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Abstract

A one-degree-of-freedom oscillatory Hamiltonian system with a parameter depending singularly on the slow time is
considered. It is shown that the system possesses an adiabatic invariant and its asymptotics is estimated for a rather general
type of singularity. The leading term of the asymptotics turns out to be given by an integral of Fresnel type and the order
of asymptotics is related to the type of singularity (stronger singularities cause larger change of adiabatic invariant). The
result is applied to estimate the reflection coefficient in the problem of scattering electromagnetic wave on an obstacle with
refraction index depending singularly on the coordinate. The relation to the stationary phase method is outlined. © 1998
Elsevier Science B.V.

1. Introduction

The notion of adiabatic invariant was introduced at the beginning of the century by Lorentz and Einstein in order
to explain conservation of the ratio of energy to the frequency of radiation of an atom. As a model problem they
considered one-degree-of-freedom Hamiltonian system with a parameter depending weakly on time. The energy of
a such system may change considerably in the course of evolution. However, due to adiabaticity of the system, the
energy is approximately some function of the parameter. Because of this relation, some quantity, called adiabatic
invariant, remains almost constant for a long time. One of the simplest systems of this type is a harmonic oscillator
whose frequency changes slowly with time. The adiabatic invariant here is the ratio of the energy and the frequency.

The majority of works on adiabatic invariance deal with the smooth parameter dependence on the slow time, see
[1,8,10-13], since such systems are frequently encountered in applications, see [4,5,7]. Nevertheless, the case of
singular dependence also occurs. For example in [14] an external periodic forcing with +/ez-singularity was used
to accelerate a classical particle in a potential with superquadratic growth at infinity.

! Present address: Division of Applied Mathematics, Brown University, Box F, Providence, RI 02912, USA. E-mail:
vadim@ cfm.brown.edu.

0167-2789/98/$19.00 © 1998 Elsevier Science B.V. All rights reserved
PIIS0167-2789(98)00179-1



V. Zharnitsky/ Physica D 122 (1998) 6272 63

In this note, the case of quite general singular dependence of the parameter on the slow time is considered.
Specifically, we investigate the behavior of the system in a neighborhood of one singularity. Without loss of generality,
we assume that p(1) has a singularity at A = 0 and p(0) = 0. We also assume that p(}) is sufficiently smooth
p € C%(0, oc) and constant at infinity p(A) = p, if A > A,

The Hamiltonian of the problem is given by

H = H(x,y, per))

and the corresponding equations of motion take the form
. oH ) 0H
x=—{x,y.p) y=——(x,y,p). 40
ay ax

Since the system is oscillatory, then in the phase space (x, y) of the unperturbed problem there is an open domain
containing only closed trajectories for each value of the parameter. In this domain there can be defined action—-angle
variables for the autonomous system [9]. The action variable I (x, y, p) is the area bounded by the trajectory passing
through (x, y, p). The angle variable ¢ (x, y, p) is a uniformly changing angular variable along the trajectory of the
autonomous system with the rate of change equal to the frequency. The transformation of variables, defined above,
turns out to be canonical and the new Hamiltonian takes the form

H = Ho(l, p(et)) +ep'(en) Hi (I, §, p(et)), )

where H) is the original Hamiltonian expressed in the new variables and H is the derivative of a generating function
of the transformation to the action—angle variable with respect to the parameter, see [9] for the details. The equations
of motion are given by

_ i i
¢‘_w(1sp)+€p W(I’d)’p)v I = Gp a¢ ([9¢vp)’ (3)

where w(I, p) = 9; Hy(I, p) is the frequency in the corresponding autonomous system.

2. Results

Since p(A) is twice continuously differentiable outside of the singularity, it is monotone and convex in some
neighborhood of 0. By adiabatic invariance theorem the change of the action away from the singularity, where
|p'| < C, is of order €. Therefore, by assuming that p(1) is convex and monotone on A € (0, A;) and constant
on A € (Ay,o0), see Fig. 1, we make an error of order €, which is smaller than the change of the action in a
neighborhood of singularity. For the above system we prove the following result.

Theorem 2.1. The asymptotics of change of the action variable on the interval (0, A+ > 0) is given by an integral
of Fresnel type

T oH
Al(¢o) = — f 1'7(61)~8—¢—1(105 o + wot, po)dt, 4)
0

provided the Hamiltonian function is real analytic in x, y, p, the frequency does not vanish in the above domain,
and p satisfies the following conditions:

21f p = /et and H) = I cos ¢ then it is exactly Fresnel integral.
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) Ay

Fig. 1. Dependence of the parameter on the slow time.

1. There exists a function a(¢), 0 < ¢ <« a(¢), such that

T oH
/P(Gt)—aa’l(loytﬁo + wot, po) dt| < Ca(e),

0

ox

fp'(et)eim dt| > cpa(e) foranyn € Z\ 0.
0

2. There exists t.(¢) > 1 such that

plet) =oa(e)),  pi(et)t. = olale)).

Lemma 2.2. If a(e) = p(e) then (5) is always true.

Proof. Due to convexity and monotonicity of p(i) we have

| < p(be)

<b ifb>1, 1> PEO

p(€) p(e)

>b ifb<l,

for any b > 0. Using these inequalities we estimate the integral in (4) from above on the two intervals

o0 a o0

.0H, . 0H) .0H)

—dt = —dt —dt.
f”a«ﬁ'f”a«» +f”a¢
0 0

a

The first integral is bounded by Cp(ae). Using integration by parts, we estimate the second integral 3

x>

dH; 1 1 . .

'——dt=—-’H°°——f Hdt<C .

/pa¢ wop 1la p” PHy dt < Cplae)
a

3 In this paper C and ¢ denote different positive constants which do not depend on €.

3

(6)

)

8)
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Using convexity and monotonicity of p(A) we have p(ae) < p(ae)/a. Applying (8): p(a€) € (p(e), ap(€)), we
obtain the upper bound on the integral Cp(e). O

Remark 2.3. It is easy to check for p(A) = A%, where 0 < «a < 1, that conditions (6) and (7) hold. There-
fore, using Lemma 2.2, we can apply Theorem 2.1 to obtain the asymptotics (4) for the singularities of power
type.

Lemma 2.4. Theorem 2.1 applies in the case of a logarithmic singularity p(A) = —1/log A, which is stronger than
any singularity of power type.

Proof. Conditions (7) can be easily checked for 7. = 1 with a(€) = p(€). Now we will show that

o0

fp(et)ei“‘ dt| > cup(e) foranyn € Z\ 0,
0

which will imply the result by Lemma 2.2. The above inequality is true if it is true for

> 1 x0

/p'(et)cosntdt = —fp(e,,r)coudt,
n

0 0

where €, = €/n. We estimate the last integral from below using the series representation

00 0
f plent)costdr = » (=1)"am, Q)
0 m=0
where
n/2 a(2m+1)/2
ag = f pleyt)costdr|, am = / plept)costdr| ifm>1 ao
0 a(@2m—1)/2

and making the following observations:

1. The series (9) has alternating terms. This follows from p > 0 and properties of cos 7.
2. The terms a,, do not increase and agp > a;.
The first observation implies

o o0
Y (-)"an>0= ) (=1)"an = ap~ar.

m=2 m=0

Therefore, using ag > ai, we havel

o0
> (=1)"an = ap — a = ap + o(ao)-

m=0
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Now it remains to estimate ag from below and g; from above

7/2 7/4

| Vo
ao:/p(ent)cosrdrz / -E'P(Gnt)=_2’p(6"z)2_loge’
o 0
3m/2
. m 3” C"
a = lp(e,,t)cosrdf SP(EHE)_p(6”7>S_Iog26’
T

if € is sufficiently small. O

Remark 2.5. The proof of Theorem 2.1 is based on the estimation of the evolution of the action variable on two
intervals (0, Ac) U (As, Ag) = (0, A.), where A, is to be defined in the proof. The first interval is taken so small
that the difference between the change of the action variable on the real solution and on the approximate solution,
generated by an autonomous system, is smaller than the change itself. The change of the action variable on this
interval will contain the leading term of the asymptotics. On the second interval the parameter evolves so slowly
that the change of the action is much smaller than the leading term of the asymptotics.

Remark 2.6. The estimation of the integral in (4) is related to the stationary phase method. Indeed, choosing p as
a new variable of integration we obtain

P+

oH A

Al(¢o) = —/ Ep_l (10, $o +w0%.~ Po) dp,
0

where A(p) is the inverse function of p()) and therefore 1'(0) = Q.

Remark 2.7. There are singularities which violate condition (7) for any choice of ¢., see Appendix B for an example.

3. Proofs

Lemma 3.1. Under the conditions of Theorem 2.1, the asymptotics of the integral in (4) is generically of order a(¢).
More precisely for any v > 0 there exists § > O such that

ulgo € S' | |AI(¢o)| < Sa(e)} < v.

Proof. Since the Hamiltonian in the action—-angle variables is also real analytic, see [12], f(¢) = 0 H Iy, ¢, po)/0¢
can be represented by convergent Fourier series

f@) = > fe™

neZ\0

infll,={¢ e C!l Im¢| < p} for some p > 0 with exponentially decaying coefficients | f,| < ||f||pe”‘"|p, where

1£llp = supper, | £ (@)].
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Let g(¢o) denote the integral in (4), then analyticity of f(¢) implies analyticity of g(¢p) = > gne"® in the
same domain. Indeed, expanding g in Fourier series

oC o0
s00 = [ pen oo+ ooty dr = [ e T e o
0 ¢ 0 neZ\0
o0
= Z Fnei"9o / plet)e ™! d
nezZ\0 0

we obtain |g,| < pi|fu| < Ce™""l?, Applying condition (6) we have

{gn| = caar(€)] ful

and since for some N, fi % 0 (for otherwise the system would be trivial) then gy > ca(€).

Consider A (¢) = g(¢)/c(e) whichis also an analytic function in /T, uniformly bounded || 2. (¢)]l, < C.Using
the lower bound on gy we also have |hy| > ¢ > 0. Now, using these observations, we will show that the relative
measure of ¢g, where |h(¢g)| < § tends to 0 with § — 0, which will prove the lemma.

Proposition 3.2. For any v > 0 there exists § > 0 such that u{¢ € S! |h(¢) < 8} < vifh is analytic in 1,
Ikl < C,and [hy| = ¢ > 0.

Proof. Suppose that the statement is wrong. Then there exists v > 0 and two sequences {3,}2° (8, — 0), {h,}°2,
such that u{¢ € S' | |h.(¢)| < 8,} > v, where h,, stands for a term of the sequence {h, (@)} 72 .

Since {|h]l, < C we have |A'||,—s < C/o, see [3]. Fixing o we obtain that {h,} is a uniformly bounded
equicontinuous sequence. Therefore, by Ascoli-Arzela’s lemma it contains a subsequence {4, }72, converging
uniformly to a function ho. Multiplying the difference h,, — ho with an exponent e~*¢ and integrating over the
period we obtain that all Fourier coefficients converge uniformly, too. This implies that Fourier coefficients of #¢
satisfy the same estimates and therefore ||Agll -0 < 4C o', see [3]. In particular Ao(¢) is an analytic function in
IT,_, for any ¢ > 0 and its Fourier coefficient |hgy| > ¢ > 0.

Now, we will show that zu{¢ € S! | ho(¢) = 0} > v.Forany x > 0 we can find m such that A, —Hhollo—o < x-
Therefore we have u{¢ € S' | |ho] < x + 8n,,} = v. Since we can choose x and &, arbitrarily small then sg has

to be identically 0, which contradicts the condition |hgy| > ¢ > 0. O

nm

Proof of Theorem 2.1 First, we consider the motion on the interval 0 < ¢ < 1., where 0 < f. < 1/¢; the precise
value of ¢, will be specified later. Integrating (3) and using boundedness of the corresponding derivatives of H] in
the interval I} < I < I» we obtain the following estimates: 4

|l = Ip| < Cp(er), ¢ — ¢o — wlo, po)t| < C(P(t) + pler)), (1D

where

t

P(1) =/p(e1:)d7:.

0

4 A solution will not leave the interval (/ 1, 1), where the estimates hold, since, as we will see later, on the time-interval under consideration
AT = o(1).
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Integrating the equation for I in (3) and using the estimates in (11) we obtain

fe e

L 0H oH
I=1I —fpa—q;(1,¢,p)dt =1 —/Pa—d)}(lo,(ﬁo-i-wot, po) + R, (12)

0 0

where

dt

tc
. 3H1 3H1
R < —(, ¢, — — [y, t,
| |-f|p|]a¢( 8. 1) = Sk lo. b0 + ot o)
0

i

5/C[’)(p+ P)dr
0
e

<C p2(6t6)+/ﬁPdt

0
I

<C | p*(ete) + Pt plets) + f p*d
0
< C(p*(ete) + pPeto)te).

Since it is desirable that the change of the action in (12) contain the leading term of the asymptotics, we require
|R| <« «(€), which follows from condition (7)

et K ale).

Now, we have to show that on A € (A., A4) the change of the action variable is much less than a(¢). This will
be done by applying a near-identical change of variables, which will absorb fast oscillations with the amplitude of
order p. As a result, the new action variable evolution will be easily estimated.

The symplectic change of variables can be defined implicitly by the generating function

S(J.¢,0) =Jo+ pW(J, 8, per))

as follows:

aw aw
I=J+p£(-]v¢’P(Et))! w=¢+PW(J’¢’P(6t))

The new Hamiltonian is given by

as
K(‘]v ‘/f’ t) = H(Is ¢v P(Gt)) + 5;(‘]’ ¢,t),

where the old variables have to be expressed through the new variables via the above transformation. After substi-
tuting the expression for 7, the Hamiltonian takes the form

as
K = Ho(J + pWy(J, ¢, p(et)), p(et)) + pHi(J + pWy(J, ¢, p(et)), ¢, p(et)) + E(J’ ¢.1).
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Using Taylor expansions we obtain

K = Hy(J, p(et))+P (J P(6t))—$(1 ¢, plen) + pHI(J, $, p(en)) + O(p*) + O(p).

We choose W so that to get rid of ¢-dependent part in H,

3 H, -1
W=—(3£Um@m) fmmmmpm»w,
0
where
1 I
{Mhm—wumum=gfmw¢mmw.

Then the new Hamiltonian takes the form
K = Hy(J, p(en)) + pLHI1UJ, p(eD)) + O(p%) + O(p).
Thus, we obtain the estimate on the difference
I—J=0(p)=1-J=0(p())
and on the rate of evolution of the new action variable
I =0(p*) +0(p).
Integrating the last relation we obtain
J(Ay) = J(Ae) = O(p(As) — p(Ae))p(Ae) +O0(p(rc)) = O(p(Ae)).
Using the above estimates we have
I(Ay) = 1(Ae) = O(p(he)).
Therefore, applying condition (7)
plete) K afe)
we obtain

1T(4) — T (A K ale). O

Appendix A. Scattering of electromagnetic waves

In this section, we apply the obtained result to calculate the asymptotics of reflection coefficient of scattering
electromagnetic wave on an obstacle with a singular refraction index profile, see Fig. 2. The propagation of an
electromagnetic wave in one dimension with frequency w is governed by Helmholtz equation

E.x + @0’n*(x)E = 0.



70 V. Zharnitsky / Physica D 122 (1998) 62-72

Fig. 2. The refraction index profile.

After rescaling the spatial variable y = wx the equation takes the form

E,, +n? (%) E=0. (A1)

Assuming that n(y/w) satisfies the conditions of the theorem, we obtain complex adiabatic invariant for (A.1), whose
real and imaginary parts are equal to the areas enclosed by the corresponding trajectories on (Re(E), Re(E,)),
(Im(E), Im(E,)) planes.

Under the assumption that the wave comes from the left, there is only outgoing wave on the right-hand side given
by

E = Ae™  for y > oo,
while on the left-hand side there are both incident and reflected waves
E = ¢ 4 Be 0¥ for y - —o.

It is well known that [A|* + |B|? = 1, see [6] for more details.

For y — —o0 we have

Re(E) = (1 + Re(B))cosngy + Im(B) sinngy,

Re(E,) = —no(1 + Re(B)) sinnoy + nolm(B) cosngpy,

Re(E,)? N noRe(E)?

e > =no((1+ Re(B))? + Im(B)?),

Re(]) =

Im(E) = Im(B) cosngy + (1 — Re(B)) sinngy,

Im(E,) = —noIm(B) sinnpy + no(l — Re(B)) cosngy,

Im(E,)? N nolm(E)?

210 7 =nolll— Re(B))? + Im(B)?).

Im(J]) =



V. Zharnitsky / Physica D 122 (1998) 62-72
Due to the presence of only one exponent on the right-hand side, we obtain for y — 400
Re(/) = Im(J) = no|A|*.
Using the above equalities we have

Re(AT) = ng|Al* — no(1 + 2Re(B) + |B|?),
Im(AT) = nglA|> — no(1 — 2Re(B) + |B|%).

Adding up the above equations we obtain
1
——([Re(AD) +Im(AD) = |A? - |B|2 -1
2ng
and since |A I2 + |B|2 = 1 we obtain the asymptotic bound on the refiection coefficient

|B|? = ——I—(Re(AI) +Im(A) =0 (An (—1—->) .
4ng

w

Appendix B. Example of a function violating condition (7) of Theorem 2.1

We show that function

p(A)y = —Aloghi

71

provides an example of monotone, convex function on the interval (0, e~2) having singularity at A = 0 and, yet,

violating condition (7) of Theorem 2.1. For p = —Xlog A condition (7) takes the form
(i) e(—loget, — 1) € —e€loge,
(i) e2t3 logz(etc)tc &« —eloge.

It is clear from the first inequality that 7. has to be larger than any power of €, i.e. f, > ¢~ for any a > 0. In the

second inequality the expression on the left-hand side monotonically increases on the interval under consideration.

Taking 7. = €~%/3 we notice that it is already too large, therefore, there is no 7. satisfying both inequalities. In

conclusion, we observe that even though the theorem does not apply in this case, it is not clear if the asymptotics

will be different from (4).

Acknowledgements

I would like to thank one of the referees for pointing out an error in the manuscript. This work was supported by

the National Science Foundation under Grant No. DMS-9627721 and by the Department of Energy.

References

[1] V.I. Amold, Sov. Math. Dokl. 3 (1962) 136.
2] V.I. Amold, Mathematical Methods of Classical Mechanics, Springer, New York, 1978.

[3] V.I. Amold, Geometrical Methods in The Theory of Ordinary Differential Equations, Springer, New York, 1983.

[4] G. Benettin, P. Sempio, Nonlinearity 7 (1994) 281.
{5] M.V. Berry, M.A. Morgan, Nonlinearity 9 (1996) 787.
[6] M. Bom, E. Wolf, Principles of Optics, 6th Ed., 1980.



72 V. Zharnitsky/ Physica D 122 (1998) 62-72

[7] J. Henrard, Celestial Mechanics 27 (1982) 3.
[8] K. Jung, Nonlinearity 8 (1995) 891.
[9] L.D. Landau, E.M. Lifshitz, Mechanics, Pergamon Press, Oxford, 1960.
[10] M. Levi, J. Diff. Eqs. 42 (1981) 47.
[11] J.E. Littlewood, Ann. Physics 21 (1963) 233.
[12] AL Neistadt, PMM (J. Appl. Math. Mech.) 45 (1982) 58.
[13] W. Wasow, SIAM J. Math. Anal. 4 (1973) 78.
[14] V. Zhamitsky, Commun. Math. Phys. 189 (1997) 165.



