Nonlinearity 13 (2000) 1123-1136. Printed in the UK PII: S0951-7715(00)07276-5

Invariant curve theorem for quasiperiodic twist mappings and
stability of motion in the Fermi—Ulam problem

Vadim Zharnitsky
Division of Applied Mathematics, Brown University, Providence, R1 01902, USA

Received 27 August 1999, in final form 20 March 2000
Recommended by J Laskar

Abstract. In this paper the monotonic twist theorem is extended to the quasiperiodic case and
applied to establish regularity of motion in a system of a particle bouncing elastically between two
quasiperiodically moving walls. It is shown that the velocity of the particle is uniformly bounded
in time if the frequencies satisfy a Diophantine inequality. This answers a question recently asked
in Levi and Zehnder (1995 SIAM J. Math. Anal. 26 1233-56).
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1. Introduction

Quasiperiodic maps arise naturally in one-degree-of-freedom oscillatory Hamiltonian
systems depending quasiperiodically on time. Indeed, if the frequencies are sufficiently
‘incommensurable’ then the phase flow induces a quasiperiodic map on a cross section
transversal to the vector field. If the map is a small perturbation of an integrable map then
there is a hope of establishing the existence of invariant curves by application of Kolmogorov—
Arnold—-Moser (KAM) theory. The corresponding invariant tubes separate the phase space
into invariant layers and prevent solutions from moving to infinity.

Although there are related results for quasiperiodically time-dependent smooth
Hamiltonian vector fields (see, e.g., [1, 8]) they are not directly applicable to the maps. The
latter have to be dealt with in stability problems for certain systems with impacts such as the
Fermi—Ulam accelerator. This model, introduced by Fermi in order to explain the origin of
high-energy cosmic radiation [4] (see also [15]), consists of a particle bouncing elastically
between two parallel walls undergoing periodic motions. The Hamiltonian of such a system is
not smooth due to the collisions with the walls and one is forced to investigate the corresponding
Poincaré map. The latter is smooth if the Poincaré section coincides with the collision surface.

Although the obtained map is not close to an integrable one, under some conditions the
map can be reduced to a near-integrable form in a certain region of the phase space. For the
‘periodic’ Fermi—Ulam accelerator this has been done in [3, 6, 11] for a particle moving with
large velocity. The reduced periodic map satisfies the conditions of Moser’s twist theorem
[10] and therefore possesses invariant curves which prevent unbounded motion. See also [13]
for an investigation of stability in the quantum Fermi—Ulam accelerator.

More recently, Levi and Zehnder established the boundedness of quasiperiodically forced
motions for a large class of smooth one-dimensional potentials with superquadratic growth
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at infinity [8]. They also asked whether a similar result can be obtained for the Fermi—Ulam
system with quasiperiodically moving walls.

In this paper, we answer this question positively by showing that the velocity of the particle
is uniformly bounded under some non-degeneracy conditions on the frequencies. We follow the
reduction procedure developed for the smooth systems (see, e.g., [1]). First, we transform the
Hamiltonian to a near-integrable form by applying transformations stopping the walls. Then
we integrate the vector field using a proper Poincaré section to obtain a smooth quasiperiodic
twist map. Finally, we apply a quasiperiodic version of Moser’s twist theorem, which is
also proven in this paper. The advantage of this approach compared with the conventional
one (where one first obtains a smooth map and then transforms it to a near-integrable form)
is that the Hamiltonian is a more invariant object than the corresponding map. Therefore,
the reduction procedure becomes easier even in the periodic case. In the quasiperiodic case
it appears to be impossible to reduce the original ‘bounce’ map to the near-integrable form
directly.

The proof of the twist theorem uses a ‘Lagrangian’ approach, which goes back to [16]
(see also [12]). In the form used here, the ‘Lagrangian’ approach was introduced by Moser in
the proof of an analogue theorem for elliptic partial differential equations [9] and used in [7] to
present a simpler proof of the twist theorem. In contrast to the ‘Hamiltonian’ approach, where
one looks for the invariant curves in the phase space, the ‘Lagrangian’ approach is based on the
search for the solution of a second-order difference equation in the configuration space. The
main difference of our proof from that in [7] is contained in section 2, where the difference
equation is introduced.

2. Notation and definitions

2.1. The space of real analytic quasiperiodic functions
We define the space of real analytic quasiperiodic functions Q(w) as in [14].

Definition 2.1. A function f : R' — R! is real analytic quasiperiodic f € Q(w) if it can be
represented by Fourier series with exponentially decaying coefficients

f)y =) feeer
k

where k = (ki, ka, ..., k), © = (w1, w2, ..., wy), (k,w) =kijw; +---+k,w, #0ifk # 0.

Generally speaking, an integral of a mean-zero function f € Q(w) may be an unbounded
function, see [14] for an example. This might happen because of the small denominators
(k, w) which appear after integrating Fourier series. However, if the frequencies satisfy the
following Diophantine inequality: there exist K > 0 and o > 0 such that for all k # 0

K
|kl
where k = (ky,...,k,) and |k| = |ki| + - -+ + |k,|, then for any mean-zero f € Q(w) its
integral is also in Q(w).

To each f € Q(w) there corresponds a multiply periodic analytic function in n variables

F@O) =) fie”
k

lwiky + waky + -+ - + w,k, | 2>

ey

where 0 = (0,6,,...,0,), 2mw-periodic in each variable and bounded in a complex
neighbourhood of R” : | Im 6| < r for some r > 0.
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Definition 2.2. Let Q,(w) C Q(w) be the set of real analytic functions bounded on the subset
IM, = {61, ...,6, : |Im 6| < r}, with the supremum norm

| £l = sup [f(O)].
Oell,

2.2. Generating functions

In the proof of the invariant curve theorem we will use the generating function of the
quasiperiodic twist map. Here, we describe its properties.
Consider an area-preserving quasiperiodic monotonic twist map defined in a horizontal
strip R! x I C R? as follows:
X2 = x1 + ¢1(x1, y1)
¢:R' x I - R%: 2)
Y2 = ¢a(x1, y1)
where ¢ (x1, y1), ¢2(x1, y1) € Q(w) as functions of x;. Using the monotonic twist condition
Z—V]‘(xl, y1) > 0, we invert the first equation and substitute it in the second equation,

yi = ¥1(x2 — x1, x1)
3)
vo = Ya(x2 — X1, X1)

where 1, is the inverse of ¢ and ¥, = ¢, (x1, ¥ (x3 — x1, x1)). Itis easy to check that
0 0 ¢, 0 ¢ 0
ﬂ+£_1_(ﬂﬂ_ﬂﬂ>zo

8)62 8)61 - 8)61 axz 3)(?2 3)(?1

using the area preservation property of the map. Therefore, there exists a generating function
h(xy, x2) defining the map implicitly

1= —hy (x1,x2)
“

Y2 = hy, (x1, x2)
with i1, < 0, defined in
Q= {(xl,xz) eR?:ax) <x; < b(xl)}

corresponding to the domain of definition of the map. It is true conversely that the generating
function & (x1, x,) satisfying the condition &j, < 0 defines an area-preserving monotonic twist
map.

Integrating the vector field (¢, ¥») along a path from some point (xg;, xp2) € €2 to
(x1, x2) € 2 and using the Diophantine inequality (1), we obtain the generating function in
the form

h(x1, x2) = Bxi + H(xz — x1, x1) Q)
where H is quasiperiodic in the second variable. In many applications, not only is this map

area preserving but it also satisfies the following exactness condition.

Definition 2.3. The above map ¢ is exact if for any f(x) € Q(w) its average value { f) does
not change under the mapping

o1 X o1 X
lim —/O f(x)dx:Xh_I)nOO}/(; ¢ o f(x)dx.

X—o00 X
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Intuitively, non-exactness corresponds to the drift in the vertical direction and S is the rate of
the drift.
We now prove

Lemma 2.1. The map ¢ is exact iff the function h(x| + t, x, + t) is quasiperiodic in t.

Proof. Consider the derivative

d

Eh(xl +t,x+t) = —Yi(x1+t, x0+1) +Pa(x) +1,x+1) (6)
which is a quasiperiodic function. On the other hand, using (5) we have

/’l(xl+t,)C2+I)=,3l+H2()C2—X1,X1+l) (7)

where f(t) = Hy(x, — x1,x1 +1) € Q(w) as a function of 7. Integrating (6) from O to T,
using (7), dividing by T and taking the limit 7 — oo we obtain the direct relation between
the exactness of the map and the quasiperiodicity of the generating function,

T T
= lim — 1)dt — lim — t nHd
B Am - ; Yo(xp +1, x2+1)dt Aim o ; Yi(xr +1, x2+1)dt
1 (X 1 (X
=X11—I>noo§/0 ¢of(x)dx—Xh_r)Ic1>o§/0 f(x)dx =0. U

From now on, we assume that the generating function h(x; + ¢, x, + t) is quasiperiodic
in . Then we will show that there exists an invariant curve parametrically defined w(z) =
(u(t), v(t)) so that u(¢) — ¢t and v(¢) are quasiperiodic. The map restricted to this curve will
be a rigid translation ¢ (w(¢)) = w(t + u), with a prescribed rotation number w.

Lemma 2.2. The curve w(t) = (u(t), v(t)) satisfies the invariance condition ¢(w(t)) =
w(t + ) iff u(t) satisfies the second-order difference equation

Eu)(@) = hi(u(t), u(t + ) + hy(u(t — p), u(?)) = 0.

Proof. The second-order difference equation is obtained by shifting # by —u in the second
equation in (4) and adding the two equations. g

Lemma 2.3. The product u, E (u) is in Q(w) and its mean value is zero

1 T
lim —/ u; E(u)dr = 0.
T-oo T Jy

Proof. First we show that u, E (1) is quasiperiodic. Quasiperiodicity of u, follows from the
definition of u(¢) (u(t) —t € Q(w)). To show quasiperiodicity of E (u) it suffices to establish
that of &; (u(t), u(t + w)). The latter can be represented by

hi(u(@), u(t +p)) = Gu@ +pn) —ut), u(t))
according to (5), where G is quasiperiodic in the second variable. Therefore, it remains to
show that the function G(f(¢),t + g(¢)) is in Q(w) if f, g € Q(w). This follows from the

representation of quasiperiodic functions by multiply periodic ones, see [14].
To show that (u; E(u)) = 0 we use the identity

d
wEu) = 2h(), ult+p)) - AT[ha(u(t — ), u(®)u (1))

where A*f(t) = f(t + u) — f(¢). The right-hand side is a difference of two mean-zero
quasiperiodic functions since one of them is a derivative and the other one is a finite difference
of a quasiperiodic function. g
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3. Main theorem

The generating function A (x1, x;) obtained in the last section is defined up to multiplication
by a constant. Indeed, it simply corresponds to scaling the y-variable, see (4), and it does
not change the second-order difference equation. Therefore, for convenience we introduce the
normalized generating function

Ry = h/ Hflzf |h12|

which we will denote by #.

Theorem 3.1. Assume that w, wy, ..., w,, u satisfy a Diophantine inequality: there exist
K > 0and o > n such that for all k # 0
K
|w1ky + waky + - - + wky + 1 | > G 3
where k = (ki, ..., kys1) and |k| = |ki| + - - - + |kp| + |kns1|. Assume that h : Q@ C R> — R?
is quasiperiodic with frequencies w,, . .., w,, real analytic in

Qy = {(x1, x2) € C?: (Rexi,Rexy) € Q, | Imx|, | Imx;| < a}

has bounded derivatives up to the second order in Q, (o > 0), and satisfies the normalized
monotonic twist condition

infhlz = —1.
Q

Then for any €, M, K > 0,0 > n € N there exist §,r > 0, such that if there is uy(t) with:

(@) up(t) —t € Q,(w);

(b) luoelr, (o)™ < M;

(¢) Oc(ug(t), uo(t+p)) € Q, where Oc(x1, x2) = {(&1,&) € R? ¢ |(x1 =&, x2— &) < €}
(d) |E(uo)|, < 8, where E(u) = hq(u(t), u(t + u)) + ho(u(t — @), u(t))

then there exists a unique solutionu of E(u) = Owithu(t) —t € Q,2(w), (u(), ut+un)) € Q
and it is unique up to the translation t — t + constant.

Remark 3.1. It easy to show, using a simple measure-theoretical argument [14, p 191], that
the subset of w, u which do not satisfy the above Diophantine condition forany K > 0,0 > n
has zero Lebesgue measure. It can also be shown that for a given w = (w1, wa, ..., wy,)
satisfying the Diophantine condition

K
k|7
with sufficiently small K and o > oy > n there can be found |1 on a given interval satisfying

(8) with the same K and o. Besides that the relative measure of | violating (8) decays to zero
with K.

|wiky + wrky + - - - + wyk,| =

©))

Remark 3.2. Condition (d) can be satisfied, in particular, if the map is a sufficiently small
perturbation of the integrable map

X2 = x1+y1 +0(e)
2 =y1 +0(e)

by choosing uy(t) =t and decreasing € — 0.
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4. The homological equation

4.1. The second-order homological equation

Following [7], we solve the equation E(x) = 0 using a modification of Newton’s method.
Starting with u( such that E (u) is sufficiently small, we seek an improvement u( + v so that

Eu+v)=Ew)+Ewv+---

become quadratically small compared with E(z). The first idea would be to kill linear order
terms by solving the linear equation

Ew) +E (v =0 (10)

as in Newton’s method. This equation is, however, difficult to solve because E’(u) is not easy
to invert. The way around this difficulty is to modify (10) so that v can be easily found and
E (u+v) would be quadratically small. Multiplying (10) by #, and subtracting the quadratically
small term v, E (1) from the left-hand side we obtain the new equation

u,E'(u)v — vE' Wu, +u, E(m) = 0. (11)

Although it is no longer equivalent to (10), nevertheless it still produces v, which makes
E(u + v) quadratically small, as we will show later.
Evaluating the terms with E’(u)

hi, (™ —ufv) + h(wv™ —u;v) +u, E(u) =0
and choosing the new variable v = u,w we obtain the equation equivalent to (11)
hiyuuf (W™ —w) — huu, (w—w™) +u,E@m) =0.

Introducing finite-difference operators A*u(¢) = u(t+p) —u(t) and A~ u(t) = u(t) —u(t —p)
we transform the equation to the second-order difference equation

A~ (hjuuf AYw) +u, E(u) = 0.

4.2. Lemma on the first-order homological equation

The second-order difference equation obtained at the end of the last section is equivalent to
the system of two first-order difference equations

ATy =g

P = Y+ (2

where g = —u, E(u) and p~' = hi,u,;u;. The solution of each equation is provided by
Lemma 4.1. Consider the first-order difference equation

Ay =g

where g € Q,(w), (g) = 0 and w satisfies the above Diophantine condition. Then there exists
a unique solution ¥ € Q, (w) with () = 0 satisfying the estimate

I8l

¥l < C(K, G)W'
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Proof. We will solve the equation

Yt +p) — () =g

using a Fourier series representation g(t) = Y, gel® (1) = Y, ype!®@l. After
straightforward calculations we obtain the relation between Fourier coefficients

8k
eitkoyp _ 1

Y =

Using the Diophantine condition (8) we estimate the small denominators

C(K,o)

elke) 1| >
| > =

Since g € O, (w) then |gx| < |gl-¢ ¥ and we obtain the estimate on the Fourier coefficients

0f¢7
[yl < CTH(K, o) |gl, [kI7e ™ = CTH(K, 0) |gl, [k|7e FIre K=,

—X

Using the inequality xe™ < c(o) we obtain

e—lkls
Y] < C(K,0) gl (r—

_ s)a )
Now, we estimate

L& CK. o mlgl & :
Ik|r n—1 mr s Uy r n—1_—m(s—r")
¥l < L ke < ’;c(n)m e P ) DU

m=0

00
— C(K,o,n)lglr Z mn—le—m(s—s’)e—m(s’—r’).

(r B S)J m=0
Using x?e™™ < c(o) and comparing with power series we obtain
; C(K,o,n)lgl C(K,o,n)lgl
vl < e < ML U
r—2s)°(s—s)"1(1—e 6= = (r—s5)(—s)"s —r)
Fixing s, s’ :r —s = s — s’ = s’ — r’ we obtain the result. O

Now, we apply this lemma to find and estimate the solution of the second-order difference
equation (12):

Lemma 4.2. Let r > 0 and M’ > 0 and assume that |[E(u)|, < oo, u(t) —t € Q,(w) and
[tslr, 1) " e, 1R12le, |(B12) Y < M, then the second-order difference equation (12) has a
unique solution w € Q,(w) with (w) = 0 for any p : 0 < p < r, so that the correction
v = u,w satisfies the estimates

C(K,o,n, M) CK,o,n, M)

vl < (r — p)2on |E@); lvelp < (r — p)y2o+2nl

|E(u)-

Proof. The first equation can be immediately solved since lemma 4.1 applies directly. The
solution satisfies the estimate

g1
(V _ r/)a+n '

|w|r’ < C(K7 g, n)
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To find w we first specify ¥ so that the equation

ATw = p(y + o)
can be solved. This requires the right-hand side to be mean-zero

P+ =0 & yp=—IP2
(p)

for the left-hand side is automatically mean-zero.
Applying lemma 4.1 again we obtain the solution

+ - p
wl, < CK, o, m) PY IV o o py—— 18
(,,. _ p)a+n (I‘ _ p)a+n(r —r )a+n
Taking ' = (r + p)/2 and recalling that g = —u, E (u) we obtain the first estimate. Using the
Cauchy estimate |v;|, < |v|,/(r — p) we obtain the second inequality. (|

Corollary 4.1. Under the conditions of the lemma we have
[(u; +v)l, < M+ [velp
M/

—1
Uy + v < —
|( t t) |p X 1 — Mlll);lp

provided |v;|,M' < 1.

5. Quadratic decay of error

We now estimate the mismatch for the iteration
|E(u+v)l, = |E@)+ E'(wv+Q0l, <|Eu)+E'(uv|, +0l,.

To estimate the first term on the right-hand side, we use (11)

lE@I- [E@I- _ . |E@)I;

, d
B+l < jngew] <o B B0k - e

where we have used the Cauchy estimate |%E(u)|p < clEw)|/(r — p).
Now, we estimate the remainder, using Taylor’s formula

2

1d
0= 5@E(b{+)ﬂ))

where A € (0, 1), and using estimates on v and # we obtain
2 |E(u)|?
101, < clvl; < CW-

Therefore, the mismatch is indeed quadratically small as in Newton’s method

|Eu)|?

B+, < Co— S
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6. The limiting process

We first choose the sequence of the analyticity domains: » = rg > r; > --- with r,, = 7o,
according to 7, = Foo + 27" (r9p — roo). Using lemma 4.2 we will construct a sequence
Uo, Ui, ..., Up, ... whichis analytic in the corresponding domains Q,, (w) with the corrections
satisfying the inequalities

|E (um)ly,

v <
| Wl|7’m+1 = (rm _rm+1)2T

d C

dt (rm - rm+l)2‘[+l

where T = o + n. The mismatches €,, := |E (u,,)|, satisfy the estimate

|E ()]s,

X

Tm+1

2

€
P | E— L

(rm — T+l )4T+1 "
where a = 247*!. Rescaling the sequence 1,, = ca™*'¢,, we obtain 1,41 < n2. This sequence
decays to zero if n9 = caep < 1. In this case the original sequence decays faster than
exponentially

(ca 60)2”‘

MUS egmHl

and so does the sequence |v,,],,, — 0.
Therefore, there exists a limit

o0
Uso = lIm u,, = ug+ ka (13)
m—0o0 k:(]
which is an analytic function in Q,_. Now, we can pass to the limit in the main equation to
obtain

E(us) = lim E(u,) = 0.

Therefore, u, is indeed a solution of E(u) = 0.

In order to finish this construction, we have to justify the application of lemma 4.2 at each
step of the iteration. It suffices to check that |%um |, and |§—t t |, stay bounded uniformly in
m and to ensure that the iterates u,, do not leave the analyticity domain of 4.

We will do this by specifying

M =M, =2My = 2max<M, sup Ao, |h1‘2‘|>

(r1,%2) €Qy

in lemma 4.2 and showing that |%um |, and |§‘—l L|, stay below My,. Using corollary 4.1, we

Up

obtain inequalities on the iterates of the bounds My, My, ...
M < M. +ca™ L
m+l X Max m T CaA €y, 1— CameMm .

We will consider the iterations while M,, < M and show that by decreasing ¢, we will
achieve M,, < My, for all m. Since ca™e,, < C(caey)?" then we can decrease €, further so
that ca™e¢,, < 1/2M and we can rewrite the ratio in the brackets

M,

1-— CamEmMm < Mm(l * ZCClmémMm) < M’” + C(CaEO)THZMC%O'
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Thus, we obtain the estimate

o0
M, < My+C Z(caeo)zm

m=1

and by decreasing €, we obtain the desired inequality M,, < M.

Finally, using (13) and estimates on |v,,| we obtain that |u,, — uo|,, can be made as small
as we like (uniformly in m) by further decreasing €y. Therefore, u,, (), u,,(t + n) will not
leave €2, the domain of analyticity of &, provided O¢(uo(?), ug(t + n)) € 2. This follows
from the condition of the theorem and from the proper choice of r: rM < o — €.

7. Small twist

In many applications the monotonic twist decays to zero with the perturbation. Therefore,
certain estimates which we used in the proof are not uniformly bounded, e.g. /11,. This situation
arises, for example, in the stability problem of elliptic fixed points of an area-preserving
mapping and in the stability problem for the Fermi—Ulam system, which is considered in
the next section. In this section we show how the above approach applies to the small-twist
problem.

Consider an area-preserving analytic map ¢ given by

Xy =xp+yyi+ f(x1,y1, %)
2 =y1+8x, y1,¥)

where y € (0, ), f, 8 = o(y) are real analytic in xj, y; and quasiperiodic in x;. The
generating function for this mapping in the lowest order takes the form

(14)

(x2 —x1)?
2y

and the corresponding term of the second difference equation is given by

ho(x1, x2,y) =

A%(u) _ u(t+p) —2ult)+ul —pn)
> .

Since the twistis of order y we will keep the rotational number on the same scalecy < u < Cy,
using a modified Diophantine inequality. Therefore, the mismatch in the above equation will
be of order A%(u)/y ~ y2/y = y.

Thus, it is natural to consider a rescaled difference equation E, (u) = y~'E@) =0, so
that if E, (u) ~ § then E,, (u +v) ~ 82, where v is a correction found by Newton’s method
satisfying the estimates uniformly in y.

Below we show that with this modification the above approach proves the existence of
invariant curves in the small-twist case. Since the interval where u has to be chosen shrinks
to zero we use a modified Diophantine condition

Eo(u(t)) =

Ky
k|
where as before for given w satisfying (9) with sufficiently small K one can find 4 € (cy, Cy)
satisfying (15) and the relative measure of p violating (15) tends to zero with K.
Estimating small denominators

[(@ik) + wrky + -+ @pk)y + 1 Yhipar | >

(15)

ik, __ 1| > K)/

€
| Z ke
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we can estimate the solution of the first-order homological equation (12). Dividing the first
equation by y we obtain

A =—uE, (1)

where A, = y~'A. Proceeding as in the proof of lemma 4.1 and using that y in the
Diophantine condition is cancelled by y in A, we obtain the same estimate as in lemma 4.2.
The second equation divided by y takes the form

¥+

ANtw=—-—""—
15+ ¥
Y lhlzutuz

¥
and as before y in the Diophantine condition is cancelled by y in A,,. A uniform estimate is
also obtained for y’lhlz. Therefore, we obtain estimates on v which are uniform in y. The
rest of the proof, the quadratic decay of errors and the limiting process, is straightforward. As
a result we can state

Theorem 7.1. Let  satisfy the Diophantine inequality (15). Then for any K > 0,0 >
n,e > 0,M > O, there exist v > 0, 6 > 0 such that if for some uy (uo(t) —t € Q(w)),
Oc(uo(t)ug(t + p)) is in the analyticity domain of h with |E, (ug)| < & then there exists a
solution u(t) of E(u) = O with (u(t) —t € Q(w)). The solution is unique up to the translation
t — t + constant.

8. Boundedness of motion in the ‘quasiperiodic’ Fermi—-Ulam problem

We consider a classical particle moving between two parallel walls undergoing quasiperiodic
motions in the presence of a potential field which is also assumed to be quasiperiodic in time.
The motion between the walls is described by

i+Vi(x,)=0

while the motion of the left and right walls is given by x = b(¢) and x = a(t), respectively.
We will assume that all functions are smooth in x, ¢ and analytic quasiperiodic in ¢, i.e.

V'(x, 1), r(1), 1) € O, (w).

First, we apply two transformations to stop the walls. The left wall is stopped by the change
of variable x = y + a(¢) so that now the particle moves between the walls according to

V+V'(y+a@),t)—dt)=0

while the left wall is at rest and the right wall’s position is given by y = b(t) — a(z).

We now invoke another transformation, which originated in the theory of the heat equation
with a moving boundary and was later used in a quantum version of the Fermi—Ulam problem
[13]. Tt is also known as the Liouville transformation [2]. We let y = [b(¢) — a(t)]qg so that
the right wall will also be at rest (g = 1). The motion between the walls is given by

E(t)g +2¢(t)g +c(t)g +Vi(e(t)g+a(t),t) =0

where c(t) = b(t) — a(t). In order to get rid of the ¢ term we choose the new time 7 = f(¢)
so that the equation takes the form

éq+2¢fq' + pfa + 24"+ Vilcg +a).1) =0
where F' = %F. Requiring that 2¢ f + ¢ f = 0 < 2 f = 1 we obtain

2" +éq+Vilct)g+a@),) =0 < g "+é@)c@)’qg+c@OVic)g+a), 1) =0



1134 V Zharnitsky

with

' ods
r=r0= [
The equation takes the form
q"+Wi(g, 1) =0

where Wi(q, v) € Q(aw) in t. This follows from the following properties of quasiperiodic
functions, see [14].

(a) Let h(t) € O(w) and T = af + h(t) (with o« + i > 0) then the inverse relation is given by
t=o"'t+H(t)and H(t) € Q(aw).
(b) Let g(1), f(t) € Q(w) then g(t + (1)) € O(w).

Indeed, using the first property, for any F(t) € Q(w) we have F(t(t)) = F(a™'t + H(1)),
where H(r) € Q(w). Introducing G(¢t) = F(a~'t), which is clearly in Q(aw), we have
F(t(t)) = F(@ 't + H(1)) = G(t + ¢ H (1)) € Q(aw) by the second property.

Since both walls are at rest we can include collisions in the description of the system using
the reflection principle. In the equivalent system the particle moves on the circle g € (—1, 1)
in the potential field W (|g|, t). The Hamiltonian of this system is given by

H=3p*+W(ql 7).

This system becomes near integrable for large velocities, as we will show by a proper rescaling
and reduction to the twist map. Let p = € 'P,t = ¢ 'T, H = €2F, g = Q, then the new
Hamiltonian takes the form

F=1P*+EW(Ql €T).

The rescaled Hamiltonian is formally in a near-integrable form, however, the non-smoothness
in the Q variable makes it necessary to integrate the vector field in Q so as to obtain a smooth
map, which can be analysed for stability. As was recently observed in [5] this can be done by
using a transformation exchanging time and energy with position and momentum, so that O
becomes a new time variable, and integrating the obtained equations of motion.

Using invariance of the 1-form: PdQ — FdT = —(Fd(eT) — e P dQ) we choose
H = €P as a new Hamiltonian, r = Q as a new time, T = €T as a new position, and h = F
as a new momentum

H = ev2h+ 3 H (h, 1, |t]).
The equations of motion are given by

dr 1 3 8H1

5 = 6\/—2_11 +e€ ﬁ(l’l, T, |t])

dh

dr
Integrating these equations on ¢ € (—1, 1) we obtain the monotonic twist map

oH
=—L(h, 1, |1)).
T

2 3
71 =7+€e—+0(e)

Vho (16)
hy = ho + O(e).

This mapping is analytic in both variables (since H; is continuous in # on (—1, 0) and (0, 1))
and quasiperiodic in T. Now, we will verify the exactness condition. Consider a subset V in the
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extended phase space (t, &, 1) bounded by four vertical planes t =0, 7 = t*,r = —1,r =1
and by two two-dimensional surfaces: one A (¢, T) given by the solution generated by the
curve of initial conditions 2 = f(7) (with f € Q(w)), the other hy (7, t) given by H = 0.

By the Stokes theorem the integral of the symplectic form dw' = dh Adt +dH A dt over
a closed two-dimensional surface vanishes. Therefore, we have

+ +

/ dw':/ /’lf(l,‘l,')dl'—/
av 0 0

1
—/ [hy(t,T7) — hu(t, ‘C+)]dt+/ dh Adt = 0.
—1 H=0

1
hf(—l,r)dr+/ [hy(t,T =0)—hy(t, T =0)]dr
—1

Dividing by 7+ and taking the limit * — co we obtain

1 [v I 1
lim —/ hf(l,r)dr——/ he(—=1,7)dt = — lim —f dh Adt
r—oo Tt Jy ™ Jo : =00 Tt Jh_y
but

1 ot /e 1
/ dh/\dt:—f / thydtdrz—/ / Wo(lQ]. T)dQdT =0
H=0 —-1J0 0 —1

since W is periodic in Q. Thus, we have verified the exactness condition.

Therefore, the mapping (16) satisfies the conditions of the monotonic small-twist theorem
for sufficiently small €, which corresponds to large-energy solutions. Thus, we obtain
invariant manifolds carrying quasiperiodic motions and separating the extended phase space
into invariant layers. As € — 0 (energy grows to infinity) the relative measure of the subset
free of the above invariant manifolds decays to zero.
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