MA225 (T2) HOMEWORK 6 SOLUTIONS

Section 5.2
Problem 11: The characteristic polynomial of A is given by p(t) = det(A — tI).
Using cofactor expansion we get

4 —t 0 0
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= d-t)B-t)(2-1)

p(t)

Problem 18: The eigenspace of the eigenvalue A = 5 is the solution space of the
equation (A — 5I)x = 0. For this to be two-dimensional the number of linearly
independent rows of (A — 51).
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Row 3 is a multiple of Row 4, so we just have to worry about Rows 1,2 and 4. Its
easy to see that if h #£ 6, these rows are linearly independent making the solution
set have dimension 1. When h = 6, row 2 is the sum of rows 1 and 4, and so
rows 1 and row 4 are the 2 linearly independent rows and thus the eigenspace is
two-dimensional.

Problem 20: Suppose A is a nxn matrix. Recalling the properties of determinants
det(AT — XI) = det(A — AT = det(A — \I)

So det(AT — XI) = 0 is equivalent to det(A — AI) = 0 and hence A and AT have
the same eigenvalues.

Section 5.3

Problem 16: The eigenspace for the eigenvalue A = 2 is the solution space of
(A —2I)x = 0. This has bases
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The eigenspace for the eigenvalue A = 1 is the solution space of (A — I)x = 0. This
is a line spanned by
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Let P be the matrix with columns the bases vectors for each of the eigenspaces i.e

-2 -3 =2
P= 1 0 -1
0o 1 1

Then
2 0 0
P'AP=0 2 0
0 0 1

Problem 26: It is possible that the matrix A is non-diagonalizable. This shall
happen when the third eigenspace together with first and second does not span R,
which in turn is possible when it is one-dimensional. This would mean that the
geometric multiplicity (i.e the dimension of the eigenspace) of one of the eigenval-
ues is not equal (in which case it is always strictly lesser than) to the algebraic
multiplicity of that eigenvalue.

Section 6.1
Problem 18:
y-z=-3-147--844-1540-—7=1+#0

Hence the vectors are not orthogonal.

Problem 23:
u-v = 2--7+-5-—4+-1-6=0
[uf> = 2-24+-5--54+—1--1=230
|v]? = -7 --7+-4-—4+6-6=101
Finally

Ju+ v = (u+v) - (ut+v) = ul®+ [|v]* +2u- v = [Juf|* + [|v]]* = 131
Section 6.2

Problem 9: We see that

uy-up, = 1-—-14+0-44+1-1=0
uz-uz = —-1-244-141--2=0
uz-u; = 2-141-0+-2-1=0

This shows that these vectors are mutually orthogonal. Since we now have 3 mu-
tually orthogonal vectors in R3, they form a bases for R3.

x-uy = 8—3=5

X-uy = —-8-16—-3=-27

x-ug = 16—-44+6=18
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Finally

(X . 111)111 (X . 112)112 (X . 113)113 5 27 18
X = + =_-u; — —uz+—u
[ [uz? lug[2 ~ 270 182 9

Problem 15: The distance d of y to the line through the origin and u is given by:
(y - wju
d=lly - I
[[uf[?

Computing the various required quantities

y-u = 30

V82 462 =10

Thus we get
30u

a = ly-1al

Iy — >l
Y™ 10

= ()

Section 6.3

Problem 8:
u-ug=1--14+1-3+1--2=0
Hence

projw(y) = Ttuy+ ) 2u
v R B

6
= glll + ﬁuz

|
[SY SIEN IOV

So then

y= +

— N~ e
DO N[0t

where the first vector is in W and the second vector is orthogonal to W.

Problem 12: The closest point to y in the subspace W is the point projw (y).
The calculation is entirely similar to the previous problem.

Problem 17:
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Similarly it is easily seen that
uut =
projw(y) =

On the other hand

Uty =

\
©Inx0[hx000

S
S

\j

<

Thus projw (y) = (
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