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A REACTION DISPERSION SYSTEM
AND RAMAN INTERACTIONS*

MICHAEL I. WEINSTEINT AND VADIM ZHARNITSKY?

Abstract. We consider the problem of amplification of an optical signal wave with an optical
pump wave when both are propagating in the fundamental mode of a single mode optical waveguide.
We introduce a system of Ginzburg—Landau type and study the radiation loss due to the nonlinear
interaction between the signal and the pump waves. The linear dynamics are dispersive, while
nonlinearity governs the transfer of energy from the pump wave to the signal wave. The strength
of the effect is shown to depend on a dimensionless parameter, which is given by the ratio of the
diffraction length and amplification length. If this parameter is small, then the radiation loss is small.
This result is established by (i) verifying the absence of resonant terms that can potentially drive
the growth of radiative components and (ii) then by estimating the oscillatory (nonresonant) terms
by proving the relevant PDE a priori estimates. These estimates require appropriate bounds on the
solutions of the PDE, whose only conserved integral is the L? norm. However, the special structure
of the nonlinear term, dictated by the physics of the Raman effect, implies a weak space-time bound
involving the signal and pump intensities. This bound and L? conservation are used together with
Strichartz (space-time) estimates for the Schrodinger equation to obtain control of stronger classical
norms of the signal and pump fields.
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1. Introduction. In this paper we study a system of nonlinear and dispersive
partial differential equations, where nonlinearity is of “reaction” type, i.e., in the
absence of dispersion it induces pure energy exchange between the fields. Such systems
are reminiscent of reaction-diffusion systems; here the diffusive mechanism is replaced
by dispersion. While the latter has been widely studied, the former has received very
little attention.

Our reaction-dispersion system arises naturally in mathematical modeling of the
stimulated Raman process, but will also arise in other systems (perhaps in somewhat
modified form), where two dispersive waves interact nonlinearly, while other nonlinear
effects (such as self-phase modulation) and diffusion are negligible. This system can
be also considered as a special case of complex Ginzburg-Landau (CGL) system,
which has been studied in a different parameter regime [2]. We will often refer to the
systems (1.1) and (1.2) as the Raman model, due to their relation to the motivating
physical context.

The Raman effect is one where light of one frequency, wy (“signal”), is amplified
by light of a down shifted frequency, w, (“pump”). Taking the energy transfer charac-
teristics of the Raman process into account as well as diffraction leads to the system
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of nonlinear evolution equations, discussed in greater detail in Appendix A:

10sus = —Aug + ie|up\2us,

(1.1) 104y = —Auy, — delug|*u,.

More generally, we must include the Kerr effect in (1.1). This would introduce
cross-phase and self-phase modulation terms of the types ag|up|?us + (s|us|?us and
ap|us [Pus+ By |up|*up with as p, 35, real on the right-hand side of (1.1). We remark on
the analysis of this more complete model at the end of this section; see Remark 1.1. In
a waveguide setting, which is of importance in optical communications, the equations
take the form

10us = Hug + ie\up|2us,

(1.2) i0puy, = Huy, — ieus|®u,,
where
H=-A+V.
Here, u, = us(z,t) and u, = uy(x,t) denote, respectively, the signal and pump

complex electric field envelopes. Systems (1.1) and (1.2) are valid, assuming the
parazial approzimation. A denotes the Laplace operator with respect to  (x € R! or
x € R?). The longitudinal coordinate (z), a time-like variable with which propagation
distance is measured, is denoted by ¢. In the waveguide setting, the “potential”
V(z) is determined by the transverse refractive index profile of the waveguide. The
parameter ¢ measures the size of the nonlinear effects relative to the linear effects
(e.g., diffraction, dispersion). The particular application to optical communications
is discussed in Appendix A.

Our study of systems (1.2) and (1.1) is motivated by a fundamental issue aris-
ing in the modeling of the Raman interaction in a waveguide setting. In optical
communication applications, the weak signal field whose envelope encodes bits of in-
formation is amplified by the strong pump field. This process takes place in an optical
fiber waveguide, with one transverse localized state or “guided mode” and radiation
modes. Raman amplification of the signal is based on the intended net transfer of
energy from the pump to the signal. Physicists have found that good agreement with
experiment is achieved by an ODE model, in which one neglects the effect of nonlinear
coupling of bound states to radiation modes:

atIs = 6gslslpa
Ol = —egyl, 1,
(1.3) Iy ~ |us|27 I, ~ |up|27

where g5, are coeflicients depending on the properties of the fundamental modes, e.g.,
on frequency and the so-called effective area.

A satisfactory explanation for the above approximation has been lacking; see,
for example, [3]. This motivated us to consider the Raman energy transfer problem
in the context of the model (1.2). We have found an explanation for the above
statement about energy transfer using ideas and methods of resonance and averaging.
In particular, in Theorem 3.1 we establish that if the initial field energy, which is not
small, is in the guided mode, then this property persists with negligible error on the
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length scale of physical interest, O(¢~!), and therefore the model (1.3) applies. Note
that on the time interval of order €', the radiation of size € can grow to become of
order O(1) (since the rate of radiation change is of order O(¢)).

The proof of Theorem 3.1 requires a good understanding of the large time dynam-
ics of the flow defined by (1.2). Thus we consider the question of global existence of
the initial value problem for such systems and we have derived results of independent
interest. The standard approach to controlling the large time dynamics is to first
prove local in time existence of the solutions to the initial value problem in a “nat-
ural” Banach space. A “natural” space is often one in which the physically relevant
conserved integrals are defined. We formulate initial value problem for system (1.2)
as a system of integral equations and prove that there are local solutions using fixed
point argument; see sections 2 and 4. Global existence in time then follows from an
appropriate a priori bound on the norm of this Banach space. If this norm remains
bounded in terms of conserved integrals of the flow, global existence holds.

The ideas we use to prove global existence apply to both systems (1.1) and (1.2).
Equations (1.1) and (1.2) have the L? (energy) conservation law

+oo
(14)  Plus(t),up(t)] = / (sl + lup ) dr = Pluss (0), 1w, (0)] = Po.

— 00

Unfortunately, L? is a very weak space in which to control the nonlinear flow. Unlike
the nonlinear Schrédinger equation, a Hamiltonian system, (1.2) and (1.1) do not
have a second conserved integral (Hamiltonian), which controls ||Vus |2, and from
which sufficient a priori control follows for global existence to hold.

We find that the key to a global existence theory is the following space-time
integral a priori bound, which is a consequence of the form of the nonlinear Raman
interaction terms:

T 1
(1.5) / dt/|us|2|up|2dx < 5730.
)

(

Remark 1.1. We believe our theory can be extended to system (1.1) with Kerr
effect included. An essential ingredient is the space-time estimate (1.5), which holds
for the more general system. However, a more technical analysis is required to obtain
closed space-time estimates in the presence of Kerr effect terms. This is work in
progress.

Outline of the paper. The paper is structured as follows. We first consider
system (1.2) in one space dimension and one time dimension. In section 2 we prove
global well-posedness for the solution of the initial value problem. The key to this
result are certain a priori estimates, whose point of departure is the L? conservation
law (1.4) and the space-time a priori bound (1.5). This space-time estimate implies
that (1.2) may be viewed as an inhomogeneous system of equations for u, and w,,
with a source term, which is bounded in a space-time norm. Strichartz estimates [8]
are then used to bound u, and w, individually in space-time norms and then finally
in classical Sobolev norms. In section 3 the energy transfer from the bound mode
of a single mode waveguide to radiation modes is studied by estimating nonresonant
oscillating terms. Section 4 contains a theory of well-posedness in the case of two
transverse dimensions. Finally, there are three appendices: one with a detailed dis-
cussion of the motivating application to optical communications, the second one in
which we prove the normal form result, based on the symmetries of the system, and
the third one describing numerical simulations.
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2. Existence theory on R!. In this section we prove that system (1.2) has a
unique global solution in an appropriate (physical) function space. In subsection 2.1
we provide the required operator estimates we shall require. In subsection 2.2 we de-
rive certain a priori bounds which are satisfied by solutions of (1.2). In subsection 2.3
existence in a “weak” space is proved. In section 2.4 it is shown how to extend these
results to H?®.

2.1. Estimates for the linear flow. We first introduce the fundamental solu-
tion of the Schrodinger equation.
(1) The solution of the initial value problem

(2.1) i0pu = —0%u, u(0,z) = f

is denoted by Uy () f and Uy(t) is called the free propagator.
(2) The solution of the initial value problem

(2.2) i = (—0% + V(z))u = Hu, u(0,z)=f

is denoted by U(t)f.

The operator, H, may have spectrum consisting of continuous and discrete parts,
with associated spectral projections P, and P, = I — P,. We shall assume that H
has finitely many point eigenvalues. Intuitively, on the range of P. we expect U(t) to
behave dispersively in a manner similar to Uy(t). We use dispersive estimates which
involve space-time integrals, often referred to as estimates of Strichartz type; see [8]
and [9]. The proofs of the space-time estimates for the free Schrédinger equation in
the form we use are due to Ginibre and Velo [12] and, in the inhomogeneous case, to
Yajima [10] and Cazenave and Weissler [11]. For complete proofs see, for example,
Theorems 3.3 and 3.4 of [4].

We now introduce the function spaces and the notation of an admissible pair in
terms of which the space-time estimates are expressed.

(3) For a real interval I and a Banach space X, we denote by LP(I,X) the
Banach space of functions v : I — X for which [, [Ju(t)||% dt is finite.

(4) A pair of real numbers (g, r) is called admissible (for dimension n = 1) if

2
(2.3) —=

S|

, 1T €200

N |

We now state Strichartz-type estimates for U(t) for the initial value problem (2.2)
and the inhomogeneous problem

(2.4) i0yu = Hu+ P.g.

THEOREM 2.1. Assume that V satisfies
“+oo
(2.5) / WV (@)|(1+ |2])7/2 de < .

Thus, H has finitely many negative eigenvalues and continuous spectrum extending
from 0 to +oo, with associated spectral projections P, and P,..!

IFiniteness of negative discrete spectrum and continuity of spectrum from [0, c0) follows from
sufficient decay of the potential.
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Let (q,7) be an admissible pair. For any f € L?, Uy(t)f and U(t)P.f are of class
LR, L") and satisfy the estimates

(2.6) 1060(C) fllLago,ry,ory < Clfllze2,
NUC)Pefllnaqom,ory < Cllfllzz,

where C' depends only on q.

THEOREM 2.2. Let V satisfy (2.5) and let (v, p) be an admissible pair (2/y =
1/2—1/p), f € LY ([0,T],LF"), where (,p') is conjugate to (v,p). Then for any
admissible pair (¢,7) (2/g=1/2—1/r)

/0 Ut —7)P.f(r)dr

/ Us(t — ) f(7)dr
0

< Ol o,11, 00y
La([0,T],L7)

(2.7) ‘ < Clf Nz o,r1, L0y

La([0,T],L™)

where C' depends only on q, 7.
The proofs rely on the LP — L¥" estimates for the free Schrédinger equation

(2.8) T () fll o < (Anlt) ™27 || ]|

In the case of a Schrédinger equation with a potential in one space dimension the
analogous estimate for U(t)P. was established by Weder [5]. Adapting the proofs
in [4], for the free propagator Uy(t), and using Weder’s estimate, one obtains the
Strichartz-type estimates for Schrédinger equation with a potential.

The following corollary, easily derived from the previous estimates by a change
of variables, concerns the dependence of space-time estimates on a parameter, which
arises when we rescale (1.2).

COROLLARY 2.3. Consider a one-parameter family of Schridinger initial value
problems

10iu = BHu,
(2.9) u(z,0) = f(z),

where 8 € [Bp,00) with By > 0. Assume that the potential, V(x), satisfies (2.5).
Then, the conclusions of Theorems 2.1 and 2.2 hold with B-dependent constants. In
particular, if Ug(t)f = U(Bt)f denotes the solution of the initial value problem (2.9),
then

(2.10) |Us(-)PefllLago,ry,ery < Cr(B, @) f Nl 2,
t
(2.11) ‘/ Up(t — 1) P.f(T)dr < Co(Bya, VMl o7y, 10
0 La([0,T),L7)
where

(212) Cl(ﬂvq) = Cll(Q)ﬂ7%7 CQ(ﬁa Q7’7/) = CQQ(qa’y/)ﬁ717%+$.

In [6], Weder proves continuity of wave operators for (2.2). We use a special case
of the main theorem from [6].
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PROPOSITION 2.4. Let V satisfy (2.5). Then, there exist wave operators 0 and
QOF satisfying

(2.13) QI -A)Q* =T+ H)P..
These operators are continuous in H':

(2.14) 1Q2f | < Cllf e, 12 F iy < ClFllae-

2.2. A priori space-time estimates. Essential in the proof that system (1.2)
defines the solution globally in time and that the solution does not develop singularities
are a priori estimates which we now derive. For convenience, we rescale the time
€t = thew, SO the uniform bound on the interval ¢,y € [0,7] will correspond to the
interval [0,7/¢] in old time. We will continue to use ¢ as the time variable

(2.15) Byus + iBHug = |uy[*us,
(2.16) 8tup +i8Hu, = _|us|2up7
where 3 := ¢! is a dispersion/diffraction parameter and 3 € [3y, 0].

Multiplication of (2.15) by @y, taking the real part of the resulting equation and
integrating over all gives

d
(2.17) £/|us|2dx = 2/|us|2|up|2 dzx.
Similarly, multiplication of (2.16) by @, yields

d 2 20, |2
(2.18) 7 lup|”de = =2 [ |us|*|up|* d.

Equations (2.17) and (2.18) express the gain of signal energy at the expense of
pump energy and the depletion of pump energy at the expense of signal energy; see
(1.2).

Addition of (2.17) and (2.18) yields the conservation law

d
(2.19) %/|u5|2 + Jup|*dz =0
or
(2.20) /|us|2+ lup|? do = /|u5(0)\2+|up(0)|2dx;7>0.

An important step in our analysis is to use the energy dissipation identity (2.18).
Integration of (2.18) over time interval [0, 7] yields

(2.21) 2A?ﬂwmﬁﬂ%@ﬁPMﬁ:/ﬁMQQFM—/WA@m%x

A simple consequence of (2.21) is the following space-time bound.
PROPOSITION 2.5 (a priori space-time estimate). Let (us,u,) denote a solution
of (2.15)—(2.16) in the sense of Theorem 2.9. Then,

T
1
(2.22) /(/Mﬂ%ﬁwﬁgi%.
0
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Remark 2.6. Since in Theorem 2.9 we assume that the initial conditions are
merely L2, strictly speaking the above derivation of the bound (2.22) is not valid,
since the manipulations require that the solution is a classical solution of the PDE,
i.e., pointwise differentiable in space and time. At the end of section 2.3, we sketch a
proof of (2.22) for the case of L? initial data.

Equations (2.16) and (2.15) can both be viewed as inhomogeneous Schrédinger
equations of the form

(2.23) 10U =BHU + g
with a source term g given by
(2.24) 9= lulus or g=—lus|u,.

We next show that the a priori estimate (2.22) implies bounds on the source terms
(2.24) which are suitable for application of the inhomogeneous Strichartz estimate of
Theorem 2.2.

PROPOSITION 2.7. Let g denote either term in (2.24). Then, for any T > 0 and

any k € [0,2],
[ 191z

(2.25) /0 :

In particular, for k € [1,2] and g € L*([0,T], L),

dt <27 35PET .

_1 2—r
(2.26) l9llzx(o.r7.21) < 272 PT 2.
To prove Proposition 2.7, let g = —|u|?

By the Cauchy—Schwarz inequality,

< </|us|2dw) </|us|2|up2dx> .

Squaring this inequality and integrating the result over the time interval [0, T] yields,
after using that the L? norm of u, is bounded by Py, that

T
(2.98) / /\us\2|up| do
0

This handles the case kK = 2. For k = 0 the trivial bound of T holds. The result
follows by interpolation.

Using the a priori bounds of Proposition 2.7 we can now estimate the solution in
L1([0,T], L") spaces, for admissible (g,7).

THEOREM 2.8 (a priori bounds in L([0,T],L")). Let (q,7) be an admissible pair;
see (2.3). Then, any solution (us,u,) of system (2.15)~(2.16) for 0 <t < T satisfies
the bounds

up. The proof for g = |u,|?us is analogous.

(2.27) ‘/ s |?|uy| da

2 1
dt < 57?3.

Ol

llusl| Laco, 17,7y < C (770 +P; ) (T+1),

|

(2.29) gl ooz, ) < € (Po+ P ) (T +1),

where C' depends only on q,~y, and By.
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Proof of Theorem 2.8. We estimate ||us||r4([o,77,0)- The corresponding estimate
for u,, is similar. Equation (2.15) can be rewritten as an equivalent integral equation:

(2.30) us(t) = Up(t) /Uﬁt—ﬂw ) Pug(r)dr

To estimate the space-time norm of us, we apply Corollary 2.3 to the continuous
spectral part and estimate the finite-dimensional (bound state) part of us separately.
For ease of presentation we assume that H has only one spatial localized bound state
solution, ¢(z); the proof is the same for any finite number of bound states. Estimation
of (2.30) using Corollary 2.3 gives

(2.31)  JusllLago,),7)
t
< C||Us(t)us(0) + / Up(t — )|ty (7) s (7)dr
0 La((0,7],L7)
< Cr (s O]z + {5(0), )19l ocior1, ) + Collusll o o212

+ /0 Us(t = 7)(|up(7)[Pus(7), ¢)pdr

La([0,T],L7)
< CiA+TT gl 1ol llus (0|2 + Callupusl - (o,7),10

t
+ / €= (i () Pu (1), ) b
0

La([0,T],L™) .

The last integral is estimated as follows: using that

‘/Ot<|up(7')2us P)odr| < ‘/ |6(a |/|¢ (e, P (e, 7)) dedr

< 16()] / 16llce - l[uus] o dr

<o) - |9l Lo o,71,10) - Huf)uSHLV’([O,T],LP/)

we have

| e o)), ) ar

La((0,T,L")
<Nl rqo,rtzey - 10l Laqo,ry,ry - 1ugusllz o 1,207

=9l -

Now Proposition 2.7 implies a bound on ||u12)us||L7/([0,T]7Lp/), where p/ = 1 and
v € ]0,2]. Note that the exponents v and p, dual to 4" and p’ = 1, form an admissible
pair provided v = 4 and ' = 4/3.2

Setting 7' = 4/3 and p’ =1 in (2.31) and applying Proposition 2.7 with k =+ =
4/3 implies

sl zao,r1,ery < C1r(L+ TVl 210l Lr) s (0) ]2
+Collupus|l, 4 + T g]| e | ]

7Y !

) ||U;2)UsHLw’([o,T],LP’) )

L3([OT]L1) Lr uuS”Ls(OT]Ll)

(2.32) < CL(1+TH)PE + CoPoTH + C5PeT3 1 < C(Po+ P (T + 1),

2Indeed, since 1/p' +1/p=1,1/y+1/4' =1, and 2/y = 1/2 — 1/p, we have p = oo, v = 4, and
/
v =4/3.
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where Cy, C3, C5 depend on the corresponding norms of ¢ and we used that 4 < g <
o0o. This completes the proof of Theorem 2.8. O

2.3. Existence in L3(R4,L*) N L°°(Ry, L?). In this subsection we prove
existence of solutions in a function space X (T") defined by

(2.33) X(T) = L3([0,T], L*) n L>([0, T], L?)
with the norm

(2.34) lull x(ry = [lullLso,77,24) + llullLe(jo,77,22)
(2.35) = [lulls,a + [[ulloo,2,

the latter being written when there is no ambiguity. For the two-dimensional field
(us, up), we naturally define the norm

(2.36)  lus, upllx(ry = lusllar) +lluplla) = llwslls,a+1wslloo,2 + | uplls,a+upll oo 2-

Since Theorem 2.8 gives a priori control of solutions in L?([0, 7], L") spaces for
any admissible pairs (g, r), it is natural to obtain a local existence theorem in a space,
where the maximal time of existence depends only on L%([0,T], L") bounds. Then,
global existence follows from Theorem 2.8; see the discussion below.

Define the mapping

(2.37) (1, up) = Ag(us, ) = (AT (s, w,), A (1))
where

(2.38) AG (uay up) = Up(t)us(0) + / Up(t — 7)lup(r)|Pus(7)dr,
(2.39) AP (u, up) = Up(t)uy(0) — / Up(t — 7)lus (1) [Pup(7)dr.

Then, the above evolution equation has the equivalent formulation as a fixed point
problem.

For initial data (us(0),u,(0)) € L?, find (us,u,) € X(T) for some T' > 0 such
that

(2.40) (us, up) = Ag(tg, up).

Our local existence theorem is the following.

THEOREM 2.9 (local existence).

(1) Given initial data (us(0),u,(0)) € L?, there exist a T > 0 and a unique
solution (us,up) € X(T) of (2.40). This local solution satisfies the a priori estimate
(2.22).

(2) Let Tinax > 0 denote the mazimal time of existence. Either Thya.x = oo (global
existence in time) or

(2.41) Tmax < 0o and  limsup ||(us, up)||x (1) = oo.
T

—1lmax
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Using the local existence theory of Theorem 2.9 and the a priori bounds of The-
orem 2.8, we have Ty,,x = 00. Therefore, the following result holds.

THEOREM 2.10 (global existence). For any initial data (us(0),u,(0)) in L2,
(2.40) has a unique global solution of class L¥(R,, L*) N L= (R, L?).

We need only prove the local existence Theorem 2.9. The proof follows from
the next two propositions in which we establish that for L? initial conditions and T
sufficiently small,

(i) the transformation Ag maps a specified ball B(T) in X(T') into itself and
that
(ii) Ap is a contraction mapping on B(T).
PROPOSITION 2.11. Let (us(0),u,(0)) be in L?. Define the ball in X (T)

(2.42)  B(T) = {(us, up) € X(T) : ||(us, up)ll 2y < 2C([[us(0)ll2 + [lup(0)[l2)},

where C' is found in the proof below. There exists Ty > 0 such that for any T < Ty,
the ball is mapped into itself, i.e., Ag(B(T)) C B(T) for any B € [Bo, ], with Ty
depending on (.

Proof of Proposition 2.11. We estimate the action of Ag). The estimation for
A(ﬁp ) is similar.

Following the proof of Theorem 2.8, we obtain a similar inequality

1AS (us, up)|

t
o < MU (Ol + H [ vate =l
q,T

< CL(1+ 1) [lus(0) |2 + Co(1 + 1) ugus|lr,p,

where C7, Cs depend on ¢.
Estimation of the cubic term proceeds as follows. By the Cauchy—Schwarz in-
equality,

T v /e
||u12)“3||'y/7p' = l/ (/ ‘“?ﬂLS‘p dz) dt]
0

T vy 1/2v' T ~' 10 1/2v
([ sy o] [ sy
0 0

Set p’ =1 and therefore 4/ = 4/3. Then the last expression becomes

1/9'

3/8

s VOT (/ '“p'4dx)4/3 dt} l I (/ |u52da:>4/3 dt] -

and by Holder’s inequality, applied to each factor, we have the bound

UL ey

< HUP”§,4HUSHOO,2T1/2«

(2/3)6/8) ¢ 1 (1/3)7%/8
[ 13dt]

2.(4/3) 7] %/8
0 [supyJus ()15 /7]

Adding up all the terms, we obtain

E] 1
|45 (o)< Clus Oz + gl allslloe 2 TH(1 4+ T),

x(T)

1
49 )], < CUO 2+l g a0+ D),
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where C' = max{C, C2}. Finally, combining the last two terms, we have

(244) 1 As(us, up)llaery < Clus(O)llz + lup(0) 2 + (s, wp) Sy TF) (L + T

Assume now that ||(us, up)l|xr) < 2C(|lus(0)][2 + [Jup(0)]|2) and that T is suffi-
ciently small; then Ag maps B(T) into itself. This completes the proof of Propo-
sition 2.11. ]

ProposITION 2.12. For T' < T < Tj sufficiently small, the transformation, Ag,
is a contraction on B(T). That is,

(2~45) ||Aﬁ(u8>up) - AB(US»UP)HX(T) < qH(us — Us, Up — Up)||X(T)7

where 0 < g < 1.
Proof of Proposition 2.12. Consider the first component of the map. By Corol-
lary 2.3,
145" (s 1) = A (w5, 0p) g < ColllpPus = JopPvsll a1

< H“;Q)(Us — )| 41 + [lupvs(up — Up)”%@

+ [lvpvs (up — Up)”%,r

These terms are all estimated in a similar manner. We focus on the second term.

First, by the Cauchy—Schwarz inequality,
T 4/3
/ </|upvp|2dx) dt
0
3/8

T 4/3
vty = v) 3.4 < [ ([ tuablen o) dt]
T 4/3
<V (/|up|2|vs|2dx> dt|  T13/8
0

Another application of the Cauchy—Schwarz inequality to the spatial integral in the
first factor in the previous expression and then Holder’s inequality to the time integral

gives
T 4/3 3/16 1 p 4/3
l/ (/ |up|* dx) dt [/ (/ lug|* d:z:) dt
0 0

2 3
< luplls,allvslls aT T TE Jup — vplloo,2 = [|uplls.a

3/8 3/8

llup —vplloo,2-

3/16

T3/8||up - UPHOOQ

Vslls a2 |up — vl 2

< lluplls.allosllsaT 2 (us = vs, up = vp) (1)

Adding the estimates for

(s) (s) (p) (p)
(2.46) HAﬁ (s, up) — Ay (US,vp)HX(T) and HAB (us,up) — Ag (’US;UP)HX(T)

and choosing, if necessary, T7 < Ty, we obtain the contraction estimate. This com-
pletes the proof. 0

Remark 2.13. Finally, we give a proof of the space-time bound for solutions with
data in L2

(1) Existence of solutions for very regular data. Using that H® is an algebra

for s > %, it is standard to prove, by a contraction mapping argument, that for
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data in H® with s > sy > 2 there is a unique classical solution. However, this
argument requires differentiation of the original system and as a consequence V(z).
This requires imposing unnecessary smoothness assumptions on V. To avoid such
restrictions on V', we observe that the norms ||| g2 = |[(I+H)P.-||r2 and ||(I—A)-|| 2
are equivalent, by Proposition 2.4; see also Proposition 2.15. Therefore, applying
(I + H)P,, which commutes with Ug(-), to the integral equation for (us,u,), we
can use standard estimates to obtain a classical solution. An argument of this type
is implemented in section 2.4. Therefore, by the computation of section 2.2, this
classical solution satisfies (2.22).

(2) Continuity of solutions with respect to variations in the initial data. Let
(us, up) denote the solution corresponding to data (us(0),u,(0)) and (vs,v,) denote
the solution corresponding to data (vs(0),v,(0)). Both of these are fixed points of
the operator Ag (see (2.37)) with the corresponding data. By the same estimate as
in the proof of Proposition 2.12 we have (2.45) plus an additional data term on the
right-hand side: ||(us(0) — v(0), u,(0) — v,(0))|| L2, where the Strichartz estimate for
the free propagator is applied to the difference of initial conditions. In other words,

(2.47) (s, up) = (vs; vp)llg.r < Cll(us(0) = v5(0), up(0) = vp(0)) ] 2

(3) Convergence. Finally, take a sequence of initial data in H*® s > sy > 2, which
converges in L? to a limit. For each member of this sequence, the solution satisfies the
space-time bound (2.22). The right-hand side of (2.22) converges by convergence in
L? of the data and the left-hand side of (2.22) converges by (2.47). Therefore, (2.22)
holds on the interval of existence for any solution with L? data.

2.4. Existence in H! (R_li_) We consider the existence theory in H!. In this
section we prove the following theorem.

THEOREM 2.14. Let (us(0),u,(0)) be in H' and let the potential V satisfy (2.5).
Then there exists a unique global solution for system (1.2) in L>=(RL, H').

We first observe that our proof of local existence, via the contraction mapping
principle, extends to the space

(2.48) X(T) = C(0,T), H') n X(T).

In particular, one needs only to prove that Az maps a ball to a ball in this smaller
space and it is a contraction mapping there, for T' < Ty, where To < Ty < Ty. This
can be proven by applying (H+1) 3 P. to the equations, using equivalence of norms (in
the appropriate spaces): |[(H 4+ 1)z P, -| 12 and || - |1 and carrying out the standard
energy estimates. We use (H+1) P, rather than I — A because functions of H commute
with H and thus we avoid differentiation of the potential V(x). Otherwise, we would
require bounds on norms of 9, V.

If T} .. denotes the maximal time of existence for the solution in X;(T), then in
view of the a priori estimates in X (T), global existence (T}, = oo) will follow from
a priori bounds on (us,u,) in H'.

Let
(2.49) A.= (I + H)P..
Applying to system (2.15)—(2.16) operator Ai/z, we obtain the inequality
0
@50 g [OAYP 0 4 A )

(2.51) <2 ‘ / (A§/2USA3/2(|UP|2US) fAi/ZupA;/z(wup)) dx
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PROPOSITION 2.15. Assume that V satisfies condition (2.5). Then the operator
1/2(1 — A)"Y2 and its inverse are bounded in L?; that is, for any f € L* both
1/2(I A)~V2f and (I — A)l/zAc_l/Qf are bounded in L* and

(2.52) AT = A) 2 f g2 < C)lf | e,
(2:53) I = 2)2AZ2 |2 < C £ 2.

Proof. This proposition states that the ||(I — A)2]|;2 norm and ||Ai/2 |2 are
equivalent. Then our strategy will be similar to the proof in the potential-free case
(as if Ai/z were 0y ).

We prove the proposition using Weder’s result on the continuity of wave oper-
ators [6]. Under the conditions stated above, Weder proves that there exists wave
operator () such that

QI — A)Q = A,

where € is a bounded continuous operator on H'. Then, taking the square root, we
obtain

(2.54) QI — A)7V2Qr = ATV2

The square root exists since A. = (I + H)P, is a positive operator on the subspace
corresponding to the continuous spectrum.
Now it is easy to verify (2.52):

M2 = 8)7V2 f || e = 1 — A)2Q7 (1 — A) V2| e
= (1 = A2 = A) V2 f||e < CIQ(T = D)7 V2 f ||
<O =2) 2 fllan < Cllflee,

where we have used that €, Q* are isometries in L? and continuous in H'. The other
inequality (2.53) can be proved similarly. 0
COROLLARY 2.16. Let f € H' N Range(P.). Then

(2.55) A2 fll2 < CII(T = A2 fl2,
(2.56) (I — A2 f|la < [ AY2 ffo.

Proof. Let f = (I — A)'/2g in (2.52), with g € H' N Range(P.). Then we have
1A 2gll 2 < [|(1 = A)2g]| .
To prove the other inequality (2.56), we write
I = A)2f 2 = (T = A)V2AT2AL 2 < JA2f|l 2. D

Proof of Theorem 2.14. First, using the above proposition, we estimate

[ (AT )

= A Puglz - AL = A) T2 = 2)2(Jup Pus) |2
< A Pusllz - AT = A) 2 sz, 2y - 1T = D)2 (fupPus) -

< ”Ai/2u8‘|2 : IIAi/Q(lupIQUs)Hz
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Using Leibnitz formula for the fraction, see [7],
(=2 2(F )2 < 1 flloo - 17 = A)2glla +1(T = )2 Fll2 - [lg]loos
we obtain
(T = A) 2 (Jup Pu) 2 < Hlupll3 /(7 = A) 2|z + 2l[up ool s ool (1 = A)2up 2.

Combining the last two estimates, we obtain

‘/ (Ai/ZusAi/2(|up|2us)> dx

< CIALY sz - (lupllZe + luslZ) T = A)Puplz + 1 = 2)12us]|2)

< CIAL sl - (lupllZe + luslZ) 1T = A2 Peuylz + 11 = 2)2(up, )12
HI(T = A2 P2 + (1 = 8)*{us, §)¢]|2)

< O(IAL 2 us 3 + 1AL 2up 13+ 1) - (lupllZe + llusl30)-

Finally, adding the s and p components of the differential inequalities, we obtain
Oc (|4 2us 13 + AL upl[3) < CllupllZe + lluslZ) - (1A 2us 13 + (AL 2up|l3 + 1)
which implies that
1A 213 + (AL 2up 3

T
< exp (C/O (sl + ||up|%oo]> (A 2us (0)]I3 + A 2y (013 + 1).
Applying Holder’s inequality to the time integral in the exponent we have

T
1 1
/0 MuslZee + lupll7ee] dt < ClluglFaorypoo)T? + Clluplliaqo,r),p0) T2

1
= Cllusll7 0.1, + NupllFaory, )T

1

1 :
< C(Po+PE)T5 +TH)T*
The last inequality follows from the a priori space-time estimate of Theorem 2.8 and
the fact that (4,00) is an admissible pair. We, thus, establish the boundedness of
(us, up) in || Ac(+)]|2 norm:
AL 2013 + | AL 2up |3 < By 2P0 (| AL 20, (0)]13 + [|AY 2u, (0)[13 +1).
Therefore, using the equivalence of norms, see Corollary 2.16, we obtain

~ 2
(257)  Jlus(®)llas + Jup(®)]| < KreF2PFDEED (g (0)[ s+ [Jup(0) [ 1 +1)

for some K1, Ko > 0. This completes the proof of global existence in H*. ]
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3. Energy transfer from the guided mode to radiation modes. In this
section, we prove that, over time scales of interest (t < O(e~1)), radiation terms
remain small during the amplification process and the finite-dimensional model (1.3)
is a valid approximation. In the discussion of this section we return to the time-scale,
where nonlinear terms are of order e:

(3.1) 10ius — Hug = ie\up|2us,

(3.2) i0puy — Huy = —ie|ug|*uy.

For this system, we are going to show that radiation is indeed bounded by Ce on a
time scale of order 1/e.

To proceed, we first orthogonally decompose a solution of (3.1)—(3.2) into its
bound state and continuous spectral (radiative) parts:

(3.3) us(x,t) = as(t)p(x) + Us(z, ),
(3.4) up(x,t) = ap(t)p(z) + Up(x, ).

We prove the following theorem.

THEOREM 3.1. Let (us(0),u,(0)) € H' and Pous(0) = Peuy(0) = 0. Assume
that 0 < € < eg < oo and that V satisfies (2.5). Then, for any T > 0 there exists
C(T,eo) so that

(3.5) max{||Us (t)|[ 1, |Up(8) ||} < C(T' €0)e

on the interval t € [0,T/¢].

We begin the proof with the following proposition, which follows from the e-
independent bounds ||usp||g: < C(T, ), (2.57).

PROPOSITION 3.2. Let 0 < € < ¢g < 0o. Then for any T > 0 there exists C(T, €o)
such that

(3.6) 1Usll e (10l e s fasls [ap] < ©

on the interval t € [0,T/€].
Substitution of (3.3)—(3.4) into (3.1)—(3.2) and projection onto ¢ and the range
of P, gives

i0ias — Aas = i€[|ap|2as<¢3|¢> + @a5<¢3|Up> + apas <¢3‘7p>

(3.7) +lap|*(@*|Us) + - + {|U[*Usl )],
i0rap — Ay = —iellag?ap(°|9) + @5, (0°|Us) + apas(9°(U5)
(3.8) +las2(@°|Up) + -+ (|Us PUp|9)],
i0,Us — HU; = i€las|a,|* P.¢® + @Gpas P U, + apas Ped®U,
(3.9) +ap|?P.¢®Us + - -+ + Pe|U,|2Us],

i@tUp — HUp = —ie[ap|as|2pc¢3 + TSQPPC¢2US + afpaspc(z#Uis
(3.10) +las*Peg®Up + -+ + PL|UU, ],

where H = —92 + V(z) and Hp = \o.
COROLLARY 3.3. The fundamental modes are slowly varying with the rate €

|0casll; |0:lap || < C(T' €o)e.



REACTION DISPERSION SYSTEM 1757

Proof. This follows from Proposition 3.2 and (3.7)-(3.8). Indeed,
10| as|| = |0y)iase’™|| < |0yi(ase™™)| = |(i0, — Nas| < C(T, o)e.

The same argument leads to a similar estimate for |0;|a,|. This ends the proof of the
corollary. a

The following estimates are used in the proof of the theorem and can be easily
verified.

LEMMA 3.4.
IPefllz < NI fll2
[Peflloe < [1flloc(X+ (@1 - 10]loc),
(3.11) [(H — X)L H=NP, flly < O f]l2,

C C
<

-\t 1 < — < —.
U7 =X Pellr € e < 1

Proof of Theorem 3.1. We now make transformations a, = e"*MA, and U, =
ee "t to remove rapid oscillations and explicitly show the smallness of radiation.
By hypothesis of Theorem 3.1, we have ||W; ,(0)||g: < C. Note that by the bounds
of Proposition 3.2 we have [|W ||z < C(T,€)/e and |A; | < C(T, ).

The slowly varying amplitudes A, A, satisfy

O A, = E|Ap‘2A5<d)3|¢> + €2A7PAS<¢3|671’(H7)\)75WP> + 62APAS<¢3|6i(H7>\)th>
(3.12) + A2 (e HVWg) + - 4 e W Pe V),

DA, = — €| A 2A (8% ¢) — A A, (¢P|e T HVET) — 2 A, A (¢3! HVTT)
(313) o 62‘A3|2<¢3‘67l(H7/\)th> I €4<|€71HtWS|2671(H7)\)th‘¢>.
Further, W; , satisfy

5th _ ei(H—A)tAS|Ap|2PC¢3
+ et [eA*pASPCgbZe*inW,, - eApAsPc&ethwj |
(3.14) +e|Ap PP W, 4 - 4 EPJe I, P H I,

6th — ei(H—)\)tAplAS|2Pc¢3
+ e eA Ay Pg?e W, + €A, A Pog® e
(3.15) +e|AsPPp?e W, + -+ - + EPele” W, Pe T ).
The goal is now to show that given initial data where W is O(1) (which corresponds

to radiation O(e)) during the evolution W will remain O(1) on time interval O(1/e).
In order to do this we integrate the above equations:

t t
(3.16) W, (t) :WS(0)+/ ei<H*A>SAS|Ap|2PC¢3ds+e/ R.ds,
0 0

where €Ry is the e-order part in (3.14), i.e., the second and the third lines. Integrating
by parts

ei(Hf)\)t -1
W(H =N

t ei(H—)\)s ) 3 t
1 — ——0:(As|A,|9) P,
(3 7) / ’L(H*)\)a‘S( 8‘ p| ) cd) d8+€/0 des

WS(t) = VVS(O) + A3|Ap|2PC¢3
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1
and applying ||.AZ - |12, we obtain

1 1 ei(H—)\)t -1 5 1 3
(3.18) [AZWs(@)llL> < AZW(0)l[L2 + || — 77— AslAp" A P
i(H — )\ L2
3.19) o(r 1 g g
. + ,€0)€ o c
( ( 0) /0 Z(H — )\) c ¢ L

too
+e/ A2 Ryl 2ds.
0
Therefore, we have
1 1 1
(3.20)  [JAZW,(t)l|2 < [|AZW(0)]| L2 + C|I(H = X) " AZ Pegp®|| 2
¢ 1
(3.21) ve [ (1adnew,)
0

1 . .
Foee ot €2 A2 Pc|eﬂHtW,,|2eﬂHth||L2)ds.

The terms on the right-hand side in the first line are bounded by a constant.

estimate the other terms we use the above properties of A., (H — \)~!, etc.
illustrate how one proceeds with the estimates using the last term:

(3.22) EAZ Pole™ W, 2= Y, | 2
< E(|(I = A)2 e W, 2e W, | 12

(3.23) < eI =AYz e W |7, - (1= A)2e W, s
< @[ AZ e W, |2 - |AZ W, | 2

(3.24) < E|AFW, 3 - AZ W 1

1 1
< Wyl - 142 Wil|z2 < CJlAZ W] e,

To
We

where we used equivalence of norms, Leibnitz rule, and the uniform bound ||W || g1 <

C/e. Thus, the inequality takes the form

1 to 1
(3.25) AZWs(t)||2 < B+ eK/ (IAEWpl L2 + - - - + [ AZ W] L2)ds,
0
where B and K do not depend on € < €. Adding the last inequality with the
1
similar one for the p-component, and then using the notation z(t) = ||.AZ Ws(t)|| 12 +
1
| AZ Wy ()| L2, we obtain the inequality with modified B and K (but still independent
of €):
t
(3.26) z(t) < B+ eK/ z(s)ds.
0

Using the standard Gronwall’s result, we find
(3.27) 2(t) < Bett = 2(t) < BeXT,

which proves the bound ||Ws| g1 < C(T, €). O
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Remark 3.5. Using dispersive properties of e it is possible to establish small-
ness of radiation in weaker spaces, namely, in || - |[p~ norm. Taking (3.9)—(3.10) for
Us,p and rewriting them in the integral form, we are led to estimate the terms

t
(3.28) e/ e ay)? P.g®ds
0
and
¢
(3.29) € / e Ryds.
0

After some changes of variables with the aid of standard L°° decay estimates for the
Schrodinger evolution, one obtains that

(3.30) |Uspll= < CVe.

This argument also extends to the two-dimensional case with even better decay in €
(see the end of section 4.4).

4. Two-dimensional problem. We now consider the Raman system in the
case of two transverse spatial dimensions

(4.1) i0pus — BHus = i|uy | us,
4.2 i0pu, — BHu, = —ilug|®uy,
where H = —A+V (z,y) and we prove analogous existence results and energy transfer

estimates. Our strategy in the two-dimensional case is similar to the one-dimensional

case; therefore, we omit some calculations which can be found in the previous sections.
In the two-dimensional case we require stronger conditions on the potential.
Assumption 4.1. The potential V(z,y) is twice differentiable and

|DV| < Cp(1+ 22+ yz)_a,

where a > 6 and |o| < 2.

Assumption 4.2. We assume that potential V' (x, y) has no zero energy eigenvalues
or resonances.’

These assumptions are required to obtain space-time estimates in the next section.

4.1. Space-time estimates for the propagator. The definition of admissible
pair is modified: (g,r) is admissible (in dimension n = 2) if
1 1 1
S = 2, 00).
T2 r € [2,00]
THEOREM 4.3. Assume that the potential V satisfies both assumptions and let
(q,7) be an admissible pair. Then for any f € L? we have that Uy(t)f and U(t)P.f
are in LY(R, L") and

(4.3) 1060(C) fllLago,ry,omy < Clfllze2,
NWUC)Pfllpaqom,omy < Cllfllze,

3Zero eigenvalues and resonances are obstructions to the optimal time-decay estimates for e =%,

Their absence holds generically; see, for example, [10].
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where C' depends only on q.

THEOREM 4.4. Assume that the potential V' satisfies both assumptions, let (v, p)
be an admissible pair, and let f € L7 ([0,T), L*"), where (', p') is conjugate to (v, p).
Then for any admissible pair (q,r)

/ Ut — 7)f(7)dr
0
/0 U(t—71)P.f(r)dr

< Cl Ml o110y
La([0,T],L")

(4.4) ‘

< Cllfll g o,r9, L0y
Le([0,T].L7)

where C' depends only on q, 7.

Both Theorems 4.3 and 4.4 are proven by using Yajima’s results [10] on W*P
continuity of wave operators. The argument follows the proof of Proposition 2.15
and is omitted here. Finally, Corollary 2.3 is valid in the current setting without any
changes as the scaling is independent of the space dimension.

Remark 4.5. The application of Yajima’s results on W*P? continuity of wave
operators is the origin of the more restrictive smoothness assumptions on the potential
V(z). In one space dimension smoothness of V'(x) is not required [6].

4.2. A priori space-time estimates. The same argument as in the one-
dimensional case applies here and we obtain the a priori bound of Proposition 2.5, as
well as the bound (2.28) on nonlinear terms.

THEOREM 4.6 (a priori bounds in L([0,T],L")). Let (q,7) be an admissible pair.
Then any solution (us,u,) satisfies the bounds

(4.5) lusl|zaqo, 1),y < C(Po+1)(T + 1),
(46) ||Up||L'1([O,T],LT) S O(Po + 1)(T + 1)

Proof. Asin the one-dimensional case, this estimate is proved by a straightforward
application of space-time estimate for Schrodinger equation with a potential and using
a priori estimate on nonlinear terms. Following the proof of Theorem 2.8, we obtain
the same bounds with different p, p’, v, 7'. We must impose p’ = 1 with p = oo, but
v =2 (since in 1/y =1/2 — 1/p) with 4/ = 2. This results in

sl agpo,ry,my < Chllus(0)]| 2 + Collupu|| L2 (o,1,21)
Sl Bl LT 2w L2 o,71,20)

< CYPE + CoPy + CsPo(T + T?),

since q¢ > 2. O

4.3. Local existence in H?(R?). We now prove local existence of solutions in
H? and will extend it to a global solution using our space-time estimates.

THEOREM 4.7 (local existence).

(1) Given initial data (us(0),u,(0)) € H?(R?), there exist T > 0 and a unique
solution (us,u,) € L>([0,T], H*(R?)).

(2) Let Trax > 0 denote the mazimal time of existence. Then, either Tyax = 00
(global existence in time) or

Tmax <00 and limsup H(usaup)HL”([O,T],HQ(RQ)) = Q.

—Imax
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To prove the local existence theorem we have to show that a ball in H? is mapped
into itself and that the mapping is a contraction.

Consider the same mapping as in the one-dimensional case (2.38)—(2.39). We will
first show that it maps a ball into a ball:

t
(4.7) 1AS (ws, up) 2 < (U5 (2)us(0) 172 + H/O Us(t — 7)|up|?us

H2
The first term is estimated as follows:
1Us(#)us (0) [ 2 = (1 = A)Us(t)us(0) | 2 = (I = A)(H + i) (H + i) Up(t)us(0)| 2
< (I = A)Y(H +0) Iz, | (H + 1) Us(t)us (0)]| 2
Note that the operator (I —A)(H +i)~! is bounded in L2-operator norm. This follows
from the identity
(I-A)H+i) ' =—I+T+i-V)(H+i)"
and the boundedness of V in L> and of (H +1i)~! in L?.
Next, we have to establish the bound for

I(H + 1)U (£)us (0)[ 2 = [|(H +2)us(0)]| 22 = || (H +1)(1 = A) "I = A)us(0)] 2

< H +)(I = A) sz, (1= A)us(0)] 2 < Clus(0)] 12,
where the operator (H + i)(I — A)~! is bounded by similar calculations as for

(I —A)(H+4)~L
Now, we estimate the second term in (4.7):

t ¢
H/ Ug(t—7)|up|2usd7' / (H+i)U3(t—T)|up|2usdT
0 0

o

H? L2

To bound this term we write it in the form

/dw {/Ot/ot(H+i)Uﬁ(t_Tl)Up(71)|2us(71)(H—i)Uﬁ(t—Tg)|up(Tg)QuS(Tz)dﬁdTQ}

(using Holder inequality and isometry of Ug in L?)

/ / dridr /| (H ~+ @) |up( 7'1)| us (71 | dx '/ (H + 1) |up( 7'2)| 'I,Lg(TQ)‘ dz
<t* sup [[(H + i)ul(T)us(7)|l2 < C sup |Juj(1)us(7)|[72
T€[0,t] T€[0,t]

<Ot sup up(7)| 372 [Jus (7) |[2-
T€[0,t]

Therefore, we finally obtain the bound on the s-part of the map

1AS (g wp) |z, < Cllus (0|2 + Ct sup. [y () [ ()

T7€|0,
and the full map
[ Ag(ts, up)ll L= (0,0, 12) < C ([lus(0)][ 2 + [lup(0)|| 1r2)
+Ct(””ﬁ”%“([O,t],Hz)||u5||L°°([0»t]7H2)

+ ||Up||L°°([o,t],H2) ||Us||2Loo([o,t],H2))-
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With the obtained inequality it is easy to establish the following proposition.
PROPOSITION 4.8. Let (us(0),u,(0)) be in H?. Define the ball in L°°([0,T], H?)
as

B(T) = {(we,wp) € L2(0,T], H) ¢ [[(ty )| 1o 0,171
< 20(|lus (0) || 2 + [|up(0)|| =) }-

Then there exists Ty > 0 such that for any T < Ty, the ball is mapped into itself, i.e.,
Ag(B(T')) C B(T') with Ty independent of 5.

Next, we have to show that the mapping is a contraction in L°°([0, 7], H?). Con-
sider the first component of the map applied to two different pairs (us, u,) and (vs, vp)
with the same initial data (us(0),u,(0)) = (vs(0), v,(0)):

”A(BS)(“S’ up) — Aés)(”sv Vp) |l o= ([0,,H2)
< CT sup |[Juy(8)Pus(t) = Jop(1)[0s (1) 2
te[0,T]

<CT S[l(l)pT](”UZ(Us — vs)lla2 + |lupvs(up — vp) 2 + [[vpvs(up — vp) || mr2)
telo,

< C(llup, us, vy, USHL"C([QT],H?))TH(UP — Up,Us — Us)||L°°([0,T],H2)-

Adding both s and p components of the map we obtain

| Ap(up, us) — Ag(vp, vs)llLos (0,7, 12)

S TC([Jup, s, vp, Vsl Loo (jo,17,822)) | (Up — Vp, ws — s)|| Lo (0,17, E2) -

This inequality implies the following proposition.
PROPOSITION 4.9. There exists T1 : 0 < Ty < Ty sufficiently small such that the
map Ag is a contraction in the ball B(T) for any T : 0 <T < Ty:

1 Ag (up, us) — Aﬂ(”pa’”s)HLoc([o,T],Ha < qll(up — vp,us — US)||L°°([O,T],H2)7

where q¢ < 1.

Remark 4.10. Whenever there exists a local solution on ¢ € [0, 7], it is bounded
in L9([0, 7], L"(R?)). Indeed, a solution in L*([0, T], H?) is also in L4([0, T}, L" (R?))
and the earlier obtained a priori bounds apply.

4.4. Global existence in H?(R?). In this section we will show that the local
solution obtained via the contraction mapping principle in the previous section can be
extended to a global solution using space-time estimates. We start with establishing
uniform bound in H' space.

A priori estimates in H'. Proceeding as in the one-dimensional problem (2.4),
we obtain H! bound. Since (00,?2) is an admissible pair, we obtain that the solutions
are even uniformly bounded in time on the interval of existence of a local solution:

(4.8) [(wss up) | o (po.77,11) < C(Po, T) | (u5(0), up(0)) [ 111

Continuation to a global solution using Theorem 4.7 requires an H? estimate, which
we now derive.
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Global existence in H2. Having established uniform bound in H!, we are ready
to obtain a bound in H?2, which will rule out the first alternative in Theorem 4.7 (on
local existence) and, thus, leave the global existence as the only possibility.

Applying H+1 to the s component of (4.2) and using energy estimates, we obtain

at/|(H+I)us|2 = /|(H+I)us\ | (H + D) (fup *us)]
(4.9) < I(H + D2l (H + D(|up|*us)l2-

To estimate the last term, we write

/ A (Jup us) 2 = / g4 Ay 2 4 2 / Vay ? Va2 2 + / Vaap |y 2
< Clupls - usZee + sl - luplZee - aplZn
a2 Nl - sl + gl - el - ]2

and therefore we have
/|A(\up|2us)|2 <C (1 + ||u17||io + Husuio> H(umup)”%[l : ”(uS’uP)”%IQ'

Now, adding the s and p components, we obtain

at/<|<H+l>us|2+|<H+1>us\2>
< O+ gl + sl Po) (G + Dyl + G + Dy 3),

where we have used that ||(us,u,)||g1 is bounded (see previous paragraph on H!
estimates).

Since (2, 00) is an admissible pair, both [ ||u,||2, dt and [ ||lus||%, dt are bounded,
and we obtain the required bound:

I(H + Dusll3 + | (H + Dup|I3 < C(Po, T)eM (I(H + Dus(0) 13 + [I(H + up(0)]3)
on the interval ¢ € [0,T]. Because of the norm equivalence, we also obtain
lus ()12 + lup(@)lF2 < C(Po, T)e ™ (|lus(0) 172 + [lup (0)I[32)-

This bound implies the global existence of solutions in H?2.

Radiation losses in two-dimensional amplification model. The analogue
of Theorem 3.1 on the boundedness of radiation in H? holds with the proof carrying
over from the one-dimensional case. One can also obtain boundedness in L*> as
described in Remark 3.5 with even faster decay: €log e rather than /e.

Appendix A. Application to optical communications. In this section we
provide the details on the Raman model in optical communication systems as well as
the derivation of the reaction-dispersion system. In modern long-haul optical com-
munication systems the signal propagates in the fundamental mode of a single mode
fiber. In an “ideal” lossless optical fiber waveguide the transverse shape of the wave
envelope does not change and there is no transfer of energy from the fundamental
mode to radiation modes. However, in the real systems Rayleigh scattering causes
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attenuation of signal power, thus requiring periodic amplification [1]. A current strat-
egy for amplification of a signal is based on the stimulated Raman effect. Here, light
of a second pump wavelength is co- or counter-propagated in the medium. The stim-
ulated Raman effect is a parametric process in which light of the pump frequency
is transferred to that of the signal frequency. This amplification process is inher-
ently nonlinear and therefore is expected to cause deformation of the transverse mode
shape. There are other linear and nonlinear effects which may need to be taken into
account such as group velocity dispersion, self-phase modulation, and four wave mix-
ing. Also, refractive index depends on the frequency shift between the pump and
signal frequencies.

Regarding linear effects, like group velocity dispersion, in practice they are weaker
compared to the Raman effect assuming that pulses are not too short. However, in
our case, we consider a model problem with both pump and signal being continuous
(constant amplitude) waves. Then dispersion just vanishes.

The refractive index depends on the light frequency. As a result fundamental
modes would be slightly different for pump and signal waves. Here, we assume that
the modes are the same as it simplifies the exposition. All our results can be ob-
tained for the frequency-dependent dispersion/diffraction coefficients with minimal
modifications.

Approximate equations for the Raman interaction of signal and pump in the
waveguide have been derived in [3]. These authors derived a pair of coupled ODEs for
the signal and pump intensities, based on the assumption that all energy is contained
in the fundamental modes. This model compares well with experiment [3] (see also [1]
and the references therein). The authors [3] also discussed why the approximation
was so accurate. They suggested that radiative losses (energy transfer from bound to
radiation modes) is negligible due to the fact that “the wave-guiding action of the fiber
reforms the pump and Stokes waves so that they always have intensities distributions
which are close approximations to those which would exist in the absence of Raman
interaction.” However, this explanation has some limitations as the energy transfer
could occur adiabatically (e.g., like the ionization of an atom). In other words, a weak
process may lead to non-negligible changes after sufficiently long time. In particular,
one might expect that the modes would undergo continuous deformation while also
shedding radiation, so that after the full energy exchange a non-negligible amount of
energy would accumulate in radiative modes and would constitute a significant loss.

To understand these effects, equations which take into account the effects of
diffraction, wave-guiding and amplification should be studied. Naturally, the model
will contain a small parameter: the ratio of diffraction and amplification lengths.

Raman stimulated emission describes the amplification of signal photons (with
frequency w,) with Stokes down shifted pump photons (with frequency w,) and is
governed by [3]

ong

(A1) 5, = g(wp — ws)nsny,
on

(A.2) 8—; = —g(wp — ws)NsNyp,

where ng, n, are the number densities of signal and pump photons, respectively, and
the total number of photons per unit volume is conserved ng+n, = N. Since we wish
to focus on the effects due to the resonant coupling of the two wave fields (pump and
signal), we ignore other effects, such as amplified spontaneous emission [1] which is
always present, though a small effect.
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Introducing the intensities
(A.3) I, = hwgng, I, = hwpny,

where h denotes Planck’s constant, we obtain the corresponding equations

oI, g(wp, — ws)
Ad I m sy
(A-4) 0z hw, .
aIp o g("")p - ws)
(A.5) 2: = ho I,

These equations satisfy the photon number conservation relation

(A.6) L + I _ constant.
ws Wy
In the case of radiative loss, this conservation law would be violated, since some
photons would be lost from the bound waveguide mode to radiation modes. Equations
(A.4)—(A.5) describe the plane wave Raman interaction.
Consider now the propagation of light in a dielectric cylinder waveguide with
longitudinal coordinate, z. Maxwell’s equations [1] imply

1

1
AE — CjEtt -V(V-E)= [X(l)(nt) * Byl = 0,

2
where E € R? is the electric field and () (r,¢) is the linear susceptibility. Neglecting

vector effects (see, e.g., [1]), we find that the time Fourier transform of E, B, satisfies

L w?n?(xy,w)

AE + E=0.

2
Each component of E satisfies

win?(xy,w)

(A?) Ezz + ALE + 62 E - 0

Next, we introduce the paraxial approximation. Let 6 be a small parameter, and
assume the following structure for the refraction index dependence on x :

(A.8) n?(x1,w) = na(w) + 62n3 (6% /Ao, w).
We also seek E, in the form
(A.9) E = A((6/20)x, (8%/Xo)2)e™,

where )¢ is the light wavelength and

Thus, E varies more rapidly in the transverse than longitudinal directions.
Substituting (A.8), (A.9) into (A.7) and multiplying by A36~* we obtain

Azz +2ikX6 %Ay + 6 2A LA+ 62N\ (W?/P)nF(X L) = 0,
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where Z = (62/Xo)z, X1 = (6/Xo)x1, and (), denotes differentiation with respect
to X . For § small, we keep the dominant terms, those of order 62 and obtain, after
using the relation between k and A,

472n, (X
(A.10) idrdy + A A4 TmELY)

o

Equation (A.10) governs the linear propagation of any light field (signal or pump)
in the paraxial approximation. To obtain a model governing the Raman interaction
of signal and pump fields, u, and u,, we argue as follows. The signal field envelope
propagates through a medium with refractive index (A.8) corrected by an imaginary
term proportional to i|u,|? corresponding to the Raman amplification by pump. The
pump field envelope, u,, propagates through a medium with refractive index (A.8)
corrected by an imaginary term proportional to —i|us|? corresponding to pump deple-
tion by the signal. The coupled signal and pump envelopes are then taken to satisfy
the system

(A.11) i0,us + Ajus — V(ws, X1 Jus = ies|up|2us,
(A.12) 10up + A up — V(wp, X1 )up = —iep|us|2up7

where €, ; is the parameter which measures the ratio of the diffraction and nonlinear
lengths. Usually, €, s is very small [1]. We further assume? € = ¢; = ¢, and neglect
the dependence of the refractive index on frequency, i.e., V(z,,w) = V(zL).

System (A.12) models the Raman energy exchange between the two continuous
waves. We have not included the effects of losses due to the Rayleigh scattering in
order not to burden the exposition. In reality, the Raman amplification length might
be comparable to the effective (loss) length (20 km).

Thus, we have

10ius — Hug = ie\up|2us,
(A.13) i0puy, — Huy = —ielus*uy,

where we use “t” to denote the “time-like” direction, z, £, = x, and
(A.14) H=-A+V(x).

We study system (A.13) in the case where H has spectrum consisting of one point
eigenvalue, A < 0, with corresponding eigenfunction ¢, ||¢||r2 = 1. The components
of ug and wu,, which are orthogonal to ¢, are called radiative components. Our goal
is to prove if for ¢ = 0 the order-one energy is concentrated in ¢ alone, then on time
scales of order e~! the energy in radiative components is at most of order e.

Appendix B. Normal form theorem. In this section we state a normal
form result on the absence of the terms driving the radiation to any order of the
perturbation theory. While in the main part of the paper we have used only the
fact that these terms can be removed at the first order, we find this result important
and potentially useful in the search for sharper estimates of radiation growth. The
results in this section are formal in the sense that we do not verify the validity of
transformations and of obtained systems.

4Nonlinear coefficient € is then the same for both fields. Therefore, in this system the energy is
conserved rather than photon number. This is done to simplify the presentation. All results hold for
the “true” model as well.
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For the Raman energy exchange system

(B.1 10ius — Hug = ie\up|2us,

(B.2) i0puy — Hu, = —ielus|®up,

we now use representation
o
ur = uidio) + [ useR()n
OOO
wy = feh@) + [ g @an

where H becomes diagonal

Hgo = Aodo,
Hoy = gy, (ux, dr) = un,
where A\g < 0 corresponds to the fundamental mode and the remaining part of the

spectrum (X > 0) corresponds to the continuous spectrum. In this representation the
equations take the form

10y — Nous = ieCogububuy + ze/ C')\ VUG THuy, A1

+- —He/ / / CRIub, b us dpdpad)y,

10yl — poul = ieCoougugub + ze/ Coo uguyuh, du

/ / / C% us, 3, ul, dArdXodpn

i0u3 — Au} = zeCw\uOuOuO + ze/ C’M)\ugﬂguild)\l
0

oo oo o0
-—|—z'e/ / / Cﬁfllf\”uﬁlu@u/\ldulduzd)\l,
o Jo Jo

o0
i0pul, — pul, = zeC’OO uyugub +i6/ Cﬁ&“ﬂéﬂéuﬁldﬂl
o0 OOO o0
b e / / / Ot s, 5, 0P, drdAadps,
0 0 0
where
too s
cie = [ eh e B

The natural consequence of the stimulated emission process is the invariance with
respect to the phase shifts of both the signal and the pump modes:

P oitp

s D s s
u)\i,uuj—>u>\ie b,uﬂj

This torus action will be called Gsp-action below.
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Consider the class of polynomial vector fields which stay invariant under this
group action. We are going to consider near-identity transformations, which com-
mute with the torus action. Therefore these transformations map a Ggp-invariant
vector field to another G,-invariant vector field. We will now invoke these transfor-
mations to remove nonresonant terms from the equations. We first observe that a
polynomial vector field that is invariant with respect to the G,p-action is generated
by the monomials of this form

S P =P ... 4P 7P S =S .. .,,8 =5 5
(B3) C\Uy, Uy, Wty g Y, Uy Uy OOV

P, S 755 ...,S =S P 5P ...,,P 7P 4P
(B'4) €, Ux, U, UN 1 U, Uy Wy u#k—lu#ku#kdrl’

where m and k are even numbers.
DEFINITION. The monomial of type (B.3) is called resonant if

pr—pot ot et — Hm A Ao F e+ Aemr — A F A —A=0
and the monomial of type (B.4) is called resonant if

At=AdoF ot A = A b — A ey — e+ e — = 0.

If in a Gp-invariant vector field initially all the energy is concentrated in funda-

mental modes, then the radiative modes can be excited only through the terms
s\l sk, p|l
eX|ug"lugl'ug  and e |ug|” |ug| ug,

while no other radiation driving terms can appear after application of a G p,-invariant
transformation. These terms are nonresonant, since the corresponding arithmetic
combinations are A — Ay and p — Ag, where A\, p > 0 and A\g < 0. Therefore, |A — \g| >
[Xo| > 0 and | — Ag| > |Ao] > 0.

According to the standard normal form procedure, these terms can be removed
by employing the transformations of the form?®

S S ﬂ S S S
(B.5) uf =Us + e 2 C3USIF|US|'US,
(B.6) uh = UP + €2 CBlUg |F|UR|'UR.

Now we formulate the normal form theorem.
THEOREM B.1. For any N > 1 there exists a sequence of transformations of the
form (B.5)—(B.6), which bring the system to the form

ni1+ne<N+1 .
. s s _ 0077PT7P 7178 R1TR2 s PNy |TTS|N2TTS
i0:U5 — AUy =i |eCooUgUgUs + E € 2 n1,n2\Uo| |Us 1" Uy
ni,m2>0
R(U o) N+1
+e O( ’€)+ (6 )7
ni+nz<N-+1 N
: P P _ 0077sTTo TP 22 p Pny|F7S|n2TTP
10Uy — MUy = —t [eCooUgU Uy + E e 2 Chyn,lU|"Us " Us
ni,n2>0

+eRB(U,€) + O(eN ™),
10, U5 — NUs = €R5 (U, €) + O(eN 1),
iUl — pUl = eRY (U, €) + O(eNT1),

5Capitals denote new variables while small ones denote old variables.
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where RYP (U, €) are the terms which vanish if there is no energy in radiative modes
(U3 =UL =0 forall \,p>0= R=0).

Proof. We will prove the theorem by applying a series of nearly identical trans-
formations. We start with the transformation

ui = U3 + eCUYUPU;.

Straightforward calculations show that in order to remove the corresponding radiation
driving terms, the coefficient C'{ must be of the form

COO
Cy=-—2_
Z(/\() )\)

and similarly to remove pump radiation driving terms, we apply
ub, = U} + 605U§U78U5)
with
00
Cou

Ch = ———.
i(po — p)

“w
Our results from the previous sections indicate that the transformations are valid and
the new system is well defined. Indeed, with the first-order radiation driving terms
removed, the obtained system is equivalent to (3.14)—(3.15).

Next, we formally remove quadratic radiation driving terms. We observe that
all transformations are near-identity ones differing only by fundamental mode am-
plitudes. No small denominators arise due to the gap in the spectrum (between the
eigenvalue and the continuum spectrum). Continuing these transformations, we re-
move higher-order radiation driving terms to order V. 0

Appendix C. Numerical simulations. We verify some of the results obtained
in this paper by carrying out numerical simulations. We simulate system (1.2) in one
dimension, where the potential is chosen to be V' = sech?(z), so that the fundamental
mode can be explicitly calculated. We use the initial data with all the power (L?
norm) contained in fundamental modes.

The numerical simulation uses a Fourier split-step scheme, where evolutions due to
dispersive, potential, and nonlinear interactions are calculated separately. Nonlinear
interaction is solved exactly using the standard solution of the corresponding ODE [1].
Time step is chosen to be At = 0.01 and there are 2!? Fourier modes. In Figure 1, the
L? norm of total radiation is calculated after sufficiently long evolution, so that power
exchange between the fields is almost complete. This is done for € € [0.005,0.05]. One
can see that the time interval is sufficiently long from Figure 2, where for the smallest
€ = 0.005, the power of both fields contained in the fundamental modes is computed.
Even in this case with the smallest € (so that the energy exchange takes longer) there
is enough time for the pump field to transfer almost all the power to the signal field.
It appears from Figure 1 that losses due to radiation (L? norm) scale linearly with
nonlinearity strength e, as predicted by our analysis.
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F1a. 1. Dependence of radiation power on time. The radiation is “measured” after the evolution
for 75 units of dimensionless time.

0 L L n
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Number of steps
Fi1Gc. 2. Power exchange between fundamental modes for the smallest ¢ = 0.005 after the

evolution for the same time T = 75 (it corresponds to 7500 steps). Note that the pump field is
almost completely “depleted.” This indicates that time interval T' = 75 is of sufficient length for the
power exchange to take place.
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