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Abstract: Itis shown that a large class of solutions in two-degree-of-freedom Hamilto-
nian systems of billiard type can be described by slowly varying one-degree-of-freedom
Hamiltonian systems. Under some non-degeneracy conditions such systems are found
to possess a large set of quasiperiodic solutions filling out two dimensional tori, which
correspond to caustics in the classical billiard. This provides a unified proof of existence
of quasiperiodic solutions in convex billiards and other systems with impacts including
classical billiard in electric and magnetic fields, dual billiard, and Fermi—Ulam systems.

1. Introduction

1.1. Billiards and systems with impacthe classical billiard system describes the free
motion of a particle in a planar region bounded by a closed curve. The particle moves
along a straight line and is reflected from the boundary according to the rule “the angle of
reflection equals the angle of incidence”. The systematic study of classical billiards was
started by Birkhoffto illustrate and develop certain concepts in the theory of Hamiltonian
Dynamical systems with two degrees of freedom [5]. Since then the billiard has become
a basic model in such diverse fields as Foundations of Statistical Mechanics, Ergodic
Theory, Quantum Chaos, etc. The billiards represent the simplest systems in Classical
Mechanics which still exhibit any kind of behavior observed in two-degree-of-freedom
Hamiltonian systems.

One of the most important results concerning billiards was the discovery of caustics
clustering at the boundary of a smooth convex billiard with non-vanishing curvature by
Lazutkin [16,17]. In geometric optics a caustic is defined as the envelope of a light ray
trajectory, so that any ray tangent to a caustic remains tangent to it after reflection from
the boundary. The presence of a caustic implies non-ergodic behavior as the correspond-
ing invariant curve (family of rays tangent to a caustic) separates the phase space into
invariant components. On the other hand, caustics can be used to estimate eigenvalues
and to construct quasimodes in the corresponding Dirichlet problem, see [16].
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In his original proof Lazutkin showed the existence of caustics by reducing the billiard
ball mag to a near integrable form, and by applying KAM theory to obtain invariant
curves.

The near integrable behavior in the vicinity of the boundary of a smooth convex
billiard can be anticipated by observing that a trajectory nearly tangent to the boundary
will experience many collisions with it before the curvature significantly changes. Such
observationraises a hope of introducing different “time scales” and obtaining an adiabatic
invariant. However, in the proofs by Lazutkin and others, see e.qg.[3,6,17,18], this simple
physical intuition is hidden because the billiard ball map is used.

In this paper, we prove the existence of caustics in systems of billiard type by using
Arnold’s result on the existence of invariant tori in smooth slowly varying oscillatory
Hamiltonian systems [2], which allows us to make the above physical argument rigorous
without sacrificing its clarity. In order to apply Arnold’s approach to the systems of
billiard type, we use the Hamiltonian formalism for the systems with unilateral constraint
developed in [13] and in subsequent papers by Markeev, lvanov and their coauthors. The
main idea of their approach is that the Hamiltonin systems with impacts can be largely
treated as smooth Hamiltonian systems.

Here, we start with the “billiard” Hamiltonian, which is nonsmooth at the boundary
surface, and following Markeev [23] we apply the isoenergetic reduction in the pres-
ence of a unilateral constraint. After carrying out a canonical rescaling we obtain a
slowly periodically varying Hamiltonian system with one degree of freedom. The ob-
tained nonsmooth Hamiltonian function is reduced to a near integrable form following
the well known procedure, see e.g. [2,20]. The vector field generated by the near in-
tegrable Hamiltonian induces a near integrable mapping on the surface of the section
corresponding to the boundary. This map is smooth (for the billiard flow is smooth
away from the boundary) and satisfies the conditions of Moser’s small twist theorem,
which implies the existence of invariant curves corresponding to caustics. In a similar
situation, KAM theory has been applied to a system with unilateral constraint in [22].
To summarize, we have applied the approach in [2], using a non-smooth version of the
Hamiltonian formalism from [13] to the billiard systems. This is possible because the
averaging transformations can be applied to nonsmooth Hamiltonian functions.

Next, this approach is applied to a larger class of non-smooth Hamiltonian functions
(Subsect. 1.3), which provides a unified stability proof for various systems of billiard
type such as the Fermi—Ulam oscillator, dual billiard, and billiard in magnetic and electric
fields (Sect. 2). Finally, in Sect. 3, we provide an example of instability due to Halpern
[12] in the framework of the Hamiltonian approach for non-smooth systems [13] and
give an improved criterion for the billiard flow to be well defined.

Whenever appropriate, we assume that Hamiltonian functions are analytic in order
not to burden the exposition with the estimates. All statements can be extended to finitely
differentiable functions.

1.2. Caustics in convex billiardsn this section, we use the above approach to give a

new proof of Lazutkin’s theorem on existence of caustics in convex billiards.
Introducing the boundary coordinatéss) as in [17], where- is the distance from

the boundary and is the natural parameter along the boundary curve, we obtain the

1 The map that associates to an outgoing ray’s pair of the reflection point and the angle of reflection the
corresponding data after the next reflection, see e.g. [14].
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Fig. 1. The trajectory of the billiard ball in the configuration space and in the reduced phase space

Lagrangian of a free particle in the new coordinétes

22 :2 22 22
4 2 _ T _ 25
L—2+2—2+(1 k(s)r) >

Carrying out the Legendre transformation we obtain the Hamiltonian

_p? p? @)

T2 21— k(s)r)?’
which also describes the motion away from the boundary. Following Ivanov and Markeev
[13], we modify the Hamiltonian so that it would describe full dynamics, including the
impacts with the boundary, by letting assume negative values and substitutirig
instead ofr,

2 2
_Dr Ds
i = 2 + 2(1 - k(s)|r)%" @

The equivalence of these systems is easy to see from Fig. 1, see also [6], where such a
description is used for a billiard problem.

Since the system is autonomous, the energy does not change and, therefore, it is
reasonable to carry out isoenergetic reduction. Using an invariant relation of the Hamil-
tonian vector field with the 1-form, dr + pyds — Hdt = p,dr + Hd(—t) — (— ps)ds,
we choose&K = — p; as the new Hamiltonian andas the new time

K = —1—k(s)IrD)y/2H — p?, ®3)

where the sign of the square root is chosen to be positive, which corresponds to the
motion in the positive direction of. Thus, we have obtained a one-degree-of-freedom
nonautonomous system. Takiiy= 1/2 and rescaling the systém

K =&’F p, =¢ePg,

2 This change of coordinates is well defined fox ﬁx < % but since we are interested in the solutions

staying near the boundary, this is not a serious restriction.

3 The rescaling is motivated by an elementary geometric observation: if the angle of reflection is of order
¢ (i.e. pr ~ ¢) then the arc length between the two successive collisions is also ofefiders ~ ¢) and the
light ray stays:2-close to the boundary (i.e.~ &2).



292 V. Zharnitsky

we obtain the new Hamiltonian

F=—("2—k(eS)|R)\/1— e2P2. (4)

Expanding the square root in Taylor series, we obtain

P2
F= 7’*+k(eS>|R|+eze<|R|,PR,eS, €), (5)

where F1(|R|, Pg, €S, ¢) is a real analytic function foR # O, |Pr| < e 1. Using
more convenient notatioR = x, Pr = y, S = t, F = H, we rewrite the Hamiltonian

2
H= % + k(W [x] + e2Ho([x], v, A, €), 6)

wherei = er. The leading term of the Hamiltonian represents a slowly varying one-
degree-of-freedom Hamiltonian system, which corresponds to the system of a bouncing
ball in a slowly varying gravity field. If the Hamiltonian function were smooth we would
be able to apply Arnold’s theorem on perpetual conservation of adiabatic invariant [2].
But since the Hamiltonian is not smooth.xirwe will follow the reduction procedure in
[2], pointing out how it modifies for the non-smooth case according to [22].

We first apply the action-angle transformation as in [@2]y, ) — (¢, I, 1) with

the HamiltonianHy = % + k(A)|x|. The details of the derivation can be found in [1] or
in the next section.

The action variabld is given by the area enclosed with the corresponding trajectory
of the autonomous systefp(|x|, y, A) with the frozen parametey,

H
3 24/2
Ty, &) = T(H(x, y, &), X) = 4«/§f Y VH —kxdx = 3—{113/2. @)
0
The angular variable (x, y, A) is given by the time it takes the solution in the autonomous
system to move from the sectiotw(= 0, y > 0)) to (x, y), divided by the period of
one revolution? (H, 1) in the autonomous system.
The new Hamiltonian takes the form

2
3
H = [z—jzk(st)l} + eHi(1, 9|, et, &), (8)
whereH; is real analytic (see the next section). Because of the reflectional symmetry in
the system and our choice ¢f= 0 atx = 0, y > 0 the Hamiltonian depends ¢¢|.

Even though the obtained Hamiltonian is a small perturbation of an integrable one,
KAM theory still cannot be applied due to the explicit time dependence in the leading
term. Now, we make the leading term of the Hamiltonian time independent.

Since the integral curves of the Hamiltonian system are invariantly associated with
the differential form

1d¢ — H(I, ¢, \)dt = —% (Hd) — el (H, X, ¢, &)do},

where

2/2 H3/?
I(H, A, ¢, ) = T\/_W +eli(H, A, ¢, ¢) (9)



Invariant Tori in Hamiltonian Systems with Impacts 293

is the inverse function of (8), we can chodsé (H, A, ¢, ), ¢, H, 1) as a new Hamil-
tonian, time, momentum, and position, respectively.

Now, we introduce a linear “time-dependent” transformation which will make the
leading term of the Hamiltonias/ (H, &, ¢, &) A— independer?t

B <k2/3) B 1 A 23

The new Hamiltonian takes the form
J(h, T, ¢, ) = edo(h) + > Ja(h, T, 9], €),

where

2\/2 h3/2
o =TS

andJz is 1-periodic int. The corresponding equations of motion take the form

dr Joh) + 23’1<h 9], &)
— =& £c—— T, , €
d¢ 0 oh

dh dJ1

— =—g2—=(h )

6= ¢ S (T 1910)

Finally, we letv = Jg(h) and integrate the equations of motiorype (0, 1/2) obtaining
a monotone twist map

{Tl = 10 + evo + £2Q1(0, vo, €) (10)

vo = v1 + €202 (10, vo, €),

which satisfies the conditions of Moser’s small twist theorem [24]. Applying the theorem
in the annulus 1< v < 2 we obtain a large set of invariant circles and the measure of
the complement of their union tends to zerosas> 0. Retracing the transformations
we find that the subset of the billiard table

Ut = {(r, 5) € Rt x 8| e2Cik~Y3¢s) < r < 82C2k_1/3(s)} ,

where 0< C1 < Ca, is filled with caustics and the relative measure of the complement
of their union tends to zero as— 0.

Now, consider a sequence of subsets of the billiard téfle= U¢», n € N, where
en = (VC1/C2)"¢eo. It is easy to see that),_, U" is a neighborhood of the boundary
ande, — 0. Therefore, the caustics accumulate at the boundary and the relative measure
of the complement of their union goes to zero near the boundary.

4 It is obtained by takingd = ck?/3h, so that the leading term in (9) would beindependent, using
invariance of the 2-formd H A dA = dh A dt, and applying a normalized periodicity condition:= 0 if
A=0andr =1ifr=1.
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1.3. Invariant tori in the systems of billiard typén this section we state and prove the
theorem on existence of invariant tori in the slowly periodically varying Hamiltonian
systems generalizing (6) and to which many systems of billiard type can be reduced.
The proof follows the argument in the preceding section.

We assume that a slowly periodically varying oscillatory conservative system is de-
scribed by the Hamiltonian functioH = Ho(|x|, y, A) + e H1(|x], y, A, &) (A = &t).
Introducing the action-angle variables fir= Ho(|x|, y, A) as before, we lek(x, y, 1)
be the area enclosed by the cuig(|¢|, n, A) = Ho(|x|, y, A) and¢(x, y, 1) be the
time it takes the solution witllf = Hp(x, y, A) to travel fromé = 0 toé = x in the
autonomous systerfy(|£|, n, A) divided by the period’ (H, 1). More formally,

I(x,y,2)=1(H(x,y, 1), A) =?§ ydx, (11)
H=Ho(|x|,y,%)

and in a neighborhood d@fg, yo, Ao) the transformation can be obtained from the gen-
erating function

S(x, I, A):/ ydx, (12)
C(x,x0)

whereC is a part of the level curv8ly(|x|, y, ») = Ho(I, 1) andHoy (|xol, Yo, A0) # 0.
If, however, Hy, (|xol, yo, A0) = 0, then the generating functiafty, 7, A) has to be
used.

The generating function and the action-angle transformation is obtained using the
relation between the 1-form

vdx — Hdt = 1d¢ — Kdt +dS = —¢dl — Kdt +dS(x, I, 1)

and the vector field [1]. Indeed, for fixddand frozer. we obtain (12). Using the above
differential relation we also obtaip = %(x, I, t) and sincep € [0, 1] is an angle we
obtain (11) (i.e.S must increase by the value bfover each rotation).

The new Hamiltonian takes the form

H = Ho(I,A) + eHi(I,$, h, &) +&So.(x(I, b, M), I, 1)
= Ho(I,A) + eH1(I, $, A, €).

Theorem 1.1.Assume that the surfacé®(|x|, y, A) = Ho(I, A) are homeomaorphic to
2-tori on an open interval € (I3, I2), fill out an open domai®2 and the following
conditions hold:

(13)

H(p,y, A, e) is 1-periodic inA and real analytic in all variables if2™ x [0, &),
whereQt™ = QN {x > 0},

w(l, 1) = aﬂ(} 2) £0,
do Ho(I,\)dA 0,
= alzf oL 1) dh #

0 H
a—(O,y,k) #0
y

everywhere in the toroidal layef € (11, I2). Then for sufficiently small the above
layer possesses invariant tori and the relative measure of the complement of their union
tends to zero as — 0.
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Proof. We proceed as in the proof of Lazutkin’s theorem by first showing that the
Hamiltonian in the action-angle variables takes the form

H(, A, ¢,8) = Ho(I, 1)+ eHi(I, \, ¢, &) (14)

and is real analytic ir{/, A, |¢[, ¢) if ¢ # O, % Then applying the Implicit Function
Theorem we obtain that the inverse function

I(H, A, ¢,¢)=I1o(H, L) +¢eli(H, A, |¢], &) (15)

is real analytic in(H, A, |¢|, ¢) if ¢ # 0, % Finally, carrying out an averaging trans-
formation(H, 1) — (h, t) similar to the one in the previous section we obtain a near
integrable Hamiltonian

J(h, T, ¢, &) = eJo(h) + e2J1(h, T, 9], &), (16)
which is real analytic i, , |¢|, &) if ¢ # 0, 3
We start with

Proposition 1.1.Under the conditions of the theoreHy (7, 1) is an analytic function.

Proof. First, considerl (H, 1), given by the area enclosed with = Ho(|x]|, y, A).
Fixing H = Hp andA = Ag so thatly < I(Hg, Ag) < I» we show that/ (H, A) is
analytic in a neighborhood @fp, A0). Indeed, consider the right part of the boundary
(x > 0) as a union of arcgz, zx+1), Wherezy = (xx, yv), k = 1,2, ..., N, such that
H,(zx) # 0 andH,(zx) # 0 and in each arc eithéi, # 0 or H, # 0. Therefore, each
arc can be represented @&, H, A) orx(y, H, ) and we have

1 X1
SUCH, ) = I(Ho, ko)l = 3 / [y(x, H, %) = y(x, Ho, ko)l dx
k.k+1eAy
Yk
2 [ b HL 0 Ho k01 dy
kk+1eA, ¥ Ykl
x(yk, H,A)

+ ) / [y(x, H, %) — yildx,

kgALUA,

wherek € A,(k € A;) if the arcs having; as a boundary point are such tia #

O(H, # 0).Itiseasyto seethatalltermsinthe sums are real analytic functions. Therefore
I (H, ))isalsoreal analytic. This implies analyticity 8 (1, A) by the Implicit Function
Theorem, which can be appliedhsince% (1, 1) # 0. O

Now, we show that the Hamiltonian function (14) is analytic. In a neighborhood
of (xo, y0, A0) the transformation(x, y,A) — (¢,1,A), where xopx > 0 and
Hoy (x0, Yo, A0) # 0, is defined implicitly by

¢ = ¢o+ ’“’( 1,3),
asxo

y= (x, 1, ),
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where the generating functidf, is given by

X

Sxo(x9 15 )") =/ y(|$|7HO(I’ )")a)")ds
X0

In caseHoy (x0, yo, Ao) = O thenHo, (xo, yo, Ao) # 0° and the transformation can
be defined implicitly by

0S
2 (y, 1, 1),

¢ =d¢o+ i

aS
x=——2(y,1,),
dy

where the generating functidh, is given by

y
Sy, I, A) = / x(n, Ho(I, 1), A) dn.
Yo
Thus, we can always choose a generating function which defines the transformation
locally [1].

In a neighborhood of any point different frofd, yo, Ao) the transformation is real
analytic. Indeed, the generating function is analytic for it is an integral of an analytic
function. If the transformation is generated By, then we can invert the equation for
¢ to obtainx = x(1, ¢, ) and substitute it in the second equation foiT he obtained
explicit canonical transformation is analytic and invertible for its Jacobian is equal to
one. The same argument applies to the transformation generasgl. by

Because of the symmetry of the Hamiltonianxinwe obtain thatc (7, —¢, A) =
—x(1, ¢, 7), therefore|x(I, —¢, L) = x(I,|¢|,A) andy(I, ¢, A) = y(x(, p, )|,
Ho(I1,)), X)) = y(|¢|, I, A). Thus,H1(|x]|, y, A, &) will take the forme H1(|¢|, I, A, €).
Sinces is antisymmetric inc andx is antisymmetric iy thend, S(x, I, A) is symmetric
in ¢. Thus, we have proven that the Hamiltonian in action-angle variables is given by
(14) and is real analytic.

The averaging transformatidit/, ») — (h, ) is defined similar to the action-angle
transformation# is given by the area under the curive= Io(H, 1),

1
h(H,A) = h(Iop(H, 1)) = / Ho(lo(H, 1), o) de,
0

and the generating function is given by

A
W(h,/\)=/0 H(Jo(h), §) d§,

whereJp(h) is the inverse ofi(I) andt = 9, W (h, A).

It is easy to check that the transformation preserves periodicity: if) — (z, k)
then(A + 1, H) — (t + 1, h). The transformation is real analytic becau$élp, 1) is
analytic andd; H (1, 1) # 0. Therefore, the new Hamiltonian function (16) is also real
analytic, if¢ # 0, 3.

Proceeding as in the previous section we obtain the map (10) which satisfies the
conditions of Moser’s small twist theorem and thus, has a large set of invariant circles.
The rest of the proof follows the argument at the end of the last section.

5 The frequency does not vanish@hand therefor&/ H # 0.
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Remark 1.1If the Hamiltonian H(|x|, y, A) is quasiperiodic in. then after similar
transformations one obtains a monotone twist map (10) which is quasiperiodiéin
similar result then can be obtained using a quasiperiodic version of the monotone twist
map, see e.g. [32].

Corollary 1.1. Under the conditions of the theorem the action variable is a perpetually
conserved adiabatic invariant. More precisely for ahy- O there existgo > 0 such
thatife < ggandly + 38 < Ig < I> — 8, then|I(¢) — I(0)| < 4.

Corollary 1.2. If all conditions of the above theorem are satisfied except for periodicity
of H(x, y, A) in A then the action variable is an adiabatic invariant, i.e. the statement
in the above Corollary is true for| < Ce~1.

2. Applications

In this section we consider various systems to which the above theorem applies.

2.1. Billiard in constant magnetic and electric fieldShe billiards in magnetic field
were considered in [27] and later in [3,4]. We use the above theorem to provide a
criterion of stability of the solutions near the boundary.
The Lagrangian of the problem is given by
)'62 )'}2 )
L = 5 + ) + A(x, y)x — W(x,y).

Introducing the boundary coordinates we obtain the Lagrarfyian
,‘.2 "2
28 .
L:E—i—(l—k(s)r)E—i—M(r,S)S—V(I’,S), (17)

whereM (r, s) andV (r, s) are related toA (x, y) and W (x, y).
Carrying out the Legendre transformation we obtain the Hamiltonian

_ pr2 (ps — M)2

= P 2a—xmin?

+V, (18)

where we have exchangedor |r| as before to account for collision with the boundary.
Using the invariance of the form,.dr + psds — Hdt = p,dr + Hd(—t) — (—ps)ds
we choose&k = — p; as the new Hamiltonian andas the new time

K =—-M— (1—k(s)|r|)y/2H — p2 — 2V, 19)

where the square root is taken with positive sign. Expandinim series ofr we have
M(r, s) = Mi(s)r + Ma(s)r? + - - -, and rescaling the system

K = 82F, pr = ePgr,

s =¢&S, r:ezR,

6 We can neglect the other term linear in veloalty, for it can be absorbed i since addition of a full
time-derivative to the Lagrangian does not effect the equations of motion.
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we obtain the new Hamiltonian
F =— Mi(eS)IR] (20)

— (672~ k(sS)|R|)\/2H—2vo(es>—82P,§—s22v1(55)|R| +0(e% + 0(D).

Expanding the square root and rearranging the terms we obtain

2

P
F=_—2R b(eS)|R| + e2F1(|R|, Pg, €S, ¢), 21
2a(8S)+ (eS)IR| + &“F1(|R]|, PR, £S5, €) (21)

where

a(eS) =+/2H — 2Vp(eS),

Vi(eS)
b(eS) = k\/2H — 2Vp(eS) — M1(eS) + ———.
(€S) =ky 0(es) 1(eS) TR
To keep the expression under the square root positive we reguite max Vo(s)
thereforez > 0.
Introducing the standard notatidgh= x, P = y, S = t, andF = H we obtain

y2

H = 2a00) + b)) |x| + eHi(|x], y, X, €). (22)
Calculating the action as in the previous section
= 2\/ 2a [{3/27
3b

we obtain

17 3b(x)
Holl, ) =3 [m’} '

Applying the theorem we obtain a large set of caustics near the boundary for sufficiently
large energy, provideb(n) > 0.

2.2. Causticsindual billiards Dual billiard is a dynamical system defined in the exterior
X of a convex closed oriented cur¥ein the plane. Ifx € X thenP(x) = y, where
[x, y]is tangent td" at a pointO, oriented as the curve, and, O| = |0, y|.

The stability problem for this system was formulated in [25] and studied later in [6,
10,11, 30], see also a recent survey by Tabachnikov [30] for more references. We use a
recent result by Boyland [6], where the dual billiard map was shown to be equivalent to
an impact oscillator with the Hamiltonian given by

2 2

P q
K="+ lql,
5 + 2+p()lql

wherep(t) is the curvature radius of the billiard boundary. We apply the theorem to
show the existence of invariant curves in the small amplitude limit which corresponds
to the caustics near the boundary. Indeed, rescaling the system

K =¢’F, p=¢P,
s=e¢S, q=¢°0,
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we obtain the new Hamiltonian

p2 2
F=" 400 +sz%,

which satisfies the conditions of the theorem, providéd > 0 and analytic.

2.3. Fermi—Ulam problemThe problem of stability of a ball bouncing elastically be-
tween two walls, one at rest the other one oscillating periodically, has been introduced
by Fermi in order to explain the origin of the high-energy cosmic radiation [9]. It was
further developed by Ulam [31] and others [8,29, 18, 21].

We slightly generalize the problem by assuming additional analytic time-dependent
potential field. Therefore, in our problem the particle travels between two walls; one at
x = 0, the other at = p(¢) according to

X+Vix,t)=0.

Now, we use the transformation stopping the wall which originated in the theory of the
heat equation to solve the free boundary problems and was later used for the quantum
Fermi—Ulam problem, see [29] and references therein.

Introducing the new variable and the new time

x = p(t) t—/tﬂ
BRSO T

we obtain a system of a ball bouncing elastically between two walls=a0 andy = 1
and moving according to

Y+ POV (p)y. 1) + p)pin)y =0,
wherer = (). The new system is also periodic inwith the periodT, = OT ;‘%.

We again slightly generalize the problem by considering a particle bouncing elastically
between the two stationary walls in an arbitrary analytic potential

y' + Wy(y,7) =0.

The Hamiltonian of the problem is given by

P2
K = 7y + W(y, 7).
This is equivalent to the system of a particle moving on the circle in a potential non-
smooth at two points. If we letbe the angular variable e (—1, 1) then the Hamiltonian
takes the form
Py

K = > + W(yl, 7).

Note that the exactness condition [19]

yg py dy = constant
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is satisfied becaus® is periodic iny. Rescaling and introducing more appropriate
variables

we obtain

12
H=>+ ’W(|p|, T).

This system is already in the action-angle variablesang I # 0,w; = 1 # 0.
Proceeding as in the proof of the theorem, we obtain the exact map which satisfies the
conditions of the monotone twist theorem and therefore possess invariant curves. This
implies the stability result for Fermi—Ulam problem.

3. Example of Instability

The billiard dynamics may be ill-defined even in a convex billiard with a continuous
non-vanishing curvature. More precisely, Halpern constructed an example of a classical
billiard with these properties, yet, possessing a trajectory reaching the boundary in
finite time [12]. We present an analog example for the bouncing ball problem in the
framework of smooth Hamiltonian systems and indicate how the construction can be
carried over to the classical and dual billiards. This approach indicates the connection
with the phenomenon of blow-up in finite-time in ODEs [7]. We also prove that the
billiard flow is well defined for all time if the curvature > kg > 0 and it is of bounded
variation.

We start by constructing a piecewise constamy : 0.5 < k(¢) < 1.5, such that
the equatiork + k(z)sgn(x) = O will have a solution coming to regt = 0, x = 0) in
finite time and then show howr) can be made continuous. First, we take a particular
trajectory in the autonomous systém= 1 and modifyk as follows: when the solution
has the largest distance from the origink is decreased bk so that the energy
changes byAH = Ak|x| (sinceH = k|x|). We change back to the original value
k = 1 when the solution passes through= 0 so that the energy remains the same at
this moment. This procedure can be continued indefinitely. Atfhetep the energy
decreases bk, x,, wherex,, = H, /k. Sincek = 1 when the energy decreases, then
AH, = Ak, H,. Recalling that b < k < 1.5 we obtain the estimate on the period of
one oscillationT,, < C/H,.

Since we are constructing a solution which looses its energy in finite time, we let
H, = ,%3 so that) _ T, converges. The corresponding, is given by| Ak, | = % <
+. Starting with sufficiently largeo so that|Ak,| < 0.5 forn > no we obtain the
example.

We can now maké continuous by approximating itin the neighborhoods of the jumps
with continuous linear functions. Repeating the construction we obtain an example of
instability with continuoug and with the same estimates, since the neighborhoods where
k is modified can be chosen arbitrarily small.

This construction and its continuous modification carries over to the classical and
dual billiards without any changes. Indeed, we have already showed that the bounc-
ing ball problem is asymptotically close to the classical billiard near the boundary.
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Therefore, constructing the sequenéés,}, {Ak,}, {T,}, we will make errors of or-
dero(Hy,), o(Aky), ando(T,), which can be checked by direct calculations. Therefore,
we will obtain a similar example and its continuous modification. The same argument
applies to the dual billiard problem, see also [6].

Note, that the constructéchas unbounded variation. This turns out to be a necessary
condition for such a construction. We prove this statement for the classical billiard

Theorem 3.1.In a convex classical billiard with the curvatutkee BV (S1) andk >
ko > Othere is no trajectory which can reach the boundary in finite time.

Proof. The Hamiltonian function for the classical billiard

H=1-1~-k@®)IxDy1-y?

is chosen so that near the boundafy> 0 andH = 0 iff x = 0 andy = 0. Assuming
y < 0.5, we obtain an estimate for the distance from the boundary

2 H
|xX|max < —= )
«/l_’)kmin

and since
H = klx|\/1-y2,
we obtain the inequality

2 H
«/ékmin’

wherek exists a.e., since it is the derivative of a function of bounded variation [28].
Integrating, we obtain the energy decay estimate,

|H| < |k|

T expClo kwldr - o

Ho

sincefOT |k (1)|dt is bounded by the variation &fon[0, 7] [28]. Therefore, a trajectory
cannot reach the boundary in finite time

Remark 3.1Another property of the system, which is crucial for the above instability
examples, is that the period of oscillation would vanish as the solution approaches the
boundary. It is these two properties that have been used by Coffman and Ulrich in
[7], where an unbounded solution on the finite interwat [0, ¢*) for the equation

¥ 4+ a(t)x® = 0 has been constructed witlir) having unbounded variation negt In

this system the period of oscillation decays to zero as a solution grows unbounded.
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