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Two dimersiond resonabrs with a smaooth strictly corvex bounday are known to possessa
whispering gallery regon supporting modesconcentated nea the bounday. A new class of asym-
metric resonat cawtiesis introduced, wherea whispering gallery-like regon is found deepinsidethe
resonabr. The construction of suchresonabrsis a nowvel appication of the geometic control methods
The resulss of humerical simulatons and experiment are presengd.
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Introducion.—Asymmetric resonat cauties (ARC)
hawe been studied since the early 1990s Historically,
the study wasinitiated by theinvention of circular micro-
lasers(or microdisk lasers)by McCall et al. [1]. In these
lasersthe excitation is supported by the whispering gal-
lery region nea the edge of the resonabr. The phase
spacein the whispering gallery region is rich with in-
variant curves (which sepaate the phase spaceand are
impenetablefor the classicd orbits), which enhancesan
excitation mode and, ultimately, leadsto lasing

After this discovery, reseacherswentonto study the
defomed circular resonabrs to gain directionality that
was lacking in the circular microlasers;see e.g., [10] and
referencesheren. This seach culminated in the discow+
ery of bow tielaserd2], wherethe lasing mode has abow
tie patern following a four periodic orbit of the ray
dynamics in a deformed cavity. Theselasersare already
availablein reseachlabs,and thereis aclear potential for
application in ber-optics communication and medicine

Another souce of interestin ARC is quantum chaos
[3-5]. ARCs provide a natural experimentl testbel for
the sysemswith full or partial classicd chaotc behavor
whereonecan study the correspnd ng quantum or wave
dynamics Oneof the mostinteresing phenomenan this
interplay of classicd and quantum dynamics is quantum
tunneling, wherean invariant region in the phase space
which is impenetablefor the classicd particle, is acces-
sible to the quantum particle. Therefore thereis an in-
creasing demand for new types of cavities with mixed
dynamics (chaotc and regular).

In this Letter, we introducea large classof ARCswith
a “whispering gallery region” located deepinside the
camvty. This interior whispering gallery region (IWG)
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sepaates the phase spaceinto the two mosty chaotc
regions By contrast, the “classicd’” whispering gallery
(Lazutkin) region is located right at the bounday and,
therefore does not sepaate the phase space For smadl
deformatons of the circle or the ellipse the dominant
portion of the phasespaceis nea-integrable and thena
whispering gallery region occupiesthe whole cavity. To
illustrate the conceptof IWG, we corsiderconstant width
curves;seeFigs 1and 2

Theseare smaoth corvex curveswhosewidths (i.e, the
lengths of orthogona projections) are the same for all
directions Equivalently, eachpoint is the foot point of a
diameter, achordorthogona to the curve at both itsends

Onesuchcurve is shavn on the left sideof Fig. 1; the
right sideshavsthe dynamics of the Poincaré mapfor the
light raysbouncihg of the curve: a ray is represerad by
its intercept point of the bounday (horizontal coordi-

FIG. 1 (color online) Constant width curve and two period

orbits. Phase portrait of the ray dynamics, where is the
natural parameter along the bounday and is the angle
betweenthe outgoing ray and the tangent
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nate) and the incidenceangle betweenthe ray and the
tangentlinetothebounday (vertical coordinate). Severd
trajectories are shown. It is easy to seefrom the phase
spaceplot that the middle line (the line )is an
invariant curve, which is the consequenceof the property
of constant width curves menioned above: any light ray
coming out at the normal direction will be orthogona at
the opposite point on the bounday.

The middle line consists of two periodic points of the
Poincaré map, and a variant of Lazutkin's theorem[4,6]
implies the presenceof in n itely many invariant curves
accunulated nea themiddle line (Figure 1 (left) shavsa
trajectory correspnd ng to oneof suchinvariant curves)
and forming a distinct IWG region.

Whilethis region doessepaate the phasespaceit has
an important drawback if one would try to use such
shapesin optics Thebouncngbal modes,correspnd ng
to the rays orthogona to the bounday, would be very
lossy and would not, therefore be lasing. This explains
why theseshapes,while known for a long time, hawe not
beenusdl in pracice

Can one construct a shage suchthat, in the classicd
dynamics picture, the IWG region would be away from
both thebounday and the middle ling, so therayswould
be classicdly trapped in oneof the (presumably) chaotc
domadns sepaated by the IWG region? In the case of
microdisk lasers,idedly, the invariant curve would hawe
to belocated almostentrely outsidethe region boundel
by the linescorrespndng to the points of total intemal
re ection . Thenwe might expect thatthe light would
mainly escae at thelocation correspndng to thismaxi-
mum and hawe strong directionality.

For red life ARCs(and certainly for microdisk lasers)
the invariant curve carrying only periodic orbitswill not
survive, but a nea-integrable Lazutkin region will ap-
pear with the usud panoply of periodic orbits, elliptic
islands surroundng them invariant curves and chaotc
regons betweenthem One would expect, in the wawe
picture, a family of quasimodesor resonaceslocalized
nea the original rational causic. In microdisk laser
appications, for example, suchresonaceswould corre-
spondto modeswith emissionpaterns shaply localized
nea theregionswherethe original, nonperturbed causic
is closestto the critical level

Classicd billiard model—n sysems with interfaces
betweenmaterials possessig differentoptical properties,
the geometic optics approxmation usudly leadsto the
billiard dynamics, wherea point mass moves along the
straight linesbetweenelastic impacs with theinterface
We approactthe problemof designing a cavity with IWG
regon by constructing curves de ning billiard dynamics
with full contnuousfamiliesof periodic points Notethat
the invariant curves carrying only periodic orbits are
highly degenerag, as they are destoyed by a geneic
Hamiltonian perturbaton (eg., smmth deformaton of
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FIG. 2 (coloronline) Constant width curve Magni e d phase
spacenea themiddle lineand aquasiboundmode concentated
nea the causic. Quasibound mode is a soluion of the
Helmholtz equaion with inside the
cavity and outside of the cavity.

the bounday). By contrast, the so-called Kolmogoror-
Arnold-Moserinvariant curves survive the perturbaton
as they carry queasiperiodic motions with suf ciently
incommersurable frequencies(in order to handle the
smdl divisor problens)

Neverthelessjn the neighborhaod of the curves carry-
ing periodic orbits, one can apply Lazutkin's theoremto
shawv thatthereare Kolmogora/-Arnold-Mosercurvesin
theimmediate vicinity of the curvewhich itself becomes
destoyed [4,6,7].

Nonholonomc mechanics construction.—To construct
billiards with continuousfamilies of periodic orbits, we
usenonholonomnic mechanics construction. We illustrate
our corstruction for billiards with full families of two
period orbits (constant width curves) The obvious ex-
ampleof suchacurveis the circle that can be obtained by
taking the chordof unit length and rotating it aroundits
cener A more genera curve of constant width can be
obtained by letting the instantaneouscener of rotation
slide along the chord Equivalently, we consider the fol-
lowing nonholonormic sysem: the chord is moving in
sucha way thatits end points move orthogondly to the
chord(eg, counerclockwise) Thisisjustavariant of the
famousChaplygn's skae sysem[8].

Let us rst shav that this sysem is indeal nonholo-
nomic, i.e, the corstraints are not integrable Using
Cartesian coordinatesfor the chords end points ,

and denotng by the angleof the chordwith the
abscissa, we write the constraints in the form

and sinceoneof the constraintsis sais ed if and only if
the otheroneis, we arereduced to just oneof them

. The obtained differenial form de nes a

distribution which is well known to benonintegrable The

problem of constructing the closed curves of constant

width, therefore reducesto nding closel curvesin the

spacetangent to this distribution. By using
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geometic control methods|[8], it is possibleto construct
many examplesof suchcurves

Whilethe cavtieswith full family of two period orbits
can befoundby othermethods,the cavitieswith threeand
higher period orbits are harderto nd and thegeometic
control tools seemto beindispensable

We now concentate on the three period case which
both requires new methods and is more interestng for
applcations, as the correspndng family of three peri-
odic orbitsthatwe are going to construct (and the adjoin-
ing IWG region) dependson the shage, in contrast with
the curves of constant width (two periodic case) where
IWG was forced to be located at the middle line

Speci cally, consider a triangle and let its vertices
mowe orthogonaly to thebisectorswith arbitrary positive
velocities in, say the counerclockwise direction. Simi-
larly to the case of curves of constant width, the vertices
will locally traversethe bounday of abilliard curvewith
a continuousfamily of threeperiodic orbits

It is interesting to obsewe that this construction is a
natural generdization of the ancient string construction
of an ellipse Indedl, take the closed string and pull it
tight aroundthreevertices If we now move one of the
vertices, keeping the string tight, then it will draw an
elliptic arc. By allowing the movementone vertex at a
time, we obtain elemenary “displacemerg” By apply-
ing a sequenceof theseelemenary displacemergin the
limit of smdl displacementwe obtain the abose non
holonomic sysem As one might expect, the action,
which is the distance between the vertices, plays an
important role here

A natural desciption of the resuling nonholo-
nomic sysem can be obtained if one considersthe tri-
angle perimeter

, @ Hamiltonian (here are the ver-
ticesof thetriangle) Hamiltonian o wscorrespndng to
the contactions of , with the (degenera¢) Poisson
structures given by the co-area forms

, Span the tangentplanesto a distribution.

Clealy, the perimeter of the triangle is consewed
undersuchdisplacemerg Hence the above construction
generags a three dimersiond distribution in a ve di-
menrsiond manifold of triples of constant pe-
rimeter (rescding, we may assune that the perimeter is
equd to 1).

Using standard approach(see eg, [8]), one can shawv
that this distribution is completly nonintegrable and,
therefore generags a nonholononic dynamical sysem
More generdly, analogous construction for the -gons
yields a nonholonoric dynamical sysem of rank in

-dimensional manifold of -gons of constant
perimeter.

Now we return to the queston of existenceof closed
trajectories tangentto our nonholonoric distribution. It
is clear that thereis a family of nontivial examplesof
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suchcurvesprovided by ellipses(or circles):as it is well
known, ellipsesde ne completly integrablebilliard sys-
tems and thuspossessontnuousfamilies of three peri-
odic orbits (indeal, of -periodic orbits, for any ).
However, inview of our applcations,wewant preciselyto
avoid integrable domans It is well known that many
domans with confnuousfamilies of two period orbits
can be constructed (constant width curves) Extendng
theseresulss, we prove constructively by using geometic
control methods, that suchnonintegrabledomans can be
constructed for periodic orbits of any period and that
thereare very many of them

Theoem—Let  be a closed smath strictly cornvex
plane curve possessig a closed family  of -periodic
orbits Then there exists a smath in nitely many pa-
rameer deformaton of the bounday curve , sud
that eachdeformed curve possesses closed family
of -periodic orbits,which isa smapth deformation of

Thus,we estblish the existenceof noneliptic curves
(which are geneically nonintegrable) with ‘“rationa
causic” in the vicinity of a billiard curve possessig
the ' rational causic’’. Moreover, thesebilliard bounda
ries form a smaooth (in nite dimersiond) manifold and
thereforethey are easy to nd numerically. Note that if
we start with an ellipse(oracircle)as |, then of course
thereexist deformatons correspnd ng within thefamily
of ellipses,but thereare also many noneliptic ones,as
ellipsesform only four parameter subfamily amongthe
curvesof x ed circumference

We hawe developed and implemenéd a numeric algo-
rithm generaitng billiard curves with closed contnu-
ousfamilies of -periodiccurvesfor smdl . The algo-
rithm is based on a constrained optimization procedure
which seachesfor acurvewith geomety closeto ashape
with desred geometic characteristics within the classof
shapeswith rationa causics Inour case we attempied to
genera¢ a curve with a pronouncd maximum of the
curvature, correspnd ng to apeak of theinvariant curve
inthe solid-on-solid picture. Details of the algorithm will
bepublishad elsavhere Onesuchbilliard bounday curve
with threeperiod orbits, is shovn ontheleft sideof Fig. 3.

The resuls of numeilical simulations showv that IWG
regions are supporting excitation modeswhich can lead
to highly directiona emissionpaterns as on the plotsin
Fig. 3 (centr, right).

In the numerical simulaions we usel the following
parameters: outside and inside the cauvity,
which correspnd to the effective refractve index of
microcavties usal previously [9].

A microcamty with the shage shavn on Fig. 3 hasbeen
manufactured and experiment hawe beenperformed. An
example of the measuement of the average emission
patern is presengd in Fig. 4. Themicrolaseris InP-based
GaAllnAs Quantum Cascadel aser T he effective mode
refractve index is . The averagediameter is
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FIG. 3 (coloronline) Billiard with full family of threeperiod orbits (left) and an excitation mode: red-spacefalse-color plot

(right) and far eld distribution plot (middle).

. Thedevice bounday is very smaoth (at most

20 nm roughness) The bounday suface was dlightly
deviating from vertical, varying betveen -  (mea
sured at anotherdevicewith sameprocessig) Thedevice
operaked at with the pulsesof duration 50 ns and
the repetition rate of 18 kHz. The laterd resoluton is
approxmately . Thedevice is operaing above thresh
old at ( ). Two modesare active at

ard .

Conclusion—n summary, we hawe constructed a new
classof ARCswith the whispering gallery region inside

FIG. 4 (color online) Average (far eld) emission patern
meauwred from the microlaser with the same bounday as in
Fig. 3. Filled circlesmark data points; the linesare guidesto the
eye Between measuring round one ard roundtwo, 1.5 hous
passel, but all parameterswerekeptconstant. The differencein
the signal isdueto mechanical imperfections of theseupand a
temperaure drift.
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the cavity and away fromthe classicd whispering gallery
at the bounday. A speci ¢ example of a microdisk laser
has beenpresengd.
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