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Abstract

Periodically forced motion of a classical particle in a one-dimensional potential with superquadratic growth at infinity is
considered. It is shown that an arbitrary amount of energy can be transmitted to the oscillator by exciting the system with
a continuous time-periodic forcing. This result extends Littlewood’s example of unbounded motions in the presence of a
discontinuous periodic forcing and, thus, sheds light on the relation between the smoothness of forcing and the stability of
motion. A new version of the averaging procedure, which had to be applied to justify the construction, is outlined.

It is a well-known fact that a harmonic oscillator
can be resonantly excited with a time-periodic forc-
ing so that its amplitude grows indefinitely with time.
With the aim to understand the nature of nonlinear
resonances Littlewood asked whether this statement
is no longer true for an anharmonic oscillator whose
restoring force is stronger than linear. Formally this
question is equivalent to the problem of boundedness
of solutions of the second order ODE

¥+ U'(x) =p(), (1)

where p(t+ 1) = p(t) and U'(x)/x - coas x —
+oo. Intuitively, one might expect that since in such
systems the frequency tends to infinity with the ampli-
tude, any resonances would be destroyed and all solu-
tions would stay bounded for all time. However, this
intuition turns out to be wrong as Littlewood showed
by constructing an oscillator with a superlinear restor-
ing force such that unbounded motions could be ex-
cited with a discontinuous periodic forcing of square
wave type, see Ref. [4] or [5].

Subsequently, many stability results for different

classes of superquadratic potentials were obtained
based on KAM theory, see Refs. [2,3,6-8]. It was
also found which necessary condition for application
of KAM theory is violated in Littlewood’s construc-
tion. Translated into physical terms the condition
requires monotone dependence of the frequency on
the amplitude in the unperturbed system, see Ref.
{6]. However, no results were obtained on the rela-
tion between the smoothness of periodic forcing and
the stability of motion.

In this Letter it is shown that an excitation of un-
bounded motions in superquadratic potentials can be
achieved with a continuous periodic forcing. As in Lit-
tlewood’s example this is done by constructing such a
potential that at least one unbounded solution can be
found in the presence of a certain periodic force.

Before describing our example, we briefly recall
Littlewood’s construction, see Fig. 1. We start with the
equation

F44x = (-, (2)

where [?] is an integer part of ¢. Next the initial con-
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Fig. 1. Resonance conditions and the modification of the poten-
tial. Each arrow represents oscillation of the particle during an
autonomous phase. If the graph of U = x* is replaced by Up £ x,
then the arrows marked p = 1 become horizontal.

dition (x(0), x(0)) = (x9,0) (xo > 0) is chosen so
that the solution x(¢) would swing left and stop at
x(1) = —x; (x; > 0) with x(1) = 0. If the potential
is left unmodified, the solution will make more than
one full swing during the second half-period stopping
at —xp (xz > x;) at least once. The potential can be
modified in the open interval (xo, x2) in such a way
that the solution is slowed down so that the point x;
is reached exactly at the end of the period. A sim-
ple argument based on the superquadratic character
of x* shows that during the next half-period the so-
lution will again make at least one trip from x; to
—x3, where x3 > x;. By modifying the potential on
the interval (—x3, —x;) we slow the solution down so
that x(3) = —x3, thus again achieving the resonance
condition. Continuing this procedure we obtain an un-
bounded solution. However, the above argument does
not show whether superquadraticity of U is preserved
which turns out to be the most difficult part of the
construction. It is shown in Ref. [5] that the modifi-
cation producing an unbounded solution can be such
that |U’(x)| > cx? and that U can be smoothed out
without affecting the construction.

In our construction we also start with the equation

¥+ Uy(x) =p(1), (3)

where Up(x) = x*, p is continuous, periodic of period
4, p(t+2)=—p(t) andon ¢t € [0,2]

Fig. 2. p(s).

p()=1-2v1, ifte(0,1),
=—1, ifte(1,2),

see Fig. 2. It is known that this equation has no un-
bounded solution, see Ref. [7]. The goal is to modify
the potential so as to obtain at least one unbounded
solution x(¢) for the new equation.

The idea is to use rapid changes of p at the begin-
ning of each forcing quarter-period to accelerate the
solution and then modify the potential so as to bring
the system in resonance with the external forcing at
the beginning of the next forcing quarter-period.

The main problem in carrying out this program con-
sists in estimating the evolution of the action-angle
variables during the forcing period. It is necessary for
the following reasons: first, to ensure that the energy
gained at the beginning of the forcing quarter-period
is not lost in the remaining time, second, to show that
by modifying the potential on some interval the so-
lution may be brought in resonance with the external
forcing. For the system with quartic potential the av-
eraging procedure can be easily justified by applying
the adiabatic invariance theorem, see e.g. Ref. [1].
However, the theorem does not apply to the modified
potentials since their derivatives change too rapidly.
We will show later how this difficulty can be avoided
by using a different averaging procedure.

First, the transformation to the action-angle vari-
ables has to be carried out, see Fig. 3. The Hamilto-
nian of the problem is given by

H=1&+U(x) —p(0) x

For sufficiently large H the action-angle variable can
be introduced as follows. Let 7(x, x, p) be the area
bounded by the closed curve H(u,v,p) = H(x, x,p)
and let ¢(x, x,p) be the angular variable defined as
the product of the frequency w(H, p) of the corre-
sponding autonomous system and the time ¢ it takes
the solution of the autonomous system to travel from






