y is co-uniformly continuous, then G; is uniformly continuous.
Indeed, given two setsA; B 2 CL(Y) such that D(A; B) k¢ (r), we easily obtain
f 1(A) N (f ¥B)) andf ¥(B) N.(f (A)). Similarly, if f is a Lipschitz
quotient (de ned in the introduction), then G is bi-Lipschitz (cf. Lemma6.1[24]).

Every uniformly cortinuoushomeomorphismf : X ! 'Y betweenmetric spaces
lift to a continuousmappingF; : H(X)! H(Y) of the corresponding hyperspaces:

Fi (A)=ff(a):a2 Ag:
If f is bi-Lipschitz, then F; is also bi-Lipschitz. In other words, the class of bi-
Lipschitz mappings is invariant under the hyperspacefunctor. The sameis true
for isometries,and moreover, for many spacesxX every isometry of H(X) coincides
with F; where f is an isometry of X [3, 12]. The following result shows that

guasisymmetric mappings are not presened by the hyperspacefunctor. Before
stating it, let us introduce the pointwise Lipschitz constart of f at x 2 X by

. d(f (x); f ()
Lt (x) == lim sup —————=:
100 = ISP g y)
We say that amap f : X ! Y is hyperquasisymmetricif F; is quasisymmetric.
Considering the action of F; on singletons, we seethat such f must be quasisym-
metric itself.

Pr oposition 3.2 Letf : X ! Y be a homeomorphism of connected metric
spaceswhich is Lipschitz on a neightorhood of one point in X, and whosepointwise
Lipschitz constant is in nite at another point in X . Then f is not hyperquasisym-
metric.

For example,the map f : [0;1]! [O;1], f (t) = P t, is quasisymmetric, but not
hyperquasisymmetric.

Pr oof. We use primes to denote images under f and Fs, i.e., u® = f(u),
A% = F (A), etc. Let U be a neighborhood of a point p 2 X sud that fjy is
L -Lipschitz, and let g2 X nU satisfy L (g) = +1 . We may assumewithout loss
of generality that U = B(p; ) for some

1

0. .
SRR

0< < min %d(p;q);
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Choosepoints v, ! g sothat d(v?; %) > nd(v,;q). By restricting our attention to
su cien tly large n, we may assumethat

maxf d(vn; 6); d(v; g
Then

minf d(v,; p); d(v2; p)g
for all n.

Since X is connected,we may choosepoints u, 2 U sothat , := d(p;un) =
d(q;vn) for all n. Let Ay = fp;vag, Bn = fp;un;vag, and C, = fp;vy;qg. Then
D(An;Bn) = D(Anh;Ch) = 1. On the other hand,

D(A?;Bp) = minfd(p%up);d(ul;va)g L n
while

D(A2:C%) = minfd(p%a®);d(v%;d%g> n n:
Thus F; is not quasisymmetric.

The main theorem of this section provides two characterizations of the class
of hyperquasisymmetric maps and incidentally shows that this classis invariant
under the hyperspacefunctor. In other words, hyperquasisymmetric maps lift to
guasisymmetric maps on iterated hyperspacessuch as H(H(X)). See[2, 29, 32]
for more on iterated hyperspaces. Some preliminaries are required to state the
theorem. Given a metric spaceX, let Dist(X) be its distance set:

Dist(X) = fdx (X1;X2) : X1;%22 Xg [0;1):
The modulus of continuity of a mappingf : X ! Y isdened as

Pe () =supfdy (f(x1);f(x2)) :dx (X1;x2) g >0

We say that !¢ is cortrolled by a homeomorphism :[0;1)! [0;1 ) provided
that ' ()< 1 forall > 0and

Fe(t) Wr+«(); 2 Dist(X); t > O:
Whether or not ! ; is controlled by may dependon X aswell ason!; and

Lemma 3.3 Let C 2 CL(X). For any 2 Dist(H(X;C)) there exists a non-
decreasing seqguene f g Dist(X) suchthat !

Pr oof. ChooseA;B 2 H(X;C) sothat D(A; B) = . Without lossof gener-
ality we may assumethat for any > Othereisa?2 A sud that dist(a;B) .
Then there is b2 B sud that dx (a;b) . Since > 0 is arbitrary, the
claim follows.

Theorem 3.4. Letf be a homeomorphism of a metric space X into a metric
space Y. The following are equivalent:
(i) f is hyperquasisymmetric;
(i) there exists a homeomorphism : [0;1) ! [0;1) such that for any four

dy (f (x1): f (x2)) dx (X1;X2)

3.1) dv (F (x3): f (xa)) dx (X3;X4)
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(i) !¢ is controlled by somehomeomorphism :[0;1 )! [0;1 ) and there exists
c> 0 suchthat for all x1;x, 2 X

(3.2) dy (f (x2);f(x2)) ¢ (dx (X1;%2));
(iv) F; is hyperquasisymmetric.

Remark 3.5. The mappings satisfying (3.1) have previously appearedin the
literature on seweral occasions.lvascu[18] calledthem \freely quasisymmetric"; we
do not usethis term to avoid confusionwith Veisala's well-known terminology [33].
Aseevand Shalaginor [1] studied such mappingsin the context of self-similar spaces.
They proved, among other things, that a mappingf : X ! Y satises (3.1) if and
only if it lifts to a quasisymmetricmappingf f :X X ! Y Y. Seealso[28].
Ghamsari and Herron [13] and Herron and Mayer [16] studied this classof maps
in connectionwith the question of characterizing bi-Lipschitz homogeneouslordan
curves. Combining Theorem 3.4 with Theorem E of [16] leads to the following
result: aJordan curve in adoubling metric spaceis bi-Lipschitz homogeneousnd
bounded turning if and only if it admits a hyperquasisymmetric parametrization.

Proof of Theorem 3.4. (i)) (ii). Supposethat F; is -quasisymmetric.
Choose distinct points x3;:::;X4 2 X and set A = fxg;x39, B = fx,;Xx3g and
C = fxq1;%40. Then

. 1
D (A; C) = minfdy (x3;X4); maxfdx (X1;X3); dx (X1;X4)99 édx (X3;X4)
and
D (A; B) = minfdyx (X1;X2); maxfdy (X1;X3);dx (X2;X3)gg  dx (X1;X2):
Similar considerationsshow that
1
D(Ft (A);F¢ (B)) EdY (fF (x1):f (x2))
and
D(Fr (A);F (C))  dv (f(x3);f(Xa)):
Using the quasisymmetry of F; , we nd
dy (f (x1);f (x2)) 5 2dx (X1;X2)
dY (f (Xg);f (X4)) dx (X3; X4)

Thusf satis es (i) with the function (t) = 2 (2t).
(ii)) (iii) . The rst part of (iii) followsimmediately from (ii). To prove (3.2),

let = dx (X1;X2), pick > 0 and choosexs;xs 2 X sothat dx (X3;X4) and
dy (f (x3);f (x4)) () . Using (3.1) with x; appropriately rearranged, we
obtain

dv (F(xa)if (x2)) (@) () )
and (iii) follows with c= 1= (1).
(i) ) (i). First we prove that Fs itself hasthe properties listed in (i) . It is
easyto seethat F; hasthe samemodulus of continuity asf . Given 2 Dist(H (X)),
let f g beasin Lemma 3.3. For any t > 0 we have

Fe(t) (tn=)¢(n) (tn=)e():

Letting n! 1 vyields!¢(t) (t)! ¢ ( ). Thusthe modulus of continuity of F; is
controlled by
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To prove that F; satis es (3.2), pick A;B 2 H(X) and let s= D(A; B). We
may assumethat there existsa sequencd a,g A sud that s, := distx (a;;B) !
s; otherwise interchange A and B. Passingto a subsequenceywe can ensurethat
one of the following two casesoccurs.

Casel. For eath n thereis b, 2 B such that dy (a,;b,) = sn. Inequality (3.2)
implies

(3.3) disty (f (an);f(B)) c!¢(sn):
Sinces, 2 Dist(X), it follows that
(34) Im ti(sn)  lm (s¥s0) Me(9)= (1) Yo (9)

Combining (3.3) and (3.4) we obtain D(f (A);f (B)) c (1) 1¢(s). Thus Fs
satis es (3.2) with the constart c®= c= (1).

Case 2. the distance from a, to B is not achieved for any n. Inequality (3.2)
implies
(3.5) disty (f (an);f (B)) cliga Li(sn+ ):

Choose a sequencef bnn g B such that dx (ap;bmwn) #sn asm ! 1. Since
dx (an; bmn ) 2 Dist(X), we have

Li(s)  (s=sh)lim i (s + )

The latter inequality and (3.5) yield D(f (A);f(B)) ¢ (1) *!'¢(s). This com-
pletesthe proof of property (3.2) for F;.
Finally, for any distinct A; B;C 2 H(X) we have

D(f(A):f(B)) '+(D(A;B) 1 D(AB)

D(f(A)f(C) & (DAC) & DAC) '
which proves(i).

@)) (iv). If f is hyperquasisymmetric,then it veri es (iii) , and sodoesF; (by
the previous step). Since (iii) implies (i), F; is hyperquasisymmetric.

Remark 3.6. The proof of implication (iii)) (i) works for unbounded closed
sets as well. Therefore, a hyperquasisymmetric mapping f : X ! Y induces
(hyper-)quasisymmetric mappings on all componerts of CL(X).

Cor ollar y 3.7. Let X be a Gromov hyperbolic space, and let d° and d°°hbe two
visual metrics on its boundary @X . Then the identity mapid : (@X;d% ! (@X;d%
is hyperquasisymmetric.

Pr oof. There exist > 0and C > 1 suc that
C HdAp:a))  dUpia)  C(dYp;a)
for all p;g2 @ (see,e.g. Proposition 11.H.3.21 in [9]). This and Theorem 3.4
imply that id is hyperquasisymmetric.

Corollary 3.7 can be generalizedas follows. Bonk and Schramm [7] call f :
X 1 Y asnhow ake map if there exist > 0and C 1 such that

C ldx (Xl; X2) dY (f (Xl);f (Xz)) Cdx (X]_;Xz)

for all x3;x2 2 X. By Theorem 3.4 snow ak e maps are hyperquasisymmetric.
Examples of snown ak e maps are provided by Theorem 6.5 [7], which assertsthat
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rough similarities between Gromov hyperbolic spacesinduce snow ak e maps on
their boundaries.

4. Hyp erconformal dimension
The following de nition is motivated by Corollary 3.7.

Definition 4.1 Let X be a metric space. The hyperconformal dimension of
X is de ned by

HCdim X = inffHdimf (X) : f is hyperquasisymmetria;
where Hdim stands for the Hausdor dimension[23].

De nition 4.1is modeled after the more commonly usedde nition of conformal
dimension [6, 15, 25]:

Cdim X = inffHdim f (X) : f is quasisymmetriag:

Evidently CdimX  HCdim X  Hdim X. By virtue of Corollary 3.7 both confor-
mal and hyperconformal dimensionsof the boundary of a hyperbolic spaceare well-
de ned. Moreover, conformal dimension of @X is invariant under quasi-isometries
of X, while hyperconformal dimensionis invariant under rough similarities of X [7].

Sincehyperquasisymmetricmaps of metric spacegresene more structure than
generalquasisymmetric maps, one can expect HCdim X to reveal somefeatures of
X that are not recordedby Cdim X . For instance, conformal dimension does not
distinguish betweenspacesX with Cdim X < 1[21, 31]. This is in contrast with
the following result.

Theorem 4.2. For everys 0 there exists a compact metric space X with
HCdim X = s.

Pr oof. Foread s2 fOg[ [1;1 ) there exists a compact metric spaceX such
that Cdim X = Hdim X = s and therefore HCdim X = s[5, 8, 25, 30]. It remains
to considerthe case0 < s < 1. For any such s we shall construct X R asa union
of two generalizedCantor sets[23, 4.11]. Given an in nite set of positive integers
E (51;2;:::9, dene asequence E =f E:n 1gsothat £ = 1=2forn2E
and “,., E=2"Sforn2E. Let

vp
C( E): I]n!
n=0 j=1

where 19 = [0;1] and the other closed intervals Ij" are debned as follows. The
intervalsfljngjzz1 are disjoint, ead of length equalto £ := ~,_ E; furthermore,
ead | is contained in an interval 1" ! and sharesan endpoint with it.

By virtue of [23, 4.11]we have Hdim C( E) = s for any E asabove. Let n; be
a strictly increasingsequenceof integerssud that

n;j nj .
(4.1) Nisz  Nj > %+ L0 1L

and

42 fim 3=
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Dene E=1fny 1:i 1g F=1fny:i 1g,andX =C( B)[ @+ C( F)) R.
Clearly Hdim X = s. Weclaim that HCdim X = s, or, equivalently, Hdimf (X) s
for any hyperquasisymmetric mapping f .

A generalizedCantor setsuch as C( F) cortains the endpoints of all intervals
I* usedin its construction. Therefore, for any i 1 the set X contains a pair
of points a;;b such that b & = 2 "7°. Furthermore, X contains the points
that split [a;;b] into 2"+ " 1 equal subintervals. Supposethat f : X | Y is
hyperquasisymmetric,and ¢ > 0 is asin (3.2). For every integer betweenl and
Nni-> N 1we have

(4.3) Lp 1 M=) 2 0dy(f(a);f() 2 0cti(2 "=):

Setting j equal to the smallest integer greater than (n;+1  n;)=s (cf. (4.1)), we
obtain
|f(2 ni+1 =S) 2 (ni+1 nj)=s 1C!f(2 ni=S):

Therefore, for all i > 1

_ ci 1 B _ ci 1 _
(4.4) @) 5 2R e =65 2
For any > 0 inequality (4.4) implies
i1
fim 200 M@ V) cylim 2 2 =1y
il

i
wherein the last step we used (4.2). This together with (4.3) yield
im! 1 = :
I% Le() 1:

Using (3.2) again, we concludethat
Hdimf (X) (1+ ) HdimX:
Since wasarbitrary, Hdimf (X) Hdim X asdesired.

A metric spaceX is called Ahlfors regular if there exists > 0and C 1 such
that the s-dimensional Hausdor measureH $ satis es
C rS HSB(x;r)) Crs
forall x 2 X and0< r 2diamX. Sincethe boundary of a Gromov hyperbolic
group is Ahlfors regular, it is natural to ask the following

Question 4.3. Are there any Ahlfors regular metric spaceswith hyperconfor-
mal dimension betweenO and 1?

The following proposition shaws that HCdim is much more rigid than Cdim.

Pr oposition 4.4. If X contains a nontrivial recti able curve, then HCdim X =
Hdim X .

Proof. Let :[O;L]! X be a curve parametrized by arclength and such
that (0) 6 (1). Supposethat f : X ! Y is surjective and hyperquasisymmetric.
Our goal is to prove that HdimY HdimX. Givenn 1, let x; = (Li=n),
i =0;:::;n. Since

X
dy (F (xi);f (xi 1)) v (FC (0):f( (1) =5

i=1
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and dx (Xi; X 1) L=n for all i, it follows that !¢ (L=n) s=n. Using the fact
that !¢ is nondecreasing,we obtain liminf , ¢ 1¢( ) > 0. By property (i) in
Theorem 3.4,f ! is Lipschitz on small scales. Thus HdimY  Hdim X .

Proposition 4.4 implies that the hyperconformal dimension of the Sierpinski
carpet S is equalto Hdim S = log8=Ilog3. Although the precisevalue of Cdim S
remains unknown, it is known to be strictly lessthan Hdim S [6, 20].

Bonk and Kleiner [6] intro ducedanother versionof Cdim, called Ahlfors regular
conformal dimension. It is de ned only for Ahlfors regular metric spacesX :

ARCdim X = inffHdim f (X) : f is quasisymmetricand f (X) is Ahlfors regularg:

Clearly CdimX  ARCdim X Hdim X . It is therefore of interest to compare
ARCdim with HCdim. The Sierpinski carpet S hasARCdim S < HCdim S [20]. It
remainsunclearif there is an Ahlfors regular spaceX with ARCdim X > HCdim X .
No such spaceswould exist if hyperquasisymmetric mappings presened Ahlfors
regularity; however, this is not the case.

Pr oposition 4.5. There existsa hyperquasisymmetricmapping of the real line
R onto a metric space Y that is not Ahlfors regular.

Proof. Let Y be the real line R equipped with metric dy (a;b) = (ja b)),
where :[0;1)! [0;1) is anincreasingconcave function to be determined. The
identity mapid : R! Y is -quasisymmetric provided that

(tu)
(4.5) (t); tu>o0:
(u)
We shall choose sothat it is C* smooth on (0;1 ) and
u qu
(4.6) c!t C, u>0
(u)

for someC 1. It is easyto seethat (4.6) yields (4.5) with (t) = maxft;t**Cg.
Theorem 3.4 implies that id : R ! Y is hyperquasisymmetric as long as it is
guasisymmetric. It remainsto construct sothat (4.6) holds but Y is not Ahlfors
regular. One possiblechoiceis

(
() = ulog(3=u); O<u 1
(log3 u+ 1; u> 1:
Indeed,
o) = log(3=u) 1, O<u 1
log3 1, u>1;
hence is concave and
1 uly :
ogs o Y7°

It remainsto obsene that HdAimY = 1 but the 1-dimensional Hausdor measure
onY is not locally nite.
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5. Embeddings into hyp erspaces

In this section we consider isometric and bi-Lipschitz embeddings of metric
spacesnto hyperspaces.Of course,every spaceX embedsisometrically into H(X)
via the map x 7! fxg; our goal is to embed X into the hyperspaceof a simpler
metric space,such as R. Before stating our rst result, we introduce the notation
I} =fx21' :x¢ 08kg.

Theorem 5.1. Let X be a connected metric space. If C 2 CL(X) is unbounded,
then H(X ;C) containg an isometric copy of |1 . Furthermore, every serable
metric space admits a = 2-bi-Lipschitz emtedding into H (X ; C), and eyery bounded
semrable metric space admits an isometric emledding. The constant = 2 is sharp.

Proof. Givenx = (X1;Xz;:::) 2 I, let xj = minfx;jgfori;j = 1;2;:::.
The sequences = (X11;X21; X12; X31;X22; X13;:::) veries 0 x¢ kforallk 1.
Also, the map x 7! x is an isometry of I1 into itself.

SinceC is unbounded, it corntains a sequence ¢, g such that

d(cn;c) d(ch 1;6)+ 20, n L
Forx 2 1} let '
¢ ¢
Ax)= Cn  B(c;xn) [ @(cixn):
n=1 n=1
Sincex 2 11 , it follows that A(x) 2 H(X;C). It is straightforward to ched that
D(A(X);A(y)) = k¢ yk=kx ykforall x;y2Ii.

Every separablemetric speceerrbeds isometrically into I by Frechet's,theo-
rem. The map (X1;X2;:::) 71~ 2(X] ;X ;X5 X, ;::0) is easily seento bea ™ 2-bi-
Lipschitz embedding of I* into 11 . Also, a bounded subsetof I* can be isometri-
cally mapped into I} by translation x 7! x + (M;M;:::), where M is su cien tly
large. p_
It remainsto show the sharpnessof the constart © 2. Supposethat F : Z !
H(R;R) is an L-bi-Lipschitz embedding. Obserwe that for any setsA; B 2 H(R;R)
we have D(A; B) maxfD(A; R);D(B;R)g. Therefore, for everyn 2 Z

2n=L  D(F(n);F( n))
maxf D (F(n);R);D(F( n);R)g
maxf D (F (n); F(0));D(F( n);F(0))g+ D(F(0);R)
Ln + D(F(0); R):
Letting n! 1 , weobtain L p?.
Despite the last statemert of Theorem 5.1, many spacesf the form H(X ; C) do
cortain an isometric copy of I' . The following is a partial result in this direction.

Pr oposition 5.2, Let X be a geodesic metric space. Supmsethat C 2 CL(X)
contains a sgquen@fc, :n  1gsuchthat dist(c,;Cnfcyg)! 1 asn! 1. Then
I* isometrically embeds into H(X ;C).

Proof. Foreadyn 1letd, = dist(c,;C nfc,g) and choosea geadesicarc
n 2 [0;1]! X of length dy=2 sothat (0) = c,. For x = (X1;X2;:::) 2 11 set
Xj = minfd;=4;maxf d;=4;xigg,i;j 1. The sequence

% 1= (X11; X215 X12; X315 X22; X13; 10 7)
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veries j%,j d,=4, and the map x 7! x is an isometry of I into itself.

Let AX) = (Cnfcy:n 19)[ f n(2%,=d, + 1=2) : n  1g. It is clear that
A(x) 2 H(R;C) and D(A(x);A(y)) k¢ yki: forall x;y 2 I*. To prove the
reverseinequality, choosek sothat jx« wj = kx yk: and obsene that

dist( n(2x%n=ch + 1=2);A(Y)) = j¥n  ¥ni:

This completesthe proof.

For example, Proposition 5.2 implies that every separablemetric spaceadmits
an isometric embedding into H(R;fn?:n 2 Zg).
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